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Possible Species of Ferroelectrics
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A ferroelectric crystal can be considered as a (slight) modi6cation of a certain nonferroelectric ideal
crystal which is referred to as the "prototype" of the ferroelectric crystal; in crystallographical symmetry,
the prototype should be higher than the ferroelectric crystal and equal to the paraelectric phase if possible.
With the aid of the preceding studies and by introducing a new postulate on the free energy, which is ex-
pected to be generally valid, it is shown theoretically that there are, in all, 55 possible species of ferro-
electrics as distinguished according to the point group of the prototype and the total number and orientation
of the equivalent unique ferroelectric directions. This theory demands, as a revision of conclusions in pre-
vious studies, that 28 (FPT222(2)A2, FPTngor2(1)Dm, and others) of the 83 species of ferro-paraelectric
phase transitions must be impossible, and that three (i1-I, i1-II, and im) of the 25 kiwis of ferroelectrics
must be impossible. These theoretical predictions do not conRict with existing observational facts. By the
way, the concept of "minor species" is introduced. Some species are able, and sometimes need, to be divided
into two or more minor species from a crystallographical point of view. If one minor species is counted as one
species, there turn out to be, in all, 67 possible species of ferroelectrics.

1. INTRODUCTION

CRYSTAL which can become ferroelectric, for a
most general case, assumes one paraelectric and

several different ferroelectric phases in different regions
of temperature. It is possible and convenient for such
a crystal to imagine a certain ideal crystal —the
"prototype" of that crystal —such that each phase may
be considered as a (slight) modification of it. In crystal-
lographical symmetry, the prototype should be higher
than any of the ferroelectric phases, and equal to the
paraelectric phase. (The concept of prototype holds
good even for ferroelectric crystals which have no
paraelectric phase transformation. )

Consider, for example, barium titanate, BaTi03.
The well-known four phases —one paraelectric and
three ferroelectric —of this crystal can be imagined to
be derivatives from a common prototype whose unit
cell is cubic and has barium atoms at its apices, oxygen
atoms exactly at its face centers, and a titanium atom
exactly at its body center.

Previously' we made a study of the transition of
paraelectric crystals to ferroelectric phases, and found
that there are, in all, 83 possible species of ferroelectric
phase transitions as distinguished according to the
point group of the paraelectric crystal and the total
number and orientation of the equivalent unique
ferroelectric directions. We assigned' new symbols to
these 83 species. (In Ref. 2 we used the term "kinds"
in place of "species." This must be revised. The term
"kinds" is to be used in another sense. )

This result now suggests a new method of classifying
the ferroelectrics. That is, to each of the 83 species of
ferro Paraelectrics p-hase transitions, we can make one

' K. Aizu, J. Phys. Soc. Japan 20, 959 (1965).
~ K. Aizu, Phys. Rev. 140, A590 (1965).
3 We shall often refer to a transition between a ferroelectric and

a paraelectric phase as, brieQy, a ferro-paraelectric phase tran-
sition, and to a transition between a ferroelectric and another
ferroelectric phase as, briefly, a ferro ferroelectric phase transition.
The phrases "a ferroelectric phase transition of a paraelectric

species of ferroelectrics correspond. (No ferroelectric
should be outside this concept of species. ) Thus it turns
out that there are, in all, 83 possible species of ferro-
electrics as distinguished according to the point group
of the PrototyPe (rather than the Paraefecfric Phase)
and the total number and orientation of the equivalent
unique ferroelectric directions. It is possible and con-
venient to represent each of these 83 species of ferro-
electrics by almost the same symbol as for the corre-
sponding species of ferro-paraelectric phase transition;
we need only to replace "FPT" by "F." The new
symbols are as follows:

