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ZnS:Si. This is contradictory to the experimental
results. The agreement between the calculated and the
observed Ag’s seems fairly good. Although this is
perhaps fortuitous because of the crudeness of the
parameters used, the sign and the order of magnitude
of the g shifts seems to be interpreted qualitatively on
the theory based on our proposed model.

The observed spin densities, p,(0), are extremely
large. We will tentatively compare the observed values
with those of the s orbitals of the free atoms. Available
values of |¥,(0)|%rec of neutral atoms!”!® calculated
from Hartree-Fock wave functions are also listed in
Table II. The observed densities are approximately 609,

17 R. E. Watson and A. J. Freeman, Phys. Rev. 124, 1117 (1961).
18 R. E. Watson and A. J. Freeman, Phys. Rev. 123, 521 (1961).
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of those of free atoms. Any quantitative discussion of
these values could hardly be fruitful from (10) in our
crude one-electron linear-combination-of-atomic-orbitals
approximation. Quantitative calculations of the un-
paired spin densities would require the detailed knowl-
edge of wave function for unpaired electron and of the
inner core polarization.
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Expressions are developed in this paper which describe the behavior of a gas laser having generalized
polarization characteristics. It is found that degeneracies of the atomic energy levels play an important
part in determining the behavior of such a laser since significant terms occur in the nonlinear polarization
which are attributable to an oscillatory mixing of these levels. As a result, it is found, for example, that for
single-mode operation the field intensity is greatest for either plane or circular polarization depending upon
whether a Aj=41 or Aj=0 atomic transition is involved in the laser action. For two-mode operation, on
the other hand, the behavior depends in a complicated way both on the polarization states of the oscillations
and on the degree of degeneracy of the energy levels. This behavior is discussed in a number of special cases.

I. INTRODUCTION

N this paper, we extend Lamb’s theory of an optical
maser! to cover systems involving degenerate atomic
energy levels and optical oscillations having arbitrary
states of polarization. Our treatment is specifically
aimed at determining the output characteristics of gas
lasers which utilize generalized anisotropic resonant
cavities. Such lasers are of interest because of the
unambiguous control of their frequency and polarization
characteristics which is made possible by the use of
nonresonant intra-cavity anisotropic components. In
addition to forming the basis for a number of practical
devices,2? this control is quite useful in the study
of the fundamental atomic phenomena governing laser
behavior.
A recent theoretical and experimental study of the
properties of a Fabry-Perot resonator containing an

! Willis E. Lamb, Jr., Phys. Rev. 134, A1429 (1964).

2 W. M. Doyle, W. D. Gerber, P. M. Sutton, and M. B. White,
IEEE J. Quantum Electron. QE-1, 181 (1965).

3 Walter M. Doyle and Matthew B. White, J. Opt. Soc. Am.
55, 1221 (1965).

array of retardation plates and Faraday rotators has
established that each longitudinal mode of such a
cavity is split into two distinct resonances.? The
frequency separation between these resonances is
dependent upon the strength of the anisotropic effects
and their preferred states of polarization are in general
elliptical and orthogonal. The introduction of ani-
sotropic losses into such a resonator can furthermore
break down the orthogonality of the preferred polariza-
tion states and, in extreme cases, can restrict oscillation
to a single polarization. In the discussion below, we will
thus give particular attention to lasers whose oscilla-
tions belong to two distinct, but not necessarily
orthogonal, states of polarization.

Our theoretical approach is quite similar to that of
Lamb, the chief distinctions being our explicit treatment
of the vectorial nature of the electromagnetic field and
of the degeneracies of the atomic system. In the sections
below, the reader will thus be referred to Lamb’s work
for more detailed discussions of some of the conditions
of the problem and for treatment of those calculative
details which are common to the two works. It should
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finally be noted that our assumption of complete
degeneracy of the magnetic sublevels belonging to a
given J? energy level implies the absence of magnetically
induced anisotropies in the laser medium. This situation
can usually be approached quite adequately in experi-
ment by the use of a moderate amount of shielding to
reduce the strength of the earth’s magnetic field.

II. FIELD EQUATIONS

Using a model similar to that used by Lamb, we
assume the electric field within the active medium to
obey the wave equation

a 02 02
curl curlE4+po—o- E4+poee—E=—p—P, (1)
at o2 a2

where the anisotropic nature of the resonant cavity has
been taken into account by the introduction of the
fictional conductivity tensor ¢. As will be seen later, the
nonlinear contribution to the induced polarization P is
not necessarily parallel to E. Thus, in general, neither of
these vectors is parallel to ¢-E, and it would normally
be necessary to consider the specific form of ¢. In order
to avoid this considerable complication, we will assume
that both the field and the induced polarization may be
decomposed into two sets of oscillations, each of which
is in one of the two polarization eigenstates e, or e; of
the passive cavity. It is then possible to replace the
conductivity tensor by its eigenvalues o, and o;. The
validity of this approximation is dependent on the
relative magnitudes of the cavity anisotropies and the
nonlinearities of the medium. Its consequences will be
discussed later. We thus assume that

