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The possibility is discussed that the s-d exchange interaction gives rise to a bound state between the
conduction electrons and a localized spin, and it is shown that a singlet bound state is realized for the case
of antiferromagnetic exchange interaction. It is therefore concluded that the logarithmic divergence which
appears in the perturbation expansion is connected with the appearance of this bound state.

1. INTRODUCTION

INCE Kondo! has found the logarithmic singularity

in the scattering of a conduction electron by an
impurity spin in third-order perturbation theory, many
investigations have been made in order to clarify the
origin of this logarithmic singularity.2~® Nagaoka?® has
pointed out that the perturbational treatment breaks
down below a critical temperature and that a quasi-
bound-state would appear near the Fermi surface if the
interaction were antiferromagnetic. On the other hand,
Yosida and Okiji® have calculated the magnitude of the
localized spin and the spin polarization of the conduc-
tion electrons by the perturbational approach and have
shown that for the case of antiferromagnetic interaction
the perturbational treatment leads to unreasonable
results for the magnitude of the localized spin below a
certain critical temperature, namely that the magnitude
of the localized spin decreases and becomes negative
through zero as temperature is lowered. Basing them-
selves on this result, they have confirmed Nagaoka’s
assertion that the perturbational treatment breaks
down and furthermore have inferred that the localized
moment would disappear below the critical tempera-
ture. The purpose of this paper is to show that a bound
state does really appear due to the s-d exchange
interaction.

2. BOUND STATE DUE TO THE TRUNCATED
HAMILTONIAN

The Hamiltonian for the system consisting of the
conduction electrons and a localized spin is expressed as

J
H=Z €10katre—— Z{ (ak’TTakT'—ak’&Takl)Sz
ko 2N k&’

+ak,fTak¢S_+dk'¢Taka+} ) (1)

where a,,t and a;, are the usual creation and annihila-
tion operators of the conduction electron with wave
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vector £ and spin o, ¢ is its band energy measured from
the Fermi energy, and S, and Sy are the components of
the localized spin. In this Hamiltonian, we assume that
electrons below the Fermi level are unaffected by the
s-d exchange interaction, namely, that the summation
in the second term of Eq. (1) is taken over the states
higher than the Fermi level. Such a simplification for
the Hamiltonian has been used with a great success by
Cooper? for explaining the formation of Cooper pairs
in the theory of superconductivity and it may also be
justified for the present case in which a dynamical
character of the localized spin is taken into considera-
tion. The same simplification for the present Hamil-
tonian has been used by Kondo® for another purpose.
Then, we can consider the eigenstates of an electron
with wave vector & larger than kp.

The eigenfunction of an electron for the truncated
Hamiltonian can be expressed by a linear combination
of plane waves as

v= 2 {(Tir2aurt+Tran i
E>kF
+ (TerPartt+TrsPars W8}, (2)

where ¥, denotes the wave function for the Fermi sea
and a and 8 denote, respectively, the eigenfunctions for
up and down spin states for the localized spin, whose
magnitude is assumed to be 3.

Inserting the wave function (2) in

Hy=Ey, 3)

we obtain the following four equations which determine
I'; and the energy eigenvalue:

Ter(es— E)— (J/4N)Z Twr*=0, (4a)

T (e E)+ (J/4N)E Tose ‘
. (J/2N)T Tin? =0, (3b)

Tt (6= E)+ (/4N)E, Tior? )

—(1/2N)§ Tiye=0, (40

I‘“ﬁ(ek—E)—(J/-lN)Z Pkw’s:(). (4(1)

7 L. N. Cooper, Phys. Rev. 104, 1189 (1956).
8 J. Kondo, Progr. Theoret. Phys. (Kyoto) 34, 204 (1965).
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From these four equations, we obtain the two secular
equations corresponding to triplet and singlet states as

J 1

1-—2 =0, ®)
4N & ek'—E
3J 1

+—2 =0. ©)
4N ¢ ¢—E

It can easily be shown that for />0, Eq. (5) gives a
triplet bound state whose energy is lower than the
Fermi level by

E=—D/[exp(N/pJ)—11~—D exp(—4N/pJ), (7)

and that for 7 <0, Eq. (6) gives a singlet bound state
whose energy is

E=—D/[exp(4N/3p|J])—1]
~—D exp(—4N/3p|J[), (8)
where p and D express the state density and the band-

width. The eigenfunctions of these bound states can be
obtained as

Y.=const 3 artlo),, )
k>kF ek—E

Y,=const (arsla—art B, (10)
k>kF e,— E

and their spatial extension is given by cosk gr/7? for large
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distance from the impurity atom. The bound state will
disappear at a temperature of an order of 7.~ | E|.

