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A four-particle cluster approximation is worked out for the free energy of ferroelectric KH,POy, taking
into account the overlap of the protonic wave functions between the two sites in a hydrogen bond as well as
short-range and long-range forces and a part of the proton-lattice interactions. The approximation reduces
in the classical limit to the Slater-Takagi-Senko-Uehling treatment of the order-disorder transition in this
crystal. It is shown that the changes in the Curie temperature, the spontaneous polarization, and the domain-
wall mobility on deuteration can be derived from the decrease in the hydrogen overlap between the two
sites and the lowering of the zero-point energy in an anharmonic potential.

I. INTRODUCTION

N the preceding paper,! a high-temperature cluster-
expansion series has been derived for a simplified
partition function of order-disorder-type hydrogen-
bonded ferroelectric crystals. Here we wish to refine
this model and to apply it to the case of the ferroelectric
transition in KHPO,.2
The basic experimental facts about the ferroelectric
transition in KH,PO4 may be summarized as follows:
The presence of a small but definite thermal hysteresis?
in the dielectric constant near the critical point
(T.=121°K) in KH,PO,, and the coexistence of the
para- and ferroelectric phases in the vicinity of
T.=221°K in KD,PO, as shown by the deuteron mag-
netic resonance data,* seem to prove that the ferro-
electric transitions in these two crystals are of first
order, though they are very close to second order. This
statement is supported by the fact that in KD;POy the
smallest nonzero polarization reported?® is already about
309 of its full value. Neutron and x-ray diffractions
have further shown that the ferroelectric transition in
KH,PO, is accompanied by an ordering® of protons,
which are disordered in the paraelectric phase, as well
as by large displacements® of the potassium and phos-
phorus ions, indicating a strong proton-lattice coupling.
Direct evidence for deuteron motion from one off-center
position in the hydrogen bonds to the other has been
obtained from deuteron resonance relaxation-time meas-
urements’ in the paraelectric phase.
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The rather large isotope effects in the Curie tempera-
ture,?in the shape of the polarization curve,® and in the
saturation value of the spontaneous polarization (P;,p is
for about 209, larger than P, u) on replacing hydrogen
by deuterium indicated the role of the hydrogen atoms
in the transition. The most striking isotope effect, how-
ever, is the big difference® in domain-wall dynamics
between KH,PO, and KD,PO,. The domain-wall mo-
bility in KD,PO, is about six orders of magnitude lower
than in KH,PO,, thus reflecting the large difference
between the proton and deuteron mobilities in the
hydrogen bonds.

The model theories of the ferroelectric effect in
KH,PO, and KD,PO, may be divided into two cate-
gories. The theories introduced by Slater'® and refined
by Takagi,!' Senko,’? and Uehling and coworkers,!3
concentrate on the short-range near-neighbor inter-
action of protons around a given PO, group. In the
modifications of Senko'? and Uehling,3long-range forces
have also been included. So far, however, these theories
neglect quantum effects, and in particular the finite
overlap of the protonic wave functions between the two
sites in a hydrogen bond. Nevertheless, they yield a
relatively good description of most experimental facts.
There are, however, two notable exceptions: a consist-
ently too large transition entropy is predicted,® and a
really satisfactory explanation of the observed isotope
effects cannot be given.

The molecular-field theories,'*~6 on the other hand,
concentrate on long-range forces and have no difficulties
in taking into account quantum effects. Thus they seem
to provide a basis for the understanding of the isotope
effects. However, because of the neglect of short-range
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correlations, they fail in some other respects and are,
for instance, unable to give even an approximately
correct description of the shape of the spontaneous
polarization curve.

Both theories have so far assumed that the protons
move in a rigid-lattice potential and have thus neglected
proton-lattice coupling.”

