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The contribution of self-consistent terms arising from strong-interaction reciprocal bootstraps to the
electromagnetic mass differences of the Z, ¥y, &, and =" are considered within the formalism developed by
Dashen and Frautschi. It is shown that the self-consistent terms from a Z-¥;" reciprocal bootstrap lead to
an enhancement of the = and ¥,* electromagnetic mass differences transforming as I, but not of those
transforming as I,2. The = and =" electromagnetic mass differences are found not to be enhanced by a =5
reciprocal bootstrap mechanism, but the large Z°-%~ mass difference is found to be explained by terms arising
from external = mass shifts in the KZ channel of a = bootstrap calculation.

I. INTRODUCTION

‘ N JITHIN the past few years there has been much

interest, both theoretical and experimental, in
electromagnetic mass differences within baryon isospin
multiplets. Part of this interest stems from the fact
that theories of strong interaction symmetries can be
used to obtain relations between the electromagnetic
mass splittings in one isospin multiplet and those in
another. The subject of electromagnetic mass splittings
can thus be looked upon as forming a testing ground for
conjectures about strong interactions and strong
interaction symmetries.

One of the most interesting of these conjectures
pertains to the violations of SU(3). On the basis of
present experimental evidence, it would appear that
the strong, electromagnetic, and weak violations of
SU(3) follow a characteristic pattern in that those
violations of SU(3) which transform like the compo-
nents of an octet seem to predominate in nature.!
It has been proposed?— that this octet pattern follows
from the operation of bootstrap dynamics. This sugges-
tion has been systematically explored in the case of the
strong and electromagnetic mass splittings* between
members of the 1t baryon octet (B) and the §+ baryon
decuplet (A), and for the strong, electromagnetic, and
weak shifts 6 in the BBII and BAII couplings from their
SU(3) symmetric values.”

* Work supported in part by the U. S. Atomic Energy Commis-
sion. Prepared under Contract AT(11-1)-68 the the San Francisco
Operations Office, U. S. Atomic Energy Commission.

t Part of the work reported here is contained in a thesis sub-
mitted by Frederick J. Gilman to Princeton University in partial
fulfillment of the requirements for the degree of Doctor of
Philosophy.
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In the case of the mass splittings,* the calculation
begins by assuming an SU(3) symmetric reciprocal
bootstrap model for the B and A. That is, one assumes
that the exchange of the baryon octet and decuplet in
pseudoscalar meson-baryon scattering results in the
octet and decuplet appearing as direct channel poles
associated with zeros of the relevant denominator
functions.

In studying the perturbations about this SU(3)
symmetric problem, one describes the mass splittings
by a mass shift operator which is decomposed into
irreducible representations of SU(3). One supposes that
one can work to first order in the symmetry violation
of interest—neglecting, for example, the effect of
medium strong symmetry-breaking on the electro-
magnetic mass shifts. The various relevant mass ratios,
and hence the pattern of symmetry violation, are then
described by a matrix, the 4 matrix, whose structure is
determined by self-consistent terms coming from the
SU (3) symmetric bootstrap equations.®*7 The approx-
imate evaluation of this matrix yields the result®# that
mass shifts transforming like an octet are enhanced
compared to those transforming like a 27-plet. Since
this octet enhancement is determined by the SU(3)
symmetric A matrix [that is, the 4 matrix does not
distinguish between different components of an SU(3)
representation], the electromagnetic mass shifts are
characterized by the same ratios as the strong mass
shifts.

More specifically, for electromagnetic mass differ-
ences, octet enhancement implies that mass differences
transforming like 7, i.e., AT=1 mass differences, which
in SU (3) transform as the third compoenent of an octet,
are strongly enhanced relative to mass differences
transforming as (37 ,2—1)/2, i.e., AT =2 mass differences,
which in SU (3) transform as part of the 27-dimensional
representation. A number of sum rules, originally given
by Coleman and Glashow,!:® are then predicted. One
of these is an equal spacing rule, with a definite value
New York, 1966); S. C. Frautschi, lectures given at the Pacific
International Summer School in Physics, August 1965 (Gordon and
Breach Science Publishers, New York, to be published).

(1;6Si) Coleman and S. L. Glashow, Phys. Rev. Letters 6, 423
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for the spacing, for all the electromagnetic mass
splittings within the decuplet,* another relates the
electromagnetic mass splittings within the baryon
octet,® others relate strong to electromagnetic mass
splittings.! The latter are a consequence of the universal-
ity of the octet enhancement mechanism. These predic-
tions, insofar as they have been tested, are in moderately
good agreement with experiment.

All the above results were obtained on the assumption
that one can treat the electromagnetic violations of
SU (3) to first order (order e?), with the effects of strong
symmetry-breaking appearing as small second order
corrections. One may well ask whether this is at all a
reasonable approximation. After all, strong symmetry
breaking has quite a violent effect on some of the
properties of the baryons. In the case of the N and N¥,
for instance, strong symmetry breaking forces the =V
threshold far below that of the KA and KZ channels.
At the same time, in broken SU(3) the couplings of the
N and N* to the higher mass channels are substantially
reduced, compared to their SU (3) symmetric couplings,
while their couplings to the low mass channels (wN)
are raised.® As a result of these features of strong
symmetry breaking, a certain simplification is intro-
duced in that the N and N* can be considered as a
separate, closed SU(2) symmetric reciprocal bootstrap
system, split off from the rest of the octet and decuplet.
However, it is no longer clear that the pattern of
electromagnetic mass splittings within such an SU(2)
multiplet will bear any resemblance to the pattern
obtained on the basis of a first-order calculation of
octet enhancement in which strong symmetry-breaking
effects are neglected.

This point has already been investigated*®! in the
case of the N-N* system. A calculation of the A
matrix elements using values for masses, coupling
constants, and denominator functions which appear to
be reasonable from the point of view of droken SU(3)
and experiment showed that in this case there is no
enhancement of any of the mass differences due to
self-consistent terms. Hence, in an SU(2) symmetric
model of the N-N* system, the bootstrap mechanism
does not operate so as the enhance the mass shifts
transforming like A7=1 over those transforming like
AI=2. In this case, then, the octet enhancement result
is largely washed out by strong symmetry-breaking
and an SU(2) symmetric calculation, together with a
careful study of the driving terms, is required to give an
accurate description of the pattern as well as the
magnitude of the mass shifts.

It is our purpose in this paper to carry out such
calculations for the remaining members of the octet and
decuplet; the Z, Vi* E, and E* (the A and @, being
isosinglets, need not be considered). Here we shall
concentrate on the A matrix, whose eigenvalues,

9 R. F. Dashen, Phys. Rev. 135, B1196 (1964).

10S. Biswas, S. Bose, and L. Pande, Phys. Rev. 138, B163
(1965).
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together with the associated eigenvectors, will determine
the pattern of the electromagnetic mass shifts as long
as there is an enhanced eigenvector. A study of the
driving terms, which determines the magnitude of the
mass shifts (as well as the ratios of mass shifts in those
cases where no enhancement emerges) will form the
subject of a separate paper.t

In Sec. II of this paper, we briefly summarize the
relevant kinematics pertaining to meson-baryon scatter-
ing, and write down the formulas to be used for calculat-
ing the 4 matrix.

Section III contains a discussion of the electro-
magnetic mass differences in the £ and ¥,* isomulti-
plets. Like the N and N* these particles form a
reciptocal bootstrap system, split off from the rest of
the octet and decuplet by the breaking of SU(3). In
this case it appears to be a reasonable approximation
to consider the £ and ¥;* as bound states coupled
mainly to the 7A and #Z channels, with A, Z, and V*
exchange providing the important binding forces. The
z+2- and YV *-V* mass differences transform as
AI=1, while the Zt+42=—-22° and ¥V *4 ¥V *-2V*
mass differences transform as A/=2. We find that the
structure of the 4 matrix for the Z-¥* system leads,
in each isomultiplet, to an enhancement of the AI=1
mass shifts over those transforming like A7=2 by an
amount in reasonably good agreement with experiment.
Thus, in this case the result expected on the basis of
octet enhancement is left intact.

In Sec. IV, a similar calculation is carried out for the
electromagnetic mass differences in the = and E*
isomultiplets. It is found that the contributions to the
mass differences arising from changes in the mass of
the E or E* entering as exchanged or external particles
do not lead to an enhancement of the = or E* mass
differences. In this respect, the Z-E* system is similar
to the N-N* system. However, in contrast to the N-N*
system, the Z-E* system is not a closed system split off
from the rest of the octet and decuplet. In particular,
the coupling to the KZ channel is large, and the change
in the external 2 masses gives a contribution which
largely accounts for most of the observed E°-5~ mass
difference.

