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energy transfers (and smallest angle of sca.ttering) a
special averaging of the energy loss is needed, because
the single-atom collision cross section is unbounded.
This problem is resolved, by equating the energy loss to
the next lower energy interval to an integral of the prod-
uct of the energy loss and of the differential energy cross

section. Thus, for the lowest energy transfers, the col-

lision process is treated as continuous.
The output data from the program include the linear

range, vector range, distance of penetration, straggling
in vector range, rms scattering angle, and histories of a
selected number of atoms.
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The critical temperatures and critical magnetic fields have been determined for a series of superposed
normal and superconducting films. Both Cu-Sn and Au-Sn samples were investigated. The samples were
prepared by vacuum-deposition methods or by electroplating. Thicknesses of the Sn films ranged from 160
to 2700 A. . The dependence of the critical temperature 2; of the multiple film on normal-metal thickness is
compared with recent theories. Experimental evidence is given that the observed e8ects are true proximity
eftects, caused by the free exchange of electrons between the two metals, and that metallic diGusion alone is
not responsible for the observed phenomena. The critical magnetic fields of both single and multiple films are
compared with the microscopic theories. It is shown that at fields near the critical fields with the multiple
film still superconducting the gap function h(r) and the magnetization are negligibly small on the normal
side of the film.

L INTRODUCTION
' 'F a thin specimen of a superconducting metal is in
~ - intimate contact with a normal conducting metal
(or another superconductor which is still in the normal
state at the temperature in question), the value of the
critical temperature T, is lower than the value for the
superconductor alone. Many recent experiments' ' have
investigated this phenomenon and several theoretical
explanations have been proposed. '~ ~~ %'erthamer~ "
and de Gennes" have shown that such a proximity effect

*Based on a thesis submitted to the Department of Physics of
Stevens Institute of Technology in partial fulfillment of the re-
quirements for the Ph.D. degree.

t Supported in part by the National Aeronautics and Space
Administration.

f Present address: National Bureau of Standards, Institute for
Materials Research, Boulder, Colorado.' H. Meissner Phys. Rev. 117,672 (1960);IBM J.Res. Develop.
6, 71 (1962).

~ H. Meissner, in Proceedings of the 8th International Conference
on J.om Temperatlre Physics (Butterworth, Inc. , Washington,
D. C., 1964), p. 365.' P. H. Smith, S. Shapiro, T. L. Miles, and J. Nicol, Phys. Rev.
Letters 6, 686 (1961}.

4 W. A. Simmons and D. H. Douglass, Jr., Phys. Rev. Letters 9,
153 (1962).

~ P. Hilsch, Z. Physik 167, 511 (1962}.
6 P. Hilsch and R. Hilsch, Z. Physik 180, 10 (1964}.' J.J.Hauser, H. C. Theurer, and N. R. Werthamer, Phys. Rev.

136, A637 (1964).
J. J. Hauser and H. C. Theurer, Phys. Letters 14„270 (1965}.' L. N. Cooper, Phys. Rev. Letters 6, 89 {1962).

'0 D. H. Douglass, Jr., Phys. Rev. Letters 9, 155 {1962)."N. R. Werthamer, Phys. Rev. 132, 2440 (1963}.~ P. G. de Gennes, Rev. Mod. Phys. 36, 225 (1964).

should exist because of a change in the gap function
h(r). The value of h(r) is altered in the superconductor
due to the presence of the normal metal and takes on a
nonzero value in the normal side. The lowest eigenvalue
of their equation for h(r) gives the va1ue of T, for each
sample. In general h(r) is a function of the magnetic
6eld and goes to zero at the critical magnetic Geld H, .
Since 6 (r) is altered by the presence of a normal metal,
H, also should vary as a function of the thickness of the
normal metal.

In this paper we present our results of the deter-
mination of 7, and H, (parallel to the film), for thin
multiple fi.lm samples. Our samples were made by
vacuum deposition of the metals on glass substrates.
Resistance measurements were used to determine H,
as a function of temperature. To obtain meaningful
data in this way, it was necessary to mechanically trim
the sample edges, assuring a constant 61m thickness.
Thus each sample was at room temperature for a short
time, causing some unavoidable diffusion between the
two metals.

