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The asymmetry of the =+, =~ energy spectra in 7%, X° — x*x~y decays is analyzed under the assumption
of a possible C violation in electromagnetic interactions. It is assumed that the P- and D-wave pion-pion
phase shifts satisfy an effective-range expansion whose parameters are determined by the position and width
of the p® and f° resonances. Within the validity of this assumption the upper limit for the asymmetry param-
eter in 7° decay is found to be 1.1, corresponding to a ratio R,=T (no — n’x%y)/T'(n* = x*x~y)=0.25; the
upper limit for the asymmetry parameter in X° decay is 18%, corresponding to a ratio Rx=T'(X° — =x%)/
I'(X° — x+r~y) =0.25. For any given values of the “decay radius” and the ratio of the C-violating to C-
conserving coupling constants, the =*x~ asymmetry is much larger in X° decay than in 7° decay ; hence the
notion of maximal C violation in electromagnetic processes can be suitably tested in this decay. This is,
moreover, a more sensitive test than a search for the neutral mode X9 — #%z%y, since the ==~ asymmetry

can be as large as 109, for low values of Rx=0.04.

1. INTRODUCTION

HE question of whether C is invariant in electro-
magnetic interactions of strongly interacting par-
ticles has recently been raised by Bernstein, Feinberg,
and Lee! and also by Barshay? in connection
with the existence of a small CP-violation amplitude
as observed in the Ki"— ntr~ experiment.® They
pointed out that a large C violation in electromagnetic
interactions can account for this small CP-violation
amplitude. Lee!* and Bernstein, Feinberg, and Lee!
discuss the measurement of the asymmetry in the
energy distribution of #+ and =~ in #° — #*tr—y decay
as a possible way to detect such a C-noninvariant effect.
Their suggestion, of course applies also to the =+z—y
decay mode of the X°.

The present upper limit for the C-violation amplitude
in strong interactions is one to two orders of magnitude
smaller than the C-conserving one.!*=% It cannot give
rise to an appreciable asymmetry in 7% X°— rtr—y
decay.*7 If a sizable asymmetry is found in either decay
mode, it is then reasonable to conclude that C and
hence T are indeed violated in electromagnetic processes.

The asymmetry in 7+ and =~ energy spectra is due to
the interference between odd and even partial waves of
the two-pion system. The lowest partial waves are P
and D waves, corresponding, respectively, to the C-
conserving and C-violating amplitudes. In the absence
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of strong final-state interactions, such an interference
is not possible since these two amplitudes are 90° out
of phase as required by parity conservation in electro-
magnetic processes and CPT invariance.! It is clear
that the asymmetry depends not only on the D-to-P-
wave ratio but also on the pion-pion interactions.!

The main purpose of this paper is to give an estimate
of the asymmetry expected from »° and X° decays under
various assumptions of the relative strength of the
C-violating amplitude and some knowledge of pion-pion
interactions. The effects of the strong final-state inter-
action are studied by using the dispersion relation
technique. The formulation of the problem is sufficiently
general so that it can be used in the future to get in-
formation on pion-pion scattering if such an asymmetry
exists.

In Sec. 2 the general forms of the matrix element,
spectra, and angular distribution are given. The dis-
persion relation is discussed in Sec. 3. Numerical results
and discussions are given in Sec. 4. In an Appendix the
present upper limit of the strength of the C violation
in strong interactions is shown to give negligible con-
tribution to the asymmetry in 7% X°— #tz—y decay.

2. MATRIX ELEMENT, ENERGY, ANGULAR
DISTRIBUTION, AND ASYMMETRY

We consider the decay of a pseudoscalar meson
(7°%X°) of mass m into two charged pions and a photon.
Let py, p— and p, and e, be the four-momentum of
w+, 7~ and the photon, respectively, and the polariza-
tion vector of the photon. We introduce two phenomeno-
logical amplitudes 9; and 91, corresponding, respec-
tively, to a C-conserving and a C-violating amplitude.