II. KINEMATICS AND METHOD OF
CALCULATION

In the electromagnetic mass difference calculations in
this paper, it will be assumed that the baryons of the
unperturbed situation can be considered as bound-state
poles in two-particle pseudoscalar meson-baryon scat-
tering amplitudes. In particular, we shall be considering
the I=1, JP=(3)*, and JP=(3)* partial-wave ampli-
tudes as functions of W, the total center-of-mass energy
of the baryon and meson. We shall not give a detailed
treatment here of the analytic properties of the partial-

wave amplitudes in the W plane, but as we proceed we

1F. J. Gilman (to be published).
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shall refer for needed properties to the excellent general
discussions of Frazer and Fulco' and Frautschi and
Walecka,® and to the specific discussions of pion-
hyperon scattering in Feldman and Hwa' and Kayser.!®

We shall thus consider meson-baryon scattering with
M; (My), E; (Ef), m; (my), and g (gr), the initial (final)
baryon mass, baryon energy, meson mass, and meson
momentum in the center-of-mass system where W is
the total energy. We take the I=1, JP=(})*, and
JP= (§)* partial-wave amplitudes to be

Ty (W) il L
T (B~ M) (B= M )2 2i(qig)

where
W) =[(W+M)2—m2 [ (W—M.)—m2Z]/aW?. (2)

The amplitudes T,/ (W) are free of kinematic singular-
ities in the W plane and have the proper threshold
behavior factored out.!*-15

In general, we must consider an #n-channel un-
perturbed scattering amplitude T (W),'¢ where T(W) is
an n X n symmetric partial-wave scattering matrix
which has a bound-state pole. We assume further that

the unperturbed amplitude has been written in the
form'?
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where N(W) is an nXn matrix whose elements are
analytic in W except for left-hand cuts (LHC) and
D(W) is an #Xn matrix whose elements are analytic
except for right-hand cuts (RHC) present in the
the partial-wave amplitude T (W).

On the right-hand cut, we assume elastic two-particle
unitarity before the perturbation is introduced:

ImT(W)=TW)e(W)T(W)1, ©)

where o(W) is a diagonal #X» matrix containing phase-
space factors which are functions of the total center-of-
mass energy W. For partial-wave amplitudes defined as
in Eq. (1), the elements of the diagonal (W) matrix are

pii(W)=((E:— M)/ 2W)q.(W)o(W?*— (M +m.)?).  (5)

The pole in T(W) is assumed to be due to the vanish-
ing of detfD(W)] at W= M p, the bound-state mass.
The residue at the bound-state pole is then defined by

R=N(@1p)A, 6)
where
A= lim (W—M3p)D(W)1. )
W—-MB

When the perturbing electromagnetic interaction is
introduced, T(W)— T(W)+486T(W) and Mp— M3
+6M p. Following Dashen and Frautschi,'® to lowest

TW)=NW)DWw)!, (3) order in the perturbation we have
1 ImD?(W)sT(W)D(W)
5MB=Tr[RA— / aw’ A:I / T:[RR]. ®)
™ J cuts WI_MB

We shall separate contributions to Eq. (8) for the
change in the baryon masses into two parts. The first
part consists of contributions due to changes in the
masses of the baryons themselves when acting as
exchanged or external particles in the strong-interaction
bootstrap. We call these the self-consistent terms. The
second part consists of all other contributions due to
changes in other exchanged or external particle masses,
changes in coupling constants, or changes in the
discontinuity across the left- or right-hand cut in Eq.
(8) due to additional diagrams with explicit photons.
We lump together all contributions of the second kind
and call them driving terms.

We are thus led to first order in the perturbation to
write equations of the form?—*

Mi=Y AipM;+d,, 9)
Jj

2'W. R. Frazer and J. R. Fulco, Phys. Rev. 119, 1420 (1960).
(11936?)) C. Frautschi and J. D. Walecka, Phys. Rev. 120, 1486
14 D. Feldman and R. Hwa, Ann. Phys. (N. Y.) 21, 453 (1963).
15 B. Kayser, Phys. Rev. 138, B1244 (1965).
16 A denotes a matrix; (AT);=(A);; (A= (A);*; det(A)
=f|AA| = the determinant of 4; and Tr(A)==2;(A);;=the trace
of 4.
17 J. D. Bjorken, Phys. Rev. Letters 4, 473 (1960).

where the A’s are numerical coefficients which represent
the effect of the self-consistent terms and the d’s are
the driving terms. Now the solution of the linear
equations (9) for the &M, involves the quantity
det[1—A] in the denominator, so that if det[1—A] is
small, i.e., if 4 has an eigenvalue near one, then the
corresponding mass shifts are enhanced by the self-
consistent terms coming from the reciprocal bootstrap
dynamics.

For the problem we are interested in here, we might
write the A matrix symbolically as

ANN ANZ ANE
A= {AW Azz AEE} : (10)
AEN AZZ AEE

Here, A¥Y is a submatrix which represents the
effect of a shift in the mass of a strangeness zero
(I or N*) baryon acting as an external or exchanged
particle on the NV and N* bound-state masses. Similarly,
AZ%Z js a submatrix which represents the effect of a
shift in mass of the strangeness = —2 baryons, Z and

18 R. F. Dashen and S. C. Frautschi, Phys. Rev. 137, B1318
(1965).
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E*, acting as exchanged or external particles on the
strangeness = —1 (2 and ¥;*) bound state masses.

In the SU(3) symmetric calculation, all these sub-
matrices are, of course, related to one another by
suitable SU(3) Clebsch-Gordan coefficients and none
is zero or generally neglectable. In the case of broken
SU (3), the submatrices are no longer simply related,
but there is an important asymmetry of the large A
matrix® As noted before, the breaking of SU(3)
results in the V and N* splitting off from the rest of the
octet and decuplet bootstrap and forming their own
reciprocal bootstrap subsystem. Stated in terms of the
A matrix of Eq. (10), this means that in broken
SU(3), A¥2 and A¥Z=(. Similarly, inasmuch as in
broken SU(3) we can consider the 2 and ¥,* as only
wA and #Z bound states, they also form their own
reciprocal bootstrap subsystem, i.e., AZ¥ and AZE=(.
So in broken SU (3), the large A matrix looks like

A 0 0
A=| 0 A% 0 ] .
AEN  AZZ  AzEE

Now it is clear that the eigenvalues of such a matrix
are simply the eigenvalues of the diagonal submatrices.
Thus, to determine if there is an enhancement, i.e.,
an eigenvalue of A near one, we need only calculate
the diagonal submatrices of A, A¥V A2Z and AZZ,
Furthermore, from solving the linear equations (9),
it is apparent that for the asymmetric 4 matrix above,

SMY¥=d¥/(1—ANN), (11a)
MZE=d%/(1—A4%2), (11b)

and
SM=E= (AENSMN+ AZZSME4-d=)/(1—AZE). (11c)

The question of whether there is an enhancement of the
N-N* or Z-V,* mass differences is then answered by
just calculating their respective diagonal submatrices
of the large A matrix. The EZ-E* mass differences,
however, depend both on the diagonal A%= submatrix
and the off-diagonal A=Y and AZ® submatrices. From
previous calculations,* we know that A¥¥ has no
eigenvalue near unity in broken SU(3) and the N-N*
mass differences are thus not enhanced by self-consistent
terms. As stated in the Introduction, we find that 4 ==
also has no eigenvalues near one in broken SU(3), but
that there is an eigenvalue of 4 2% near one, correspond-
ing to an enhancement of A7=1 mass differences. Even
through they are not directly enhanced, the = mass
differences are still large, since we find 422~ 1, so that
the Z mass differences follow the enhanced eigenvector
of the 2 mass differences.

Up to this point, our comments on the effects of the
breaking of SU(3) upon baryon electromagnetic mass
differences have been rather general and would be

¥ Some of the effects of the asymmetry of the 4 matrix are
discussed at length in Ref. 4.
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expected to hold independently of any particular
bootstrap model or perturbation formalism. We now
proceed, however, to calculate in detail the values of the
various 4 matrix elements discussed above in a specific
model and using the S-matrix perturbation theory
developed by Dashen and Frautschi.*!8

III. THE £ AND Y,* SYSTEM

Let us now consider the electromagnetic mass
differences of the Z+, 20 Z— and Y *, V*, YV *
baryons within a reciprocal bootstrap model where
both the = and ¥,* are regarded as vA and 72 bound
states. Using approximations very similar to those
used in the octet enhancement calculation of Dashen
and Frautschi,* we shall see that the strong-interaction
reciprocal bootstrap leads to an enhancement of the
electromagnetic mass differences transforming as A7=1
over those transforming as AI=2.

We start by assuming that the unperturbed (by elec-
tromagnetism) two-channel, strong interaction problem
of obtaining the 2 with a mass of 1190 MeV as an I=1,
JP=(3)* bound state? of vA and 7= has been solved,
and that the unperturbed amplitudes have been
obtained in the form T=ND-! Exactly this problem
has recently been treated by Kayser.!® Possible ex-
changed baryons which are members of the octet and
decuplet are the A, Z, and V,*. It is the exchange of
these particles which results in a large part of the
“binding force” in Kayser’s calculation. The inclusion
of both channels turns out to be essential for a successful
2 bootstrap.