Here we wish to present a high-temperature treat-
ment which considers both short-range and long-range
forces, the finite overlap of the protonic wave functions
between the two sites in a given hydrogen bond, and a
part of the proton-lattice coupling. The approximation,
which we discuss, is based on the cluster expansion of
the partition function of an order-disorder—type hydro-
gen-bonded ferroelectric crystal, derived in the pre-
ceding paper.! The interactions between the four protons
surrounding a given PO, group are taken into account
exactly and the rest is replaced by a molecular field,
which is determined self-consistently. An attempt is
made to account for the effect of one proton on the
tunneling integral of another. The present approxima-
tion reduces in the classical limit to the Senko-Uehling
modification of the Slater theory. It should be noted
that in contrast to the case discussed in part I, we are
dealing in KH,PO4 with four-body forces, and the
4-particle cluster is thus the smallest cluster appropriate
for the discussion of short-range effects, as the 2-particle
cluster was the smallest appropriate cluster in the case
of two-body forces.

II. THE HAMILTONIAN

The Hamiltonian of our problem'® can be written in
the following form:

H=H,+H,+Hp, (1)

where H, is the full many-body proton Hamiltonian in
a rigid lattice, H,=2_ hwrai'ar is the Hamiltonian of
the lattice vibrations in the absence of proton motion,
and Hr=2_x(Vrar+ Vi'ai) stands for the proton-lattice
interaction.'” The operators Vi and V' operate on
proton variables,'7 whereas a,' and a; are creation and
annihilation operators for phonons with energy #ws.

The proton self-energy Hamiltonian # , can be written
as a sum of a tunneling term H,, describing the motion
of isolated protons between the two possible sites in a
given hydrogen bond; a short-range term Hsg, which
accounts for the interactions of protons surrounding a
given PO, group; and a long-range term Hrg, which
describes the interaction between those proton sites
which do not belong to the same POy ion:

H,=H+Hgsp+Hir, (2)
with

N 4
Hy=—3T 3 3 (si+si7), (3

i=1 j=1
17 R. Blinc and M. Ribari¢, Phys. Rev. 130, 1816 (1963).
18 R. Blinc and S. Svetina, Phys. Letters 15, 119 (1965).
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N
Hsp=3%_ > €kkokak itk ik Miskliaks, (4)
i=1 k1,k2,k3,ks=1.,}
and
4
Hir=—% X X Juwipip—ni)neimn—nep), (5)

1,i'=17,7'=1
where the representation of localized particles is used,
and the summation extends over all .V PO, groups in the
crystal as well as over all four hydrogen sites near a
given POy group.

Here s;;+ and s;;~ are again the proton “jump”
operators
sit=bitbijn,  sim=bibijt, (6)
and the #,;; are the proton “number” operators:
nir=biit iz (k=T, 1) (M

b:ji" and b.jx, being the proton creation and annihilation
operators!: ¥;;x=b;x"|0). The sign 1 or | means that the
proton is created or annihilated near the upper or lower
oxygen atom, respectively, of a given PO, group, where
the expression ‘“upper” or “lower’ refers to the direction
of the ferrolectric z axis. The definitions of the tunneling
integral T';; and the interaction parameter J;;;;» are the
same as in Ref. 1, and the ex,k,x;x, are the Slater-Takagi
energies of the different proton configurations around
a given POy ion, i.e., the matrix elements

(I_I1 Viik;| Hpos,*| H1 Viiki) s (8)

where Hpo,,* is the complete Hamiltonian of a given
PO, group and the integration is done over all internal
coordinates of a given PO, ion. Higher vibrational states
of the proton are not included and only the leading term
in the proton overlap integral is taken into account.
The short-range interaction term for a given PO, ion
can be written as a sum of terms describing states with
zero, one, two, three, and four protons close to a given

PO, ion:
Hsr =Nt eaNate Ny
Fe(Nio— Vi)t eNiateNy, (9)
where
No=N(0O),
Na=N,(O)+N«(O)+N:(.0)+V:.(a.),
N/ =N,(:O)+N.('0.)=N(.0)+N(0:),
N;2= i\viz""i\ri( : D )+A\7i( . D . ) ’
Ni=N.(:0°)+N:(O:)+N(.0:)+N:(:0.),
and

(10)

Nu=N;(:00:),

with the square indices 3T} indicating which particular
configuration of the four protons around a POj ion is
occupied. For instance, V;([J:) stands for the operator

(11)

N(O:)=naninistnig
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Using the condition that there is one and only one
proton in a given hydrogen bond,

