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Quantum-mechanical kinetic equations are derived for a homogeneous, isotropic system of charged
particles and photons. A hierarchy of equations is introduced by the use of the Wigner distribution operators
and quasiphoton creation and annihilation operators. The method of Bogoliubov is used to truncate the
hierarchy and to obtain kinetic equations. The resulting kinetic equations contain effects due to the processes
of particle-particle scattering, particle-photon scattering, and single and double emission-absorption of
photons by particles. In addition, there are terms representing shielding of the particles and photons, as well
as other many-body effects. Photon self-energy corrections are also discussed.

INTRODUCTION

'HE development of kinetic equations for a plasma
including radiation has been a problem of grow-

ing interest in recent years. Several authors have de-
veloped classical treatments. ' ' The development of
quantum kinetic equations has been generally restricted
to the "Golden Rule" approach, i.e., the development of
quantum Boltzmann equations via the use of transition
rates calculated by the "Golden Rule, " or equivalent
techniques. In particular, Osborn and Klevans' derived
master equations by using the repeated random-phase
assumption. Dreicer~ used a strictly Boltzmann ap-
proach to derive relativistic, quantum equations. None
of these techniques is generally capable of including
many-body effects. '

In Sec. I of this paper we introduce the tA'igner dis-
tribution operators, ' "and derive the equations of mo-
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tion satis6ed by these operators. The electromagnetic
Geld will be treated as being completely internal (the
case of a uniform external magnetic Q.eld will be con-
sidered in a subsequent paper). The exact equations of
motion for the one-particle and one-photon momentum
distribution functions for a multicomponent, homo-
geneous system are presented. The terms in these equa-
tions are classified as representing the particle-particle
scattering process, the particle-photon scattering pro-
cess, the single emission-absorption process, and the
double emission-absorption process. The various con-
tributions are then treated separately in the subsequent
sections. These various terms involve certain correlation
functions. Equations of motion are obtained for these
correlation functions and a truncation ansatz, which is
a simple generalization of that used by Ron, " is used
to terminate the hierarchy of equations. The Bogoliubov
(adiabatic) assumption, that the correlation functions
relax in a time short compared to the relaxation time,
is used to solve the system of equations and obtain ex-
pressions for the correlation functions as functionals of
the one-particle and one-photon momentum distribu-
tion functions.

The results of Osborn and Klevans' and of Dreicer~
are obtained plus correction terms which represent cor-
relation effects. Among the correlation terms there are
some terms which do not contain delta functions that
conserve the unperturbed energy. These terms are
similar to a term found by Kohn and Luttinger" in
their work on quantum transport in solids. Similar
terms have also been more recently obtained by
Mangeney4 in his treatment of a classical, relativistic
plasma with radiation, and by MicheP' in his treatment
of the electron-phonon system. These terms are also

"A. Ron, J. Math. Phys. 4, 1182 (1963).
"W. Kohn and J. M. Luttinger, Phys. Rev. 108, 590 (1957)."K. H. Michel, Physica N, 2194 (1964).
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It is convenient to introduce a new set of photon-lil~e or "quasiphoton" operators which are related to the opera-
tors al, ), and aj,),

t through a Bogoliubov transformation"

and

The vector potential can then be written as

bkx =Nk)r/skx+ t)kk/s-k A

bk)r Nk)r~kk +&k)r/s —kX ~

A(r) =P(2m hc'/Qo)k) '/'akke'k'(bk&+ b k),t), (1O)

and the Hamiltonian is given by

1
H=H„'+P dr%' t(r)(—h'q'/2m )4 (r)+- dr dr'4 t(r)%&&(r')V e(r—r')4'e(r')4' (r)

2

fdr d (r) A(r)+P fdr (e e/2re ee)lie (r)Ar(r), Ol)
C

where
bn (r)=% ~(r)@ (r)—1V /Q,

s Q ho)k(bk)e bk)r+bk)rbk)rt) p (12)

and
o)k (hscs+o) 2)1/2

o)„'=Q~ 4s 1V~e,'/m, Q.

(13)

(14)

The quantities X,e, and ns are the total number, the charge, and the mass of o-type particles, respectively. These
new operators obey the usual boson commutation relations.

The advantage of using these operators is that most of the dispersive eGect of the medium is now included. The
next term in the dispersion relation is of order (t)')/c' compared to the plasma frequency o)~. The dispersion relation
used by Osborn' is simply the first two terms of the Taylor expansion of Eq. (13) for hc))o)„.

We can rewrite the Hamiltonian as

&=B„+Qho)kbk) tbkk —Q Q hc ky. ak) g (—k, p)(bkk+b kit)
a,p h, X

+p g' p hdkk"eke ak vg (k' —k, p)(bkk+b kk')(b k k+bk k'), (15)
~,pa, lr ),)r

where H„ is that part of the Hamiltonian which contains only particle operators,

(16)

C k (2se s/——hm 'o)k)'"

dkk =(ere '/m Q)(o)ko)k. )-'/',

and pk, k. ' means the term k'= k is omitted. in the summations.
The equations of motion for the operators bk), and g (k,y) and the momentum distribution functions are

(17)

(18)
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+Q' Q id/i ai), ai.k.[g,(k+I' —I, y+ si h(l —I'))—g (k+I' —I, y—st h(l —I'))7(b i k.+bi.k.t)
11'

+(i/hQ) Q Q V (1)[f (k—I, p+-,'hl; I, y') —j t/(k —I, y—-,'hl; I, y')j, (20)
P,p' 1

is W. R. Chappell, S. J. Glass, and W. E. Brittin, Nuovo Cnnento BS, 1187 (1965).
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~v (p) =2+ c iy si,qIm[gi, (k, p+-', hk) —gi, (k, y—-', hk)j
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(2S)

g-p(k, pi, p~) = dridr2e '" ~'& '»g p(1,2). (29)

The two-particle correlation function g p(1,2) is defined as

where
g p(1,2)=f p(1,2)—f (1)fp(2)—h p(1,2), (30)

h.p(1,2) =— dk dl

Xexp[ik' (pi 2e 2'02)+il' (p2 2'0& 2e)+(i/h)('02 '0&) ' (ri r&)l

Xf~.(&[ri+r2$+-,'h(l —k), il,)f,(-', [ri+r,j—z'h(I —k), q2). (31)

The quantity h p(1,2) represents the correlation arising from the Pauli principle. Clearly it is convenient to
separate this correlation from the correlation arising from the particle-particle and particle-photon interactions.
Except for a change of sign, the expression for h p(1,2) is the same for bosons.

The general structure of the correlation functions gives some insight into their physical nature. Since g (k,p)
contains a particle-creation and a particle-annihilation operator, g), is related to single-photon emission-absorption
processes, h), ),. to particle-photon scattering, k),),. to double emission-absorption processes, and g p to particle-
particle scattering processes. These relationships are also obvious from Eqs. (21) and (22).