We shall further assume that the ¥1* has been
obtained as an I=1, JP= (})* resonant state of vA and
w2 scattering with a mass of 1385 MeV and a width of
50 MeV in a calculation similar to that for the = bound
state. This strong interaction problem has been con-
sidered recently by Kayser and Bloom, who include
both a wA and 72 channel, and also by Martin,2 who
considers only the wA channel. Recent experimental
indications are that the coupling of the ¥,* to the »=
channel is about a factor of 2 smaller than the coupling
to the mA channel,®® so we shall include the 72 as well
as mA channel in our calculation.

The two-body channel with the next highest threshold
is the KN channel. As we shall see later, predictions
based on SU(3) [and also broken SU(3)] give a small
value for the KNZ coupling constant. For the ¥1*, one
may argue from the lack of appreciable P-wave K—p
scattering that this channel can be neglected in the ¥ *
bootstrap.? It is precisely in the neglect of this and the
higher threshold = and KE channels that we are first

¥ For data on particle and resonance masses, spins, and decay
widths, we shall refer, unless otherwise indicated, to A. H.
Rosenfeld e al., Rev. Mod. Phys. 36, 977 (1964).

2 B. Kayser and E. Bloom, Phys. Rev. 144, 1176 (1966).

2 B. Martin, Phys. Rev. 138, B1136 (1965).

% D. O. Huwe, University of California Radiation Laboratory
Report No. UCRL-11291, 1964 (unpublished).
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breaking the SU(3) symmetric reciprocal bootstrap of
the octet and decuplet. In their analysis of coupling
constants in broken SU(3), Dashen et al.® have found
that the breaking of SU (3) generally raises the coupling
strengths to low-lying channels and decreases the
coupling strengths to higher mass channels, thus
providing an added justification for our neglect of higher
mass channels. For the particular case of interest here,
they find on the basis of coupling strengths alone that
the = and ¥ * are both 50-609, vA and =2 in broken
SU(3), while they are only 30-409, wA and 72 in
unbroken SU(3). In any case, in the calculations to
follow, we shall neglect the KN, 32, and K% channels,
as well as three-particle channels, but we shall estimate
their effect on the calculation at the end. We again
stress that in taking only the A and #Z channels, we
are assuming a badly broken SU (3) symmetry.

The partial-wave-scattering matrix will then be 2X2
with channel one being wA scattering and channel two
w2 scattering. Since the A is an isospin singlet while
the pion has isospin 1, the wA system can only have
total isospin I=1. If we let =1, 2, 3 be a Cartesian
isospin index with 7= (r+im2)/V2, n0=m;3, and 7~
= (m1—1ims)/V2, then we define the /=1 7A states to be

|7mA, I=1, i)=|Am,). (12)

As the 2 has isospin one, we define Zt= (2;412,)/V2,
20=33, and Z~= (£,—1Z,)/V2 analogously to the pion
states. The =1, =2 states are then defined by

|72, I=1,1)=|i(TIX X/V2).). (13)

Since the 2 and Y.* have the same isospin, we can
read off the proper signs of the residue and isospin
crossing matrices for the ¥1* directly from the corre-
sponding Z channels.

With the above definitions, the =+, 2, and Z— will
occur as bound states in the JP= (})*, I=1, I.=1, 0,
and —1 channels, respectively. We denote the partial-
wave amplitudes in these channels as T=" (W), T=* (W),
and T2 (W), i.e., we label the partial-wave amplitudes
for a given channel by the bound state which occurs in
that channel. In the absence of electromagnetism, we
assume that the strong interactions conserve isospin,
so that T=" (W), T® (W), and T* (W) all have poles
with the same residue at the unperturbed = mass, M2,
of the form

T*=Rz/(W—-M?). (14)

The residue matrix R*® is related to the coupling
constants defined in Appendix A by

RE_(Ru2 Rmz) 1( —gras?
Ryn® R®/ 4mw\V2g,psgnrss

We have defined the Lagrangian density in Appendix A
so that graz and g,zs are the rationalized, renormalized
pseudoscalar coupling constants (g,yn2/47=14.8).

VzgﬂAngEE
). (15)
- 2g1532
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Similarly, in the J?=($)*, I=1, I,=1, 0, and —1
channels, the corresponding partial-wave amplitudes,
T (W), TY* (W), and TY” (W) all have poles at the
unperturbed ¥ 1* mass, MY, of the form*

RY 1 /Ruy R12Y
- _ ) (16)
W—MY W—M"\Ry¥ R

TY

The partial width for the decay of the ¥'1* in channel ¢
is given by?

I‘i= —2pi1(MY)R“‘Y. (17)
The magnitude of off-diagonal residues is fixed by
IRiJ'I = (RiiRjj)”z. Note that Ruz, Rzzx, Ruy, and Rzzy
must all be negative with-our conventions, but that the
signs of off-diagonal residues depend on relative
coupling constant signs which will be taken from SU (3)
predictions.?®

In the presence of the electromagnetic interaction, the
poles in T=" (W), T* (W), and T (W) will be shifted
from their common unperturbed value, M3, to M=",
M?* and M*", the observed masses of the Z+, =9, and
2~ baryons, respectively. Similarly, the poles in
TY (W), T¥" (W), and TY (W) will be shifted to M¥",
MY°, and MY, the observed masses of the ¥ *t, V%,
and Y*-, respectively. We write sM> =M — M2
SMY " =MY"— MY, etc.

Since the electromagnetic perturbation breaks the
invariance of the strong interactions under isospin
rotations, it is convenient to write mass operators in
isospin space, the diagonal expectation values of which
are the observed masses, and which are expressed as
sums of parts which transform according to irreducible
representations of the group of isospin rotations:

Mop®= M>+8M >+ 36M 1A+ 36M > ( (31— 1)),

MY = MY+6M oY +3M Y1, (18)
+30M:¥(3(31.2—1)),
where
ME6M E=[ M= +4M>+M>" /6,
MY+OM Y =[ MY +4MY°+ MY /6,
M E=[ M= —M* |=6M> —sM*,
MY =[MY —MY J=6MY"—sMY", (19)

SMoP=M> +M> —2M%
=M= oMT —26M>,
SMoY =MY MY —2MY"
=MY 5MY —20MY°.

% Since the V1* is a resonance, the pole in TY (W) is in fact not
on the real axis in the W plane. However, in all calculations
involving members of the decuplet in this paper, we shall treat
them as stable particles.

% E. Abers and C. Zemach, Phys. Rev. 131, 2305 (1963).

26 In the calculation of coupling constants in broken SU(3) in
Ref. 6, it was found that while there are large changes in the
magnitudes of the coupling constants, there are no changes in
signs.
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The subscripts denote the transformation properties
(AI=0, 1, 2) of the corresponding parts of the mass
operator under the group of isospin rotations.

We now note that if we restrict ourselves to first
order in the mass shifts, then due to the invariance of
the strong ingeractions under isospin rotations a shift
in an exchanged or external mass transforming accord-
ing to a given irreducible isospin representation can
only give rise to shifts in the bound-state mass trans-
forming according to the same representation.?”:?8 The
problem of determining the mass shifts thus splits up
into a set of problems which are disconnected from each
other, one for each irreducible representation of the
isotropic spin group. We can thus write!®

OM*= AL PHM A 1Y SM 1Y

+415%M > +ds*,
6M1Y=A 1,;Y26M12+A 1,;YY6M1Y (20&)
+A 16Y25M12+d1}’ ,
and
6AIZE: A 2:226M22+A 2IEY6M2Y
+ 42,72 M P +do?,
5M2Y = A 2IY25M2E+A 2IYY6M2Y (20b)
+ 42,7 M > +dY

where 41,%% is a numerical coefficient giving the effect
of a AI=1 shift in the mass of the T acting as an
exchanged particle on the position of the = bound state.
Similarly, 41, is a numerical coefficient giving the
effect of a shift in the mass of the = acting as an external
particle on the position of the ¥1* resonance, with both
shifts transforming as AI=1. The d’s are the corre-
sponding driving terms. There is no term containing

1 1 0
T** (W 2 exch.)=+- ——————(
3W—2M24+M3\0

1p s
“7R12

1 1 ( 0
3W—2M>4+M>*\—4Ry> 0
1

1 1 0
T2 (W2 exch.)=+4- ———————<
3W—2M*+M*\~4R> 0

27 S. Glashow, Phys. Rev. 130, 2132 (1963).

28 R. Cutkosky and P. Tarjanne, Phys. Rev. 132, 1355 (1963).
» For the pu

MZ*=1190 MeV.

% For a df,rivation of the crossing relations within the static model, see for example,
Quantum Field Theory (McGraw-Hill Book Company, Inc., New York, 1962),
u-~channel cuts of the relativistic partial-wave amplitudes by poles in Ref. 13.
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an A.2Y since the YV1* never appears as an external
particle. 8M* and 6M Y are not of interest to us since
they involve a symmetric increase in all the masses
with no relative shifts.

The A’s are now the objects of interest and will be
calculated using Eq. (8). We shall write the results in

matrix form as
1‘1122 AL‘:EY

A1=( ) , e
A4,Y2 ALY A4,7% ALYY

with a similar expression for A,. As observed in Sec. II,
there will be an enhancement of the A7=1 or AI=2
mass differences if |1—A;| or |1—A.| is small,
respectively. We now turn to the detailed calculation of
the elements of the matrices A; and A..

