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Cluster Approximations for Order-Disorder-Type Hydrogen-Bonded
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R. BLINC* AND S. SvETINA

University of Washington, Seattle, Washington
and

Nuclear Institute "J.Stefan, "
LjuMj ana, Yugoslavia

(Received 3 January 1966)

A high-temperature cluster series is derived for the partition function of an order-disorder-type hydrogen-
bonded ferroelectric crystal, taking into account a simplified interaction between protons as well as the over-
lap of the protonic wave functions between the two sites in a hydrogen bond. The zero-order result is the
Weiss molecular-field approximation, and the two-particle-cluster result reduces in the classical limit to the
Bethe treatment of the Ising model. The specific properties of crystal lattices can be taken into account in
higher order terms. The results of the above approximations as well as the results of an "Oguchi"-type
treatment, valid at all temperatures, are compared with exact solutions in the case of a simple soluble model.

I. INTRODUCTION

ITHIN the past several years, a considerable
eGort has been made to understand the nature

of second-order phase transitions. ' In particular, a recent
study of the far-infrared absorption spectra of KHRPO4
type ferroelectrics' has shown that the ferroelectric
transitions in these crystals cannot be explained simply
in terms of an instability of the lattice against a certain
vibrational mode as in the case of perovskite-type
ferroelectrics, ' and that the order-disorder nature of the
transitions has to be taken into account. Contrary to
the case of the Ising and Heisenberg4 models, however,
relatively little attention has been devoted to the sta-
tistical mechanics of order-disorder —type hydrogen-
bonded ferroelectric crystals. ' '

The elementary excitations from the ferroelectric
ground state of a simplified model of a KH2PO4-type
ferroelectric have recently been studied by de Gennes, '
but any really satisfactory treatment at intermediate
temperatures is still lacking.

Though the breakdown of the classical molecular-
field model near the critical point has been clearly
shown, ' ~ this model is still widely used because of its
simplicity. ' " In particular, the quantization of the
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protonic vibrational energy levels (which seems to be
important for the ferroelectric behavior of such crystals
in view of the rather large isotope effects on replacing
hydrogen by deuterium, ' can be easily taken into
account within the molecular field model. ' Quantum
eQects have so far not been incorporated in the Slater-
type theories" "of the ferroelectric phase transitions.
These theories, which have shown relatively good
results, though they were not able to give a really satis-
factory explanation for the observed isotope e6ects and
predicted a consistently too large heat of the transition,
are based on the specific properties of KH~PO4-type
crystal lattices. They take certain interactions into
account exactly and others only on the average, but
neglect the quantization of the protonic energy levels.

The purpose of the present work is to derive a cluster
approximation for the partition function of an order-
disorder —type hydrogen-bonded ferroelectric crystal,
which should be capable of taking into account simul-
taneously all important interactions, i.e., short-range
and long-range forces as well as the effects of the quan-
tization of the protonic energy levels. The zero-order
result is the Weiss molecular-field approximation, and
the two particle cluster result is in the classical limit
identical with the Bethe" treatment of the Ising model.
The specific properties of crystal lattices can be in-
corporated in higher order terms. As shown in a sub-
sequent paper, the four-particle-cluster result for
KH2PO4 reduces in the classical limit to the Slater-
Takagi-Senko-Uehling model of the order-disorder
transition in this crystal.

We would like to stress that our purpose is to derive
a high-temperature-cluster expansion, where successive
approximations are made by taking progressively larger
linked clusters. We do not claim that the leading terms
of this series represent a satisfactory approximation,
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'4 M. Senko, Phys. Rev. 121, 1599 (1961).» H. B. Silsbee, E. A. Uehling, and V. H. Sc&~ddt, Phys. Rev.
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though small clusters might be suitable for a description
of certain properties of ferroelectric crystals in a re-
stricted temperature range.