II. PARTICLE-PARTICLE SCATTERING

~e begin by considering the contribution to the kinetic equations due to the correlation function g p.

~~-(p)
g P V p(—k) Img p(k, y+-,'hk, p').

t9$ p.p. AQ P,P'
(32)

At this point we will ignore the photon contributions to g p. (We shall consider these in Sec. QI.) Thus, the two-
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particle Wigner distribution function is assumed to obey the following equation of motion:

af p(1,2) pr P2 iIt'
+—Vgf p(1,2)+—Vsf p(1,2)+

Bt m m 0' uu'
dl dk e)&'is) u~e)&'Is& s~

X LV p(r& —rs+-,'h(k —I))—U.p(r~ —rs ——',h(k —1))]f p(r~, y; rs, p')

dl dr e"&» &'&/V~v(r~ —r+-,'hl) —V v(r~ —r——,'hl))

iIt'
X fnpv(rl)p'; rs, ps) r,p)+ g g dl dr e"i» &''

V I»u'

XLVpv(rs —r+-,'hl) —Vp, (rs—r——,'hl) jf pv(r&, p~,
. rs,y'; r,y). (33)

The truncation of this equation involves the use of the following superposition approximation:

f pv(1, 2,3)~f (1)fp(2)fv(3)+f~(1)Egpv(2)3) hpv(2, 3)j
+fp(2)kg~«(1)3) h~v(1)3)j+ fv(3)Lg~p(1)2) h~p(1)2)j (34)

This is equivalent to the approximation used by Ron. This particular breakup of f p„neglects some higher order
exchange contributions. ' We assumeg pand the Coulomb interaction tobe small andneglectall terms containing
both g p and V p except the screening terms. The screening terms must be retained because of the long-range nature
of the Coulomb interaction.

If the average interparticle spacing is assumed to be larger than the thermal wavelength, then terms containing
h p(1,2) are small compared to f (1)fp(2), and the correlation function h p will only contribute when it has the form
h «(1,3) or hp„(2,3). The resulting equation, after a Fourier transformation on the spatial variables, is

f'p p )—+sk
I

—
I g-p(k, y~,y)

at Em. me)

—(/h(I)Z, U-.(k)A-(k, y)E. .(k,P,P )+(/hII)Z U (k)~ (»y)& g- (»p»)

=(s/h&) 2 s spV(k)LG. )+(k)yi)Gp" (,ps) —-) ( )») ps+( )ps)j) (

where

and

A. (k,y) = q. (y+-', hk) —q. (p—-', hk),

G-+(k,p) = ~-(y+l&k) LI—v-(y+l&k) j,
z))= e))/e )

V(k) = U.p(k)/s. sp.

(36)

(37)

(38)

Equation (35) is the multicomponent generalization of the familiar equation of motion for a quantum electron
plasma in the random-phase approximation. The latter has been considered by Guernsey, "Ron,"and Wyld and
Fried. '~ The general technique involves the use of the Bogoliubov assumption. Thus, the one-particle distribution
functions are considered to be independent of time and one solves for the asymptotic (t ) ae ) limit of the correlation
function. The resulting expression is then substituted into the first equation of the hierarchy.

If the asymptotic limit of g p is defined by

g.p(k, yg, ps) = lime e
—"g p(k, pr, ps) dt,

e ~0+
(39)

and the Bogoliubov assumption is applied to Eq. (35), we obtain

LC+s7g.p(k, y~, ys) =e-p(t)

rv H. W. Wyld, Jr., snd B.D. Fried, Ann. Phys. (N. Y.) 23, 374 (1963)."R.L. Guernsey, Phys. Rev. 127, 1446 (1962).

(40)
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where s s(t) is identical to the right-hand side of Eq. (35) and the term Cg s corresponds to all but the erst of the
terms on the left-hand side of Eq. (35). Equation (40) can then be solved as

g,e(k, pi,ps)=f e '~'~ s e('t).d . (41)

Bq (pt) V.p(k)
Z ZE [G.„+(k,pt+-,' hk) Gs„—(k, pp

——,'hk)
R —p.p. hQ &1 &2 s ps s 8{k&[E~(yt+hk)—E~(pt)7/h)

—G~„-(k, yt+-,'hk)Gs„+(k, ps ——,'hk)7&[E, (pt)+Es(ps) —E~(pt+hk) —Es(ys —hk)7, (42)
where

E (p)= p'/2l,
and

It is then an easy matter to generalize the technique developed by Dupree' and WolfP' to obtain as the 6nal result

1 V..(k)h. (k,y)
8[k,te7 = 1+—Pha, p (o—(k y/pn )+ie

Equation (42) is simply the multicomponent generalization of the quantum Baiescu-Lenard equation. "
(43)

III. PARTICLE-PHOTON SCATTERING

The contributions of particle-photon scattering processes to the kinetic equations are given by

~v-(y) =—2 P P dst. e~q ej, &, Im[hqq. (k, k', y ——,'h(k' —k))—hqq (k, k', p+-,'h(k' —k))7, (44)

and

~t -p.s.
=—4 P P dsih' egg eg~v Imhxv (k&k,p) .

us, we must obtain an expression for the particle-photon correlation function hqq . This correlation function
obeys the following equation of motion:

[8/at+i(K y/m +res —(us )7hgg (k,k', y)

=i g [cps' s~q(f, (K,P)fs(k, p')b~ &, t)—cps y' ss q (f' (K,y) fs(—k', p')bs&)7
P p'

—» 2 2 [d~sse~'e»(f (K p)fp(K —» p')ba'(b~+b-~')) —d~s s«es ~ (f (K p)fp(1 —k' p')(b~'+b-~ )ba~)7
Pip' &~v

—2i g hc ~K e~,[(j (K—1, p+-', hl)(b~„+b ~„t)b~.q tbsp)+(f (K—1, y ——,'hl)(b~, +b t, t)bs q. tb~~)7

+i E c tp s&,[(j (K—1, y+-,'hl)(b~„+b, „t)b ~ .tb )—(j'.(K—I, y ——',hI)(b,„+b,„t)b,,„,tb, „)7

—'P P d " „,[(j'(K+1'—l, p+-,'h(l —I'))(b,„+b,t). (b .„.+b „t)b ~ .tb )
lv 1'v'

—&1'(K+1'—1, p —-', h(1—1'))(4,+b t.t) (b i, +bv"t)4 vtbs~)7

z=—Q g V (l)[(f (K—l, y+-;hi;I, p')b. „.tb „)—(j' (K—l, p—-', hl;l, y')b ~ .tb )7,
AQP p'