In Sec. II we present the experimental procedures
used for fabricating the samples and for determining
the resistance, T„and H, of each sample. Section III
discusses the resistances of each set of samples showing
the eGects of diffusion. In Sec. IV we present the data for
T, and show the effects of diffusion and of the proximity
of the normal metal on the value of T,. Section V then
treats H, both for single and composite alms. The results
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are analyzed in terms of the theories of de Gennes" and
de Gennes and Tinkham" which provide a rigorous
treatment of the critical field of alloyed thin films, and
which are known to agree quite well with experiment. "

II. EXPERIMENTAL PROCEDURES

A. Samples

The samples were prepared in a high-vacuum evapo-
rator. Tin was chosen as the superconductor and both
gold and copper were used as the normal metal. The
thickness of the Sn films, d„was in the range of 160 to
2700 A. The thickness of the normal metal, d„, ranged
from 0.1 d, to 1.0 d, . Because of the high values of H,
for the thinnest samples, H, was only determined for
the larger values of d, . For all 61ms investigated the
magnetic transition was of second order, i.e. d, (r) went
to zero continuously as H approaches H, . This is the
usual case treated by theories. "'4"

The samples were made in the shape of an "H" by
placing a metal mask in front of the substrates. This
gave a film of uniform thickness except for the penumbra
around the edges, which was removed by trimming each
side with a scapel. To control the resulting diffusion
between the two metals, a special evaporator was
designed to produce an entire set of multiple samples
at the same time. The value of d, was held constant and
d was varied for each sample of the set. The thermal
history of all samples in a set was kept identical.

It was possible to produce a set of eight composite
films, one Sn 61m as well as a separate series of small
single 61ms, the latter to be used for the optical deter-
mination of the thicknesses. "%ith a slight modification,
four composite 61ms, four single normal films, and one
Sn 61m could be made. The metals could be evaporated
in either order, but in general it was better to deposit
the normal metal 6rst, where diferent thicknesses were
achieved by moving a shutter, and then to deposit a
constant layer of Sn. This insured that each sample
was exposed to the radiation from the molten Sn for the
same length of time.

The metals were evaporated from molybdenum
heaters each of which was shielded to permit outgassing
of the metals in the molten state. The substrates were
cut from commercial microscope slides, cleaned with
methanol in an ultrasonic cleaner and clamped against
a brass block in the evaporator. Springs made of phospor
bronze maintained thermal contact between the glass
and the brass block which could either be cooled with
liquid nitrogen or heated with a Nichrome heater. The
temperature of the block was monitored with a thermo-
couple. A liquid-helium cold trap was positioned be-

'3 P. G. de Gennes, Phys. Kondensierten Materie 3, 79 (1964)."P.G. de Gennes and M. Tinkham, Physics 1, 107 (1964)."J.P. Burger et al. , Phys. Rev. 137, A8S3 (1964)."G. Rickayzen, Phys. Rev. 138, A73 (1965).
'7 S. Tolansky, Multiple Beam Interferometry of Surfaces and

Films (Clarendon Press, Oxford, England, 1949}.

tween the sample holder and the pumping line. It
reduced the partial pressures of 02, H2, and CO~ which
are known to influence the critical fields of thin films. "
The total pressure during evaporation was less than
4X10 ' Torr.

During deposition the substrate holder was cooled
with a constant Row of liquid nitrogen. The resulting
crystal size was about 800 A for d, = 1000 A as found by
electron microscopy on a selected group of single films.
For the case of the Cu-Sn samples, the films would
crack if both metals were deposited consecutively onto
the cold substrates. It was necessary to anneal the Cu
films at 200'C for a few minutes before recooling the
substrates for the deposition of Sn. The total time for
the heating and recooling was 45 min. For the Au-Sn
samples this procedure was not necessary and the two
films were deposited consecutively.