II. HAMILTONIAN

The basic aspects of our problem can be studied on
the following simplified model: each of the E protons
of our system occupies one of the two states h= 1 or $
inside a given hydrogen bond and interacts with q
nearest neighbors. In the representation of localized
particles, the given problem is described by the follow-
ing Hamiltonian (Appendix A):

~=K+ r=Z t-
—r(S,++S,-)

—~J g (n,t n'4—)(n;t n;4—)5,

classical limit(7=0) theabove Hamiltonian reduces to
the Hamiltonian of the Ising model.

As ferroelectricity represents an example of the so
called "broken symmetry" )see, for example, R. H.
Brout, Phase Transitions (W. A. Benjamin Inc. , 1965)]
the variational ground state of the above Hamil-
tonian can be easily derived with the help of a trial
function,

4=+ L(cos8)b,st+(sin8)b, atjl0), (6)

which has a lower symmetry than the original Hamil-
tonian. Minimizing the expectation value,

E(8)=(+lHl+)=EL —(sin28)I' —(cos'28)(qJ/4)], (7)

with respect to the variational parameter 0, we find that
a partially polarized ground state with an energy

where ~~ is the proton "number" operator
Ea= X(F'/q—J+qJ/4) (8)

n;a=&;a'', a, &=1',I

and (g,++S, ) is the proton "jump" operator

5;+=b; tb,

S;—=b;g fb;t,

(2)
is stable as long as (2F/qJ)(1. If we define a reduced
hydrogen-bond-dipole-moment operator as the differ-
ence between the proton occupation numbers of the two
possible states I and & within a hydrogen bond,

P'=njf n'ap

with b;, and b;~ being the creation and annihilation
operators for the proton at the site i and the state k:
+;a=&;a'l0)

The vacuum state l0) is defined as a state with no
proton present. F stands for the proton tunneling
integral

-F,=(~. I~ l~. ), (4)

and J for the nearest neighbor's interaction parameter.
In this paper we shall consider only the case J&0.The
assumption of the model that there is one and only one
proton in each hydrogen bond can be expressed by

+st+~i4 ~ ~

The above model represents an extreme simplification
since the protons are assumed to move in a rigid lattice
potential, thus neglecting proton-lattice interactions. "
However, as shown in the subsequent paper, a major
part of this interaction as well as long range forces and
specific properties of crystal lattices (which have also
beenneglected) canbereadilyincoproratedinourmodel
without changing the basic procedure, so that their
omission at this point seems to be justified. The same
is the situation with the effects of one proton on the
tunneling integral of another, which are as well taken
into account in the subsequent paper. The neglect of
higher vibrational states of the proton is not serious
since they are in the 2000 cm—' range, while kT, is of
the order of 200 cm—'. It should be noted that for the

III. CLUSTER EXPANSION

In order to make a cluster expansion feasible, let us
divide the Hamiltonian in an unperturbed part, which
will be treated exactly, and a perturbed part, which
will be taken into account only approximately. In
the unperturbed Hamiltonian, which is linear in the
hydrogen-bond —dipole-moment operators, we describe
eachproton asmoving in the effectiveaverage field (6)
of its neighbors, whereas the perturbation stands for the
difference between the instantaneous and the average
value of the interproton interactions, i.e., for the dif-
ference between the total and the unperturbed
Hamiltonian:

with
H=Hp+H',

a =Z a, ,;=P l-
—r(s,++s,-)

then the expectation value of this operator in the ground
state,

Pa=L1—(2p/qJ)'3'", (10)

depends on the ratio of the proton tunneling integral to
the effective strength of the interproton interactions.
The above model thus predicts a small mass dependence
of the saturation polarization of an H-bonded ferro-
electric crystal. Such effects have indeed been observed
in a number of H-bonded ferroelectrics as KH2P04,
K4Fe(CN)4 3HaO, Rochelle salt, etc.