E=3%"[e.A.2()sinK 12+ €34 .2 (f)sinK »*2]  (2)

with
A a3 (t) = En®/5(£)cos (vn®/ Y+ %) 3)

and
I{ﬂalb= n,n./La/b , (4)
where a/b means either a or b, and the effective cavity
lengths L% for the two polarization states are, in
general, different. In our approximation, we must
project the various frequency components of the

calculated induced polarization P along the chosen
field directions. We thus use in Eq. (1)

Pl =3"[eoq- Ca®(t,2)cos(rn®t+dn® (1)) +eses- Co2(2,2)
Xcos(valt+¢ab(1))+esa-Sa2(t,2)sin(va+¢n2(2))
+esesr AP (L2)sin(valt+¢a0(1))], (5)

where C,%® and S,%* are the in-phase and quadrature
amplitudes of the polarization induced by E.

W. M. DOYLE AND M.

B. WHITE 147

Equations relating the component field amplitude
E.o(t) to e4p- €% and e,/3- S, may be obtained by
substituting Egs. (2) and (5) into the wave equation
and equating coefficients of like time-dependent
trigonometric functions. In addition, the spatial
dependence may be removed by multiplying each
equation by sinK,*%z and integrating over the appro-
priate cavity length.

We obtain

(Vna/b_l_qs"a/b__ Qna/b)E”a/b= _ (V/Zeo)ea/b' C“a/b(t) , (6)
and
E’nalb_i_ (V/ZQa/b)Ena/b= —_ (V/Zfo)ea/b'sna/b(t) , (7)

where

Lal/b
C,.“/b(t)=/ C,.“/b(t,z)sinK,.“/bzdz, (8)
0

La/b

Saelb(f) = / Sno/t(t,2)sinkK ,*/%2dz, 9)
0

Q2= cK /%, (10)

and

/b= ¢qy/go/b,

(11)

III. ATOMIC POLARIZATION

The quantities appropriate for substitution into the
self-consistent-field equations are obtained by calculat-
ing, to third order, the polarization induced in the laser
medium by a multifrequency optical field E(z,#). In this
calculation it is assumed that two excited atomic
levels, characterized by angular momentum quantum
numbers j and j’, interact with the optical field and
that the J. eigenstates associated with a given J?
eigenstate are completely degenerate. Interatomic
collision effects as well as population of the lower
states (j) through spontaneous decay of the upper state
(7) are neglected.

It is convenient, following Lamb’s work,! to adopt a
density matrix formulation in which the equation of
motion

p=—i[H,p]—3(Tp+pl)

is solved separately for ensembles of atoms characteriz-
ing various portions of the atomic distribution, and the
results are integrated over this distribution to yield the
total polarization. In this equation p is the density
matrix, H is the perturbed atomic Hamiltonian and, in
the representation of unperturbed J?, J, eigenstates,

(12)

(13)

Tmmii=Yi0mms it

where v; is the spontaneous decay constant of state j.
From the general definition of the density matrix it
follows that, if the x axis is taken to be the axis of quan-
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tization, each atomic ensemble makes the contributions where

P.(zt)=2.@® (z,t)+conj (14) 7= i1
z\%,l) = mm;j’ jPmm; i’ \% )
- A w=W;—W;>0, (18)
and v=30ritvs), (19)
P,(Z,t) =§[@m.m+1;j'jpm-}-l.m;jj’ (Z;t) Cmn=Comnsji", (20)
+@mm—1;5750m1,mi5i" (%,t) J+conj.  (15) Crn' =Commiiii (21)
to the Cartesian components of the atomic polarization. BV mn()=EB(H)®mpn.ji» if m=n
The quantity ®mn;j;» above designates the matrix =ER()®mnssr i msn, (22)
element of the component of the atomic dipole moment 5p4
operator either along or perpendicular to the quantita- BV mn’ () =EE(8)®runsj; if m=n
zation axis depending on whether n=m or n=m=1, —ER(0) gy it msn. (23)
respectively. . o .
Writing out Eq. (12) in component form yields Here EE(t)=E,B()i+E,B(})j is the optical-frequency

electric field at time ¢ in the rest frame of atoms in the
Pmn;ii=—Vipmn;jit1 22 (Vmpppniji— V' pnpmpiii); (16)  ensemble under consideration.