In order to calculate the A,’s, we must know the
individual contributions of the various £ and V*
charge states to the amplitudes which contain the
Z+, 20 2~ and YV *, V¥, Vi*~ bound states and
resonance poles, respectively. We label the resulting
amplitudes due to = exchange, T=" (W,Z exch.),
T (W, Z exch.), etc. In calculating the effect of
changes in the masses of exchanged particles, we
closely follow Dashen and Frautschi* and use the
approximation of keeping only the nearby (to W=M?)
short cuts of the u-channel exchange amplitudes!®!
and approximate these short cuts by pseudopoles, i.e.,
we shall use the static approximation. Within the
static approximation, exchange of the =+, 2% and Z—
gives rise to pseudopoles in TZ2(W) and TY(W) at
W=2M*—MZ=eh.29 From some long but straight-
forward arithmetic using the crossing relations for
partial-wave amplitudes in the static approximation,®
we find

4 12Y> (A R P

A1YY

0
(=t exchange)
ir.)

) (2 exchange)

Ry?

—1R,®
) (=~ exchange),
%R22E
1 1 <R112 0
IW—=2M3+M>\ 0 %RnS)
—1Ry®

1 1 0
————< ) (222)
3W—2M>+M*\—1Rp> 0

rpose of calculating the effect of exchanged particle mass shifts, we have set both the external A and = masses equal to

E. Henley and W. Thirring, Elementary
Chap. 18. Also, see the approximation of the
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1 1 R —3Ra%\ 1 1 0 —1Ry®
T (W, exch.)=+- ————( ) Z ___,_( )
( = vt —1Rw® 1R ) 3W—2MHMP\—1R.® 0

1 1 0 0
IW—=2M3*+MZ\0 iR:*

and
TYH Y~ (W, 2 exch.)= — 2T 227 (W2 exch.). (22b)
Similarly,
4 1 0 0 4 1 0 —1RY
T (W, * exch.)=——————————< )——~————————( )
IW—=2M3+MY"'\0 1RpnY/ 3W—2M3*4+MY'\—1R,Y¥ 0
4 1 ( Ry,Y —%Rlzy)
3W—2M MY \—1RpY 1Rn¥ /’
4 1 0 —1RpY\ 4 1 RuY 0
T (W,Y,* exch.)=—- ———————————( )—— ——————-—( )
3IW—2M3++ MY —1RyY 0 IW—2M24-M¥\ 0 2R2Y
4 1 0 —1R,Y
—= —( ) , (220)
3W—2M>*+MY \—=1RY 0

4 1 ( RuY —%Rlzy) 4 1 ( 0 ——%R12Y>
IW—2M34+MY°

T (W,Y* exch))= —— —————————
3 W— 2MZ+MY+ - %Rmy '}_RQQY —%RHY 0

4 1 <0 0 )
3W—2M4M\0 iRyn*/’
and
TY" Y0¥ (W,V,* exch.) =1T= 22 (W, ¥,* exch.). (22d)

All of our exchange amplitudes have the form T=R/(W—2M3+ M=). When the electromagnetic interaction
is turned on, the change in M= results in a change in the amplitudes to first order of the form

3T=RoM=/(W—2M>+ M=), (23)

In our choice of D function, we again closely follow the octet enhancement calculation of Dashen and Frautschi?
by assuming that in a representation in which the multichannel D function is diagonal at the bound state or
resonance mass, it is also approximately diagonal over the nearby parts of the left- and right-hand cuts.3 Such
a D function is

D(W)=D(M*)+D"(M*[(W—M*)/(W—Wo)J(M*—W)1 (24)

where M* is the bound state (resonance) mass, det[ D(M*)]=0, the prime denotes the derivative with respect to
W, and W is the position of a pole in D(W) which is taken to approximate the right-hand unitarity cut of D(W).
We rewrite Eq. (24) as

D*(W)=D*(M3+D*(W)1, (25a)
and
DY(W)=DY(MY¥)+DY(W)1, (25b)
where, for the purposes of this calculation,
D*(W)=D¥(M*[(W—M>/(W—-W)J(M>—W), (26a)
DY(W)=DY' (MY )L(W—MY)/(W—Wo) J(M¥—Wy). (26b)

3 This assumption on the behavior of D(W) would be expected to hold if the left-hand cut is dominated by a single pole and we
only need take account of singularities close to the bound-state mass. Although one or both of these conditions hold in, say, a
reciprocal bootstrap model of the = and ¥*, Eq. (24) must in general be treated as an additional assumption.
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With D functions such as those in Egs. (26), Eq. (8) simplifies® to

1 aw’ )
Tr[Rz— ————— Im{[D*(W’) ]2 TZ" 2.2 (W')}:I
8M2+,20,2_ _ ™ J cuts W’_ME (27a)
[D* (M*)T T[R*RZ]

for the 2 mass differences, and ,

1 aw k

Tr[RY— S Im{[DY(W/)]25Ty+,yo_Y (W,)}:l

SMY*t. YO Y- — T Jouts W —MY o
[DY' (M¥) ]2 Tr[RYRY]

for the V,* mass differences.

After substituting Egs. (22) in Egs. (27), carrying out the integrals and traces, and taking account of the
definitions of the 4-matrix elements in Eq. (20), we find that

1 (R112)2— (R122)2/ [DE(W)]Z )II
W=2MZ_MZ

D)
Alzz..= —_

3 (RuP+Re?)? \[D¥ (M) (W—MZ)

4 RqunY—RlzszY/ [Dz (W):P )'
A122Y= —

3 (Ru+Re?? \[D¥ MW —M3)

b
W=2MZ-_MY

e 2R'R*—Ru'Ri®  [DY(ON)D )
j 3 (Ru¥+Ru?)? \[DVM)PW—MY) |wosszonez’
PR L VA LA U2 )
127 ¥ =~+- )
3 (Ru¥+Rn?)? \[DY' (M)W —MY)) |z o8
A +1 (Ru®)*+ (R122)2+%(R22)2/ [(DE(w)]? )" ’
3 (R1®>+ Rye®)? \[D= (M=) (W= M2/ |yorzre
- 4 Re*RuT+RRi’ +HiRw’Ra¥ ) [DX(W)D )'
: 3 (R1Z+ Rz)? \[D> M2 W —m2)/ |wosszser’
st 2 Ru¥Ri*+Ri"RiP+3Ru?Ro®( [DY(W) 7 )'
: 3 (Ru¥+ Ran?)? \[D¥' (M)W —M¥)) \yeorzses’
AT — _1 (RuY¥)*+ (R12Y)2+%(R22Y)2/ [DY(W)J )' .
T3 (RuT+Re?)2  \[DYV' (U)W —MY) lyaszar

We now turn to the calculation of 4,.%%, 4,,Y%, A,.%% and 42.YZ. In a calculation of perturbations to a single-
channel bootstrap, one can use the invariance of the bootstrap solution under over-all scaling of all the masses in
the problem to determine the 4.’s in terms of the A,’s.*® However, in a multichannel calculation the scaling
invariance of the bootstrap solution alone is not sufficient to determine the 4,’s, and one needs more information
about the dynamics in the various channels.

Following our previous approximations, we shall obtain this dynamical information with which to calculate
the 4,’s by approximating the left-hand cut of the partial-wave amplitude by a sum of Born pseudopoles. Specif-
ically, we shall take the static approximation Born terms due to the #-channel exchange of the A, =, and V,*. The
corresponding residue matrices are given in Appendix B. On the left-hand cut we then have

[B(» ]
Mu= % —, (29)
=AY W—M,—M+M?
where M; and M; are the masses of the external baryons in channels 7 and ;.34

3 For details of this simplification, see Ref. 4.

# For general discussions of the use of the bootstrap scaling invariance, see Refs. 18 and 28. The particular application to the
octet and decuplet bootstrap is found in Ref. 4.

. “ For the purpose of explicitly exhibiting the dependence of the pseudopole position on the external masses, we have written the pole
in [T(W)J;; as being at W =M;+M;— M=. After carrying out the differentiation, we again set M;=M;=M?=.
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A shift in external masses changes T(W) on both the left- and right-hand cuts. In particular, when the external
T mass changes, we have to first order on the left-hand cut,

a(T).,; a(T):;
6ME ext —

SME ext— [B($)J:i(82i+82)
QM= ext 6M2

0T)y=
y (W—M—M+Mr)

SM3 e,

(30)

We are now in position to calculate the effect of the shift in T on the left-hand cut due to a change in external
2 masses. Using Egs. (27), we find

o) )]
—1r
L P 0 2/l [(Dx(w)7? ' !
SMEH =% ) . SMZEext([,=41,0, —1),
; Tr[R*R>] \[D 2 (W —M2)] |y _sz—nr 61
r 0 0
—Tr RYBY(p)< )}
; : 0 21, [orony )
BMY*',Y".Y ___Z M= ext([z=+1’0’ _1)’
; Tt[RR] \[DY (M¥) W —MT)] |y —arez—ser

where M2 ext(] ,= 41,0, —1) is the change in the external £ masses in the /=1, 7,=+1, 0, and —1 #Z channels,
respectively.