» R..Slinc and M. Ribaric, Phys. Rev. 130, 1816 (1963). —h(n, t—n'4)+6'/qJ j, (12)
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N
H'=H —Ho=2 [a(n't —n.~)

--'Jr. (n't n*4-)(n t n~-)-~'/qJ] (13)

The above division is equivalent to an expansion in
terms of hydrogen-bond —dipole-moment —deviation op-
erators. It is analogous to the expansion of the Heisen-
berg and Ising models in terms of spin-deviation opera-
tors by Horwitz, Callen and Strieb. 4 Here, as well as in
the work of the above-mentioned authors, the "best"
value of the expansion parameter 8 is determined in
each stage by a minimization of the approximately de-
termined free energy. This procedure is based on the
Peierls theorem' on the minimum property of the exact
free energy (which is an extension of the well-known
variational principle for the lowest eigenvalue of the
Hamiltonian) and the requirement that in each stage
the approximate free energy should be stable with
respect to small variations in the expansion parameters.
For an approximate determination of the free energy, a
high-temperature-cluster expansion is used. Following
the usual procedure, we divide the total free energy in
an unperturbed part Fp and a correction term F':

F—Fp+FI (14)

F'=F—Fo= k T[ln Tr exp( —PH) —ln Tr exp( —PHo))
kT ln[Tr exp—( PH)/Tr —exp( —PHo)],

(16)

with p=1/kT. Defining an operator V by the equation

exp[ —P(Ho+H')]=exp( —PHo) exp( —W'), (17)

we get F' as

F'= kT ln Trpo exp(——PV) = kT ln(exp( —PV—)),
(18)

where the average is deined through the unperturbed
density matrix:

po= exp( —PHo)/Tr exp( —PHo) .

The cluster approximation consists in an approximate
determination of the correction term F' and hence of
(exp( —PV)). To determine this average, we must 6rst
determine the operator V, which is not simply equal to
H' since H p and H' do not commute. It should be noted
that in the case of the Heisenberg ferromagnet'b Hp
and H' commute.

w'here

&o= kT lnTr exp—(—PHo) =XkT ln Tr exp( —PHo„),

(15)

As shown in Appendix 8, the operator V can be
written as:

V =H'+ (P/2 1)[HoH']+ (P'/3!) [Ho,[HoH']]+
(2o)

In order to be able to expand (exp(—PV) ) in a cluster
series, let us Grst rearrange the perturbation term B'
and the operator V into a sum of links (particle pairs)
after which it will be quite easy to regroup the terms of
this series so that they refer to clusters of protons

From Eq. (13) we note that H' can be written as

H'=2 Z Z Q*,=E Q. ,
i 1 i 1 a

(21)

V=2 & Q' '=2 Q.', (22)

with

Q.,'=Q;,+(W2)LH. ,Q.;]+W3 )[H.,[H.,Q.;]]+ ".
(23)

Using the cluster-expansion technique of Kubo, "w' e
regroup the above expression for (exp —PV)) into a
cumulant series

ln(exp( —PV))=ln(exp( —P P, Q '))=P E, (24)

where Eis determined by'the number (tn) of links it
comprises and hence by the magnitude of the cluster:

Et——P Eg(Q '),
a

E2= Z E2(Q-',Qs'),
a, P

(25)

E.(Q-',Qs', " Q ').
tX 2P o ~ ~ tS

Here Er(Q, ') is the collection of all the terms in the
cumulant series, which contain the variable Q ',
E2(Q~', Qs') the collection of all the terms that contain
two variables Q ', Qs', etc. Following Kubo, we have

emEr (Q-') =~2(Q-') = &em( —PQ.')),
expE2(Q-' Qs') =~2(Q ',Qs')/~i(Q. ')~2(Qs'),

(26)

with

~2(Q.',Qs') = (exp[—P(Q.'+Qp')]), etc.

Every cumulant E can be evaluated in terms of
functions M, where tn'&m. The basic advantage of

where the index n numbers the pairs (ij ) or links in the
system:

Q.= (a/q) (n, t n, ;g—+ n, t n, i—)
—(J/2)(n, t —nq)( nt —n, s) .