P Assuming equal excitation of all m substates within a
given j state, Egs. (16) and (17) can now be solved by
iteration for ensembles of atoms of velocity v excited to
either angular momentum state at time ¢, and position
F4 3 (Vappon;jri»— Vonpmp:ii), (17)  2zo. For initial excitation to the upper state the solutions

P to the first three orders in the V’s are

and

Pmn;jjr = (_'i‘*’_')’)Pmn;iJ"

i ¢
pmniiir @ (J,20,b0,0,8) = ———— / i’ Vonn(t)expl(y+iw) (¢ — ) +v,(t—1)], (24)
2j+1J 4
i t e
pmniii® (sodopst) = ——— [ a1’ / """ exply; (" =) JEAV mp(t") V' (¢'")
2j+1J 4 t0 ?

Xexp[(y—iw) (¢"' = 1") i (lo— ") ]+ Viou' (¢") Vmp (" )exp[ (v +ieo) (¢ — ") i (b= ") ]}, (25)

and

" t 4 ¢’
s @ (o) =—— / ar f av f dr" expl (i) (¢ — -5 (to—t") Wexplys (' — )]
2741/ t0 to
XTIV )V 5 )V () expla-i) (¢ — EY T Vg )V anlE)V o ()
S expL (y— i) ("' — ") - expLrs (= Y ISV (€)Y g )V ! (" exp Gy — i) (¢ — )]

FVon(E)Vas' (1) Vmg(t")expl (y+iw) (¢'—¢")]1} . (26)

The total polarization P(z,) is obtained by first multiplying Eqs. (24) and (26) and the corresponding equations
for initial lower state excitation by the appropriate excitation rate parameters and then adding the results. The
composite equation is next integrated over all £ such that (z—2)=v(t— %), and over a Maxwellian velocity distri-
bution. The expression resulting from these integrations is finally substituted into Egs. (14) and (15) to yield the
Cartesian components of P(z,f). For an assumed optical-frequency electric field of the form

E(z,t)=E.(2,0)i+ E, (2,0, 27
where
E.(2,0)=2 E,.* cos(v,t+,zt)sink 'z (28)
ul
and .
E,(3,) =Z;, E, )t cos(vplt+¢u)sinK lz (29)
m
with

K z)=pm/Li, (30)
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a calculation similar to that carried out by Lamb for finite atomic velocities leads, in the Doppler limit, to the
following expressions for the spatial Fourier projections of the first- and third-order atomic polarizations.

PoyWr=— QhKu) ' [ 2| ®mm! 2N L Eudt expl —i (04464t IN (o) ©PZ (vl —w)]4-conj. 31)
m Kl
and
1t/
Py, ®v= 2 AD(,t = 2 ) D (v, = va) + Dj (v, — VDIV pt o) I+ D (v, — w6)
3273 K u 1ee
X @(w_%v“l_*_%ypS_ VUt)N(P—¢+M—ﬂ)(3_t+l_v)+ S)J'(Vﬂs— an)go(w_%yot_*-%"ps_ Vﬂl)zv(pvu-i-a——n) (s—l+t—1-)}
Xexp[—i(vt—v,"+ Ve W AE ' E o Bt exp[—i(¢u¢l—d’pzs+¢‘nt)]+BEuzlEpysant
XCXP["’i(¢wl_¢pu8+¢vut)]+CE#ulEpuaEﬂz‘ expL—i(pus' — ¢y +d0z") ]
+DE,'E,.*Eyy expl —i(duy'— ¢pa"+doy') 1} +conj.,  (32)
where treatment of systems using generalized anisotropic
2 e . resonant cavities.
P.r=— / dz P,(3,t)sinkK ,*z, (33)
L. Jo 1IV. AMPLITUDES AND FREQUENCIES
2 pLv IN AN ANISOTROPIC LASER
N(u—Wa'*n)(l—H’t_v):;/‘ dz N (z,t) In order to obtain information about mode competi-
vs 0 tion and pulling effects in an anisotropic laser, we now
Xcos[ (K '—K ,"+K,—K,")z], (34) assume the existence of two modes having the same
. , principle order number but corresponding to slightly
N(z,0)=A;(z,)/ 2j+1)vi—A; (3,0)/ 25+ 1)vir,  (35)  different effective cavity lengths. Under these conditions
- the indices g, p, o, and n of Egs. (31) and (32) are equal,
o) =iK d i(v—w)r—yr—EK2272], (36 while the indices [, s, ¢, and v can assume only the
2(v—w)=1 u/o 7 expli(v—w)r—y7—1 7], (36) values 1 and 2. Letting Pyi=Py, EJ—E,, iz,
) Vn2= Vo, and A\‘v(n—ni—n—n)(l—s*—t_v):A\'(l——s+t—v) and drOp'
D)= (y+in), (37 ping all terms with frequencies not equal to »,, Eq. (32)
D;(v) = (y4iv)1, (38) reduces to
= (041 (0) Fue0 = UrSABONQLA LT (B4 CHD explip)
XE13E1y2]+A (1M12+ M12I)E11E2x2
A=2[Cmm|*, (40) + (M 1B+ M1y C) ExoEny+[ (M1,C+ M1y’ B)
Xexpi(Y1—y2)+L (Mia+My,') expi(Yi+is)]
—_ 2 2 2
B—Em:l@mm] [](Pm+1.m| +I(Pm-l.m‘ j; (41) XE?xE2yE1y}eXp—-1'(Vlt+¢11)+conj., (44)
where
C=Z|G)mml2[[@m,m—112+I(Pm,m+112]; (42)
; Z 0:1=[D(0)+D(w—r)J[D,(0)+D; (0)IN1,  (45)
an
My=9;(0)[D(A)+D(w—5)]N 10
D= G)m m(pm,m— (Pm— ,m— (Pm— ,m
%[O, metmetTm +D;28) [V 10D(A)+N 1D (w—r1)],  (46)
(Pm m(Pm m- (4 0 (Pm ,m_|e 43
FOmnTmmnGntmeaPretnd ) 4o, 0) () + D=5V
In the above expression N (z,?) is the excitation density D (28N 10D (A) - N 105 (00—
per m substate, and A;(z,f) and A;.(z,f) are the total 0, CAWNWDA)+NieDw—s)],  (47)
numbers of excitations to the states j and 7, respec- A=%(vo—vy), (48)
tively, per unit time per unit volume. .