There is also a contribution to the dispersion integrals in Eq. (27) from the change in the external masses coming
from the right-hand cut of 87°(W) of the form?®

1 (N2)75p N>
aME:'rr[Rz(AE)T— / dW'—AE] / T:[RZR?],
7 J RHC wW'—M=

(N¥)7sp N¥
w2 P
W' —MY

. (32)
6MY=Tr[RY(AY)T— / d
RHC

AY] / T:[RYRY].
™
However, detailed numerical calculation of this contribution to 6 using a left-hand cut approximated by pseudo-
poles yields the result that the right-hand-cut contribution of Eq. (32) is negligible compared with the contribution
from the right-hand cut given in Eq. (31).%

Noting from the /=1 »Z states defined in Eq. (13) that
SME ext(J,=+41)=10M="+16M>, SMZext(],=0)=20MZ+L0M>, M= ext(l,=—1)=2M>+1sM>, (33)
we find from taking the contribution from changes in the left-hand cut given in Eq. (31) that the resulting 4.,
matrix elements can be expressed as

—_ [ ZRZ 0 }
Alezz:% Z TI‘_R B (P)(O 2) / [DE(W):F )/
; Tr[R*R*] \[D* (M2 W —M2/ | yspizaee’ o
_T[Rvsv@)(o 0)]
, Tr[RYRY] \[DY" (M)W —M¥)] |ysrizres’
A2 PP=— A2 ApYo=—A,Y5,

In a few cases where we can compare the results of a
calculation of the 4,’s by the method given here with
those obtained by using the scaling invarinance of the
bootstrap equations, such as in the N-N* reciprocal

® F. J. Gilman, Ph.D. thesis, Princeton University, 1965
(unpublished).

bootstrap, we find that the 4.’s from the two different
methods are in fairly close agreement.

Now that we have explicit expressions for the
elements of the 4 matrix in terms of RZ and RY, we

are in a position to use a combination of theory and
experiment to numerically evaluate RZ and RY, and
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thence A; and A,. Direct experimental evidence for the
numerical values of the elements of RZ is, however,
rather poor. There is some evidence from the study of
hypernuclei that gras?/4r=10,¢ but this result is
inconclusive owing to uncertainties in the theoretical
analysis of the experimental data. We shall instead use
the values of gsaz, grzs, and gxws given by unitary
symmetry (see Appendix A):

gxaz= (2/V3)[D/(F+D)]gxnwn,
grzz= [ZF/ (F+D):|g1rNN )
gxnz=[(D—F)/(F+D)]g«xwn,

where F/D is the ratio of F to D type pseudoscalar
meson-baryon coupling in unitary symmetry.?” The
value of g.as?* given above from studies of hypernuclei
would indicate that F/D=}%. Bootstrap calculations of
the baryon octet and decuplet also indicate a value of
F/D of % to £.38 Perhaps the best evidence on the F/D
ratio follows from the Cabibbo theory of weak leptonic
decays® together with the Goldberger-Treiman rela-
tion.® Again the values of F/D obtained are in the
range 3 to 1.2 More recently, there has been much
theoretical interest in the strong interaction symmetry
SU(6) and its variants, which predicts F/D=%.%2 Note

TaBLE I. Values of the 4 matrix elements, det(1—A,), and
det(1—A,) for T(Y*—>7A) =50 MeV, I'(V*—=Z)/T' (Y *—>=A)
=9%, Wi=W.=M*+3MY, and F/D=14, }, and }.

F/D= 3 3 3
Ru=—gms?/4nr= —11.1 —8.8 71
anz\/zg,ng,x):/‘l‘rr= +90 +108 +116
R222= —Zg,z;zz/‘lﬂr= —74 —13.2 —19.0
RnY = —17.2 —-17.2 —17.2
RyY = —12.1 —12.1 —12.1
RzzY = —8.5 —‘85 —8.5

A,2%= —0.04 +0.03 +0.04
A% = +0.99 +0.66 +0.43
ALYE= +0.25 +0.23 +0.22
A VY = +0.06 +0.06 +0.06
A= +0.59 +0.53 +0.41
A Y= -+0.00 +0.05 +0.10
det(1—Ay) = +0.17 +0.23 +0.38
A% = +0.22 +0.19 +0.18
Ay = —0.37 —0.18 —0.10
A ¥Ei= —0.09 —0.07 —0.05
Ao¥Y = —0.15 —0.15 —0.15
Ag*E= —0.59 —0.53 —0.41
Ay 2= —0.00 —0.05 —0.10
det(1—Ap) = +1.53 +1.52 +1.39

36 J. J. DeSwart and K. C. Iddings, Phys. Rev. 128, 2910 (1962).
8 M. Gell-Mann, California Institute of Technology Synchro-
tron Laboratory Report No. CTSL-20, 1961 (unpublished).
% A. W. Martin and K. C. Wali, Phys. Rev. 130, 2455 (1963);
K. C. Wali and R. L. Warnock, #bid. 135, B1358 (1964).
¥ N. Cabibbo, Phys. Rev. Letters 10, 531 (1963).
(1;"512;/%. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1478
L W. Willis et al., Phys. Rev. Letters 13, 291 (1964).

“ F. Giirsey, A. Pais, and L. A. Radicati, Phys. Rev. Letters
13, 299 (1964).
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TasLE II. Values of the 4 matrix elements, det(1—A;), and
det(1—A,) for I'(V*—>7A) =50 MeV, I'(V 1*—>1r2)/F(Y;*—>3rA)
=9%, F/D=%, and W,=W,=M>+MY, M*+3M?, and infinity.

Wi=W,= ME4MY ME3MY 0
R11x= —88 —88 —88
R = +10.8 +10.8 +10.8
Ry®= —13.2 —13.2 —13.2
RyY = —17.2 —17.2 —17.2
RyY = —12.1 —121 —12.1
RggY = —85 —85 —85
A,2%= +0.03 +0.03 +0.03
A = +0.46 +0.66 +0.78
AV 2= +0.15 +0.23 +0.28
ALYV = +0.02 +0.06 +0.08
A 2= +0.41 +0.53 +0.62
A 2= +0.04 +0.05 +0.06
det(1—Ay = +0.46 +0.23 +0.06
Ao *E= +0.19 +0.19 +0.19
Ayp® = —0.12 —0.18 —0.21
AoV E= —0.04 —0.07 —0.08
Ay YY = —0.07 —0.15 —0.22
Ap2= —0.41 —0.53 —0.62
Ay = —0.04 —0.05 —0.06
det(1—As) = +1.29 +1.52 +1.71

that for F/D in the range 3 to 2 we have that R;,®
=V2g.a3grss IS positive and that ggxs? is small com-
pared to g.as%.® It is for this reason together with its
higher threshold that we neglect the KN channel in
the T bootstrap. In what follows, we shall vary F/D
between 3 and % and observe the effect on the A
matrix.

In contrast to R% we have relatively good exper-
imental results from which to compute RY. From
r(Vy* > mA)=5144+4 MeV,® and Eq. (17), we
calculate Ry Y= —17.7+£14. Values for I'(V* — x3)
are somewhat more uncertain. Early measurements
gave I'(V* > n2)/T(YV* > 7A)=2 to 49,,% in dis-
agreement with the predictions of (unbroken) SU(3):
L'(Y*—2Z)/T(V* > mA)=169,.4% In a more recent
experiment, Huwe? obtains I'(V* — #Z) /T (Y * — 7A)
=949, which with Eq. (17) yields Ry¥ = —8.5+3.8.
SU(3) gives the sign of Ry,Y as negative.

In Table I, the values of the 4 matrix elements for
F/D ratios of 4, %, and £ are given with R;;¥=—17.2
and Rg¥=—8.5 corresponding to I'(¥*— 7A)=50
MeV and I'(¥* — 72)/T(¥V* — 7A)=99,. We have
used Wi=W,=M3*43MY, which gives D functions
with moderate curvature and which go to a constant
at infinity. In order to test the sensitivity of our calcula-
tion to varying W, and W,, we have in addition cal-
culated in Table II, for a fixed F/D ratio of %, the two
extreme cases of using D functions with no curvature at

4 The coupling of the = to the KN channel remains very small
in broken SU(3); see Ref. 6.
(1494613. H. Alston and H. Ferro-Luzzi, Rev. Mod. Phys. 33, 416
6 R.E. Behrends, J. Dreitlein, C. Fronsdal, and B. W. Lee,
Rev. Mod. Phys. 34, 1 (1962).
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TaBLE III. Values of the 4 matrix elements, det(1—A,), and
det(1—A,) for I'(Vi*—7A)=50 MeV, F/D=3%, W,=W,;=M?*
+3MY, and I'(V*—=Z)/I'(Vi*>wA) =4 and 99%,.