After the evaporation was completed, helium gas
was admitted into the vacuum chamber to warm the
samples to room temperature. They were then removed
and stored in liquid nitrogen. They were later brought
back to room temperature, two at a time, trimmed and
mounted in the experimental cryostat. The total time
at room temperature was always between 90 and
120 min.

For purposes of comparison, two additional methods
were used for making samples. One set was made by
vacuum deposition of eight Sn films and then gold was
electroplated onto each. A gold cyanide solution (Baker
Bz Co., No. 319) was used with a plating current density
of 5 mA/cm'. A second set was made by first depositing
four identical composite films in the evaporator. Then
various amounts of gold were removed electrolytically
in a potassium cyanide solution. The current density
was again 5 mA/cm'. We shall refer to these as "polished
samples. "

In all, 12 sets of samples were prepared. Details about
their resistances, critical temperatures and the measured
values of H, (T) can be found elsewhere. "

B. Measurements

The samples were mounted parallel to the applied
magnetic 6eld in a niobium field coil which had over-
wound ends and was capable of providing a field of
4000 Oe with a uniformity of better than 0.1'%%uo over the
volume occupied by the samples. Since the critical
6elds IJ, of our samples were always quite large the
earth's field was not compensated.

The field coil was mounted in the inner vessel of a
double Dewar cryostat. " A high-capacity pumping
system lowered the temperature of the inner vessel to
0.8'K, while the outer helium bath could be pumped
down to 1.2'K.

"H. L. Caswell, J. Appl. Phys. 32, 105 (1961)."R. Duffy, thesis, Stevens Institute of Technology, 1964
(unpublished); microhlm copies available from Microfilms Inc. ,
313 First Street, Ann Arbor, Michigan.
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FIG. 1. Reduced critical temperature 7.= T,/T as a
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The temperature of the inner bath was deter-
mined by vapor-pressure measurements, '" or, at the
lowest temperatures, by a calibrated carbon-resistance

Both T. and H, (T) were determined by observing the
resistance transition from the normal to the super-
conducting state and were defined as the point of 50%
of the normal resistance. The critical-field transitions
were plotted with an x-y recorder and were reversible as
expected for second-order transitions. The value of T,
was also checked by extrapolating the H, (T) data to
zero field. H, was determined to within 2%, while T,
was determined to &0.01'K.

Th e resistance of the samples was measured with a
our-terminal network and precision potentiometer. A

Leeds and Northrup dc microvolt amplifier was used
for finding the null position.

The thickness of each film was determined by using
ringe shifts of equal chromatic order. '7 The single

films which had been made during the production of

within a few minutes were covered with a thick layer of
aluminum in another evaporator. The subsequent
measurements determined each thickness to an accuracy
of &30 A. For films thinner than 150 A a calibration of
thickness versus time of evaporation was used. Ke
estimate that these values are accurat t 20~&

F0

igures 1 and 2 show some typical data for our
samples. Figure 1 shows the reduced critical tempera-
ture r= T./T„as a function of d„ for Cu-Sn samples.

, is the critical temperature for the corn 't 1e composi e sample
and T„ is its value for the single Sn film. The behavior
in general is what is found by other investigators. The
slight differences will be discussed later. Figure 2 shows

,(T) versus T' for a set of Au-Sn samples. It shows
he general behavior that was found for these samples
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I IG. 2. Critical fields of a set of gold-tin films as a function of P'.
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namel 7" dy, , ecreases and H, (0) increases as d is
increased. The temperature dependence of H, (T) is that
expected for thin films with limited electronic mean free
paths.