As one can easily see, there are two difficulties in
these bound states. One difficulty is that the truncation
of the Hamiltonian gives rise to bound states for both
ferro- and antiferromagnetic couplings and even for an
attractive impurity potential. Since there has been
found no difficulty in the perturbation expansion for
the ferromagnetic interaction,?3:5 the bound state found
for the ferromagnetic interaction may be fictitious. On
the other hand, the bound state found for the anti-
ferromagnetic interaction is expected to be real. How-
ever, even for this case the other difficulty occurs that
the numerical factor of the exponent in the energy
expression (8) is 4% instead of unity, contrary to the
inference drawn from the perturbation calculation.

These two difficulties are obviously originated from
the truncated Hamiltonian which takes into account
only the electron-electron or hole-hole interactions but
neglects the electron-hole interactions. Thus, the second
step which we should take is to investigate how the
bound states will be affected by the existence of the
electron-hole interactions.

3. EFFECT OF THE ELECTRON-HOLE
INTERACTIONS

In order to take into account the electron-hole inter-
actions in the results obtained in the preceding section,
we proceed along a similar principle to the perturbation
method. First, we expand the ground-state wave func-
tion in the following series:

¢=[Z{Fk"akﬁa+1‘kﬂakff6}+ > {Fkk'k"“‘dk&"ak'lTdk“wt'i'l’kk'k"'”aktfak'tTak"tﬂ
k

kk' k'’

+I‘kk'k~"fdkﬁak'ffak“ta‘*‘rkk'k“makt'Gk'ttak“&ﬁ}‘*‘ te :lll’v ;

(11)

yvhere Chkrirr are regardec} as quantities of higher order in J, compared with I';. Then, we insert this wave function
in the Schrédinger equation (3) in which the full Hamiltonian is used, and solve T't, T'xt/xr, etc. by the successive

approximation.

In conformity to this prescription, the Schrédinger equation can be written down as

[% (ex— E){Tr%arsta+TiPart B+ 3 (exterr—enr— E){Thnrirr** aa tarr s 1axrsat-Topr oo B ape tap 1 tag 1B

kk'Kk!’

J J
Tt aritap tiar 1ot T P axrtap o B} +— L Tt Y arytat— 3 T8 S a8
4N &» k 4N » k

J J
—— 3Ty aiB——3 T Y arita—— 3 I tagrtar ra—arytag ytag
B ~ k ZNZn I Ek: ki'a 4N§ k (ald At 'Qprrra— Qi 10y T, ;a)

2N »

J J
+— 2 T (arttavrtar 1B—arrtawstar i) —— 3 Tiearitap ttap 1 f—— 2 TiParttarstarte
4N & 2N & k

J
+—{ T Tiwr(anla—apita)+ 3 Tirrir Pt (@rt 18— ar118)}
Ekk

4N kk' k'’

ZN kk' K’

J J
+— 2 {TuwaptB+TiprFlap e —— 3 {I'kk'k"“’du*a+1‘kk'k~mdk1"ﬂ}+‘":I\h=0-
[I Z\; kklk’/
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From this expression we obtain the relations which hold among I'x and I'kii as follows:

Ti*(ex— E)+ (J/4N )2“: Lu—(J/2N )Zﬂl LA+ (J/4N )‘{: (Crpt —Tur™)

+(J/2N)Z Tt — (J/4N )“Z Trwt=0, (13)

v y

Tif(a—E)+ (J/4N )g If—(J/2N )g Lyt (J/4N )%(I‘k,w‘" —Tut)