(LY *—7Z) /T (¥ k—mA) = 49 9%
R112= —88 —88
Ry = +10.8 +10.8
Rzzz= —13.2 —13.2
RyY= —17.2 —17.2
RiY = —8.1 —12.1
Ry¥ = —3.8 —8.5

A2 = +0.03 +0.03
A% = +0.55 +0.66
A YE= +0.30 +0.23
A YY = +0.12 +0.06
A 2= +0.41 +0.53
A1 2= +0.07 +0.05
det(1—Ay) = +0.28 +0.23
A *2= +0.19 +0.19
A2 = —0.20 —0.18
Ay¥E= —0.11 —0.07
Ay¥¥ = —0.19 —0.15
Ay 2= —0.41 —0.53
Ag¥E= —0.07 —0.05
det(1—Ay) = 141 1.52

all, corresponding to Wi=W;,= o, or strongly curved
D functions, corresponding to Wi=W.=M3>*+MY.
To check the sensitivity to the value of I'(¥V* — #Z)/
T'(Y* — mA), we have calculated in Table III the 4
matrix for F/D=% and I'(Yi* — #Z)/T'(V*— wA)
=49, and 99, corresponding to the earlier and later
experiments for this branching ratio.

The first thing to be noticed about Tables I, II, and
III is that in all cases’® the quantity |1—A,| is small.
ie., typically in the range 0.1 to 0.4, whereas |1—A,|
is typically in the range 1.3 to 1.7. Recalling that these
quantities enter the expressions for the corresponding
mass differences in the denominator, we see that the
AI'=1 mass differences will be enhanced over the A =2
mass differences by a factor of three or more if we
assume that the driving terms for the two cases are of
approximately the same magnitude. Secondly, explicit
calculation of the enhanced eigenvector gives its direc-
tion as =—0.46M,*4-6M1¥=0 rather independently
of the particular values of the parameters chosen. We
then expect 8M1¥=0.45M,% to within about 209.
Finally, since we know from other calculations that
typical driving terms are 1 to 3 MeV in magnitude,®35
we roughly expect [6M:%|=35 to 20 MeV, |6M,¥|=2
to 8 MeV, while without enhancement |8M,%| and
|8M Y | are of the same magnitude as the driving terms,
1 to 3 MeV.

These theoretical results are in rather good agreement
with experiment. One set of experimental values for

6 A strong enhancement of the A7 =1 mass differences is also
ié)ufnc‘iS using the broken SU(3) values for g,z and g,zz given in
ef. 6.
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the = mass differences?” is oM ;2=M*" —M> =—7.6
+04 MeV and SMP=M>+M> —2M*=1.9+04
MeV. More recent values are 6M*= —7.89+£0.12 and
M ,*=2.09+0.24.8 If we assume approximately equal
driving terms, then we may take (3M1%/6M2%)ex, as
an experimental measure of the enhancement of the
AI'=1 mass differences over the A7 =2 mass differences.
For either of the experimental results above, we then
have an ‘“experimentally measured” enhancement of
about a factor of 4 to 5, while the theoretical prediction
is an enhancement by a factor of 3 or more.

Experimental results for the ¥V;* electromagnetic
mass differences are somewhat unsettled at present.
One experiment® gives oM Y=MY —MY =—1747
MeV, while others*® give —4.3+2.2 and —2.0%1.5
MeV. Taking 6M,*=—8 MeV from experiment, the
direction of the enhanced eigenvector would predict
0M,Y=—3 MeV, agreeing in sign with all the experi-
ments and in fairly good quantitative agreement with
the latter ones.

Looking at some of the finer details of the calculation,
we see from Table I that smaller F/D ratios, which are
favored by reciprocal bootstrap calculations of the octet
and decuplet, result in small values of |1—A;|, and
thus more enhancement of the AI=1 mass differences.
Similarly, from Table II we see that curved D functions
lead to less enhancement. This could have been easily
predicted from Egs. (28) and (34) where each 4
matrix element is multiplied by a factor which is one
for a linear D function and decreases as D acquires
curvature.

Although Table IIT would seem to indicate that the
calculation of the 4 matrix is not sensitive to changing
I'(Yy* — #2)/T(Y* — 7A), it should be emphasized
that the #2 channel is important, especially to the
strong-interaction 2 bootstrap. With only a wA channel
for both the = and Y,* we would have found that
|1—A;|=|1—A;| so that there would be no enhance-
ment of the mass differences transforming as AI=1 over
those transforming as AI=2.

Now let us note the effect of additional channels which
have been neglected. The most important of these is
likely to be the KN channel for the Vi* It is clear
that in our calculation the effect of such an additional
channel will be to decrease the enhancement, for neither
the 2 nor ¥1* can be an exchanged or external particle
in the KN channel, so that changes in the 2 and ¥*
masses do not affect the KN component of the ¥q*.
This can be seen more directly from the expressions for
the 4 matrix elements in Eq. (28). The addition of the
KN channel will not change the numerators of the
expressions for the 4 matrix elements, but the sum of
the squares of the coupling constants to the various
channels which appears in the denominator will increase.

4" H. C. Dosch et al., Phys. Letters 14, 239 (1965).

48 P. Schmidt, Phys. Rev. 140, B1328 (1965).

“W. A. Cooper e al., Phys. Rev. Letters 8, 365 (1964); R.
Armenteros ef al., Phys. Letters 19, 75 (1965).
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To check on the effect of the KN channel, let us
assume for the moment that the residue at the ¥*
pole in the JP= ($)* partial wave is the same for the
KN and 72 channels, as it is in unbroken SU(3).4%
If we take F/D=3%, T'(V* - #Z)/T(V* — mA) =99,
and D functions with Wi=W,=MZ+3M¥, we find
that |1—A;|=0.43 with the KN channel present as
contrasted with |1—A,;|=0.23 with the KN channel
absent. There is thus still a strong enhancement effect,
and in actuality we expect the KN channel to have less
effect than even this.

Since it is the reciprocals of |1—A;| and |1— As]
which enter the expression for the mass differences, a
calculation of the A7=1 mass differences will necessarily
be rather sensitive to small changes in the small
quantity |1— A;|, but not to small changes in |1—A,|,
which is of order one. A better determination of A; and
|1—A,| in order to eliminate the uncertainties in our
A matrix calculation requires much better bootstrap
calculations to start with than have so far been
performed.

IV. THE E AND =2* SYSTEM

In this section we attempt a calculation of the self-
consistent terms contributing to the electromagnetic
mass differences of the E0-E~ and E**-E*~ baryons in a
manner very similar to that of the previous section.
We consider the E and =* to be strong interaction
bound states and resonances in pseudoscalar meson-
baryon scattering amplitudes. Both the = and E* have
been obtained as bound states (resonances) in bootstrap
calculations of the whole baryon octet and decuplet.38:%
However, detailed bootstrap calculations of the & and
E* which take into account the breaking of SU(3)
symmetry are in a much poorer state than those for
the N and N* or Z and V,*. The work of Dashen et al.6
on coupling constants in broken SU(3) indicates that
one must take account of at least the two- body = and
K2 channels for a Z bootstrap, and the =&, KA, and
KZ channels for a Z* bootstrap in broken SU (3). In our
calculation, we shall rely heavily on the SU(3) sym-
metric bootstraps of the octet and decuplet, but shall
break the SU(3) by noting the changes in masses and
coupling constants of the baryons and mesons and in
particular by nelgecting the #= channel present in the
SU(3) symmetric bootstrap of the E and E*. We then
consider the = and E* to be bound states or resonances
in the three pseudoscalar meson-baryon channels with
the lowest thresholds, namely, the #Z channel (threshold
1460 MeV), the KA channel (threshold 1610 MeV),
and the K2 channel (threshold 1690 MeV). We shall
thus assume that the & can be obtained as a JP= (%),
I=1%, %, KA, and K2 bound state with a mass of 1320
MeV, and smnlarly the * as a JP=(3)*, I=4%, =&,
RA, and KZ resonance with a mass of 1530 MeV.

We now proceed to calculate the contribution of
self-consistent terms to the & and =* mass differences

% Y, Hara, Phys. Rev. 135, B1079 (1964).
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arising from the presence of the = and E* in the recip-
rocal bootstrap. It should be noticed from the outset
that here we are not dealing with a closed E-E* reciprocal
bootstrap subsystem as was the case for the 2-V,*
system. In fact, the most important =% channel is
KZ in which the E and E* are neither exchanged nor
external particles. First, however, let us address our-
selves to the question of whether the & and E* self-
consistent terms are sufficient alowe to provide an
enhancement of the = and E* electromagnetic mass
differences.