F1(1)A1, Fm(1)Dm, F2(1)A2, F2/m(2)A1,

F2/m(1)A2, F2/m(1)D2, F222(2)A2, F222(1)D2,

Fmm2(2)A2, Fmm2(1)Dm, Fmmm(4)A1, Fmmm(2)Am,

Fmmm(1)Dm, F4(2)A4, F4(2)A4, F4(1)D4,

F4/m(4)A1, F4/m(2)A4, F4/m(1)D4, F422(4)A2,

F422(4)A4, F422(2)D2, F422(1)D4, F4mm(4)A4,

F4mm(2)Dm, F42m(4)A2, F42m(4)A4, F42m(2)Dm,

F42m(2)D2, F42m(1)D4, F4/mmm(8)A1,

F4/mmm(4)A2, F4/mmm(4)A4, F4/mmm(2)D2,

F4/mmm(1)D4, F3(3)A1, F3(1)D3, F32(3)A2,

F32(1)D3, F3m(3)Dm, F3m(6)A1, F3m(3)Am,

F3m(3)Dm, F3m(1)D3, F6(3)A6, F6(1)D6,

F6/m(6)A1, F6/m(3)A6, F6/m(1)D6, F622(6)A2,

F622(6)A6, F622(3)D2, F622(1)D6, F6mm(6)A6,

F6mm(3)Dm, F6m2(6)A2, F6m2(3)DL6, 2j,
F6m2(1)D6, F6/mmm(12)A1, F6 /mmm(6)A2,

F6/mmm(6)A6, F6/mmm(3)D2, F6/mmm(1)D6,

crystal, ""aparaelectric phase transition of a ferroelectric crystal, "
and "a ferro-paraelectric phase transition" mean the same thing,
and di6er only in respect to the direction of the investigator's eyes.
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F23(6)A2, F23(3)D2, Fm3(12)A1, Fm3(6)Am,

Fm3(4)D3, Fm3(3)Dm, F432(12)A2, F432(12)A4,

F432 (6)D2, F432(4)D3, F432(3)D4,

F43m(12)A4, F43m(6)Dm, F43m(3)D4,

Fm3m(24)A1, Fm3m(12)A2, Fm3m(12)A4,

Fm3m(6)D2, Fm3m(4)D3, Fm3m(3)D4.

Each of these symbols consists of four parts. The
first part "F"means "ferroelectric. "The second part,
such as 1, 2jm, and m3m, is the symbol for the point
group of the prototype. The third part, such as (1),
(4), and (12), shows the number of equivalent unique
ferroelectric directions. The last part pertains to the
orientation of one of the equivalent unique ferroelectric
directions. (For details see Ref. 2.) "Fmmm(2)Am, "
for example, means the species of ferroelectrics whose
prototypes belong to the point group mmm and whose
spontaneous polarization vectors are parallel to a mirror
plane of symmetry of their prototypes; two equivalent
orientations are possible for such a spontaneous polari-
zation vector. "F23(3)D2,"as another example, means
the species of ferroelectrics whose prototypes belong
to the point group 23 and whose spontaneous polari-
zation vectors are parallel to a dyad axis of symmetry
of their prototypes; three equivalent orientations are
possible for such a spontaneous polarization vector.

Previously' ' we also showed that there are, in all,
25 possible kinds of ferroelectrics as distinguished ac-
cording to their point groups and types of state tran-
sition. We represented these 25 kinds by the symbols

r1, i1-I, i1-II, rm, im, r2, i2-I, i2-II,

rmm2, imm2, r4, i4, r4mm, r6, i6, r6mm,

r3R, QR, r3mR, r3P-I, r3P-II,

i3P-I, i3P-II, r3mP-I, r3mP-II.

For general theories, it may be natural that species
or kinds which cannot be found to be impossible at one
stage of development in the theories should all be
treated as possible at that stage. As the theories pro-
gress, however, it might happen that at a higher stage
of development some of those species or kinds would
turn out to be impossible. Then these should be ex-
cluded from the general theories.

In the following sections, we introduce a new postu-
late on the free energy of the crystal which we consider
to be very reasonable. This postulate gives rise to a
new criterion for the possibility of species. We apply
this criterion to all of the 83 species to test their possi-
bility. This test for species becomes also a test for kinds.

As a result, we shall find that 28 of the 83 species
and 3 of the&25 kinds should be impossible. These theo-
retical predictions do not convict with existing ob-
servational facts. If in future, however, a ferroelectric
should be discovered which belongs to one of the 28
species or to one of the three kinds, then our present
postulate would be concluded not to be generally valid.

2. ILLUSTRATION OF THE THEORY

A. Case of Point Grouy 222

We examine, in this section, not all of the 83 species
of ferroelectrics but only several representatives. The
arguments about the other species are similar and so
wil1 be omitted. We first consider the species of ferro-
electrics whose prototypes belong to the point group
222. These species are F222(2)A2 and F222(1)D2. We
assume, for the present, that the free energy (under
zero stress) C can be expressed as a finite power series
in the components P„P„,P, of the polarization vector:

We now thus possess two different classifications for
the ferroelectrics —the concept of kinds and the concept
of species. The relationship between these two is shown
in Ref. 1. Which concept is more convenient depends
on the problem being considered. For example, in order
to determine the ferroelectric transformations of tensor
properties, the concept of kinds is more convenient, ' '
whereas to determine the orders of ferro-paraelectric
phase transitions, the concept of species is more
convenient. 2

We have hitherto been treating all of the 83 species
and all of the 25 kinds as possible in general theories of
ours, not because we have positively verified their
possibility, but only because we have not been able to
find any reason for their impossibility.