Expressions for P,,*® and P,,*® are obtained by V=, (49)
interchaing « and y in Egs. (31) and. (32), respectively. Yi=d1—d1,, (50)
The rather complex form of the optical-frequency elec-
tric field [Eq. (27)] was chosen so as to allow for the Vo=d2.— by, (51)
existence of simultaneously oscillating modes corre- ) L
sponding to different laser cavity lfengths. As indicated Nyo=— dz N (z,0), (52)
above, this degree of generality is necessary for the L./,
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and It is clear from the definition of P, given in Eq. (33)

2l and the definitions of C,%*(¢,2) and S,%%(t,3) given in

le=——/ dz N(z,t)cos[2(K:—K1)z]. (53) Sec. II that if we identify »; with »,* and v, with »,°

Ly Jo the in-phase and quadrature portions of P; can be

identified with C,%(¢) and S.%(f) of Egs. (8) and (9),

A corresponding expression for P1,® can be obtained and the corresponding portions of P, can be identified

by interchanging y and x in Eqs. (44) and (45). P2.® is  with C,?(¢) and S,?(#). Extracting the quadrature part
obtained by interchanging the subscripts 1 and 2. of Eq. (44), we have

S1:® = (w2/1673Ku){[A Q1" JE1.*+ [ (B+C)Q1"+D(Q1" cos2y1+Q1’ sin2y1) JE1.E1,2+[A (M 12"+ M15'7) JE1:Es,?
+[BM 1o +CM 19/ |E1:Es 2+ [ (CM 1"+ BM 15" ") cos(Y1—2) — (CM 12"+ BM 15/ %)sin (Y1—2)
+D (Mu"'r M12")COS(¢1+¢2)—D(M12i+M12/i)5in (Hl’l+¢2):|E2zE1yE2u} ) (54)

where
Qr=ReQ1= (2/7;vi)[1+7>L(w—r1) IN 10, (55)
My =ReMuz=[(2v;/7v;) £;(28)+ (v/vi) £(@— ) IN 10+ [v;7— 24(0— 1) ]£;(28) £(w—v1) N 12, (56)
My'm=ReM 1y’ =[(2v; /7)) £ (28)+ (v/75) £(@—7) IN 10+ [v; v — 24 (0— 1) ] £, (28) £ (w— 1) N 12, (87)
Qif=ImQ1=—[2y(0—r1) L(w—»1)/777; ]V 10, (58)

Myi=ImMip=—[(44/7;)£;(28)+v; " (w—7) L(w—7) JV1io— 24y +v;(w—r1) ]£€;(24) £(w— 1) N1z, (59)
M= Tm My = —[(48/7,) £5:(28) 757 (0= 7) £ (0= 5) IV 1= [28y+5-om 1) 1€5-28) £ 6= 1)V sz, (60)
L@ =+, (61)

and
La(v)= (va>+r). (62)

C1z is obtained from Eq. (54) by changing the over-all algebraic sign, interchanging the superscripts 7 and 4, and
finally multiplying the sine terms by minus one. It can furthermore be shown that S,, and C,, are obtained from
S1- and Cy; by interchanging the subscripts 1 and 2, while the corresponding y components are obtained by inter-
changing y and x.