The partial-wave-scattering matrices we deal with in
this section will then be 3)X3, with channel one being
m& scattering, channel two KA scattering, and channel
three K= scattering. The A is an isotopic spin singlet
and the =t, 7% #— and 2+, 2% Z~ make up isospin
triplets which we define as in Sec III. The &, E* and
K are all isodoublets. Writing them in the form of
isospinors, we define

=0 O —Ko
= k= c—
=) =) o () @

With the above definitions, we label the partial-wave
amplitudes by the bound state which occurs in that
partial wave, e.g., the unperturbed (by electromagnet-
ism) partial-wave amplitudes in the JP=(3)*, I=3%
I.,=+1% and —1 channels are denoted by T="(W) and
TE"(W). In the absence of electromagnetism, we
assume that both TZ(W) and T= (W) have poles at
the unperturbed & mass, M,

T=(W)=R=/(W—-M*)

I

(36)

with RZ related to the coupling constants defined in
Appendix A by

) —3g.zz?  +V3grzzgraz —3grzzgkrz
R= =41r +V3grzmgraz  —grAz® +V3grazgrzz|.
—3grmzgrzz +V3grazgrzz  —3gkzE’
37)
Similarly, in the JP=(§)t, I=%, I,.=+% and —}

channels, the corresponding partial-wave amphtudes
which are denoted by T=*(W) and T#*~ (W) have poles
at the unperturbed E* mass, M=*, of the form

o ) R Ryp™ Ris™
T=W)= S - Ry®  Ry™ Ry™
W—M== W-M=* ~ " "

Ru®  Rs™  Rss®

(38)

The E* can only decay strongly into 7%. The width for
E* — i is related to Ry = by?

I'(E*— n5)=—2p1u(MZ)Ry*". (39)
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The magnitude of off-diagonal residues is fixed by A matrix for the E-Z* subsystem as

| Rij| = (RiiR;;)"2, and the relative signs of the E and o o o o o

E* coupling constants needed to determine the signs A= A== A== _ AFEHAFE AFE (42)
of off-diagonal residues will be taken from SU(3) T\umE ogme) \gmEpgEE o420
predictions.

When the electromagnetic interaction is turned on, As in Sec. III we shall use the approximation of
T=* (W) and T= (W) will no longer have a common pole keeping only the singularities of the #-channel Z and
at W=MZE, but will have poles at the £ and Z~ masses, E* exchange amplitudes which are close to W=M=.
M= and M= respectively. We write M= =M= —M= Taking the static limit, we approximate these short
and M= =M= —MZ as the Z° and Z~ mass shifts, cuts near W=MZ by poles. For the purpose of calculat-
respectively. Similarly, T=*(W) and T=*" (W) will have ing the 4 matrix, we shall also neglect differences in
poles at M= and MZ=" when the electromagnetic the external baryon masses, setting them all equal to
interaction is turned on, and we define the Z* mass M?Z. The use of the static approximation is, of course,
shifts: SME°=ME"— M= M= =M= —M=". less justifiable here than in Sec. III since the pseudo-

Since both the E and =* are isodoublets, there is only ~ scalar mesons involved in some channels are K mesons
one mass difference to be measured in each multiplet. Whose mass is an appreciable fraction of the baryon

We define masses. However, in spite of our rather rough model,
~ ~ ~ we still expect to obtain at least a good qualitative
ME=M=—M= =M=—sM=", indication of the effect of the self-consistent terms on

SME = ME® — M= = §ME* — M= (40) the mass differences.

We take for the D functions an approximation
If we wrote the = and E* mass operators in isospin Similar to that used in the previous section, namely, in
space as sums of parts transforming according to 2 representation where D(IV) is diagonal at the bound
irreducible representations of the group of isospin Staté Or resonance mass, we assume

rotations, then we would find that M= and §M %" are DE(W)=D=(M=)+D=(W)1 (43a)
the coefficients of the A/ =1 parts of the mass operators. and
As we have mass differences transforming according E(W)=D=*(M=)+D= )1 (43b)

to only one irreducible representation of the isospin

group in this case, we may define where 1 is the 3)X3 unit matrix and
b

DA(W)= D= (M) (W — M)

X(M==Wy)/(W—=Wy), (44a)
= () = D= (M=) (W M)
where the A’s have the same meaning as in Sec. III XM= —=W2)/(W—Ws). (44b)

with a suitable transposition of superscripts, and the Equation (8) written for the & and Z* mass differences
d’s again represent driving terms. We then define the then simplifies to

SM== A, ZZ5M =+ A Z2 5 M= 4 A ZZ6M =+ d=,
SM= = A, Z 2 M4 A, =M= A Z 25 M=d=, (41)

T er aw’ I 2)25T=0.5~ y

r[ e et >]

SMEE = , (45a)
[D= (M=)]* Tr[RERZE]

1 aw’
Tr| R= - / — Im[(DE)2TE* 2 (W :|
[ = m[ (D=") 1w

SMEET = . (45b)
[D= (M=) ] Tr[R=R="]

Using the above approximations, exchange of a particle of mass M= then leads to a pole in the partial-wave
amplitude T(W) at W=2MZ=— M=. Because of conservation of strangeness, = and E* exchange can only occur in
the channel 7= — w=. Using the Lagrangian density in Appendix A and the static crossing relations to compute the
contribution of exchange of the various % and E* charge states to T#, T=", T=*, and T=*",% we find for the 4

th5‘dYVe have, however, put terms from shifts in the masses of barons other than the = and =*, e.g., external £ mass shifts, into
ed’s.
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matrix elements defined in Eq. (41),
e LEORD DFNT )!
* 3 T[RERZ]\[DZ M PW—M)/ |yoosz_u’
4 (S/Q)RUERHE'/ [D=(W) T2 )r

3 T[RERZ] \[D¥(A}(W—17)
oz 2G/OReTRE [DEN)T )’
3 Tr[R#=R="] \[DE"(ME‘):P(W__ME.) nw=2ME_M:’
_£ (5/9) (Ru?)zf [D=*(W)7? >/

3 TR=R=I\[D= (=) (W —M™)

’
W=2ME_M=*

(46)

A2 =

W=2ME_M=*

Turning to the calculation of 4.%% and 4 2% our method is again very similar to that in Sec. III. We first
approximate T(WW) on the left-hand cut by a sum of pseudopoles as in Eq. (29). There is then a change in T on
both the right- and left-hand cuts due to a change in the external baryon masses, but again the contribution of the
right-hand cut turns out to be negligible.? We then derive the analogs of Eq. (34) for the shift in the & or Z*
masses due to a change in the external = masses. These are

B 2 0 O
R=ZBZ(p)|0 O O}!
| 000 /

. [D=(W)]: )
TS YTIRRT] \[DDF U T2 lyoornes’ )
B 2 00
—Tr RE*BE‘(p){O 00
i lo 0 o ( (D= (W) ’
455 () .
=L T R=R="] \[DE*'(ME*)]2(W-ME*)) IW,WE_MP*

The number of possible Born poles due to exchange of We have numerically evaluated our expressions for

particles in the % channel makes the computation of the
B(p)’s and A matrix elements somewhat more com-
plicated then in the previous section. There the A, 2,
and Y:* were the only members of the octet and
decuplet which could be exchanged. Here the =, =¥,
A, 2, Vy*, N, and N* may be exchanged. The various
Born residue matrices are tabulated in Appendix C.

TABLE IV. Values of the residue and A matrix elements for the

E and =* mass differences using a linear D function, F/D=4%,
and SU(3) symmetric coupling constants.

the 4 matrix elements first in Table IV using the
SU(3) symmetric coupling constants with F/D=1%,
g-yn*/4r, and T'(E* > 7E)=7.54+1.7 MeV assumed
given, and secondly in Table V using the broken SU (3)
coupling constants of Dashen et al.® In both cases, we
have used linear D functions.

There is clearly no enhancement of the mass differ-

TaABLE V. Values of the residue and 4 matrix elements for the
Z and =* mass differences using a linear D function and the
broken SU(3) coupling constants of Dashen et al. (Ref. 6).

R115= —48 Rui“—' '—74
R225= —0.5 R225*= —74
R335= —‘444 R335‘= '—74
R125=—-1.5 R127‘=—-7.4
R135= —-145 Rlsz =+74
R235 = —4.7 R%E* = +74
AFE=+40.09
AS*==40.05

AFE* = —0.02 det(1—A)=+0.93

R115=—'3.4 R1[E*=—7.4
Ry®=—0.1 Ryp®*=—114
R3:E=—9.6 Rasg* =-3.7
Rm‘?‘ = —06 R[gE‘ = —92
R135=—'5.7 R135*=+5.2
sts =— 10 Rz:;:* = +65
AFE=+40.22
y = 452 =40.01
A== —0.05
AEE = —0.05 det(1—A)=+40.80
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ences due to self-consistent terms from a E-E* reciprocal
bootstrap. Changing the F/D ratio has only a small
effect on the 4 matrix elements and on det(1— A), and
using a curved D function only makes the elements of
the 4 matrix even smaller than they are in Tables IV
and V.

A glance at the residue matrices R% and R in
Tables IV and V shows immediately why there is no
enhancement. If the values of the coupling constants
given there are at all correct, then the =% component of
the & and E* is not the largest component. For the & in
particular, it is the K= channel which overshadows all
the rest of the two-body channels. Thus, since changes
in exchanged or external Z or E* masses effect only the
small 7% component of the = or E* the self-consistent
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terms have only a small effect on the = or Z* masses.
This conclusion is very general and could only be
changed by a very drastic departure from the predic-
tions of SU(3) or the results of Ref. 6 in broken SU(3)
for the coupling constants.