(12)

and summing over all PO4 groups, we may up to a
constant term rewrite H g in the following simpler form:

niptnin=1,

N
Hggr= Zl [wiN ot w(Na+Ni)+eNe'+weNi], (13)
where
'w:%(él‘f‘éz)—éz,
e=¢€'—e,
w1= €— €1+ €&3— €2,
Wo= 64+ €1— €3— €2

(14)

As the configurations with no protons or with four
protons near a given POy group should have rather high
excitation energies and should therefore play only a
minor role in the ferroelectric behavior of KH:PO,-type
crystals, we shall for the sake of simplicity assume that
we=1wy, so that Hgy will depend only on 3 parameters:
w1, w, and e.

As shown in Appendix A and Ref. 17, a part of the
proton-lattice interaction can be taken into account by
a renormalization of the proton tunneling integral and
the proton-proton interaction parameters. In the follow-
ing we shall assume that this has already been done and
that all our parameters are renormalized.

Another part of the proton-lattice interaction (Ap-
pendix A) can be accounted for in our approximation by
adding a molecular-field term,

N 4
Hyp 1 p=% E §1 [=ro(p) (it —nin)+3vo(p)*], (15)

to the long-range proton-proton interaction Hamil-
tonian. Here (p) is the mean value of the reduced
hydrogen-bond dipole-moment operator

(p)=(nist—mnizn),

and 7, is a proportionality constant. In view of the
approximation in which we are going to work, we shall
neglect other effects of the proton-lattice interactions
(for instance, their dependence on the hydrogen tunnel-
ing frequency).

We shall use the technique developed in Ref. 1 and
shall investigate the free energy of our crystal in a
four-particle cluster approximation, as this is the lowest
approximation in which we can account for the specific
properties of KH,PO4-type crystal lattices. Thus we
shall take into account the short-range interactions of
the four protons surrounding a given PO, group exactly,
and the rest only on the average. Specifically, we shall
replace the long-range interaction term (5) with a
molecular-field term, similar to expression (15).

The final expression for our approximate Hamiltonian

(16)
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is thus, up to constant terms,

N 4
H=3{—3T X (sijt+sii)

=1 J=1

F[wr1(NVio+Nig) Fw(NVia+Nis)+eVio']
4
+3 g [=v(p) (it —mi)+3v(p)* 1}, (A7)

where it should be remembered that the N (oc=0,
1, - -, 4) are four-particle operators and that v is now
a constant describing all long-range effects, i.e., direct
proton-proton coupling as well as coupling through the
lattice vibrations in a molecular-field approximation.

III. FOUR-PARTICLE-CLUSTER
APPROXIMATION

Let us now divide our Hamiltonian (17) into an un-
perturbed part H, and a perturbation term H’, which
is equal to the difference between the total and the
unperturbed Hamiltonian:

H= H0+H, ) (18)
with
4
Ho=3 2 2 [—(T—=n)(sij*+si7)
=1 j=1
—(r(p)+ ) (mip—nin) JHNy(p)?, (19)
and
N 4
H'=H—H,= Zl{% 2 [=n(sit+s5i7) At —niin) ]
1= =1

Fwr(Vit+Ni)+w(VatNie)+eNe' 1} = % Q. (20)

7=1

In the unperturbed Hamiltonian, we treat each proton
as moving in the average field of its neighbors. In addi-
tion to the long-range field v(p), we describe the average
interaction of a proton with its neighbors by two inde-
pendent fields: an effective field A, which makes the
potential well in the H bond asymmetric, and a field 7
which takes into account the effects of other protons on
the tunneling integral of a given proton, and thus repre-
sents the change in the effective tunneling integral due
to proton correlations. It should be pointed out that 7 is
nonzero even above 7. and, in fact, goes towards zero
only if 7>>T,, i.e., if the different protons are in fact
moving as independent particles.