Using Eq. (20) we see that V is given by

"R.E. Peierls, Phys. Rev. 54, 918 (1938). "R.Kubo, J. Phys. Soc. Japan 17, 1100 (1962).
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the above expansion consists in the fact that the
logarithm of the average of a term of —,'qS links has been
written as a series of averages over one, two, and more
links, so that the leading terms of this series can be
easily evaluated. Successive approximations are made

by taking progressively larger linked clusters; this pro-
cedure involves the diagonahzation of progressively
larger energy matrices. It is important to note that the
above expansion is valid though the Q

' do not
commute.

IV. ZERO-ORDER APPROXIMATION
THE MOLECULAR FIELD

Let us first evaluate the zero-order term represented
by the unperturbed free energy Fo. Here every proton
moves in the average molecular field of its neighbors,
6, and I'"0 is easily obtained as

Fo IqkT ——ln—2 coshP(I'+6')"+EARP/q J. (27)

Minimizing J'"&~) with respect to 5,
8F&o)/8D =0, (35)

we find that the average field is determined by the
solution of the following equation:

Tr(n, t n;&—)p(» ——s Tr()o;t I;g+m,—t )o;g)p&»— (36)

cluster Hamiltonians:

H(o) ———I'(S,++S; +S,++S, )
—6 (1—1/q) (n;( r(, &,

—+&),t n, g—)
—(J/2) (n;t n—;))(g, ( m—,g), (33)

H ()) = —I (S;++S, ) D—(n;t n—,() .

The total free energy in this approximation equals

F(2) — kTX{—(q/2) ln Tr exp( —)9H(o))

+(1—
q) ln Tr exp( —PH&(&)) . (34)

The mean value of the molecular field 6 is determined
by a minimization of Fo with respect to 6:

p(() ——exp( —PH()))/Tr exp( —PH()))

is the single-particle density matrix, and

(37)

(&)Fo/&)&=0 (2g) p&2&=exp( —PH(»)/Tr exp( —)9H(o)) (38)

Equation (2g) represents in fact a consistency relation
for 6 and cali be explicitly written as:

[(2~/q J)'+ (2I'/q J)']'"= tanh

X{P(qj/2)[(2g/qJ)o+ (21'/qJ)o])(2) (29)

This equation, which determines the temperature de-
pendence of 6 as well as of the spontaneous polariza-
tion —since (P)=2)i/qJ as it follows from (8Ho/M)
=BFo//86 =0—is identical with the expression obtained
in the usual molecular field treatment. m The polariza-
tion at T=o is the same as the one obtained by varia-
tional determination of the ground state [Eq. (10)].
The model shows a considerable isotope effect in the
transition temperatures, which are determined as solu-
tions of Eq. (29) for 6=0:

21'/q1 = tanh(81') . (30)

V. FIRST APPROXIMATION:
TWO-PARTICLE CLUSTER

In the two-particle-cluster approximation, which
corresponds to en= 1 (one link per cluster), and already
includes some short-range correlations, we have

the two-particle density matrix. The physical meaning
of Eq. (36) is that the value of the molecular f(eld 6
which minimizes the free energy is such that the canoni-
cal-ensemble average of the dipole-moment operator
p, =));)—n;) is the same when computed from either
the one-particle or the two-particle density operator.

From Eq. (36) the temperature dependence of the
ensemble average of the expectation value of the dipole
moment, i.e., the temperature dependence of the spon-
taneous polarization can be computed (Appendix C).
Some results are shown in I'ig. 1.It can be seen that the
transition temperatures (i.e. the temperatures at which
the molecular field 6 and the associated long range order
vanish) decrease with a decreasing number of nearest
neighbors. In the limiting case, q= ~, the two-particle
cluster yields the same results as the molecular field
approximation. In contrast to the molecular-field case,
however, there is no transition for a linear chain, i.e.,
for q=2. The accuracy of the obtained results can be

O.S—
kTc
qJ

(exp( —PV))=ex&= II [Trpo exp( —PQ ')]
= [Trpo exp( —PQ ')] ', (31)

the correction term to the free energy is obtained after
a straightforward manipulation as