(46)

where K=k' —k.
Ke assume that the correlation functions appearing in the above equation can be approximated by sums of prod-

ucts of q, e~, gq", hq). . . k) ), , and g P. Thus, for each of the correlation functions appearing above, we take the

L) T. H. Dupree, Phys. Fluids 4, 696 (1961).
~ P. A. Wolff, Phys. Fluids 5, 316 (1962); see also in this connection C,-S. Qj'u, J. Math. Phys. 5, 1701 (1964).
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sum of all possible ways of achieving such a breakup. For example, we write

(g (K—l, p+-', hl)(b)„+b ( t)bg ),.tbg )=bggb„, g. (1+ng ), )g), (k, p+-,'hk')

+8~, qnj, ggq *(k', p——'„hk)+higher order correlation. (4'/)

The first term on the right-hand s ide of the above equation is obtained by our writing

(j (—k, y+-', hk')b~ &, b~ q tb~q)=(bq q b~ q t)(J" (—k, p+-,'hk')bqq)+higher order correlation. (48)

The terms denoted "higher order correlation" are clearly at least one order higher in the coupling than the other
terms. In a similar manner, we obtain

(f (K,p) fp(k, y')bg. .t)=8, ,, „„.t b.pg„*(k', p+-,'hk')+E p„*(k', —k, p, p'),
(j'.(K,p) fp(k —I, y')b& v b(„)=by, )by, „nq q (—8 ttb, ,y P, p., (y—-', AK)[1—y, (y+2hK)g

+g (K,p,y') +higher order correlation, (50)
V (K+l'—» y)b.b "'b 'b )= v-(y)L~l, k ~| knki (1+n ~ )

+&&,v&,„4,z 4,u(1+nq q. )j+higher order correlation, (51)
and

(jap(K—l, p+2&l; l, p')4 vt4x)=&vxp~(p+2hk)4q &(k,k', y')+higher order correlation,

where to obtain Eqs. (49) and (50) we made use of the identity"

A(1 2) =i~(1)A(2)+5(1,2)
where

h'
gs(1, 2) =—x,fdl exp[(2i/A)iy y) (r,—r,)—+~1 jy, y)7f&(rs+—,'kl, p'). -

0'

(52)

(53)

This superposition ansatz is identical (although somewhat different in form) to that used by Ron" for the electron-
phonon system.

With the use of the above ansatz, a closed set of equations is obtained when the higher order correlation terms are
neglected. Note that one of the higher order correlation terms was written explicitly as E sz in Eq. (49). These
terms are connected with self-energy contributions. We will return to this topic later.

In order to simplify the equation somewhat more, we will take the system to be isotropic. In this case, the terms
containing gq can be ignored because the lowest order term in gq (k,p) is proportional to (p eqq) as will be demon-
strated in Sec. IV. The contribution of this term will vanish because isotropy dictates that factors such as a&z ez z.
and y. el, ), must appear in even powers. The terms that contain kq), . can also be ignored to this order because
hei, (k,k', y) is proportional to di, i,.

The resulting equation is

(8/Bt+i(K y/nt )+i(og—io)i, )hing. (k,k', y) ——U p(K)A (K,p) P h), ), ~(k,k', p')
AQ op'

where

= —2idii, "egg eg. ),.Igg"(k, k',p)+2i P dg~ serg e~.g.g~p(K p,p')(nag —ng g ), (54)
P p'

Iqq "(k,k', p) =P, Lnqq(1+nq q )G,+(K,p) —nq q. (1+nqg) G», (K,p)j. (55)

The second term on the left-hand side of Eq. (54) has been retained because it corresponds to the Vlassov term in
the linearized equation of motion for g (K,p). Thus, it represents the screening of the particles. The last term on
the right-hand side has been retained because it involves an integral over g p. The long-range nature of the Coulomb
potential can cause such a term to make an important contribution. In fact, such terms also give rise to screening
effects as will be shown in a later section.

We assume that the Bogoliubov assumption holds for the correlation function h~q, as well as g p. A similar
assumption was Inade by Ron concerning the electron-phonon correlation function. The equation for the asymp-
totic correlation function kzz. is then given by

Z

(&+i(K p/nt )+i(oi,—use. )h),g"(k,k', y) ——P U p(K)h (K,y)kgb. s(k, k', p')
AO vp'

2idhx e~)—, e„),.Iu (k,k', p)+2i P dig~evg xe.g p(K, y,p')(ni, g n~g), (—56)
0 p'
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where again

A/, /, . (k,k', p) = lime e
—

"hg/, (k,k', y)dk.
g mP+

0

(57)

From the above equation we easily obtain

2d//I &~x' &~~vIu~ (k&k', p)
h/, ), (k,k', p)=

s)g. —(o/.—(K p/m )+is

2d». &e~g. e~.),.g p(K, p,p') (/zing
—zz~. ), )

+2s V(k)A (K,y){AQB[K, (o/, I/—](a)/, M/—, (K—y/m )+i&)) '
(og.—I/, —(K y/m )+is

spd»'e~), eave, v'(k, k') y') spd// 'e~~ e~ vgp (vK, p', p")( ~zz~ zz~—g )—Z , +Z E
(o/, .—a)/, —(K p'/mp)+is // ,' v..~" (o/, . co/—, (K—y'/mp)+ie

(58)

The contribution of particle-photon scattering to the kinetic equations is then obtained by the substitution of the
above expression into Eqs. (44) and (45). The results of these substitutions are

=—g P Szrh[d». "egg ej,.g ]'I/, g "(k,k', y)b[E (y+AK)+4)/, —E (p) —h(o/, ]
g-/(K, y,y')

+Q g Q Sd// dp/. ~(eg), eg. / )'(zzg~ —
/zan/, .) Im-

e,p P,p' k', V coIs' Mk (K'p/ma)+zE

+P P Ss.d~~. V(K)&.(K,p)(ek/, Ek /, )' Im [AQ&[K, co/, ~/](co/, ~/, (K p—/m )+ie)]
a, ,p k', V

and

spd»~~Iyy~~(k~k, y) spA/ v(zzj x—zz~ v)gp, (K,p', p)-
x —Z, +ZZ-

p u' ~/, —co/, —(K p'/mp) jie //y' v, z , cu/,
—cog—(K p'/ms)+is

(59)

8$ p, a ~

+Z Z Z Sd» d»'(e~~ e~v)'(zzj), —zz~ v)
k,k' X,X' P,p'

g.p(K, y+-', AK, y') g.p(K, y ——,'AK, y')
XIm

~/, ~/, (K/m ) —(p+AK/2)+ze (o/, —(o/, —(K/m ) (p——',AK)+zg

+Q Q Ss,d» (ek), eg. /, .)'V(K) Irn[AQ8(K, a)g' —co/) 7
—'

k,k' X,X'