Both A and 7 are obtained by a minimization of the
approximately determined free energy:

F=F\}+F’, (21)
where
Fo=—FkT In Tre#80, B=1/kT, (22)
and
Tre A2
F'=F—Fy=—FET In =—kT In Trpee "
TrefHo

=—kT In(e™?"), (23)
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with p, being the unperturbed density matrix

po=¢ BHo/Tre—FHo (24)

and the operator V being defined, as in Ref. 1, by
e—BHHH") — —BHog—BY

(25)

Using the same procedure as in Ref. 1 and remember-
ing that the link Q; we are using is in fact a four-particle
cluster, we can express V as

(26)
with
B B2
Q¢'=Qi+;[3 o,Qi]‘l‘;[H o[ Ho,Q:11+---. (27)

In the four-particle-cluster approximation, we then
obtain! the correction to the unperturbed free energy as:

N
F(4),= —kT Z In Trpoe“ﬂQ"
i=1
=—kTN[In Tre PH¥®w—4 In Tre PE®] (28)

where the four-particle-cluster Hamiltonian H (4 is
defined as

Hy= ?.jl [—(@—3n)(ssT+5i7)
—(v(p)+38) (mit—nijs) ]
F[wi(NViotNi)+w(Vat+Nie)+eNe'], (29)
and the single-particle-cluster Hamiltonian as
Hay=—(T—=n)(sit+5:i7) — (v{p)+8) (it —nijn) . (30)
The total free energy is in this approximation given by

Fy=—kTN(In Tre-PHE®

—21In Tre PEm)4-Ny(p)?. (31)
Minimizing (31) with respect to A and 7,
OF (4)/dA=0, 9F 4)/dn=0, (32)

we find that the two fields 7 and A are determined by
solutions of the following equations:

4
Tr(nip—nip)pay=1 Tr 2 (nip—ni)pcay,

(33)
=1
4
Tr(sit+si)pw =1 Tr X (sit+si7 o,  (34)
=1
where
py=€BHM /Tre—PH® (35)
and
py=ePEW/TreBH® (36)
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Fic. 1. Critical
values of ¢ w, and
v yielding a phase
transition in the clas-
sical limit.

Again we see that the minimization of the free energy
with respect to A and 7 is equivalent to the requirement
that the thermal expectation values of the reduced
H-bond dipole moment operator p;;=1.jt—n.; and the
proton jump operator s;;=s;;t-+s;;~ be the same whether
determined from the four- or from the single-particle
density matrix. The explicit form of Egs. (33) and (34)
is rather clumsy and is presented in Appendix B. How-
ever, once we know A and 7 as functions of temperature,
we also know the temperature dependence of the free
energy in this approximation, and can deduce all
polarization properties of our system.

IV. RESULTS

Let us first investigate our approximation in the
classical limit, where the potential barrier separating
the two minima in a hydrogen bond is supposed to be
infinite. As discussed below, such a model is probably a
rather good_approximation for KD,PO,, though not for
KH;POs. In this case, I and 7 are identically zero, and
the energy matrix corresponding to the 4-particle-cluster
Hamiltonian is already in diagonal form. By an elimi-
nation of A from (33) and (p)=Tr(ns—n:u)pa) We can
obtain a consistency equation for the spontaneous
polarization:

2¢~Fv sinhx+sinh2x
()=

¢~Pu14-4¢=Pv coshx+ cosh2x+2e—be

37)

with
x=3 In[(1+(#))/(1—(p)) J+B¥(p) - (38)

In the limit (p) — 0, we get from the above expression
an equation for the temperature T, of the ferroelectric
transition:

leBowif gBewt gboe_1=B y[1—efv]. (39)

Expressions (37) and (39) give exactly the same
results as the Senko-Uehling model'2!3 and may be
considered as analytical expressions of the equations for
the spontaneous polarization and the transition tem-
perature of their model. This can be easily understood,
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Fic. 2. Modification of the Slater-Takagi energy-level scheme
due to the finite value of the overlap between the protonic wave
functions at the two sites in the hydrogen bonds for 7> T.. Here
T stands for the transition temperature which gives in the
classical limit the best agreement with the experimental KD;PO4
data.

since the physical situation described by the classical
limit of our four-particle approximation and the Senko-
Uehling model is exactly the same, though the mathe-
matical approach is different.

In the limit that there are no long-range forces
(y — 0) and that the configurations with four and with
no “close” protons can be neglected (wr>w,e), Egs. (37)
and (39) yield the well-known analytical expressions of
Takagi!! for the spontaneous polarization

(P)={1—[2¢77=/(1—2eP) J2}1/2, (40)
and the transition temperature
e P ghoe=1 (41)

of a KH,POj, crystal.