+ (J/2N)§ Tyt — (J/4N)§ Tiwft=0, (14)

(Tearir® —Tioirrr ) (extex— e — E)+ (J/4N) (Ty*— T ) =0, (15)

(Tiiri Bt — Tt ) (e t-exr— e — E)+ (J/AN) (TP —Tw#) =0,  (16)

Tiirir®t (ex+ex—exrr— E)— (J/AN)Tw*+ (J/2N)Twf=0, (17)

Tiwrir P4 (ex+err—exrr— E)— (J/AN)TWP+ (J/2N)Tw2=0. (18)

Using Eqgs. (15)-(18), we can eliminate 'y from Egs. (13) and (14) as

J\? 1 J
N PEPVEL SIS N
AN/ w eyter—e,—EJ] 4N &

J J \? T.f J\? e
-2 p”ﬂ+4(_) > ——-——+(—) 2 ——=0, (19)
2N » AN/ w ey ter—e—E \AN/ » eute—e—E

J\? 1
rka[ek—E—s(—) )3 } T 1,
AN/ w ey tes—e—EJd 4N &

T\ I, T2 I,
e ) E—— () T 0 )
AN/ w eyt+es—e—E \AN/ w eutex—e—E

If we put, here, I';2= —T',# for the singlet state and T',*=Tf for the triplet state, Eqgs. (19) and (20) become,
respectively,

J\2 1 J J\? Ty,
I‘kl:ek—E—-6<-——) > ————:|+3—— > I‘,.-—3<——> >—=0, (21)
AN/ w eyt er—e,—E 4N « AN/ w eyt e—e—E
T\ 1 J Iy r,
I‘kI:ek—E— 6(—-—) > ——————-——:l—-—- > I‘,,+5(———) >y —=0. (22)
AN/ w eyt er—e,—EJd 4N & AN/ w eyt er—e,—E

In these two equations which determine the energy eigenvalues, the shift of the kinetic energy e:, Ae, can be
calculated as

Jp\2 [P 0 1
Aep= —6(—) / de,./ de¢yq—————
4N/ Jy -p &tea—e—E

=+6(i—:;)2|:—(ek—-E) In 6:21; ZH—_ <_) (&= E) l“;

This is expected to have no essential influence on the energy eigenvalue. Therefore, we neglect this shift in later
calculations.

Now we consider the bound state for the antiferromagnetic interaction, namely, for the singlet state. For this

'—!— (ex+2D—E)In

e+D—E El - @)
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case, Eq. (21) can be written in the following form:
J 1
Te=—3— [G+f(e)], (24)
4N (ex—E)
G=Z Ty, (25)
m
J D 61+E—E
f(e)=——p2/ T'(er) In ———————'del. (26)
4N Jo atet+D—E
By the method of successive approximation the integral equation (26) with respect to f(e) can be solved as
Jp\? r? de | ate—E
f0=6]-5(2) [ =
4N/ Jo ee—E latet+D—E
Jp\* r? d e1te—E D de est+e—E
+9(—p>/ M / * | —1% l—} @7
4N 0 el—E 61+6+D—E 0 62—E €2+61+D—E

Inserting Eq. (27) into Eq. (24), and summing up with respect to e, we obtain, up to the fifth order in J, the follow-

secular equation:

Jo P de
1=—3—

ate—E

e+e—E

4N

Jo\? P de
)
0 E—E 4N 0 61"‘E

| Io\*( [P de
)l e
eit+et+D—E 4N 0o e—E

T e

e+e+D—E

The integration with respect to €; included in this equation can be carried out as follows:

0= [ 2
I(e)= n
0 el—E

at+e—E I
a+et+D—E

_ 5 1[ n[: 1
=17 i R

[Here In?2x= (Inx)2.] Neglecting regular parts in this
expression, we can put the above integral as

al

With the use of Eq. (30) in Eq. (28), the secular
equation for the singlet state becomes

e—E
E

1
I(e)=—{ln2
2

I —In?