~.(K, p+-;AK) ~.(K, p ——,'AK)

co/, . I/, (K/m —) (p—+-', AK)+ze ~/, (o/, (K—/m )—(p ,'AK)+—ie—I

spd/, /'Av'(k) k') p) s//d»'g//v(K, P ~zl)x ' —Q, . +gg, , (60)
//u' co/, —or)—, (K.y'/mp)+ie e, u' v, ~ a)/, —~/, —(K p'/mp)+i. e

where the formula
(x+z e) '= I'x'zzr8(x)—-

~z «(p) = —Q 16zrh[dp/, "egg eg /, ]'I g/"( kk', p+g'AK)8[E~(p+AK)+4)/, —E~(y) —her/, ]

has been used to obtain the delta function. The leading terms in Eels. (59) and (60) yield the results of Osborn and
Klevans' when

is replaced by
(A2C2+M 2)1/2

&vq =Ac+co„'/2hc,
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and these terms also yield the nonrelativistic limit of Dreicer s~ results when ~I, is taken to be kc. The remaining
terms represent corrections arising from correlations. These terms also have the interesting property that they
yield contributions that are not proportional to

8(E (y+SK)+h(og, —E (p) —jkog.j.
These terms are similar to terms obtained by Kohn and Luttinger, "Mangeney, ' and Michel. "The other terms can
be identified, in the classical limit, with the corrections due to the shielding clouds of the particles. ' "

Some of the higher order correlation terms that were neglected in the derivation of Eq. (54) can be shown to yield
self-energy corrections. It is not very dificult to pick out the appropriate terms. One way is to look at the equations
of motion for these higher order correlation functions and to pick out terms proportional to hqq. (k,k', p). A simpler
method is to consider the equation of motion or higher random-phase approximation"" methods for deriving dis-
persion relations. Then we simply pick out the corresponding terms in Eq. (54). In particular, we can include the
lowest photon self-energy correction by retaining the terms corresponding to Eq. (49). The equation of motion for
h), ), is then given by

z

(8/ tc+ji(K y/m )+icky ~g)h), g (k,k', p) —V—p(K)h (K,p) Q h), t, t'(k, k', y')
hQ P.p'

where

-zP Lcp~(y' e~~)Z.s~*(k', -k, p, p')-cs~. (p e~.~.)Z.p~(k, -k', y, p')j
P p/

2id»—e&z ez z Izq (k,k', p)+2i g d» ~ezz ez z g p(K, y, p')(ezra —eg v) (61)
P p'

&-~~(k,k', p,p') =(7-p(-k-k', y; k' y')&~)-~~,-~ &~.~ v-(y)g~'(»p). (62)

The procedure at this point is to consider the equation for E pz and to solve for the asymptotic function X pz,
retaining only those terms proportional to hzz. (k,k,p). The results of this procedure are the following:

and
Z.pg*(k', —k, p, p') = La I,.—(k p'/mp) —(K p/m. )+is]-'cpg(y' ej,g)Ap(k, y')h), g"(k,k', p), (63)

E.pq(k, —k', p, p') =Lcoq—(k' p'/mp)+(K p/m, ) ie5 '—cpq. (p—' eq. q.)hp(k' p')hqq. (k k', p).

With the use of the above equations and Eq. (61), we obtain the following equation for hzz «(k,k', p):

(a+i(K y/m )+iL&z+&~(~~ —(K'p/m ))j—iE&~ +4 (»+(K'p/m ))l}h~v (k k' p)

where

z——~ (K,y) Z V s(K)4x ~(k,k', p')= —»d»"eke ek RIM,"(k,k', y)
hQ ep'

+2i Z d»'e~~ e~ vg.p(K, p, y')(~~~ —~k v), (65)
P pt

c..'(p e„)'A.(k,y)
&~(~)= -Z

, u (o—(k y/m )+i&
(66)

The quantity 8&(co& —(K y/m )) gives the energy shift for the photon with momentum hk. These corrections
correspond to the phonon self-energy corrections obtained by Michel ' in his analysis of the electron-phonon sys-
tem. Higher order corrections to the photon self-energy and self-energy corrections for the particles can be ob-
tained in a similar manner.

IV. SINGLE EMISSION-ABSORPTION

The correlation function which corresponds to single emission-absorption processes is

g~ (k,y)=(A(-k p)&»).
~'M. N. Rosenbluth and N. Rostoker, Phys. Fluids 5, 776 (1962).~ R. K. Nesbet, J. Math. Phys. 6, 621 (1965).
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The process of bremsstrahlung will be included in the contribution of g& .The equation of motion for gz is given by

(~/@—z(k/m-) p+~~)g~ (k,p) =z 2 cs~(p'. s»)(f-(—» p)ft (k p')&
P.p'

2—i g g de~ se» s~.~.(j' (—k, p) jp(k —k', p)(bg x+b g x t)&
P p/ ]/)/

—
~

—~Q c &(hk sp. ),.)$(f (—k—k', p+-,'izk')(b&;), +b Q g t)b»&
(2j k),

—(f (—k—k', y ——,'Ak') (bl, y +b g g t)b»&]

—i P c (y ))L(g (—k—k', p+-,'l'kz')(b .„.+b, ,„,t)b„&

—(fa(—k—k', y—sizk')(bj ) +b ~v')bj), &]+zg Q d»"svv «,

XL(fa(—k+I—k
~ y+s k(k —l))(bk g +b g g t)(b )„+b( t)bj, g&

—u'-( —k+I—k', p——'.&(k'—I))(b '+b .t)(b i.+»,t)b,&]

z

Q Q V p(l)Df, p( —k—I, p+-,'Izl; k', p')b»& —(f,s(—k—I, y——,'hk', k', p')b»&]. (67)
ItQ P p'

Ke again truncate this equation using the same method as in the previous section. The assumption of isotropy
allows terms with factors c~q. eI, q to be ignored. Also all correlation functions are assumed to be small compared
to products of y and eI,q. The result of these approximations is

(8/Bt —i(k/m ) y+ is&I )gq (k,p) —iLA.(k,p)/AQ] g V.s(k)gq (k,y') =ic.q(p s~q)J.&,(k,p)
P.p'

Z

+i g cpg(p'. s»)g p(
—k, p, y')+—Q Q V p(l)LE sg(k, k', y+-,'Izk', p') —K pg(k, k', p —-,'hk', p')], (68)

P p' AQ P.p' &

where J.,(k,p) =P, t (1+zz»)G.,+(k,p) —zz»G. ;(k,p)]. (69)