Ny = [f(s)/M3] €uvarly Py PL7P-", (1)

My=[ig(s)/M*]€urares p YO+ D"y (p+—p-), (2)
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where s= (p,+p_)? is the total energy squared of the
two pions and M is a certain mass which is used here
to make 917; and 9N, dimensionless. Henceforth we shall
call 1/M the “decay radius.” We have made the
approximation of keeping only a P state for the C-
conserving amplitude and D state for the C-violating
amplitude. The factor ¢ is included in the definition of
9N, to make f and g relatively real in the absence of the
strong final-state interaction.! To the first order in the
electromagnetic interaction the C-violating amplitude
(D wave) must be in the isospin =0 state since both
7% and X° are isosinglets. Hence the rate for »° X°—
7'7% is 3|9M,|? multiplied by the appropriate phase-
space factor.

After summing over the polarization of the photon,
we have

|91 | 2= | 9Ty 4-91T | 2
= (1/M®) G (m*—s))*(; (s—4)) sin®8{| f(s) |2
—(/2M?) (f*g—g* )L (s—4)/s]"*(m*—s) cosh
+ (1/4M*) | g(s) |2 (s—4)/s](m*—s)? cos8}, (3)

where we have taken the pion mass to be unity. The
rate is given by

dl'= (27)%*(p— p+— p——p)[162m)°mELE_E, ]
Xdpidp-dpy|9M[?, (4)

where p is the 4-momentum of the decay particle; the
meaning of the rest of the symbols is obvious. The angle
0 is defined as the angle between p; and p, in the center
of mass of the two pions. Using (3) and (4) it is
straightforward to compute the energy and angular
distributions as a function of s and 6 (Ref. 8):

T (s, cosf) =0T /dsd cosd
= (1/NM) (m*—s)*[ (s—4)%/s]"* sin%0
XL f© 2= G/ 2M) (f*g—g*f)
X[ (s—4)/s]"*(m*—s) cosd+[|g(s)|*/4M*]
X[ (s—4)/s](m*—s)* cos}, (5)
where N=4(16)2(27)%m3.
The asymmetry parameter « is defined by

(number of events with T.>T_)
— (number of events with T, <T_)

, (6a)
total number of events

8 In terms of the Dalitz variables, we have
L
16m (27)3
where T'=T,/Q, 8T = (T,—T-)/V3Q, Q=m—2, T, is the energy
of the photon and T, T_ are, respectively, the laboratory kinetic
energy of the #+ and . In terms of the variables s, cos§ we have:
4m—+4mT = (m*+s)+[(s—4)/s]"2(m>—s) cosd,
dm~4-4mT = (m*+-s) —[ (s —4) /s ]2 (m2—s) cosb,
4mT y=2(m*—s).

|o% |24 Tds T,
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where T, T_ are, respectively, the laboratory kinetic
energy of the =+ and 7.

a=]mX(s)ds/f1nF(s)ds, (6b)
where 4' !
1 s—4)?
= B PR A S VI
X = (PN =), (60
and

r(s)=$(m2—s)a( (5_34)3)”2[%|f<s>12

AN wor] o

The rate of 7%, X° — mtr—y decay is given by

(X% n°— wtr—y) = / i I'(s)ds, (6e)

while that of % X°— #%% decay has the following
value:

m2

1
F(XO, ‘r]o s 7I'O1I’0’Y) =£] Pg(S)dS, (6f)

4

where T'5(s) is T'(s) with f(s)=0.

3. DISPERSION RELATIONS

We assume that f(s) and g(s) satisfy the following
subtracted dispersion relation:

—4 I s’
f(S)=f1+s / o mf(s") (7a)

s *——_’
T (s'—s—1ie)(s'—4)

4 r* I !
/ dsl____m_g(f)___ . (Th)
s (F—s—ie)(s'—4)

where fi=f(4) and go=g(4) are both real and are
defined as the coupling constants. (Throughout this
calculation we assume that 7" invariance is valid for
strong interactions.) Using the unitarity condition to
calculate Im f and Img and assuming that the two-pion
intermediate state dominates the dispersion integral,
we arrive at

g(s)=got

s—
™

s—4 2 e ¥sing (') f(s)
= fit+ ds’ ’
f=1 T /4 ’ (s'—s—1e)(s’—4) (82)
—4 po —i02 ! . ’ ’
o) = g2+s /' o e smé. (sNg(s")  (@b)
r Js  (f—s—ie)(s—4)