F&»' ———kTX —', qX[ln Tr exp( —PH&o&)
—2 ln Tr exp( —)9H(())], (32)

where 8(2) and H(l) are the two- and single-particle-
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FrG. 1. Transition
temperatures as a
function of the tunnel-
ing integral in the two-
particle-cluster ap-
proximation.
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best judged by a comparison with the exact solutions of
the Ising model (r =0). For instance, for q=4, the ratio
of the transition temperature, derived from the above
two-particle cluster, to the exact transition tempera-
tures is T, 2/T, ,„„t——1.275. Similar to the molecular-
field case, the transition temperatures decrease with an
increasing value of the proton tunneling integral.

The increase of the spontaneous polarization in the
vicinity of the transition temperature (Fig. 2) is, for a
finite q, significantly sharper than the one obtained in

the molecular-fieM case, thus demonstrating the im-

portance of short-range correlations in the neighborhood
of T,.The shape of the specific-heat anomaly

with

C= SW/8T, (39)

and

W=Ã$-2'/qj- (qJ/4)(pK, T&T.,
(41)

W=zr tanh(Pr), T&T..

The anomalous-specific-heat tail in the two-particle
cluster is thus a combined effect of short-range correla-
tions, which in this approximation persist even above
T„and quantum phenomena due to proton tunneling.
A measurement of the specific-heat anomaly on a deu-
terated and an undeuterated sample of the same com-

pound could determine the relative weights of these two
contributions.

0.8-

r
Oo 27

qJ

FIG. 2. Temperature
dependence of the re-
duced dipole moment
in the two-particle-
cluster approximation.
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W=-', qX TrH, ,p(2)

e;,= —(r/q)(s, ++s, +s,++s, ) (40)
——',J(n, t —e;g) (n;g —I;g),

and particularly its high-temperature tail (for T& T,),
are as well very sensitive to short-range order correla-
tions (Fig. 3). Whereas there is no such high-tempera-
ture tail in the classical limit (r =0) of the molecular-
field approximation, there is one in the corresponding
two-particle cluster case. In the quantum case (r/0),
however, a small high-T tail is found even in the molecu-
lar-Geld case (where above T, each proton is assumed to
move independently of its neighbors).

In this case we have

FIG. 3. Anomalous

specific

heat as a
function of tempera-
ture in the two-
particle-cluster ap-
proximation.
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VI. HIGHER ORDER APPROXIMATIONS

Higher order approximations reQect the specific
properties of crystal lattices and should be based on a
knowledge of the crystal structure of the compound we
are studying. In the three-particle cluster case, which
represents the next approximation, we have, depending
on the crystal structure, two diferent types of contribu-
tions to the correction term: the contribution of joined
pairs of links (V-type linkages, 2Q' term) and the con-
tribution of triangles (three Q' term), which occur if two
nearest neighbors share a common nearest neighbor
(fcc lattice, for instance). For the case of KH2PO4, on
the other hand, the smallest cluster which is compatible
with the crystal structure is a four-particle one, which
takes into account the correlations in the motion of the
four protons surrounding a given PO4 group.

Rather than to go into details of this specific case,
which is treated in the following paper, we would like
to stress that, whereas the above expansion is exact for
I'=0, it is only a high-temperature expansion for I'&0.
The two-particle cluster, in particular, breaks down at
low temperatures, if 7&0, and shows an anti-Curie-
point (similar to the one obtained in the Peierls-Weiss
approximation of ferromagnetism), which however,
vanishes for I =0.

"T.Oguchi, Progr. Theoret. Phys. (Kyoto) 13, 148 (1955).

VII. "OGUCHP'-TYPE SMALL-CLUSTER
APPROXIMATIOÃ

In view of the occurrence of an "anti-Curie" point in
the two-particle-cluster approximation for F/0, it seems
worth while to look for a small-cluster treatment, which,
though perhaps less accurate than the above high T ex-
pansion, would not be limited to the neighborhood of
T, and would work for any value of I' even at low tem-
peratures. Such an approximation can be relatively
easily constructed along the lines of Oguchi's" treat-
ment of ferromagnetism.