The above equation has the same form as Eq. (54). The higher order correlation function E sz has been retained
at this point because it is responsible for the bremsstrahlung contribution. The g p term gives rise to photon self-

energy terms, as well as screening eBects.
For the moment we will ignore the K„pz terms in order to obtain an expression for gz . The equation for the

asymptotic function g& is then given by

(~~—(k/m ) p —z~)g~"(k,p) —L~-(k,p)/nfl] 2 V-s(k) g~'(k, p')
P p/

=c,t, (p s»)J y(k, p)+Q cpq(p' sly)g s(—k, p, p'). (70)
P p/

The above equation is easily solved for g& . The result is

c ~(p's»)J x(»p) cpt(p s»)g~p(»p p)
gg (k,p)= + Q +s & (k,p)V(k){AQB[k,Mx](coy —(k/m ) p —ic)} '

&og —(k/m ) p —ie su , ce'g —(k/m ) y —ie

-sscsp(p' e»)Jsg(k, y')
XQ +g

~s—(k/ms) .p' —ie v, n"

c~ysp(y''s»)gs~( —k p p')

(og—(k/ms) .p' —ze
(71)

The fact that only the imaginary part of gz is required results in considerable simplification because the delta
function (which becomes the Dirac function in the limit 0 ~~), 5(co&—(k/m ) y), is always zero. Therefore,

cs~(p' s») fmg-s(-» p, p)
Imgg (k,p)= P +s 6 (k,y)U(k){blah/kp&g](~1, —(k/m ) p —ie)}

s.p' a)p —(k/m ) p
c~~ss(p '&») ™gsv(—»p p )

XZE, (72)
yp//0 p' (og—(k/ms) y'
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A further simpli6cation results if only the largest contribution to g p(k, p, y) is considered. This contribution,
which arises directly from the Coulomb interaction, is proportional to 8(k y/m —k y/mp). Since g p has the
property that

Img p(k, p,p') =—Imgp. (k,p', p), (73)

such terms will not contribute to the second term on the right-hand side of Eq. (72). (This is seen by carrying out
the transformation P ~ y and p' &~ p".)

The contribution of g& to the kinetic equations is then given by

am-» — 2c.gcpa(y e»)(p' a»)
XImg p( —k, p, p'),

(3t .,. .u p, u' (sg(o)g —(k/m ) p)

81 8e

4~ac acpu(p a»)(p'. e»)
Z Z XImg p(k, p+-', hk, y').
p.u' » (og' —((k/m, ) p)'

(75)

The term on the right-hand side of Eq. (74) can be seen to be zero by the same considerations which were used to
eliminate the second term on the right-hand side of Eq. (72). Therefore, as expected, there is no radiation at this
order.

Clearly Eq. (75) represents an additional interparticle force Lcf. Eq. (32)]. This is the force arising from the
exchange of virtual photons by the particles. There are similar terms in Eq. (60) arising from the scattering of a
single photon by two particles.

The lowest order photon self-energy correction can be obtained by our considering in more detail the equation
for g p( —k, y, p') (see Sec. VI). This equation has the following form:

Lk (p/m y'/m—p)+i&]g„p( k, y,—p') =cpq(p' e») Ap(k, y')gq (k,p)+ (76)

where denotes those terms that are not proportional to gq (k,p). The result of the substitution of the above
expression for g p into Eq. (70) is

t'k y) k.y
— A.(k,y)

ie gg.(k,y)- -' P V.p(k)g&P(k, p')
&m. ) m.

'
hn

=c j(p e»)~ ~(»p)+ Z cp~(p' e»)g p (—»P P) (77)
p p/

where g p' differs from g p by containing no terms proportional to gz . The self-energy correction does not affect
the vanishing of certain terms in the expression for Img), .

In order to obtain radiation, the hierarchy must be truncated at a higher level. Since the bremsstrahlung proc-
ess involves the interaction of two particles and a photon, it is clear that the correlation function E p), contains
information about this process.

The equation of motion for E p), is given in the Appendix. We again apply the superposition ansatz to the cor-
relation functions which appear in this equation. These correlation functions are then written as

(f.p(—k—k', p; k', y')f,(k,q)) = —b.,S,, y sg (mf.p( —k', p+-,'hk; k', p')
—bpvbe. ~+p&~+»t2f. p(k+k' P' —k—k' p' —2hk)

+f.p„(—k—k', p; k', p'; k, q), (78)

(j'.p(—k—k' —I, y+-,'hl; k', p) (bi+ b i~)bg) = bi, gej,f p(
—k', p —-', hk; k', p'),

&3"-p(—k—k' —l, P' k'+L P')b~) = &~,-~-» P-(p)g~p(k, p')+ ~~,-~ ~p(y')g~ (k,P), (80)

(j p~( —k—k' —1, y; k', y', I, q) b&) = 8~, &f p( k', y; k', y')gq&—(k, q)
+8, , ~.fp, (k', y', —k', q)g~ (k,y)+8&, ~ ~ &p (p)E„p(k,k', q,p'). (81)

The contributions of the exchange terms arising from f p( k', p; k', y') are—neglected for the same reasons as
given in Sec. II. Furthermore, terms containing factors of g pgq are neglected because each of the correlation
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functions is assumed to be small. The resulting equation is given by

P Z—i(k+I) +il +ice& E pq(k, l,p, y')+ & (k+I, y) P U ~(k)E7p(k, l,q, p')
Bt m mp AQ v a

hp(l y') P V~p(k)IC ~(k I p,q) =ic y[(y —2hl) sly(1+nqq)g. p(—I, p+~~hk, p')
hQ v a

—(y+-,'hl) e~gs~qg p(
—I, p ——',hk, p')]+icps[(p'+-', Al) c~q(1+m~~)g p(1+k, p, y'+-,'hk)

Z—(p' ——,'hl) e e g,p(1+k, p, p' ——,'hk)]+ V p(l) P, [Gp,+(I,p')g), (k, y ——,'hl) —Gp, (l,p')gg (k, p+-,'hl)]
hQ

+ V p( —k—I) P, [G,—(I+k, p)ggP(k, p'+-', h(I+k)) —G,+(I+k, p)g)P(k, p' ——,'h(1+k))]. (82)
AQ

The equation of motion for E pz given above and the equations of motion for gz" and g p given by Eqs. (68)
and (35), respectively, constitute a closed set of equations. We have not solved this set of equations as it stands.
However, it is very easy to obtain an approximate solution if we ignore the screening terms. In this case, the equa-
tion for the asymptotic function X pq becomes

p' P
I —(I+k) +~,—ic E'.p„(k,l,p,p') =c..[(p——,'hl) e„(1+m„)g.,(—I, p+-,'hk, p')

ma

—(p+-,'Al) eqqmqqg p( —I, y—-', hk, p')5+cpq[(p'+-,'hl) egg(1+gal~)g. p(1+k, p, p'+-,'hk)

V-p(1)—(p' ——,'hl) e,„l„„gp(1+k, p, y' ——,'hk)]+ P, [Gp,+(l,p')g„(k, y——,'hl) —Gp,
—

(l,p')g (k, p+-,'hl)]
hn

V.,(—I—k)
P, [G, (I+k, p)ggP(k, p'+-', h(1+k)) —G,+(I+k, p)gg(k, p' —-,'h(1+k))]. (83)

The expression for g p in the absence of the screening terms is given by

tt p p'i — ' U (k)
g.p(k, p,p') = k

~

—
~

—ic Q [G „+(k,p)Gp„—(k,p') —G „—(k,p)Gp„+(k, p')].
km. m f3) AQ

Finally, the expression taken for g~ is

gq" (k,y) = (&oq k p/ —m i. e) 'c —q(y eq~) J ~(.k,y) .