(30)

1—3x— 38— (18/5)5=0,

Jp E
x=<——~> ln’————’ .
4N D—E

Since Egs. (21) and (22) have been obtained by retain-
ing only the first term of T'x1+4+ in its expansion, Eq. (31)
is correct up to x®. Therefore, we neglect x°. Then, the

(31)

(32)

(e-—lE)n]— (6+D)n[ (+ zzl)—E)n_ (e+D1— E) ":”

e+2D—E e—E e+D—E
3 In? l—l—% In? ’ —3 In? ' (29)
solution of Eq. (31) is obtained as
Jp |E
20=0.305, or —In —} =1.22. (33)
N |ID

Thus, it is found that for the antiferromagnetic inter-
action the bound state which has appeared in the start-
ing approximation still survives the effect of the elec-
tron-hole interactions. Here, it should be noted that the
value of 1.22 is nearer to the expected value of unity
than $=1.33. The term of x° has no essential effect
because of a small value of xo. The spatial extension
of the bound state in this stage of approximation is not
essentially different from that of the zero approximation.

For the triplet state, the same procedure applied to
Eq. (22) leads to the following secular equation:

14+x—(5/3)x3=0. (34)

This equation has no solution in the minus side of x.
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Therefore, the solution xo= —1 which has been obtained
in the zero approximation for the ferromagnetic ex-
change interaction disappears in the present approxi-

mation. This seems to be a reasonable result.

4. DISCUSSION AND CONCLUSIONS

We have started, as a zero approximation, with those
states of a free-electron gas in which one electron is
excited above the Fermi sea and have treated the effect
of the s-d exchange interaction of the conduction elec-
trons with a localized spin whose magnitude is one-half
by the generalized perturbation method. In the zero-
approximation of this approach, bound states have
appeared for both ferro- and antiferromagnetic ex-
change interactions and further it has been found that
the bound state for the antiferromagnetic interaction
remains with no essential change in its binding energy
in the first approximation, although the bound state
for the ferromagnetic interaction disappears in this
approximation. Whether these results obtained in the
first approximation remain unchanged even when the
approximation is proceeded up to higher order should
be confirmed by the actual calculations. However, it
may be concluded from the present calculations that at
least the singlet bound state will ultimately be realized
for the antiferromagnetic exchange interaction.

EXCHANGE INTERACTION 227

In the singlet bound state for the antiferromagnetic
exchange interaction each component of the localized
spin vanishes in its average and the spin polarization
of the conduction electrons also vanishes. Therefore,
it is expected that the magnitude of the localized spin
moment will begin to vanish with the appearance of
the singlet bound state below T'. This result agrees with
the inference drawn out of the perturbation calcula-
tions.® Thus, it can be said that the breakdown of the
perturbational approach below T, for the antiferro-
magnetic exchange is related to the fact that the con-
servation of the spin moment is broken.

The present calculation can be extended to the case
of localized spins greater than % ; for example, for S=1
two electrons are expected to form a singlet bound state
combined with the localized spin for the antiferro-
magnetic interaction. The extension of the present
calculation to this case and also to higher approximation
will be published in another paper.
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The microwave absorption at 9.2 kMc/sec in films of gold and copper plated onto bulk tin has been
measured as a function of the temperature in the range 1.4<7°<4.2°K. The results are extrapolated to zero
temperature, where they indicate the presence of an energy gap of 0.61X 1072 J at the surface of a 190-A film
of gold and at the surface of a 500 -A film of copper on tin. The normal bulk resistivity of the gold was esti-
mated from dc measurements as well as from the microwave data. The theory of the proximity effect, that is,
the influence of adjoining normal and superconducting metals, as given by de Gennes and Werthamer, was
applied to the measurements, and yielded an estimate for N(0)V for gold of 9X10~3. Assuming that the sign
of N(0)V is positive, this leads to a very low transition temperature.

I. INTRODUCTION films of normal conducting metal sandwiched between

bulk superconductors. Studies of multiple films con-
sisting of a layer of a superconductor and a layer of a
normal metal>~7 showed that the composite samples

N recent years several investigators have studied
proximity effects between superconductors and
normal metals. This interest began after it had been
shown! that supercurrents can be passed through thin
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