4 K. Aizu, Rev. Mod. Phys. 34, 550 (1962}.' K. Aizu, Phys. Rev. 133, A1350 (1964}.' K. Aizu, Phys. Rev. 134, AVO1 (1964).' K. Aizu, J. Phys. Soc. Japan 20, 284 (1965}.
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where C 0, 8;;, 8,;q, . . ., 8;;~~ „depend on temperature
alone. (It will later be seen that this assumption is not
essential. ) We take the rectangular coordinate axes x,
y, s parallel to the dyad axes of symmetry of the
prototype. Then, from synimetry consideration, the
nonzero coeKcients are

~11) ~22) ~38 j ~128 j

~1111)~2222) ~3383) ~2288) ~8811) ~1122 j

~11123) ~22281) ~38812)

~111111)~222222) ~388833) +111122) ~111138j

~222288) ~222211) ~338811) ~333822) ~112238.
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The components of the spontaneous polarization
vector must satisfy the simultaneous equations

BC/BP =0, BC./BPy=O, BC/BP, =O. (1)

They must furthermore satisfy the simultaneous equa-
tions which result from replacing P, P„, P, in the
left-hand sides of (1) by P,—P„,—P„—for, the two
senses opposite to each other of the spontaneous polari-
zation vector should be completely equivalent. This
latter condition, however, need not be cared about,
because the 83 species are all such that if the former
condition is satisfied, the latter condition is auto-
matically satisfied.

Calculating the left-hand sides of (1), we have

8C/&Ps = 2811Pg+68123PyPg+481111Ps

+1281122Py Ps+ 1283311Ps Ps
+20822231Py Pg+ 20833312Pg Py

+60811123PsPyPs+68111111Pg
+508222211Py Ps+308333311Ps Pg
+608111122Ps'Py'+608111133Ps'Ps'

+1808112233Py Ps Pg,

~@'/~Py 2822Py+68123PsPs+482222Py

+1282233Ps Py+ 1281122Pg Py

+20833312Pg'Ps+ 20811123Pg Pg

+60822231Py PsPs+68222222Py

+308333322Ps Py+308111122Pg Py

+608222233Py Ps +608222211Py Ps
+1808112233Pg Ps Py s

BC/BPs =28;3Pg+68123P,P„+483333P,3

+1283311P,'P,+1282233Py'P,

+20811123Pg Py+ 2082223 1Py Ps
+60833312Ps'P Py+68333333Ps'

+308111133PsPs+308222233Py Ps
+608333311PsPs +608333322Pg Py

+1808112233Ps Py Ps.

We examine species F222(2)A2. In this species, since
the spontaneous polarization vector is perpendicular to
on- say the s axis—of the dyad axes of symmetry,
Eqs. (1) become

811+281111Pg+681122Py +38111111Ps
+308111122PsPy +158222211Py

822+681122Pg +282222Py +158111122Ps (2)
+308222211Pg Py +38222222P, '= 0,

38123+10811123Pg +10822231Py =0 ~

Viewing (2), we notice that there are too many equa-
tions for the number of unknown quantities. It is,
therefore, evident that for P, and P„ to be able to
satisfy these three equations simultaneously, one
special relation must hold among the coefficients 8 in
the range of temperature where the relevant ferro-

electric phase appears. We cannot, however, find any
natural reason why such a special relation must hold.
Here, therefore, we explicitly postulate that such a
special relation does not hold. ' According to this
postulate, there shouM be no solution to the simul-
taneous Eqs. (2). This leads to the conclusion that the
species F222(2)A2 should be impossible.

In the above argument, , we have assumed that C can
be expressed as a 6nite power series in P'„P„,P,. This
assumption is, however, dispensable, as will become
evident below. For brevity let us use the letters "x, y, s"
instead of "P„P„,P,." In order to show that C is a
function of x, y, s, let us write "C (x,y, s)." Since the
prototype belongs to the point group 222, the identities

C (x,y,s) =C (x, —y, —s) =C (—x, y, —s)

hold. These are all independent relations of symmetry
that C (x,y,s) must sa.tisfy. DiGerentiating (3) with
respect to x, y, s, we get the identities

C, (x,y,s)=C, (x, —y, —s)= —C (—x, y, —z),
C„(x,y,s) = —C „(x, —y, —s) =C„(—x, y, —s),
C, (x,y,s)= —C, (x, —y, —s)= —C, (—x, y, —s).

In species F222(2)A2, the x and y components of the
spontaneous polarization vector must satisfy the simul-
taneous equations

C, (x,y,O) =0, C„(x,y,O) =0, C, (x,y,0) =0. (5)

It is noticed that there are too many equations for the
number of unknown quantities.

In general, when there are too many equations for
the number of unknown quantities, we Inust discern
whether there are esseltially or only apparerltly too
many equations. The latter case occurs when one or
two of the equations should hold for any values of the
unknown quantities, as is required from symmetry.