I.et us consider the case of a two-particle cluster,
where the interactions between the two protons in the
cluster are taken into account exactly, and all the other
interactions only on the average, i.e., the instantaneous
values of the dipole-moment operators p of the H bonds



428 R. BLI NC AND S. SVETINA

60'

FIG. 4. Exactly
soluble model, con-
sisting of three
linked H bonds in an
external 6eld.

H bonds within the cluster pi= (crt —e») and
p, = (Nmt —N, q) should be the same as the mean dipole
moments of the H bonds outside the cluster:

(p)=-,'(pg+p2)=-', Tr Q (n;g n—g)

Xexp( —PH~, 2)/Tr exp( —PH~, s) . (43)

I 1)= b»tbgt t
I 0),

I2)=at tb»tlo),
I3&=h~'b»'I o& ~

l4)= b»tb»tl0&,

(44)
~~,2=2 I:-F(S;+S;-)-kqJ(I-I/q)(p&

X(e,t —n;g) j—-',J(mph' —e»)(e» —egg) . (42)

The consistency relation is obtained from the require-
ment that the mean values of the dipole moments of the

we obtain the Hamiltonian of the two-particle cluster
in matrix form as

In the representation of localized particles,
outside the cluster are assumed to be equal to their
mean value (p&:

Hg, 2= qJ

—(1—1/q) (p) 1/2q ——F/q J I'/q J— 0—I'/qJ 1/2q 0 —F/6—F/q J 0 1/2q —F/q J
0 I'/q J —I'/q J (1—1/q)(p) —1/2q

The consistency relation, Eq. (43), can be now written
in the form

(p) =P, (c,,'—c, ') exp( —PX~)/P, exp( —PX;), (46)

where the c;;are the eigenvectors and X; the eigenva}ues
of the above matrix (45). Both X; and c, are of course
functions of (p&. By solving Eq. (46) we can get the
temperature dependence of the spontaneous polariza-
tion at all temperatures as there is no anti-Curie point
even for 7&0. The transition temperatures are in
general intermediate between those predicted by the
molecular-Geld method and those obtained from
Eq. (36). In particular, Eq. (46) predicts, in contrast to
the two-particle-cluster-expansion case, a Curie point
for a linear chain. Thus this treatment does not seem
to be as good an approximation as the corresponding
two-particle cluster-expansion term (34), but it has the
advantage that it works at all temperatures.

VIH. COMPAjRISON VGTH AN EXA.CTLY
SOLUBLE MODEL

In order to get a better feeling for the relative merits
of the molecular-6eld, two-particle cluster-expansion,
and two-particle Oguchi-type approximations, let us
compare their predictions with those of an exactly
soluble model.

Let us consider a linked system of three hydrogen
bonds in an external electric field (Fig. 4) and compare
the temperature dependence of the 6eld-induced dipole
moment, obtained by an exact solution of this system
with the one obtained on the basis of the above
approximations.

The Hamiltonian of the above system can be written
as

P =Q P F(S;++—S, ) pE(n—,g —N; )j—

Fq= kT lnTr exp( —PBq),—

3p(p&= bFg/bE=p Trg —(N;t n;g)p, ,
—(49)

respectively where

p~ = exp( —PH~)/Tr exp( —pa&) . (50)

In Fig. 5, the temperature dependence of the 6eld-
induced reduced dipole moment (p), obtained from
Eq. (50), is compared with the predictions obtained
from the corresponding molecular-held, two-cluster-
expansion, and two-cluster Oguchi approximations for

2JL(+1t +14) (Nmf '+2/)+ (s2t '+2/)

X (est ms~)+—(e3t —ns~) (e&t—e»)j, (47)

where E is the external electric 6eld and

(4g)

is the expectation value of the dipole moment of the
ith H bond with the proton (having s,n effective charge
e~) fixed in the kth site at a distance i, from the center
of the H bond.