In order to construct the final quantities needed in the self-consistant-field equations, it is necessary to find the
projections of S; and C, along E; and of S, and C, along E;. It is furthermore convenient to express these projec-
tions in a form that is independent of the coordinate system used for the calculation. The steps required to obtain
this result are outlined in Appendix I. It is interesting to note that the calculation indicated in this Appendix
only leads to results that are independent of the coordinate system if the identity

A=B+C+D (63)
holds. This sum rule, after it has been disclosed on these purely physical grounds, was subsequently confirmed by

the proof given in Appendix II.
Using the results of Appendix I in conjunction with Egs. (31) and (54) yields

S1-e1=— (Ey/1Ku)[Z | ®mm|*] ImZ (r1—w) N1o+Er* (1/2/168° K1) Qr [ B+C+D(1—1:2)2/ (14-1,2)%]

+E1E22 (1r]/2/16ﬁ3K’u){BM12T+CM121"+ (CM12'+BM12'T)[(1—7’12) (1—7’22)/(1‘*'712) (1+7’22) COqu

1—=72)(1—r? 1—72)2
+(71+7'2)2/(1+712)(1+T22)]+D(M12'+M12")[( re) - ) 2n+ (r 2 :” , (64)

cos?p+4
(1472 (1415 (1472 A+722)

where 71 and r; are the ratios of the minor to the major axes for the elliptically polarized radiation at the frequencies
v1 and ve, respectively, and 7 is the angle between the two major axes. An expression for C;-e, can be obtained
from Eq. (64) by changing the 7 superscriptsto 1s, and the corresponding quantities for frequency s can be obtained
by interchanging the subscripts 2 and 1.

Inserting, in turn, the expressions for S;-e; and S,-e; obtained from Eq. (64) into Eq. (7) results, after a rear-
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rangement of terms, in the amplitude-determining equations.
Ei=o1Er—B1EP— 015E,Ey? (65)
and .
Ey=a,Es—BsEs3— 051 E-E42, (66)
where
ar1=—30/Q1)+3vN1w(1/ echKu)[Z | ®mm|*]IMZ (1 —w) (67)
B1= (vr''2/32et® Ku)Qr"[ B+ C+D(1—r12)2/ (14+17:2)?], (68)
and
ol , (1=rd)(1—7ry2) (r1tr2)?
012=————1BM1;"+CM 1"+ (CM 1y"+BM, ’)[ cos™n :I
32e*Ku (1472 (A+72) (1472 (14-72)

+D(M12’+M12")|:

and as, Bs, and 0, are obtained from the quantities
above by interchanging the subscripts 1 and 2.

Finally substituting, in turn, the expressions for
Ci-e; and C;-e; obtained from Eq. (64) into Eq. (6)
yields the frequency-determining equations

V1+431=91+¢71+P1E12+T12E122 (70)
and
vot o=+ 0o+ paEo’+ 721 E42, (71)

where

0'1=%VN10(€0hKu)—1[ZI(Pmmlz:IReZ(Vl—w), (72)

and exchanging the superscripts 7 and ¢ in Egs. (68)
and (69) gives the proper expressions for —p and — 74,
respectively. These expressions are converted to the
appropriate quantities for use in Eq. (71) by interchang-
ing the subscripts 1 and 2.

V. DISCUSSION OF THE RESULTS

The amplitude- and frequency-determining expres-
sions given above were obtained under the assumption,
made in Sec. II, that the resultant fields are parallel to
the polarization eigenstates of the passive cavity. We
must now determine the realm of validity of this
assumption and its effect upon our results. An examina-
tion of Egs. (31) and (32), indicates that the first-order
contribution to the polarization is parallel to the
inducing field but that the third-order contribution is
not. In the limit of small third-order effects, however,
the direction of the total polarization approaches that
of the first-order contribution, and our assumption is
valid. Our assumption will also be valid for somewhat
larger third-order effects if the frequency splitting
between two modes of the same order number is large
compared to the cavity width. In this case, the compo-
nents of E; and E, perpendicular to e; and e, will be
strongly attenuated by the cavity.

Since the errors introduced in the evaluation of the
B’s, 6’s, and cavity losses are proportional to the cosine

(1—1'12)(1—’22) (fx—f2)2
cos™n+ ]] , (69)
(1472 (14-12?) (1472 (14-7.%)

of the angle between the actual and assumed polariza-
tion directions, we would expect Egs. (65) and (66) to
provide a fairly accurate description of the oscillation
amplitudes in the cases discussed above. Care must be
exercised, however, in the use of the frequency-deter-
mining expressions, Eqs. (70) and (71), since a change
in the states of polarization will result in a shift in the
frequencies of the cavity resonances. This shift can often
be comparable to the pulling and pushing effects caused
by the dispersion of the medium. A discussion of these
effects will thus be deferred pending a more detailed
analysis of relationship between the present work and
the cavity calculation.?