III. RESISTIVITY

We found that the resistive properties of our multiple
ms were quite diferent from those of single films. The

electronic mean free path / in thin e composite samples
was greatly reduced below the value in a bare Sn film

a ~ in squareFigure 3 shows the resistance at 4 2'K ' 0
o a set of samples as a function of the total thickness
d =d,+d„of the two films. Thus the Sn film with d„=0
is plotted at d= 775 . The resistance increases

p' y as „ increases, showing quite clearly that
diffusion has taken place between th te wo meta s. The
resistance then begins to decrease as d is f
increased.

crease as „ is urther

It is clear that the values of the resistivities p for
single films are useless for an analysis of our data. We
have therefore used the following method to deduce a
reasonable value of p and l for our samples. On the same

resistance in 0/square versus film thickness for a

the constant pplp ——1.12)&10 "0 ' Th
calculaca culated using Sondheimer's relation" for diAuse
scattering. The value of the const t"" lan ' pp p is an
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l.o=0.730X10' erg/deg' cm', and yc„=0.688 erg/deg' cms.

The agreement gets poorer as d, increases which is in
part due to the expansion of tan(k, d,).

Next we wish to discuss the effects of a change in /.
If we look again at Fig. 1 we see two types of behavior.
The curves for large d, show that in the limit of large
d„7- assumes a constant value. The curves for small d„
however, do not show any limiting behavior. De Gennes
has pointed out that both behaviors should be expected
depending on whether the film thickness is larger or
smaller than g. For d„,,)t„,, he shows that r drops
rapidly and goes to zero for some 6nite value of d„.
For d„,&P„, the value of r reaches a limiting value
as d —+~.

Kith this in mind we have investigated the relative
magnitudes of d, and $, for our films. By rewri

'

Eq. (5), using the relation

0.9
1200A

Au-Sn Evoporated

~ Sn-Au Polished0.8-

O.T-

0,4-

O~
0.2l I I t I I I I i

0 l00 200 300 400 500 600 700 800 900
dn(A)

spl= (ske/e)s/py,

ting I'IG. 5. Reduced critical temperature r=T,/T„as a function
of d for Au-Sn samples. o vacuum deposited Au-Sn samples;
~ Sn-Au samples vrhere gold has been removed by electrolytic

(10) polishing.

we find

$;s=

(fiske/6e

T,)/(py);. (11)

For our Sn Alms we have used a value for p as dis-
cussed in Sec. III and ys as for Fig. 4. %ehave assumed
that y does not change appreciably due to impurities.
With these assumptions, d, was found to be smaller
than $, for d, =160 A. Thus we do not expect to see a
limiting value for v. in agreement with Fig. i.

The curve for d, =510 A shows an interesting be-
havior, The level portion is followed by a slight drop.
The resistance data indicated that / for the last two
points was larger than for the preceding two points.
This indicated that the behavior of r changed from one
form to the other. We found that g, 400 A for the
level position and that it rose to $, 460 A for the final
two points. Although both values are smaller than
d, =510 A it still seems most likely that the drop in r
is due to the increase of P, .

Figure 5 shows v versus d„ for some Sn-Au samples.
One set, which is of particular interest, consists of the

"polished" samples discussed in Sec. II. If the majority
of the effects seen for composite films were due to
diffusion or alloy formation at the metal interface, then
removing gold from the outer face would have little or
no effect on the value of v. If a proximity eRect exists,
then the total amount of gold is important. Data points
for these "polished" samples (which all had the same
thermal histories as our other samples) are shown by
the squares.

The value of 7 increases as Au is removed and the
curve compares very well with the data for our other
samples.

This proves unambiguously that we are observing a
proximity effect as predicted by theory. However, r is
not a simple function of d since $ changes from sample
to sample due to the changes in l. A more detailed
analysis of the critical temperatures therefore does not
seem to be worthwhile.

V. CRITICAL MAGNETIC FIELDS

A. Single Sn Films

p+

2000
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Au-Sn

Cu —Sn

Au-Sn
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In addition to multiple samples, the critical fields H,
of single Sn films were investigated. Since all our
samples are "dirty" superconductors we will use the
recent theories of de Gennes" and de Gennes and
Tinkhami4 to discuss our results.