(84)

When the above expressions are substituted into Eq. (83) and the resulting expression fork pq is substituted into

Eq. (68), we obtain for the bremsstrahlung contributions to the kinetic equations the following expressions:

&.p~(pi, qi; p2 q2, k)[(1+'N~~)&.„(pi,qi)&p„(pu, q2) ~kxp g(ql pl)+p g(q2 p2)]
81 a2 p1 p2 qZ q2

4m' /P2 P2 )
U-pl

~
[1(+~.~)~.'(k, qi+-,' hk) —e„,A '(k, q~ ——,'hk)](y~'. eke)'

0'a)p ~,p n, .a pi, p~ ai, ~~ 4 h ) m~'

Xp (pl ql)Pp (p2 q2) —&.„(qi,pi)&p. ,(q2, P2)7&(yi+P2 —e—q2)&[&.(pi)+&p(P2) + (q1) +p(q2)]

+ g g P P [O.px"&(pi,qi; pm, q&, k)(1+ek~)—O.p&,
&"(p~, q~,

.
P2, q2,

. k)e~~]
&,p Sj, ,&2 p1 p2 gl, tl2

X[+ (Pl ql)~p (P2 q2) +«(ql pl)+p (q2 pm)]

X~(pl+P2 ql q2)&[&.(pi)+Ep(P2) E (ql) Ep(q2)] (86)
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~ga {I ek(pl q1 p2 q2 k)[+kkF (ql.pl)Fe (q2 p2) (I+@kk)F (pl ql)Fp {p2 'q2)]
b P,k, X ~1,~g qi, Pq, qS

+Ie k(ql pl q2 p2 k)[(1+lkk)P (ql pl)Fe (q2 p2) BkkP (p| ql)Fe (p2 q2)]j

Sx'e '
(P2—qk)+ Q Q Q U e~ ~

[(1+ekk)A (k, yg'+2hk)(pg' ekk)' n—kkA (k, yg ——,'hk)(pg. ekk)']
II m e k s,, ~ ys. u. es E h

where

X[Fe„(qi,pi) Pe„(q2,y2) —P...(p&,q&)Fe„(y2,q~)]&(y&+p2 —yx' —p2') b[&.(p&)+Re(pa) —E.(qx) —&p(q2)]

+2 Z + Z [O.ex"'(yl, qg pk, q2, k)(1+n») —O.»~'&(p&, q&, p„q„k)e»]
P,k 81,~S Pa, qi, qq

X[F (ql pl)Fe 2(q2 p2) P g(pl ql)Fe 2(p2 q2)]&(yx+p2 —qi —q2)&[&.(yi)+&p(p2) —&.(qi) —&e(q2)], (87)

F-(y,q) = v-(y)[1- ~..(q)],
I' »(p& qy' p2, q2, k) = (2m'/II'cvk) [0 ek(p&, q&, p2, q, ,k)+0e k(p2q, ; p, ,q, ,k)]'b(p, +y,—q,—q,—hk)

{88)

X&[& (qi)+&p(qk)+h~k —8 (pg) —Ep(pk)], (89)

0' ek(p~, q&, y, ,q2, k) =
I ~

U-el ~[(pi. ekk)A«(k p&
——',hk) —(q~. ek&)A. (k, q&+-', hk)],

hami h i (90)

& (k,p) =[& (y+-', hk) —E (p ——,'hk) —ha)k]
—',

4~' (y2 —q~+hk (qi —pg) ( e.ep )—I(q e»)II8. k h k h

imam.

m, i

(91)

aIld
X[(qx.eke)&~(k) qi+2hk) —(pg ekk)A, (k, pg

—2hk)]Ae(k, q,——,'hk), (92)

(p2 —q~ —hk fqq
—

pqy ( e ee
ONe& (pbe; y2, e)k) Uae~ Uae~ (~ (p2'ekk)

II'~k 4 h h i km. me

X [(qx ekk)A (k, qy+ —'hk) —(py eke)h. ,(k, y ——'hk)]Ae(k, p2+ —'hk) . (93)

The leading terms in Eqs. (86) and (87) are the normal bremsstrahlung contributions to the kinetic equations.
These terms agree with the results of Osborn and Klevans. The remaining terms are rather unusual because of the
absence of a delta function conserving the unperturbed energies. '4" These terms are similar to terms in Eqs. (59)
and (60). They are equivalent to the bremsstrahlung terms obtained by Mangeney. 4 Another interesting aspect of
these terms is that they vanish when the particles are in equilibrium (independent of the nature of the photon
distribution). It has been suggested that these terms are present because the particles in the system are always
interacting and never completely isolated. ""Briefly stated, the source of these terms is the appearance of factors
of the form (x—a—ie) '(x—b —ie) . The imaginary part of this quantity is given by

orb($ —$)P(x—b) i+nb(x —b)P(x —6) i

One of the delta functions will conserve unperturbed energies, and the other will not.