where §; and 6. are, respectively, the P- and D-wave
phase shift of the two pions. The D amplitude is in the
isospin I=0. The solution of (8a) and (8b) is well
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known?:
s—4 81(5/) fl
= J1 €3 ’ = ’ 9
f()=frexp T /4ds (s’'—s—1ie)(s’—4) Di(s) o
5—4 i 62(5,) g2
= 2 ! = ’ b
8(s) =gz exp T [;ds (s’—s—ie)(s’—4) Dafs) o

where the D’s are the same D functions used to solve
the N/D equations for the corresponding partial-wave-
amplitude integral equations for pion-pion scattering.?®
It is noticed that f(s) and g(s) have, respectively, the
phases of the P- and D-wave phase shifts.

In principle, one can assume some expressions for the
phase shifts and calculate D1(s) and Ds(s). Upon sub-
stituting expressions for f(s) and g(s) as given by
Egs. (92) and (9b) into Egs. (5) and (6), the asymmetry
parameter, two pion spectra and angular distribution
can be calculated in terms of one unknown parameter
g2/ f1iM? and thus can be compared with the future
experimental data. Even if the C-violating amplitude
is absent, measurement of the two-pion spectra in X°
decay would allow an accurate determination of the
parameters used to describe the P-wave phase shift.

For our present purpose, we shall assume that we
have some rough knowledge of pion-pion interactions.
We know experimentally that there is a P-wave reso-
nance at 750 MeV with a width of 120 MeV (the p
meson) and a D-wave resonance in isospin /=0 (the
f°) at 1250 MeV. It is reasonable to assume that the
pion-pion phase shifts are known with certainty in
these regions, namely they have to pass through 90°
and their energy dependence is given by the width of
the resonances. The P-wave phase shift used in the
analysis of X° decay can be regarded as trustworthy
since the total energy of the two pions lies entirely
within the range of the resonance. This is not the case
for n° decay which has a much smaller Q value. We must
use some theoretical method to estimate the pion-pion
phase shift away from the resonance region. This
method may not be reliable, but for our purpose, this
is the best we can do. In the next section we shall discuss
the implication of large deviation from the phase shift
given below.

For the P-wave resonance, we use the effective-range
formula of Frazer and Fulco!':

[(5—4)3]1’2 C0t51=-1-(s,,—s)+§<5__4_>”2

s Yo ™\ s

af()"4() o

? R. Omnes, Nuovo Cimento 8, 316 (1958) ; N. I. Muskhelishvili,
Singular Integral Equations (P. Noordhoft Ltd. , Groningen, The
Netherlands, 1953).
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It is a good approximation to replace (10a) by
[(s—4)¥/s]2 cotdr= (1/v,)(s,—s),  (10b)

which yields the following approximate expression for
the D; function

1 s,—4
= . (11)
D, s,—s—iy,[(s—4)3/s ]2

Using the experimental mass and width of p we obtain

=30 and v,=0.15. Likewise we shall characterize the
D-wave phase shift by
[(s—4)%/s]"* cotda= (1/v5) (ss—5), (12)
which gives
1 Sf— 4
— (13)

D, s;—s—iy[(s—4)3/s]"

where s;=81 and v;,=0.001 for the observed mass of
f° of 1250 MeV and width of 100 MeV. In the range of
two-pion energy available in #° and X° decay it is a
good approximation to put

1/Dy~s;—4/ss—s. (14)

4. NUMERICAL RESULTS
Substituting Egs. (11) and (14) into Eq. (5) we have

(s——4)3>1/2 [ 1

sin%)

s | Di(s)|?
c 1 /s—aN\'"2/m2—s

—_ Im <———> ( )c050
Do(s) Di(s)\ s M2

o K

T' (s, cos8) = (const) (m2— s)3<

A;s)Z cos20:| , (15)

where ¢=g,/f1 and we have used the approximation
that 1/D,(s) is real.

In order to compare 7° and X° decays, we assume that
they have the same characteristic decay radius, i.e.,
that the ratio of the C-violating amplitude to the C
conserving one is the same for both decays. This may
not be a bad assumption since, assuming that the width
of ® > xtzr~y is 30 eV it predicts a width for X°—
wtr~y of 40 keV which competes favorably with the
strong decay mode X°-— wtrn® as observed experi-
mentally.’? We arbitrarily set M=mx in both decays
and study the asymmetry as a function of c.