Equations (37) and (39) predict, in agreement with
the data of Silsbee, Uehling, and Schmidt,'® a phase
transition of first or of second order, depending on the
values of the parameters ¢, w, and vy (Fig. 1). The larger
the ratio y/e, the sharper is the increase in the spon-
taneous polarization at 7. Using the value of w=625
cm™! as determined from magnetic relaxation data? in
KDyPO,, Uehling and coworkers found!? that e=115
cm™! and y=23 cm™! gave the best fit to the experi-
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mental spontaneous polarization curve and the transi-
tion temperature k7,=155 cm™! of KD,PO, for a
second-order transition. (As w; should be at least twice
w, the excitation energies for these configurations are
so high that they have practically no influence on the
ferroelectric behavior of our system and we may as well
set wy=.)

It should be noted? that the occurrence of spon-
taneous polarization and the corresponding dielectric
anomaly!! already imply the occurrence of an elastic
anomaly, irrespectively of the detailed microscopic
picture.

The trouble with the classical-limit treatment is that
it predicts too large a transition entropy.!® Further, we
have difficulties when we apply this model to KH,PO,
and use the KD,PO, parameters to predict the behavior
of the undeuterated crystal. Following Uehling,'3 one
can show that because the protons have a higher zero-
point energy than the deuterons and both move in an
anharmonic potential well, ¢ of KH,PO4 should be
smaller than e of KD,POy, whereas the other parameters
should be approximately the same. However, if we now
increase the ratio v/e so that it accounts for the nearly
2 times lower transition temperature of KH,PO,, we
find that the onset of the spontaneous polarization
should be much sharper than in KD,PO4, whereas in
fact, the opposite was found to be true.?

In the following we shall show that the introduction
of the tunneling term, which accounts for the finite
overlap of the protonic wave functions between the two
hydrogen sites in a hydrogen bond, removes at least a
part of these discrepancies and improves the fit between
theory and experiment.

In the case that I's£0, the energy matrix cannot be
diagonalized analytically, and the two fields A and 7
have to be determined by a numerical solution of Egs.
(33) and (34). The modification of the Slater-Takagi
energy level scheme by the inclusion of T' is illustrated
in Fig. 2 for the case 7> T,.

As can be seen from Fig. 3, the transition tempera-

Te

Tco
0.6

0.6

W= 205 kTg o
€ = 0/525KT¢ o

[ X3 of

Y = 0,106 kT
02 |

1 1 1 1 1 1 1 }

0.2 0id 0.6 0.8 1 1.2 14

—

L
KTc o

Fi6. 3. Dependence of the ferroelectric transition temperatures
on the tunneling integral T for various values of w.
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tures decrease with increasing T, i.e., with increasing
proton overlap due to an decreasing width of the poten-
tial barrier between the two sites in a hydrogen bond.
As expected, this effect increases with decreasing excita-
tion energy w for the creation of an H3PO4 or an HPO,
group. If w were of the order of 10£7,, i.e., of the order of
1500 cm™! for KD2POy, then the transition temperature
T. would be practically independent of the shape of the
intervening potential barrier and thus of T' (and equal
to its classical limiting value 7) for all physically
admissible values of T' (Fig. 3). However, as borne out
by the already mentioned experiments of Uehling and
coworkers,” this is not the case in KD,POy, and thus
the overlap of the hydrogen wave functions between the
two sites has a marked influence on the ferroelectric
properties of KH,PO4-type crystals.
The anomalous specific heat of the transition is:

Cwy=208W/eéT, (42)

where the internal energy I¥ is obtained in this approxi-
mation as

W=N TrH;powp ), (43)

with
4
H;pos=% g.l L= Gsittsi) —v(p) (it —niz) ]

F[w1(Vio+ Vi) +w(Na+Nig)+eNo'+v(p)?]. (44)

As can be seen from Fig. 4, the specific-heat anomaly
and the associated transition entropy,