Before proceeding to a detailed treatment of the
consequences of our results, it is useful to discuss some
of the general features. We will thus examine the
characteristics of the parameter 612 [Eq. (69)] which
expresses the strength of the third-order interaction
between the two modes. The first two terms in Eq. (69)
are independent of the polarization states of the fields,
while the bracketed quantity in the third term, as one
might expect, can be shown to be proportional to their
scaler product. The polarization dependence of the
last term, however, has no simple geometrical inter-
pretation. This term, along with the corresponding term
in B, as we will see below, leads to a number of rather
unexpected predictions concerning laser performance.
An analysis of the relatiohip betweensn the second- and
third-order expressions for the density matrix compo-
nents, Egs. (25) and (26), reveals that the development
of this last term involves, in second order, a coherent
mixing of pairs of degenerate m states. As a result,
third-order contributions to the polarization P,,,, arise,
or example, from successive excitation of the transitions
Jym— j'ym+1; f,m+1— jm+1;and jm+1— §/ m.
The fact that these contributions do not in general have
the same phase as the direct contributions to P,
gives rise to the unique polarization dependence in
Eq. (69). Portions of the terms involving B and C are
also attributable to a coherent mixing of states. These
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contributions, however, involve the excitation of only
two distinct transitions, and as a result, have the same
phase as the direct contributions.

The discussions below will be primarily concerned
with the values of the third-order interaction param-
eters. These parameters are related to the steady-state
field intensities by the expressions

E2= (B20n— 0190)/ (B182— 012021) (73)

and
E22= (31012—' 021011)/(5132— 912021) (74)

and enter into the condition for simultaneous oscillation
of the two modes,

012021/818:X 1. (75)

In our discussions, the effects of atomic degeneracy and
of the state of polarization will be illustrated by
considering a number of special cases.

A. One Oscillating Mode

The dependence of the third-order polarization on the
state of polarization of the inducing field has an
important effect on laser output characteristics even
when only one mode is oscillating. In this case, the
steady-state intensity is given by

E2=a/ﬁ ’ (76)

where a and 8 are given by Egs. (67) and (68). For
convenience we will write

B1=kQ"[B+C+D(1—r?)?/(1+n%)?],
where

(77)
k=ym'/2/32eh3. (78)

It can be shown by use of the expressions for the matrix
elements ®n, given in Appendix II, that if /= j41 the
quantities B and C are always positive and D is always
negative. Thus, for a given excitation rate, the laser
output will be greatest for linear polarization (r;=0
and B1=kQ:"[ B+ C+ D7) and least for circular polariza-
tion (r;=1 and B1=kQ,"[B+4C]). This implies that, in
the absence of cavity anisotropy, a single-mode laser
with j'=j41 will tend to oscillate in a linear state of
polarization. This tendency does not exist if either the
upper or lower atomic state is spherically symmetric
(7=0). In these cases B and D are zero. If j'=j, the
tendency is reversed.

B. Two Modes of Like Polarizations
In this case ry=r,, and n=0, so that Eq. (69) becomes
010=Fk(M1o7+M15'7)
X[B+C+D(1—r?% (1+r2?]. (79)
Equations (77) and (79) differ from Lamb’s expressions
for 8y and 612 only by the common factor [B+C
+D(1—r?)?/(147r.%)?]. The coupling parameter 61201/

B1B: is thus the same as that obtained by using Lamb’s
expressions. For mode splittings which are small
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compared to v, the coupling parameter is greater than
one (strong coupling). If we neglect the terms involving
the proximity of the modes to the line center, the
coupling parameter is four for zero splitting and one
(critical coupling) for 2A= (y;v;)/2.

C. Orthogonally Polarized Modes

If we assume modes with opposite senses of rotation
and perpendicular major axes, we have r,=—r; and
n=m/2, so that Eq. (69) becomes

O1o=k[BM1o™+CM1y/™+D (M 12+ M1,'7)
@r2/(14+n®2]. (80)

If we again neglect terms involving proximity to the
line center, Eq. (80), in the limit of zero splitting,
becomes

O10=kQ[B+C+2L (4r2/(14+r2)D].  (81)

Comparing Eqgs. (77) and (81), we find that for orthog-
onal polarizations the value of the coupling parameter
will depend upon the eccentricity of the polarization
state, generally being greater than one at zero splitting
for linear polarization and less than one for circular
polarization when Aj=z1. For a transition involving
a level with zero angular momentum, the coupling
parameter for orthogonal modes is always one for zero
splitting so that weak coupling occurs for any finite
splitting. In this case Eqgs. (77) and (80) reduce to

Br1=kCQy",
O1a=kCMy,'". (83)

These last results are consistant with those obtained by
Fork and Sargent* for circularly polarized oscillations
and a transition between states with j=1 and j/=0.
In making the comparison, it should be noted that, for
mode splittings which are small compared to the
separation of successive cavity resonances of the same
polarization, Ny, is approximately equal to Ny,.