2R. H. Dalitz and D. G. Sutherland, Nuovo Cimento 37, 1777
(1965) ; L. M. Brown and H. Fajer, Phys. Rev. Letters 13,73 (1964)
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TaBLE I. Calculated values of the asymmetry parameter & and
branching ratio R for #° and X° decays [Egs. (18), (20)].

Ve a0 (%) Ry ax® (%) Rx°
1 0.04 0.0003 1.4 0.001
2 0.18 0.003 54 0.01
3 0.39 0.015 11.1 0.05
4 0.65 0.046 16.3 0.13
5 0.90 0.100 18.4 0.23
6 1.06 0.170 17.5 0.32
7 1.13 0.220 15.6 0.38
8 1.09 0.28 13.2 0.42

Upon integrating over the angular dependence we
obtain the two-pion energy distribution

L

G

—‘62
15 D2(S)
The average angular distribution is given by
dl(cos) ™
-———=/ I'(s, cosf)ds.
d cosf N

2

It has the following numerical value for 7° decay;

dr',/d cosf

« (14-0.0011¢ cos§+0.002¢2 cos?) sin?0, (17a)
and, for X° decay,
dlxe/d cosf = (140.037¢+0.007¢2 cos?) sin29. (17b)

The asymmetry parameter for 7° decay is given by

a,=0.044¢c/(14+4X104%) %, (18a)
and, for X° decay,
ax=14c/(14+1.4X10-3%)9,. (18b)

It is also convenient to define the branching ratio R:
T (n°, X°— nn)

Xx= . (19)
! T (n°X° — 7wtor—y)

I'(s), X(s)

Fie. 1.n° > xtz~y
decay. The two-pion
energy distribution
I'(s) and the P- and
D-wave interference
X(s) as a function
of the two-pion en-
ergy squared.

IS s(m,2:1)
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¥i16. 2. X°— ntr~y decay. The two-pion energy distribution
I'(s) and the P- and D-wave interference X (s) as a function of
two-pion energy squared.

They have the following numerical values:
R,=2X10"*2/(14+4X1074?),
Rx=T7X10"%*/(141.4X1073?),

(20a)
(20b)

which have the limiting value of } when the D ampli-
tude dominates completely the P-wave amplitude.

For values of ax<15%, Eqgs. (18b) and (20b) give
the following simple relation:

Rx=3.6ax?, (21)

where « is the percentage asymmetry. For example an
asymmetry of 59, corresponds to Rx=0.01. This clearly
indicates that measuring the asymmetry in X° decay
is a much more sensitive experiment than detecting the
existence of the decay X°— 7%r% mode.

The values of Rx, R,, ax, and «, as a function of ¢
are tabulated in Table I. In Fig. 1 we plot X (s) and
I'(s) as functions of s for 7° decay and in Fig. 2 for X°
decay.

It is seen from Egs. (18a) and (18b) and Table I
that, for a given value of ¢, the asymmetry parameter is
much larger in X° decay than in 7° decay. This is due
to the fact that in X° decay the two pion p-wave phase
shift can go through 90°, while in 7° decay the maximum
phase, as given by Eq. (10), is about 5° at the highest
available energy. As can be seen in Fig. 1, I'(s) and
X (s) reach their maximum value at s=7-10. At these
energies the phase shift as given by Eq. (10) is of the
order of a few degrees. In Fig. 2, X(s) and I'(s) for X°
decay reach their maximum value at s =30 which is at
the p resonance. Since most of the events are in the
region 15<s<35, the asymmetry calculated with the
P-wave phase shift as given by Eq. (10) can be taken
with good confidence. This is not, however, the case
for the n° asymmetry parameter.