For a "dirty" superconductor in a magnetic 6eld,
de Gennes has shown that at the nucleation field H, (T),
h(r) is the smallest eigenfunction of the equation

iV (2sr—/Ps)A—)'h(r) = (ss/D)h(r), (12)

and that the eigenvalue &0 has a temperature dependence
given by

0
0 500

d, (8,)

1
IOOO ln(1/t) =&(ssk/2s keTp), (13)

FIG. 4. lim, I|,—bd„/5T) as a function of d, .
o Cu-Sn films; ~ Au-Sn films.

where x(s) is the function we discussed in Sec. IV. In
these equations D= (1/3)s&l, Ps is the flux quantum
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FIG. 6. Critical 6elds II,(T) plotted as a function of (1—t)"
for the same set of Au-Sn samples shown in Fig. 2. The numbers
on the curves refer to the normal metal thickness d„.

hc/2e and t= T/T„where T, is the critical temperature
of the sample and T is some lower temperature.

Near t=1, ln(1/t) 0 and we can use the approxima-
tion for x(s) as before. This gives

ep
——(8keT, /wh) (1—t). (14)

Then H, (t) can be found by solving Eq. (12) for pp

which is a function of H. Equation (14) then gives the
temperature dependence near t = 1."

It can be shown that ep/D is equal to 1/$(t)', where

$(t) is the coherence distance as a function of tempera-
ture. If $(t}«d, the film thickness, surface super-
conductivity exists up to a field H, 3. In this case &0=0.59
(2wDH/Pp) giving

H, p
——(2.06keT,4'p/hw pl) (1—t) (15)

"The solution of Eq. (13) at t =0 ls ep ——1.76A~TJA, see Ref. 13.

and near t= 1, the temperature dependence is linear.
For d($(t), deGennes and Tinkham consider two cases.
For Case I where l(d&$(t), they find pp

——(2m)'DH'd'/
12&0' giving

H, (t) = (F2/x'") (kBT /he/i)'"($p/d) (1—t)'" (16)

For Case II, d&l(P(t) and pp=x prH'd'/1+pP giving

H. (t) =(8~/+")(keT./»~)'"(4'p/d'")(1 —t)'" (17)

In both cases H, (t) ~ (1—t)'"
To decide which expression of H, (t) is appropriate for

our data, we plotted H, (t) both as a function of (1—t)
and (1—t)'". Figure 6 shows the plot of H, (t) versus
(1—t)'". The data near t=1 give a series of straight
lines for the various samples. A corresponding plot of

H, (t) versus (1—t) clearly showed that H, p is not ob-
served for our films. This result is not surprising since
in the region of t= 1, ((t) ~ (1—t) '~'. By staying close
enough to t=1 the condition d&$(t) can be satisfied.
We observed for some very dirty samples that a linear
temperature dependence existed for t( 0.95.

All our H, data for both single and multiple films

were plotted versus (1—t)'" to ensure that they were all

in the proper limit and to check the observed values of
T, by extrapolating the curves to B=O. Since all the
curves are linear at t=0.96, we chose this value of H, to
be compared with Eqs. (16) or (17), i.e. we defined

H,*=H, (0.96).
To analyze our H, data for single Sn films it is

necessary to know the ratio of l/d. For l/d&1, H, ~

should be plotted as a function of d 'l '". For 1/d)1
the appropriate plot would be as a function of d—'".
The resistances indicate that for all the single films l d

making it necessary to look at both functional de-

pendences. With this in mind we rewrite Eqs. (16) and

(17) as

I/2

H, (t) =a, — (1—t)'~'
d(M)"' l

eo ». "'v'
=Pi — (1—t)"'

hkg d

for l/d(1, (18)
and

40
H. (t) =ap (1—t)'I'

d($~)"'

pT)1/P+p l 1/P

=t3'
I

— (1—t)"'
hkel d d

for l/d&1, (19)

where we use the relation gp 0.18(hey/keT, ——)
Eq. (10}.The numerical constants are grouped into the
factors a&=0.65, a~=0.86, t'=1.53, Pp=2.03, with
P/a= 2.36 for both cases.