(82)
and

D. Modes Having Like Eccentricities and
Opposite Senses of Rotation

Letting 7o=—r; but allowing 7 to vary, we have

012=k{BM12’+CM12"+ (CM 12+ BM,'7)
(1—r,2)?
X
(147,22
(1—n?)? 4r,?
X[ COquﬁL ]l . (84)
(147,22 (14-r2)?

This expression, the corresponding expression for 8,y
and the expressions for 8; and 3; obtained from Eq. (77)
can be used in conjunction with the condition for

COS277+D(M12"+M12/")

*R. L. Fork and M. Sargent, III, Phys. Rev. 139, A617 (1965).
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critical coupling, 612021/818:=1, to provide an implicit
relationship between the polarization and frequency
characteristics of the laser output. It is clear from the
forms of Eqs. (77) and (84) that this relationship could,
in theory, be used to extract information about the
decay constants associated with practical laser systems
through measurements of laser output characteristics
near critical coupling.

One of the most easily measured quantities associated
with the polarization characteristics of two-mode laser
output is the scalar product of the polarization vectors.
An expression can be given explicitly relating this
quantity to the frequency-dependent terms for the
condition of critical coupling, if we take 612=0s,
B1=PB:, and neglect the terms in Eqgs. (77) and (84)
which involve D. The latter approximation is valid if
either j or j' is zero and becomes steadily worse for
larger values of j. If j=1 and j'=2, for example,
D~3%(B+C). We obtain

(1—r?) B/ —M1")+C(Q1"— M)
I: ]cos2n= .
(1+4r?) CMy+BM,y'"

This expression is in general agreement with measure-
ments made in our laboratory of the polarization
overlap and frequency splitting at critical coupling for
a 3.5-u He-Xe laser.

(85)

E. Combination Tones

An examination of the general expression for the
third-order polarization, Eq. (32), reveals that, for
two-mode operation, contributions to the polarization
exist at the frequencies 2v;—v. and 2v,— ;. Although
the form assumed in Sec. II for the field in the cavity
neglects the possibility of oscillations at these fre-
quencies, it is clear that such combination tone oscilla-
tions can exist with appreciable strengths if the cavity
losses at their frequencies are sufficiently small. This is
indeed the case if the frequency splitting introduced by
the cavity anisotropies is small compared to the cavity
width. An interesting additional result of the theory is
that the combination tones can exist even when the
primary oscillations are orthogonal. This result is a
direct consequence of the coherent mixing of degenerate
m states discussed earlier.

We have previously reported the observation of
combination tones in an anisotropic laser.5 In these
experiments, we were able to observe up to eight
frequency components associated with a given pair of
primary oscillations by using a high-gain laser with a
low cavity Q.

VI. SUMMARY

We have developed above an optical-maser theory
appropriate for systems involving degenerate atomic

® Matthew B. White and Walter M. Doyle, Bull. Am. Phys,
Soc. 10, 607 (1965).
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energy levels and arbitrarily polarized optical fields.
In order to treat the case of a laser utilizing a generalized
anisotropic cavity, we first derived self-consistent-field
equations, allowing for the simultaneous existence of
oscillations belonging to each of two distinct states of
polarization. This derivation was performed under the
simplifying assumption that the polarization states of
the fields are completely determined by the passive
cavity. Using a density-matrix formulation similar to
that used by Lamb,! we next derived expressions for the
first- and third-order contributions to the induced
atomic polarization for a general laser transition
between states with angular momentum quantum
numbers j and j'= j, j2=1 and complete m degeneracy.
Explicit allowance was made in this calculation for the
existence of oscillating modes corresponding to different
laser cavity lengths. After specializing the polarization
expressions to the case of two modes corresponding to
different cavity lengths and possibly having different
polarizations, we next extracted the projections of their
in-phase and quadrature parts on the inducing field.
These quantities were finally substituted into the self-
consistent-field equations to obtain expressions for the
frequencies and amplitudes of oscillation.

The third-order-interaction parameters which enter
into our frequency and amplitude-determining expres-
sions were found to depend in a fairly complicated way
on the degree of atomic degeneracy and on the polariza-
tion states of the oscillations. The complicated nature of
this dependence arises from terms in the third-order
polarization which involve a coherent mixing of the
degenerate states and leads to a number of interesting
predictions regarding laser operation. In the case of
single-mode operation, for example, it was found that if
Aj=1 third-order saturation is least for plane-polar-
ized light. This indicates that in the absence of cavity
anisotropies a single-mode laser will be plane-polarized.

For two-mode operation, particular attention was
given to the condition for simultaneous oscillation. If
the two polarization states are orthogonal, and Aj= =1,
the value of the coupling parameter at zero splitting is
generally less than one for circular polarization and
greater than one for plane polarization. It is always
equal to one for zero splitting if j=0 for either of the
atomic levels. For two-mode operation with like polar-
izations, on the other hand, the competition parameter
is unaffected by the atomic degeneracy or the state of
polarization and is thus the same as that given by Lamb.