V. DOUBLE EMISSION-ABSORPTION

Ke will next briefly discuss the contributions that arise from the correlation function

krak (k,k',y)=(j (K,p)bkkb k k) (K=k' —k).
This function contains information about two-photon processes.
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The exact equation of motion for this quantity is given in the Appendix. With the use of the truncation procedure
and the assumptions of isotropy of the correlation functions, we obtain

z

(8/Bt+i(K p/m )+icoI.+i(u„.)k),g, "(k,k', y) ——6 (K,y)P V.p(K)k), ). t'(k, k', q)
AQ Pq

2—idgg. egg eg~ ), Lgg (k,k', p)+2i Q dgj, ~e),g ek g (1+ngg+ng g )g~p(K)p, q), (94)
P, e

Lgy (k,k', p) =Q, Lngg~g ), G,+(K,p) —(1+ng),)(1+n g g )G .. (K,p)]
The asymptotic solution (making the Bogoliubov assumption) is then given by

(95)

kqq. (k,k', p)=2e~q a~ q. (K.y/m +~&+co& —ie) ' —d~I, Lqq (k,k', p)+P d~~ t'(1+n~q+n», )g p(K, p, q)
P, q

Lyyl~(k, k', q)+6 (K p))ItQh(K (oI,+rag.)] 'P V p(K)—
pe -K'q/mp+Mg+Ng~ —ie v, p'

ding'(1+n~)+ng ~ )gp, (K,q,p')-

K ' q/ms+ M y+ %pi —z6
(96)

Considerable simplification results because the delta function 8(&oq+coq +K p/ms) is always zero.
Even more simplification results if co&+co&+K p/ms is approximated by a»+co&. The contributions of k».

to the kinetic equations are then given by
[an„/at]~. .=O

Sdgg d„.s(e, ), eg ), )'
P q .(y)/at]g. , (1+ngg+ng~y~) Img~p(K, p+ 2 AK, q),

p, q ~,e x,z ((g~+(g„,)

where we have made use of the identities

and
Img, s(K,p,q) = —Img, p(—K, p, q)

g t(K,p,q)= —Img (Kqy).
Similar techniques to those used in the last section can be applied to obtain higher order effects such as the self-

energy and the double bremsstrahlung contributions. Clearly, the double bremsstrahlung contribution is obtained
by considering the correlation function

(j.p(K —1, p+-,'kl; 1, q)bggb g.g ).
In this case, photon self-energy corrections will arise from the erst two terms on the right-hand side of Eq.

(A2). The correlation functions in these terms are E sq( —k', k, p, p') and E pq(k, —k', p, p').

VI. ELECTROMAGNETIC CORRECTIONS TO THE TWO-PARTICLE CORRELATION FUNCTION

In the earlier calculation (Sec. II) of the contribution of g p, all effects of the transverse field were ignored. In
this section we will consider the correction terms arising from the presence of the particle-photon interaction. If
the truncation procedure is applied to Eq. (8), the equation of motion for g s becomes

8 (y~ p2)- i—+ik
I

—
I g-t ——~-(k,yi)E V-.(k)g s(k,y,y2)+—~t (k,y2)Z Vs.(k)g-.(k,y~, y)

Bt km, mp) AQ v n hQ v, p

+«.a(pi. eu) ~.(k,yi) Lg~'(k, p2)+gP*(—k, p2)]—«p~(y2. e~~) ~p(k, y2) Lp (—k, yi)+go*(k, yi)]
—t~.(k,yi) Z en. «—~,),L&),v'(1) 1—k, y2)+4),' (—1, k—1, p2)+»v'(1, 1—k) p2)+»v'( —4 k—1, y2)]

+imp(k, p,) P e)~. «~, g [k~g"(—1, k—1, pg)+k, )...*(1,1—k, pg)+kg), . (—1, k—1, pg)+k), g"*(1,1—k, y&)]

z=—2 V-~(k) LG-i+(k, y~)G~" (k,p2) —G-i (k,y~)G~.~+(k,y2)] (98)
AQ tt1.~&
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Let us begin by considering the contribution of the correlation functions gi, . It follows from Eq. (71) that

gi,s(k,ps)+gi, ~*(—k, ps) =Q, cpsps. egxtes
—'[Gp,+(k,p,)+Gp, (k,ps)]

+Q c sq ' skits [gs,(—k, ps, tI)+gs„*(k,ps, q)], (Ã)
y, q

where u&s —k p/m has been approximated by ops. There is a similar expression for gz (—k, pi)+gz"*(k, pi). Clearly,
the contributions of these terms to g s will have the form (pi e~i,)(ps a~i)F s, where F s is independent of the
angles pi ex~/pi and ps as~/ps. Therefore, g s can be written as

gaS=gaS +gaS ~ (100)

where gas (k,pi, ps) is the part of g s contributed by the gi, terms. (This separation can be made only for an iso-
tropic system. ) The equation of motion for g s is given by

[k (pi/m. —ps/mp) —ie]g p'(k, yi, p&)+(2/res)c spi e&q& (k,pi)p c &q eqqg ss(k, q, ys)

—(2/ois)cpsps esp&p(k, ps)p c„sq e&ig ~s(k, p&,q)

= —(2/&s)c acps(pt say)(ps ss)) Q [Ga„+(k)yt)Gp. , (k,ps) —Ga„(k,pt)Gp„+(k, ps)]. (101)

The above equation has precisely the same structure as the equation for g s that results from Eq. (35). Its solu-
tion can be obtained by similar methods.

If the result is then substituted into Eq. (74) we obtain

d~-(pt) ' 4~c cp(pi. ski)(ps a~i, )
[G.„+(k, pi+-,'Ak)Gp„-(k, ps ——,'hk)

M' s,s», & «, 8~ m ms(teI, '+2oisbs(1~ pi/m +h'k'/2m ))
—G „—(k, yi+-,'hk)Gp„+(k, ps ——,'hk)]8[8 (pi)+Ep(ys) —Ea(pi+hk) —Ep(ps —hk)]. (102)

The presence of the self-energy factor 8s in the denominators is due to the screening terms in Eq. (101). If
these terms are neglected, the answer is changed only by 5& being replaced by zero. The factor oi&'+2oi&8& has
the appearance of a self-energy correction [cf., Eq. (77)], except that the expression would seem to be missing
a term 8&'. In fact, the factor cv&'+2~&8& is the proper expression [i.e., the self-energy correction is actually given
by (~s'+2~&5&)'I' —co&], and the earlier results obtained in Eqs. (65) and ('77) are approximations corresponding
to the first two terms of the expansion of (o&s'+2or&lk)'I'. ss This should also apply to the results obtained by
Michel. "The difference of 8A,

' is very small. Therefore, the preceding discussion is relevant only to the theoretical
interpretation.

Equation (103) is the quantum-mechanical version of the classical I"okker-Planck equation obtained by Simon
and by Aamodt, Eldridge, and Rostoker. ' This term in the kinetic equations arises from the magnetic forces be-
tween moving charges. From a more quantum-mechanical point of view, it is due to the potential arising from the
exchange of virtual quasiphotons by the particles. This point of view allows us to obtain this term, including the
self-energy correction, by a "Golden Rule" or "guessing" method similar to that used by Wyld and Pines to
obtain Eq. (42).'4

It is much more difficult to treat the corrections to g p that are due to the correlation functions hqq. and k~q. .
In this case we do not have the convenient symmetry that existed for gz . If g p' is split into the sum of a large part
which expresses the correlations arising from direct Coulomb interactions and a small part g p which contains
the effects of h~q and k~~, and if all screening terms are neglected we obtain

g s (k,pi, ps)=[k (pi/m —ps/sip) —ie] g 4dsi dsjseii «—xi
lM, '

(1+ni+ei s)
X LG-.+(k pi)Gs" (k,ps) —G-. (k,pi)Gp. '(k,ps)]

t g-a
~s(k,ps)Ii, i,.-(—1) k-l, p, ) ~a(k, p,)Ii,, s(-l, k—1, y,)+ —,(103)

k pt/m„+toi —a~i s—is k ps/mp+tei —hei s+ie
23 The approximations made in obtaining Eqs. (65) and (77) involved our neglecting terms proportional to k&,&,

a and g&p (—Ir, p).
The neglect of these terms is equivalent to the neglect of the admixture of b &~t vrith bp), in the higher random-phase approximation
method for obtaining dispersion relations (Ref. 16). This approximation results in linear instead of quadratic dispersion relations.