The above Hamiltonian can be exactly diagonalized,
and the free energy and the mean value of the 6eld-
induced dipole moment obtained as
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OA

2

OJ2

kT

2J

Let us introduce a function u(s):

24(s) = expL —P(Hp+H')s],

which is the solution of the following differential
equation:

bt4(s)/bs = u(s)—[jSHp+PH'],

with u(0) = 1. If we now de6ne a new function v(s):

24(s) = exp( —PHps) v(s), (84)

= —expL —PHos]PH' expIj9Hos]v(s), (85)

FIG. S. Mean value of the 6eld-induced dipole mo ment ln the we may easily see that this function is a solution of
three-H-bond system as a function of temperature: {a)molecular-
&eld approximation. {b) "Pguchi" two-particle approximation. b(){c) two-particle-cluster expansion approximation. {d) exact
solution.

the Hamiltonian (47). As can be seen, the exact solution
gives by far the smallest field-induced dipole moment,
whereas the two-cluster-expansion result represents a
remarkably good approximation at higher temperatures
though it fails as T —+0. The "Oguchi" two-ct. uster
result is intermediate between the one predicted by the
two-particle expansion and the molecular-field method,
and shows no anomalies as T~ 0.

I,=(@,4@;.t I V(r;,r;.) I%',4+; t),
I,=(e,4+„4I V(r, ,r,') Ie, te; 4),

I-1=(+'t+' t I V(r'r') I+'t+; t),
I2=(e,te,'4 I V(r, ,r,') Ie;te,'4) .

(A2)

Using the constraint (5) that there is one and only one
proton in each H bond, and summing over all proton
pairs in the crystal, the interaction Hamiltonian can be
written up to constant terms as

APPENDIX A

Let us indicate a short derivation of the interaction
term in Hamiltonian (1).

The interaction V (r,r') between two H-bonded
protons i and i', which move in double minimum po-
tentials, can be written in the representation of local-
ized particles as

Ion;4n, t+Itn;4n, 4+I 1n;tn; t+Ion, tn; k, (A1)

if overlap terms can be neglected. Here

with v(0) = 1. Using the identity

exp (a)b exp ( a) =—b+ Pa,b]+ (1/2!)La, La,b]]+
we can write Kq. (85) as

bv(s)/bs= —P(H'+sPttH p,H']+ (so/2!)P
)& LHp, LHp, H']] )v(s), (86)

and obtain, after integration between 0 and 1,

exp) P(H—p+H')] =exp( PHo—)
)& exp (—P(H'+ (ff/2!) LHo H']

+(!3'/3!)LHp, LHo,H']]+".)), (87)

the desired expression for V.

APPENDIX C

Here we present explicitly the expressions from which
the temperature dependence of the spontaneous polari-
zation and the transition temperatures are calculated
in the two-particle-cluster-expansion approximation.

The two-particle cluster Hamiltonian (33) can be
transformed into a simpler form and written as

—I/2 —2r 0 —2a(1—1/q)—2I' I/2 0 0
0 0 I/2 0—2h (1—1/g) 0 0 —I/2

(C1)

whereas the consistency relation (36) amounts toHr=-,' Q ( I,,')(n,—t n;4)(n;.—t n,'4), —(A3)
s

441 tanh (pL+2+r2]1/2)/LA2+ r2]1/2

I"=L(Io+Io)/2 —(I1+I-1)/2]"

APPENDIX 3

(A4) = 2 g c;tc,4 exp( —pX;)/p exp( —p)1,), (C2)

In this Appendix, we shall indicate a short derivation
of expression (20) for the operator V, which has been
defined by the equation

expL —P(Hp+H')]=exp( —PHp) exp( —PV) . (81)

with the c;; and the X; being the eigenvectors and
eigenvalues of the matrix (C1). The transition tem-
peratures are again obtained as the boundary of the
region beyond which Eq. (C2) ceases to have nonzero
solutions for d.