A number of topics mentioned in our discussions are
appropriate for further study. One of the most interest-
ing of these involves the possibility of using the relation-
ship between frequency splitting and the polarization
parameters at critical coupling to determine the values
of the decay constants for the upper and lower atomic
levels. It might also be quite interesting to investigate
further the characteristics of the combination tones
generated by neighboring oscillations and the relation-
ship between polarization pulling by the laser medium
and the output-frequency characteristics.
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APPENDIX I

In this Appendix, we trace the steps necessary to
form the projections of the in-phase and quadrature
components of the polarization on the inducing field.
We first assume Sy, for example, to be of the form

Slz = alelz+bll::zElzs'l_bllzuEla:Ely2+512zzEle2:2
+612311E11E2y2+52121ny2zElyE2y y

with a similar form for Si,. If we take e;= E;/E; where
E,=|E,|, we have

(1.1)

Si-e1=| Ei| ! (S1oE1atS1,E) 1.2)
which can be written
Si-e1=A1E1+ B1E*+CroE Ep? (L.3)
with
4= (1+ R (awt+a,R?), (1.4)
Bi= (14 R:*) [ b1s+ (br1ay+b11yz) Ri*+ b1, Ri*],  (L.5)

and

Cie= [(1+R12) (1+R22) ]—II:GIZzz+512zyR22
+ (Czlzzyu+C212yu)R1R2
Fc12yyR12Ro*+c124=R1*],  (1.6)

where Ry=FE;;/E1, and Ry=EFE/E,;, and for the
problem of interest, @iz=a1y, b1z2=01y, b110y="D11ys,
C12z2= C12yy) and C12zy= C12yz-

The dependence of Eq. (1.3) on the coordinate system
can be removed by expressing Ri, R, and the phase
factors which appear in the constants in terms of the
eccentricities and relative orientations of the two
elliptical states of polarization. We take a1 andas
to be the angles which the two major axes make with
the y axis, and 7, and 7, to be the ratios of the minor to
major axes. These ratios are taken to be positive for
clockwise rotation of the field and negative for counter-
clockwise rotation. It is sufficient to evaluate the
factors cos2yi, cos(Y1—ys), and cos(¥i+ys) which
appear in diizy, Ci2zy, and Cor2zyy+C21222. We find, for
the last of these quantities,

(1+ R (1+Ry?)
R1R2(1+712) (1+7’22)

Xsina; sina, cosa; cosaz+7172].

cos (Y1tys) = [A—=r2)(1—r?)

(L.7)

Cosine 2y; can be obtained from this expression by
setting ro=7; and as=ai1, and cos(Y1i—y2) can be
obtained by reversing the sign of 7. When these
quantities are inserted into Eq. (1.3), and it is assumed
that 4 =B+C+D where 4, B, C, and D are defined
by Egs. (40) through (43), the factors involving R,
and R, cancel, and we obtain Eq. (64) where n=a1—as.
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The sum rule assumed above is proven in the following
Appendix.

APPENDIX II

In order to remove the coordinate system dependence
in the preceding Appendix, it was necessary to assume
the atomic sum rule 4 =B+C+ D, where

A=3|Cnnl*, (IL1)

B=2A{|Cns1,m|*+|Cnt,m|*} [ @mn|*, (L.2)

C=Z{ 1 G)m.m—1[2+ | G)M.m+ll 2} [ (PmMI 2: (II~3)
and
D=Z (Pmm{(Pm,m—IG)m—-l,m-—l(Pm—l,m

+Cm,mt1®Pmi1mi1®mir,m} . (IL4)

We now prove this identity for the transition j — j41.
If R is the reduced matrix element of the polarization
operator between the states 7 and j+1, three of the
matrix elements above become®

®mm=R[(j—m—+1)(j+m+1)]2, (IL5)
®m,my1=—3IR[ (j—m+1)(G+m—+1)]2, (I1.6)

and
Cm,m-1=—3IR[(j—m+1)(j—m+2) 2. (IL7)

The other matrix elements may be obtained by letting
m become m—1 or m+1 in these expressions.

Carrying out the indicated algebraic operations, we
find

B+C+D—A=5 Z[(j+1)*—m?]
X[sm*— (j+1)+1].

The values of the summations appearing in this expres-
sion are given by’

2 m*=5j(277+3j+1),

(IL8)

(11.9)

> mi=(1/15)7(674+ 1553+ j2—1), (I1.10)

and

> k=(Q2j+1)k, (IL.11)

where % is a constant. Substitution of these quantities
into Eq. (I1.8) yields the desired result:

B+C+D—A4=0.

¢E. U. Condon and G. H. Shortley, The Theory of Atomic
Spectra (Cambridge University Press, New York, 1957).

" H. B. Dwight, Tables of Integrals and other Mathematical Data
(The Macmillan Company, New York, 1947).