If H,* is plotted as a function of p'"/d, then all those
samples with l/d&1 should fall on a universal curve,
while those with l/d&1 should scatter somewhat, de-
pending on their individual l/d ratios. Figure 7(a) shows
that indeed 4 samples fall on the same curve (the lower
one) and an inspection of their resistances (see Eq. (1)]
shows that for these l/d& 1. Plotting H,* as a function
of d ' ' should reverse the situation, all those samples
with d/l&1 should fall on a universal curve while those
with d/l&1 should scatter somewhat, depending on
their individual l/d ratios. Figure 7(b), however, shows
that all sample points fall on the same line. This
indicates that accidentally the l/d ratios of the two
groups of samples are fairly uniform and of such a value
to give a single curve on this plot, one being l/d=0. 72,



R. J. DUFF Y AN D F5. M EISSNER 147

the other l/d=1. 10. Using the value of y,„as given
above and of T,=3.80'K we find from the slopes of the
curves of Fig. 7 o&=0.52 and o~ ——0.61 in reasonable
agreement with the values of the constants listed above.

The curves of Fig. It can then be used to find the
values of l/d from Eq. (19) or (20), respectively, and,
with the thickness of the film, the value of the electronic
mean free path /.

In Table I the values of I obtained in this fashion are

I 50—

N IOO—

0

C)

-„4 50'

TAaz.E I. Electronic mean free paths for single tin films.

Sample'
3 4

0
0

I l I I I I

IOO 200

jpld4 IQ/cm)

500

l, (A)
lf, (A.)
d. (A}

1250 850 830 1100 564 187 760
1320 850 828 1100 558 368 715
1200 1180 1150 1000 775 510 990

Fic. 8. Critical fields H,*/gT, =H, (t =0.96)/T, '/' for two sets
of multiple 6lms as a function of p'/~jd, . Vacuum deposited:
o d, = 1200 A, d„=0; ~ d, =1200 A, d„=55—540 A. Sn vacuum
deposited, Au plated: 6 d, = 1000 A, d„=0; ~ d, = 1000 A,
d =100—735 A.

' lo =polo/p4 with polo =1.05 )&10»0 cm~, la =value calcu1ated from Hc(T)
data using Eqs. (18) and (19), respectively.

compared with those obtained from the resistivities,
using Eq. (1).

3. Multiple Films

For the case of multiple films the solutions (16) and
(17) should not hold exactly, since the restriction on
D(r) to derive equation (12) (that it be constant) is no
longer valid. In addition, the solution for eo involves
boundary conditions for A(r) which are different for the
two cases.

In our experiment, since we measure the sample's
resistance, we do not observe any change until the
magnetic field has caused the energy gap to fall to zero
in both metal films. Since the energy gap is much
smaller in the normal side, it is most likely that it can
be zero there while a nonzero value remains in the
superconductor.

Under these conditions the assumption that ~(r) is
a constant in the superconductor and that A(r) =0 in
the normal metal may be a good one. For the case of a

250

200
t

l50

O
lo

I00

constant h(r), the problem of different boundary condi-
tions is of no importance. And in particular the bound-
ary conditions play no role in the solution given by
Eq. (16).For all our composite samples l/d(1, therefore
we will proceed to present our results using Eq. (16) or
more conveniently Eq. (18). Since the value of T,
changes for each composite sample we move T,'" to the
left side of Eq. (18) and we plot H, */T, '" as a function
of p"'/d, . The thickness d, and not d=d, +d„ is used
because of our assumption that ~(r) =0 in the normal
side. As before p is given by R4(d, +d„).

In Fig. 8 we show the data for two sets of Au-Sn films.
(One set is plated and the other is evaporated. ) For
both, d, is about1200 A. The curve with the larger slope
has approximately the slope corresponding to P&= 1.23
for pure Sn with l/d&1in Fig. 7(a). The open points are
the single Sn films and have been corrected for their
value of l They both h. ad l/d&1and thus were corrected
to fit the curve for 1/d&1. The majority of the points
are better fitted by a curve with Pi ——0.95, again assum-
ing that p does not change appreciably from its value
for Sn.