* CdT
as= [ ==,
o T

decrease with increasing I'. As our model in the classical
limit predicts a too large transition entropy (AS=0.50R,

w=205 kT o
w=4lkTeo
50 |- € =0.525kTc o
c y = 0.1064kTe o r
- o 0
k kTe o
40 |-
0 0.6

Fi6. 4. Temperature dependence of the anomalous
specific heat for various values of I
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Fic. 5. Dependence of the ferroelectric transition temperatures
and the boundary between first- and second-order phase transi-
tions on e and T.

whereas the experimental value®!? for KD,PO, is
AS=0.32R), we see that the effect has the right direc-
tion and that the fit between experiment and theory is
improved if the finite overlap of the wave functions
between the two hydrogen sites is taken into account.

The effect of I' on the shape of the polarization curves
is also quite remarkable. The larger T is, the less sharp
is the rise of the spontaneous polarization near the
critical point. This agrees qualitatively with the experi-
mental fact that the onset of spontaneous polarization
is generally sharper in deuterated crystals than in the
undeuterated ones. That is, because of the larger mass
of the deuteron, the value of T is distinctly smaller in
the deuterated compounds than in their undeuterated
analogs.

The boundary between phase transitions of first and
second order also depends on T'. If all other parameters
remain unchanged, then an increase in I' moves our
critical point from the first order region towards the
region of second order phase transitions (Fig. 3).

If the finite value of the proton overlap, i.e. of T, is
taken into account, we have, in contrast to the classical
case, no difficulty in accounting for the behavior of the
undeuterated crystals on the basis of the KD,PO,
parameters.

As can be readily shown, and as was first pointed
out by Uehling,'? e varies for different particles as the
square of the off-center distance in the H bond. Because
of their lower zero-point energy and the anharmonicity
of the H-bond potential, the deuterons lie farther away
from the center of the H bond than the protons, and
thus ep>en. A transition from KD;PO, to KH,PO, is
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06F Wiskt,, 205
W/kTeo 4l
Y/KkT, o 0.1064
€/kT, 0525 0.28 0.27
04 T/kTeo0 086 083
Te/Teo | 0565 056
0.21- Pygy, 0.98Pp 087R, 089P,
AS/R 0.50 0355 0.355
1 1 1 ! 1
09 092 094 0.96 0.98 I

Fi1c. 6. Comparison of theoretical spontaneous polarization
with experimental for both KH,PO4 and KD;PO,.

thus accompanied by a decrease in € and an increase in T
due to the increased overlap of the wave functions
between the two sites in the hydrogen bonds.

From the observed change in the O-H with respect
to the O-D bond length (Ro_m—Ro_p=0.14 A for
KH,PO,-type crystals'®) and using (ep/ex)= ({n/¢n)2,
where { is the corresponding off-center distance of the
particle site in the H bond, one finds that eg should
amount to about 569, of ep. Similarly one finds that
because of the smaller mass and the decreased width of
the potential barrier,'® I'g should be about two orders
of magnitude larger than I'p.

As the precise value of T is not known, let us for the
sake of simplicity assume that I'n=0 for KD,PO,. In
such a case, Uehling’s set of parameters ep=115 cm™,
v=23 cm™!, and w=625 cm™! gives the best fit for a
second-order transition and, with a slightly smaller
value of ep/v, also for a first-order one. If we now de-
crease em in comparison to ep by the ratio of the squares
of the off-center distances, and increase I'y to about
130 cm™!, both the transition temperatures and the
predicted shapes of the polarzation curves (Fig. 6) of
KH:PO, and KD,PO, agree with the experimental
ones. The predicted transition entropy of KH,POy,
AS=0.355R, also agrees rather nicley with the experi-
mental® one: AS=0.37R.

Such a good agreement for KH,PO, is probably
fortuitous. As demonstrated recently,?! the specific-heat
anomaly in KH;PO, exhibits a logarithmic singularity
at T',, whereas such behavior is not found in our approx-
imation. In this connection it is interesting to note that

19 B. S. Garret, U. S. Atomic Energy Commission, Oak Ridge
National Laboratory Report No. ORNL-1745 149, 1954
(unpublished).