In X° decay the asymmetry parameter reaches a
maximum value of 189, at 4/¢=35, while in 7° decay
its maximum value is 1.19} at 4/¢="7. The maximum
asymmetry parameter is reached at the point where
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both P and D amplitudes contribute equally to the
rate of 7% X°— wtr—y decay. It is unlikely that the
experimental data on X° decay can exceed the upper
limit of 189, given here since the P-wave pion-pion
phase shift as explained above can be used with con-
fidence for this decay. It is possible that the upper
limit of the asymmetry in %° decay can be exceeded in
reality because of the uncertainty in using formula
(10) for values of s far from resonance. In this case
one should try a more complicated expression for the
phase shift and also for the D functions.

The ratio X (s)/T'(s) which measures the asymmetry
in X° decay remains more or less constant in the energy
range, 1555535. The reason for this is that the
asymmetry depends on the product of siné;, é; being
the P-wave phase shift, and the D- to P-wave ratio;
at an energy where sind, is large, the P-wave amplitude
is also large, the D- to P-wave ratio is thus small and
their combined effect remains essentially constant over
the energy range of X° decay. Had the width of o° been
much narrower, this would not have been the case and
the expected asymmetry would have been much smaller.

Existing experimental data'® indicate a possible upper
limit of 8%, for the asymmetry in X° decay which is
consistent with the upper limit given here. This value
of the asymmetry parameter corresponds to a value
Av/¢=3. The corresponding asymmetry in 7° decay is
0.39%. Supposing that the P-wave phase shift was
underestimated by one order of magnitude, the asym-
metry in 7° would only be 39, which is still smaller
than that in X° decay.

From our analysis, it is evident that the absence of a
detectable asymmetry in #° — #*t7~y would not rule
out the possibility of a C violation in electromagnetic
processes. On the other hand such a lack of asymmetry
in X°— atr~y decay would likely cast doubts on
the notion of “maximally” C-violating in electromag-
netic interactions of strongly interacting particles.
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APPENDIX: EFFECT OF A C VIOLATION
IN THE STRONG INTERACTION ON
n, X’— =xtx~y DECAY

Following the notation of Ref. 5 we introduce a
C-violating interaction ig,,«g*: (1d,x— =d,n). This I-
conserving coupling gives rise to the following C-viola-

8 A. Rittenberg and G. Kalbfleisch, Phys. Rev. Letters 15,
556 (1965).
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tion amplitude 9M,:

Nlo= Zignp ,g,,né,.vare'y"f’yypﬂl-op—r

1
X[ ] , (A1)
(p—+p)t—m?  (prtpy)i—m,?

where the pmy vertex is written as g,re€as,50%(0)e? (p)
Xp7(v)e?(y). In this approximation the C-conserving
amplitude 9M; can also be written as

Ny = ng 178pmr€uvary Py P17 PT
X[/ (pstp-)—m;].

For the two-pion energy available in »° decay, we
approximate Eq. (A1) by:

Ny =4igonxgory €urary" Py p1b—"y (p+—p-). (A3)

Comparing Egs. (A2) and (A3) with Egs. (1), (2), and
(15) with M =mx we find

(gpﬂr><gpr7>mX2 (mn2_“1‘)
c=2 —_—.
Bprx/ \gpny mt

Inserting the SUj3 relation V3g,.y=g,,y and the present
upper limit®

(A2)

(Ad)

Lonr?/4m S4X1072,
ie.,
gpnr/gprr§0'14 ’
we obtain

¢50.22, (A5)

which is much smaller than any values of ¢ considered
in Table I for #° decay. From Eq. (20a) we have

R,51075. (A6)
Hence a detection of R, larger than this value would
indicate a C violation in electromagnetic interactions.
This is however a very difficult experiment.

Similarly, we can calculate the C-violating amplitude
for X° decay. Because of a much larger energy available,
we must treat the p as unstable particle. For a rough
approximation, which is needed here, we neglect the
momentum dependence of the width, and we obtain a
similar equation to (A1):

Np= 4ig,,x,g,,.ye,‘,,,e‘,“p{p*_"p_"p.,
=)L/ (m2—u)(m2—1)], (A7)

where u= (p,+p4)% t=(p,+p-)% and m, is complex.
The C-conserving amplitude 91, is given by (A2) with
g0y replaced by g,x0,. There is no simple approximation
for (A7) in X° decay. The asymmetry can be computed
numerically and is found to be less than 19, if we as-

sume g,x,=g,qy and use the upper limit® g,x,2/4r
S2X1074