Considering the approximations that have been made,
as well as the fact that both T, and p exhibit large
changes, one is encouraged to think that the critical
fields of multiple samples can be handled by an equation
such as (18).The reason for a difference in slope is not
clear although it may be connected with the fact that
for the samples on the lower curve l(&d while l d for
the others.
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Fic. 7. Critical 6elds EI,*=H,(t =0.96) for single Sn 6lms.
(a) As a function of p /~/d; (b) as a function of d '/'.

VI. CONCLUSIONS

The measurements on the "polished" samples prove
unambiguously that a proximity e8ect exists and that
the lowering of the critical temperatures of multiple
films is not primarily due to metallic di6usion.



CRITICAL TEMPERATURES AND CRl TICAL FIELDS

Diffusion is certainly present in the experiments. It
influences T, and H, (T) in as much as it changes the
electronic mean free path.

The critical fields of multiple films agree fairly well

with the following model: Near H, the gap function

h(r) as well as the magnetization are negligibly small in

the normal side of the film.

The multiple film then behaves like a single film, of
thickness d„of the superconducting part alone with the
value of the electronic specific heat approximately that
of the pure metal, the critical temperature T, of the
multiple film, and an electronic mean free path l of the
multiple film.

The fact that d, and not d„+d, is important is in

agreement with measurements of the microwave absorp-
tion in gold films plated onto bulk tin. 7 ~

"H. Meissner and R. V. Fanelli, Rev. Mod. Phys. 36, 194
(1964),' R. Fanelli and H. Meissner, Phys. Rev. 147, 227 (1966).
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Nonbnear Self-Coupling of Josephson Radiation in Superconducting
Tunnel Junctions
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A study is made of the nonlinear feedback of the ac tunnelling current {first pointed out by Iosephson)
in a superconducting tunnel junction via the electromagnetic 6elds radiated by the current into the resonant-
mode structure of the junction. The junction operating point is investigated, and a calculation is made of
the dc current drawn by a strongly self-coupled fundamental mode together with weakly self-coupled
harmonic modes. Attention is directed to the frequency dependence of the tunneling-current amplitudes
reported brieQy by Riedel, as a tentative explanation of the bumps in current-voltage characteristics which
have been observed at eV =2b/(integer), where 2d, is the energy gap.

I. INTRODUCTION

INCE the original prediction by Josephson' of an

~ ~

~ ~

ac supercurrent generated in a superconducting
tunnel junction by a dc bias voltage, considerable
interest has developed in the electromagnetic radiation
associated with the ac current. The study of the char-
acteristics of the Josephson junction and detection of the
radiation it produces are complicated by the high degree
of nonlinearity of the device together with the large
amount of feedback intrinsic to its configuration.

Several excellent reviews of the Josephson effect
already have appeared, '—4 describing the foundations

' B. D. Josephson, Phys. Letters 1, 251 (1962).'P. W. Anderson, in Lectures on the Many Body I'roblem,
edited by E. R. Caianiello (Academic Press Inc. , New York,
1964), Vol. 2.

38. D. Josephson, Rev. Mod. Phys. 36, 216 (1964); Advan.
Phys. 14, 419 (1965).

4 D. N. Langenberg, D. J. Scalapino, and B. N. Taylor, Proc.
IEEE 54, 5690 (1966).

of the theory and pointing out many of the w'idely

varying features expected from a device of considerable
intricacy and with a number of variable parameters.
One purpose of the present article is to re-examine in
detail the derivation and solutions of the equations repre-
senting the Josephson junction in order to clarify and
improve the simplifying assumptions made in earlier
w'ork. This study should be relevant to possible applica-
tions of the Josephson junction as a source of radiation.
In addition, attention is given to the new feature in
tunneling with radiation present first pointed out
briefly by Riedel. ' He showed that the pair-tunneling
current has a singularity when the applied dc voltage
plus a harmonic of the radiation frequency equals the
gap in the energy spectrum of the superconductors. %e
develop Riedel's result by showing that the single-
particle tunneling current also has a similar behavior,

' E. Riedel, Z. Naturforsch. 19A, 1634 (1964).