However, as already noted in Sec. II, we find that the
E0-5~ mass difference can be quite large even though
it is not enhanced by self-consistent terms from a E-5*
reciprocal bootstrap. This is precisely because of the large
K= component of the = which both makes the possible
E-E* self-consistent terms small, as shown above, and the
possible effects of external 2 mass shifts large. Proceed-
ing just as in the calculation above of the effects of
external = mass shifts, we find with our approximations
that the contribution to 8M = of external Z mass shifts is

0 00
—Tr| REBZ(p)|0 0 0
e s 00 2 W Y -
OME= M=~ M =§ Tr[RERZ] \[DE'(ME):P(W—ME)) W=2ME_Mp§(ME —MT). u8)

Using the experimental value for M*"—M>", linear D
functions, and SU (3) symmetric coupling constants, we
find a contribution to M= —MZ of ~—6 MeV. A
moderately curved D function reduces this to about
—35 MeV. Using the broken SU(3) coupling constants
of Dashen et al.,® slightly increases this contribution to
—6 to —8 MeV, depending on the D functions used.

Stated in terms of the 4 matrix defined in Sec. II,
we have just shown that 4%2~1 due to external =
mass shifts. Calculations of the effects of other external
mass shifts and of the effects of shifts in exchanged N,
A, 2, N* and YV,* masses give contributions to M=’
— M= of the order of 1 MeV.? Thus our rough model
calculations indicate that most of the observed E°-E-
mass difference of —6.5+1.0 MeV is explained by
external 2 mass shifts in the K= channel of a = boot-
strap. A calculation of the E*-Z*- mass difference
where the KZ channel is not dominant requires a more
extensive analysis of the driving terms, such as that
carried out by Kumar.5?

V. SUMMARY AND CONCLUSION

In this paper we have considered the contributions of
the self-consistent terms arising from strong interaction
reciprocal bootstraps to the electromagnetic mass
differences of the Z, ¥1* E, and E* baryons. We have
particularly considered the effects of the breaking of
SU (3) symmetry on the octet enhancement calculations
of Dashen and Frautschi.4

In Sec. IT we saw how the breaking of SU(3) sym-
metry is reflected in an important asymmetry of the 4
matrix which summarizes the effects of the self-

2 A. Kumar, Phys. Rev. 140, B202 (1965).

consistent terms arising from shifts in the masses of
members of the octet and decuplet when acting as
exchanged or external particles in the reciprocal
bootstrap. This asymmetry is directly connected with
the splitting off in broken SU(3) of the ¥ and N* and
2 and Y,* but not the E and E*, from the rest of the
octet and decuplet to form separate, closed reciprocal
bootstrap subsystems.

As a particular case, we considered in Sec. III the
Z-Y,* reciprocal bootstrap subsystem. In contrast to
the N-N* subsystem where no enhancement is found in
broken SU(3),* we found that the self-consistent terms
arising from the strong interaction reciprocal bootstrap
of the = and ¥,* result in an enhancement by a factor
of 3 or more of the AI=1 over the AI=2 electro-
magnetic mass differences of the T and V*.

If we take the experimental value of (M= —M2*")/
(M= 4+-M> —2M*) as a measure of the enhancement,
then we find that the £ mass differences transforming
as AI=1 are experimentally found to be enhanced by a
factor of 4 to 5. Also, from the direction of the enhanced
eigenvector, we predict MY —MY =04(M>" —M?>")
=-—3 MeV. It is, in fact, very difficult to explain
theoretically the large magnitude of M —M* =—8
MeV without some sort of dynamical enhancement
mechanism, since typical driving terms are on the
order of 1 or 2 MeV. We regard the enhancement
prediction as a major success of the calculation, although
we are unable to predict the exact value of the enhance-
ment due to a lack of knowledge of the strong interac-
tion physics of the £ and ¥,*.

In Sec. IV we attempted much the same type of
calculation for the 5 and E* electromagnetic mass
differences. Here, however, we were not dealing with a
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closed subsystem split off from the rest of the octet
and decuplet. The =& component of either the = or E*
is not the largest component, and we found that the
self-consistent contributions to the mass differences
arising from changes in the masses of the & and =*
acting as exchanged and external particles did not lead
to an enhancement of the mass differences. However,
we found that there is an important contribution to the
% mass differences from changes in the mass of external
3’s in the K2 channel, so that the Z%-5— mass difference
follows the enhanced eigenvector of the Z+-Z— mass
difference. This leads to a contribution of both the right

BARYON ELECTROMAGNETIC MASS DIFFERENCES

1109

sign and magnitude to explain the observed large
E0-E~ mass difference.
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APPENDIX A

The rationalized, renormalized coupling constants for the interactions of the members of the pseudoscalar
meson octet with the baryon octet are defined by the interaction Lagrangian density (the space-time dependence

is suppressed),

L£1=geny NyseN) - mtigeaz(EvsA) - 7+ gozz(BysX E) - mt+igrnz(NVyse- B)K+igezz (SystE) - =
+igrzz(Fyse- T)K +igraz (BvsA)K +igrna (NysA)K+Hee., (Al)

—Ko
N=<p> , K¢=( _ ), etc.
n K-

Within the eightfold way, these coupling constants are related to one another as follows:

where

2 D
ErAz= "

V3 F+D
2F

ngN,

g122= ngNa

F+D
D—F

LxNN,

gKNZ=

1 D—-3F
KAE= ———"—"—""fxNN,
T s FD”
gKTE= —gaNN, (A2)
1 D43F
RNA= —— gxNN,
v3 F+D

grzz=[(F—D)/(F+D)]g-nn,
where g,nn?*/4r=14.8, and F/D is the ratio of F to D type couplings.35-%

APPENDIX B

The residue matrices at the pseudopoles due to = and ¥1* exchange in the £ and Y1* channels are given in terms
of the elements of the direct channel residue matrices defined in Egs. (15) and (16) by

1,0 0
Bz(A exch.)=+—< > ,
3\0 —R,;;%

1 RIIS _Rl2z

BZ(Z exch.)= +-< ) ,
3\—R;,* %Rzzz
47 Rp¥Y —RpY

B2(Y* exch.)= ———( " * ) ,
3\—R;¥Y  3Rx»Y

2/0 0
BY (A exch.)= ——( ) ,

3\0 —R;;®
2 RIIE _R122
Br(z exch.)=—( ) , (B1)
3\—Rp»* 3R:*
1/ Ru¥Y —RypY
BY(Y* exch.)= ——( " . ) .
3\—=Ri2¥  FRyY

% P. McNamee and F. Chilton, Rev. Mod. Phys. 36, 1005 (1964).
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APPENDIX C

In this Appendix we write down the residue matrices of the Born pseudopoles needed in the calculations described
in Sec. IV. For compactness of the resulting expressions, we shall use the BBII coupling constants defined in
Appendix A and define the ABII coupling constants as follows: Writing R,x¥* to denote the residue at the N*
pole in the JP= ()* partial-wave amplitude for 7V scattering, R,4¥ to denote the residue at the ¥;* pole for mA
scattering, etc., we define

R,NN‘= —3thN,2/47r , RKAE*= —hznAK2/41r, R V= —2hy>:,2/41r y
RKxN'= _3hNt2K2/47r, RKzE‘= -—3h5*21{2/41r, RKNY*= —ZhYNK2/41r, (Cl)
R,EE'= —3h5*g,-2/41r , RTAY*= _hYA12/47" ) RKEY*= _2hYEK2/47r .

In unbroken SU(3) symmetry,®
hN*N,IhN-uZKZhytA,.-!hy*z,:hy*zvx:hy*gxihgn;g,Zhs*AKZhgizK=\/§Z —\/j: *—\/gl +1 —1:—1: +1 : —\/31 —1. (C2)
Using this notation, our Born pseudopole residue matrices are as follows:

(grzz? 0 0

B=(= exch.)=1 l— 0 0 0|, BZ(Eexch.)=—2B=(% exch.), (C3a)
34 0 00
0 0 0
B=E(N exch.)=- 4—7r 0 —grNA? —3gxnzgrna| , BE(N exch.)=—2B=(N exch.), (C3b)
L0 —3grNzgrNA +grns?
1 r 0 0 —grazgraz
BZ(A exch.)=- :1; 0 0 0 , BE*(A exch.)=—2BZ(A exch.), (C3c¢)
—grazgraz 0 0
- 0 3grazgKzE  —2gx33gK3E
BZ(Z exch.) =§ ; 3grazgKsE 0 0 , BE"(Z exch.)=—2B=(Z exch.), (C3d)
—2g-338K3E 0 0
(hz*zs* 0 0]
BE(=* exch.)= —% i 0 0 0|, B="(E* exch.)=1B=(E* exch.), (C3e)
3 L 0 0 0J
. ( 0 V3hyahyzk —ZhyzwhYsﬂ
BE(V* exch.)= —-5 ; V3hyahyzk 0 0 J , BE(V* exch.)=1B=E(V* exch), (C3f)
—2hyshyzx 0 0
(0 0 0 )
B=(N* exch.)= i 00 0 * , B="(N* exch.)=1B=(N* exch.). (C3g)

0 0 —4hy+sk?)