% C. C. Stephenson and J. G. Hooley, J. Am. Chem. Soc. 66,
gggs)(lfﬂ); H. Danner and R. Pepinsky, Phys. Rev. 99, 1915

2 J. Grindlay, Phys. Rev. 139, A1603 (1965).
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the exact solution of the simplified ferroelectric model
Hamiltonian (Ref. 1) for I'=0 and a two-dimensional
lattice does exhibit a logarithmic singularity in the
specific heat, since it is equivalent to the corresponding
Ising problem. Evidently higher approximations are
needed to get a more reliable shape of the specific-heat
anomaly. However, it should nevertheless be pointed
out that if we allowed for a nonzero, though small, value
of I'p we could get, even in this approximation, a still
better fit between theory and experiment for KDyPO4
than obtained in Ref. 13. The exact value of I in such a
fit is not critical and a relatively wide range of combina-
tions of parameters produces similar effects. What is
important, however, is the fact that if we simultaneously
allow for the change in ¢, due to the change in the zero-
point energy, and for a change in T', due to an increased
proton overlap, then we can use the KD,PO, parameters
to predict the properties of the undeuterated compound.

Though a more detailed treatment of the domain-wall
motion is reserved for a subsequent paper, a tentative
explanation can be given for the observed, rather
striking difference in domain-wall dynamics® between
KD,PO, and KH,PO4 According to Barkla and Fin-
layson,?? the motion of a domain wall in KH,PO,-type
crystals is connected with transfer of hydrogens between
the two sites in the hydrogen bonds. If we now assume
that this intra-bond hydrogen transfer process is rate-
determining for the domain-wall motion, then the ratio
between the domain-wall mobilities of KHoPO4 (ug)
and KD;PO4 (up) can be readily evaluated using the
technique of Gosar?® or Kubo.2* The general four-
particle-cluster result is rather involved. In the limit
I'KkT, however, the result simplifies to

uu/up=(T'a/T'p)?, (45)

provided that the two mobilities are measured at the
same temperature, that the non-tunneling channels can
be neglected, and that the excitation energies w for the
H;PO4 or HPO, defects (which move in symmetric
double minimum potentials by jumps of excess protons
or vacancies from one PO, group to another) are the
same for both crystals. The above result is only qualita-
tively correct. Nevertheless, it predicts the right direc-
tion and order of magnitude of the observed effects. The
observed drastic decrease in domain-wall mobility on
deuteration thus seems to reflect the diminished overlap
of the wave functions between the two sites and the
reduced chance for the heavier particle to tunnel
through the potential barrier. Thus the same effect
which has been invoked to help explain the isotope
effects in the Curie temperature and spontaneous polari-
zation seems to account also for the isotope effect in the
domain-wall mobility, and it seems that all three
phenomena can be understood from a unified point
of view.

22 H. M. Barkla and D. M. Finlayson, Phil. Mag. 44, 109 (1953).

23 P. Gosar, Nuovo Cimento 30, 931 (1963).
2 R. Kubo, J. Phys. Soc. Jap. 12, 570 (1957).
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APPENDIX A. LATTICE-MEDIATED
PROTON-PROTON INTERACTIONS
IN KH,PO,

One of the results of the proton-lattice coupling®!” in
KH,POy, is an indirect, lattice-mediated proton-proton
interaction. In order to get a notion of the form of this
interaction, let us consider a simple, classical example of
an ion (for instance K*), moving in the harmonic po-
tential of the lattice plus the superimposed potential
of the surrounding protons.

The total potential of the ion can be written as

q
Vion=13k(ti—10)*+ 2 epeifop;ti/4mers® (A1)

=1

where ¢, and e; are the effective charges of the proton
and ion, respectively; r; is the radius vector describing
the instantaneous and ry is the vector describing the
equilibrium position of the ion (in the “absence” of the
protons); & is the force constant of the lattice potential,
which is in the “absence’” of protons assumed to be
harmonic (k= Mw?);

exoDi= exdo(nit—ni) i/ | §l

is the dipole-moment operator of the jth hydrogen bond
in which the given proton moves; and r; is the radius
vector between the instantaneous position of the ion and
the center of the jth H bond. We assumed that 2¢,<r;
so that each hydrogen bond can be represented by a
point dipole, whose dipole moment is proportional to
the off-center distance {, of the protonic site.