~ H. W. Wyld and D. Pines, Phys. Rev. 127, 1851 (1962).
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where the following approximate expressions have been used for kq), and hqq "..
kgb, . (k,k', p)= —2dgg. egg eg y (coi,+coi, ) 'I-gg. (k,k',y), (104)

hip~ (k, k'&p) =2A, i egi, eg i, Igg"(k, k', y)

Mi~ Mi K' p/Sl~+M
(105)

The quantities I.zz. ~ and Izz. are defined in Eqs. (95) and (55).
The quantity g p

'
gives the correlations which arise from the scattering of a single photon by two particles and

by the exchange of two virtual photons. In this case, the expression depends on the photon distribution e».

VII. SUMMARY

A method is presented for deriving kinetic equations for a homogeneous, isotropic, multicomponent system of
charged particles coupled to the electromagnetic 6eld. A hierarchy of equations is introduced by use of the equa-
tions of motion for the Wigner distribution operators and quasiphoton creation and annihilation operators. The
basic quantities in this method are certain correlation functions that are related to the physical processes of
particle-particle scattering, particle-photon scattering, and single and double emission-absorption of photons by
the particles. The contributions of these various correlation functions to the kinetic equations are obtained by
use of the Bogoliubov method for the truncation of the hierarchy and the subsequent introduction of irreversibility.

The kinetic equations that are obtained contain the results of Osborn and Klevans' and Dreicer. 7' In addition,
terms are obtained that reQect the correlations between the particles. These correlation effects include screening,
photon self-energies, and other many-body sects. Corrections to the two-particle correlation function are ob-
tained that correspond to interactions between the particles mediated by the photons.
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APPENDIX

The exact equation of motion for & pz(k, k', p,p') is

La/ai —i(k+k'). y/m. +i(k' p'/mp)+i~~]& pi, (k,k', y,p')

=i p c»q szz(f p( —k—k', p, k', p') f&(k,q))—i p

g'2dw~si„ajar(f

s(—k—k', y, k', y')f', (k—l, q)(bi, +b &,t))
7% &v

p, y.p(]) t (f.,( k—k' —I, p+-', h]; k'+I, p' —-,'hl)b, „)—(f.p(—k—k' —I, y——,'hl; k'+I, p'+-,'hl)bkg)]
AQ

ib——P c i(1+k+k') e&,L(g~p( —k—k' —I, p+2hl, k', p')(bi +b—i.t)4i)
2 l, v

+(f.s(—k—k' —I, y ——,'hl, k', p')(bi, +b i,t)b.i,)7
ih——g cpt(l —k') ei,t(j.p( —k—k', p, k' I; y'+-,'h—l)(bi,+b i,t)4i, )

1,v

+ (f",p( —k—k', p, k' —I; p' ——',hl)(bi, +b i.t)bye)]

i P c ip—ei,[(f p(—k—k' —I, p+-,'hl; k', p')(bi. +b i,t)bay) —(f' p( —k—k' —I, p ——,'hl; k', p')(bi, +b i,t)bgi, )]
1,v

—i g cpip' ei.L(j~p( —k—k', p;k' —l, y'+-,'hl)(bi, +b i, t)bing) —(f~p( —k—k', p;k' —l, y' ——,'hl)(bi, +b i„&)bgi)]
1,v

+ '
Q Q d ~ „.„.L(f (I'—I—k—k', y+-,'h(1—I'); k', p')(b „+b,t)(b;+b, t)b )
v, v' l, l'

—(j p(1'—I—k—k', p ——,'h(1—I'); k', y')(bi. +b i„t)(b i„+bi., t)b„i)]

+i Q Q dii i'ei„ei.„.t (j p(—k—k', p; k'+I' —I, p'+-,' h(l —I'))(bi,+b i„t)(b i'+bi;t) bj,y)
v, v' 1,1'

—(f-s(—k—k' p' k'+I' —I p' —lh(1—I'))(b.+b- ')(b- "+b "')bw)]
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Z

+—Q P V,(1)L(f" p, (—k—k' —I, p+-,'hl; k', y'; I, q) b,g)—(f p, (—k—k' —I, p —-,'hl; k', p', I, q)b„),))
ItQ &,a 1

2

+—P g Vp„(1)$(j p, (—k—k', p;k' —I, y'+-,'hl;I, q)b&q) —(f p, (—k—k', y;k' —I, y' ——,'hl; I, q)b&q)). (AI)
hQ V. g 1

The exact equation of motion for kqq (k,k', p) is

$8/Bt+i(K y/m +(op+(og'))h), ), (k,k', y)

=iZ Lc p' ~ (f.(K,y)f (k,p')b- ~)+ct p' " (f (K,p)f (—k' p)b ))
P,p'

—2i Q Q (d(g'e„. eg)(f.(K,p) fp(k —I, p')(b, p+b, pt)b g.g )+d(g 'e„e,.),.(f.(K,y) fp(1—k', p)bye(b, „t+b g,)))
P,p' 1,v

—2i Q hc„iK. eg, L(f.(K—I, p+-,'hl)(bi+0 ip )bg)b g), )+(f.(K—I, y ——',hl)(bi„+b g. )bj)b g ), ))
1,v

+i P c ~p ei„L(j~(K—I, y+-', hl)(b|„+b i, )b~qb 1, q)—(g (K—I, p —-', hl)(bi„+b i„)bkqb k q ))
1,v

i Q P dl(. —eip ep„Dj.{K+I'—I) y+-,'h(1—I'))(bi„+b i,t)(b i p+bp:t)b~)b, .g.)
1,1' v, v'

—(f {K+I'—I, y ——',h(1—I'))(bi,+b g, t) (b i, +by; t) bg) b g ), ))
z=—Q Q V p(1)L(f.p(K—I, y+-', hlil, y')bggb gg) —(j' p(K—I, y ——,'hl;I, y')bg)b gg)).

AQ P.p'
(A2)