For each configuration of the protons we can find the
corresponding equilibrium position of the ion by a
minimization with respect to r;. This equilibrium posi-
tion is different for different configurations (since r; is a
function of r;), and the corresponding minimized total
ion potential contains a term

=3 2 Jii" b

Jyeda

(A2)
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F16. 7. Motion of an ion
with mass M and effective
charges ¢; in the field of
four surrounding hydro-
gen-bonded protons.

28,

which represents an effective indirect proton-prtoon
interaction. The coupling parameter J»~—? depends on
the orientation of the hydrogen bonds, the distance
between the centers of the hydrogen bonds and the
equilibrium position of the ion in the “absence” of
protons, the “harmonic” force constant and charge of
the ion, and the value of the H-bond dipole moment.
For the simple case of an ion moving in the field of four
surrounding protons (Fig. 7), the coupling parameter is
explicitly obtained as

Jrlmr=(1/w?M)(eiex{0 Sin20/2mea®)?,  (A3)
where the meaning of 6 and ¢ is seen from the
figure.

If the ion frequency w is larger than the frequency of
proton motion between the two sites in a hydrogen bond,
the lattice interacts with the instantaneous value of the
proton charge density. Expression (A2), which has the
same form as the direct long-range proton-proton inter-
action, is thus adequate for handling proton-proton
interaction via tightly bonded ions. If, however, the ion
frequency is smaller than the frequency of proton motion
between the two sites, the lattice responds to the charge
density of the proton averaged over the two sites, and
the two operators p; and p. in expression (A2) have to
be replaced by their mean values. The indirect proton-
proton interactions via weakly bonded ions can be thus
replaced by a molecular field yo(p). As the protons
interact both with tightly and with weakly bonded
ions, we can approximate lattice-mediated proton-

proton coupling in KH,PO, by an effective Hamil-
tonian:

N 4 N 4
Hy 1 p=1 2 2 (=Jiwii#? TP) (tipp—ni) mijn—nwin)+% 2 2 [—vop)(mip—nin)+ivo(p)2], (Ad)

i,i/=1j,j'=1

i=1 j=1

where the first term stands for the interaction through ‘“high”- and the second through “low”-frequency ions.
It should be noted that the relative weights of the two terms depend on the frequency of proton motion between
the two sites and hence on the mass of the hydrogen isotopes.
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APPENDIX B: CONSISTENCY EQUATIONS FOR THE FOUR-PROTON CLUSTER APPROXIMATION

The explicit form of the four-proton-cluster Hamiltonian H ) [Eq. (29)] in the representation of localized
particles

4
IT 6:at[0), k=1, (B1)
J=1
is rather clumsy. However, after a suitable transformation SH (4S'=U (), the energy matrix can be written as
(w 206 —a A
20 e 0
—a 0 w
w 20 —a
20 € 0
—a 0 w
w 20 —a
U(4)= 2b w1 0 5 (BZ)
—-a 0 w
w;  2b 0 0 0 0
2 w 26 2V2b —a O
0 2 0 0 0 —2a
0 2v2b 0 € 0 0
0 —a 0 0 w b
0 0 —2¢ O b 0
L €)
where
b=—T+37, a=A+2y(p).
The consistency equations (33) and (34) can be now explicitly written as
(T—=n)—(a/{p)—7)(s)=0, (B3)
and
a
[(a—7<p>)“’+(F—n)ﬂ‘”—(zp—)—v) tanh(BL(a—v(p) (= )] =0, (B4
where
(B)="1s/f1,
p)=1s/fr (®85)
()= 1o/ f1,
with
16
fr= > e (B7)
i=1
3 9 15
f2e=2 3 cucie PN+ 3 cicwe i+ 30 [(ciaotcaetV2eus)cintciracins Je BN, (B8)
=1 i=f =10
3 9 15
f3=2 3 cacise PN+ 3 cincise PN 3 (cincinat 2c120i15)e PN, (B9)
i=1 i=f i=10

and where the ¢;; and the A; stand for the eigenvectors and eigenvalues of the energy matrix (B2).