For F222(2)A2, we cannot find any natural cause
for the number of equations becoming two in essence.
The relations (4) only serve to inform us that if the
set (x,y) is a solution to the simultaneous Eqs. (5), the
sets (x, —y) and (—x, y) are also solutions to (5). For
F222(2)A2, thus, it is considered that, in (5), the
number of equations is essentially larger than the
number of unknown quantities.

Here, we postulate generally that in a set of simul-
taneous equations like (5), when the number of equa-
tions is essentially larger than the number of unknown
quantities, there exists no solution which continues in
a range of temperature. (The solution must not be such
that some of the unknown quantities are identically
zero. For, if the solution is such, it should correspond
to another species. )

8 Although no natural reason can be discovered why such a
special relation must hold, on the other hand, neither can a decisive
reason be found why such a special relation must not hold in any
case. It is just for this sake that we "postulate. "
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According to this postulate, (5) should have no
appropriate solution for F222(2)A2. It is therefore
considered that F222(2)A2 is impossible.

In species F222(1)D2, since the spontaneous polari-
zation vector is parallel to one—say the z axis—of the
dyad axes of symmetry, its z component must satisfy
the simultaneous equations

4, (0,0,z) =0, 4 „(0,0,«) =0, C, (0,0,«) =0 . (6)

In (6), while the number of unknown quantities is one,
the number of equations is three. This inequality is,
however, only apparent, because it is evident from (4)
that the first and second equalities in (6) hold for any
value of z. Therefore, (6) may have a (nonzero) solu-
tion. F222(1)D2 cannot thus be concluded to be im-
possible; it should be treated as possible.

B. Cases of Point Groups m, 2, and 2/m

For a second example, we consider the species whose
prototype belongs to the point group m. This species
is Fm(1)Dm. We take the z axis perpendicular to the
mirror plane of symmetry of the prototype. The
identity

Therefore, we have the identities

4.(*,y, z)= —4.(—*, —y, z),
4„(x,y, z)= —4„(—x, —y, z),
4, (x,y, z)=4, (—x, —y, z).

(10)

4 (x,y, z) =4 (x, y, —z) =4 (—x, —y, z)

hold. Therefore, we have the identities

The x and y components of the spontaneous polarization
vector must satisfy the simultaneous Eqs. (5). The
relations (10) only tell us that if the set (x,y) is a
solution to (5), the set (—x, —y) is also a solution to
(5). It is evident that in (5), the number of equations
is essentially larger than the number of unknown
quantities. Hence, according to the postulate, F2(1)A2
must be impossible. This result is also very important
to us. It leads to the conclusion that the kind i1-II must
be impossible, because the primitive phase transition
of the ferroelectrics of this kind is just FPT2(1)A2."

We examine the species whose prototype belongs to
the point group 2/m. These species are F2/m(2)A1,
F2/m(1)A2, and F2/m(1)D2. We take the z axis
parallel to the dyad axis of symmetry. The identities

4 (x,y, z) =4 (x, y, —z) (7)

holds. This is the only relation of symmetry that
4(x,y, z) must satisfy. Differentiating (7) with respect
to x, y, z, we get the identities

4.(x,y,z)=4.(x, y, —«),

4„(x,y,z)=4„(x, y, —z),
4, (x,y, z)= —4, (x, y, —z).

The z component of the spontaneous polarization
vector must satisfy the simultaneous Eqs. (6). The
relations (8) only tell us that if z is a solution to (6),—z is also a solution to (6). It is evident that in (6),
while there is one unknown quantity, there are essen-
tially three equations. Hence, according to the postu-
late, Fm(1)Dm must be impossible.

This result is very important to us. We have hitherto
been treating the kind ij.-I as possible; this may be
natural so long as its impossibility cannot be verified.
Now, however, we 6nd ii-I to be impossible, as follows.
The primitive phase transition of the ferroelectrics of
kind i1-I is nothing but FPTm(1)Drw ' ' FPTm(1)Dm
is, however, impossible because Fm(1)Dm is impossible.
Hence the primitive phase transition for the kind i1-I
is impossible. This means that the kind i1-I is
impossible.

For a third example, we consider the species whose
prototype belongs to the point group 2. This species is
F2(1)A2. We take the z axis parallel to the dyad axis of
symmetry. The relation of symmetry of 4 (x,y,z) is

4'(x,y, z)=4(—x, —y, z).

C, (x,y, z) =4 (x, y, —z)= —4, (—x, —y, z),
C„(x,y,z)=4„(x,y, —z)= —4„(—x, —y, z), (12)

4, (x,y,z)= —4, (x, y, —z)=4, (—x, —y, z).

In F2/m(1)D2, the z component of the spontaneous
polarization vector must satisfy the simultaneous Eqs.
(6). It is evident from (12) that the first and second
equalities in (6) hold for any value of z. Hence the
number of equations in (6) is, in essence, one. Therefore
we cannot conclude that F2/m(1)D2 is impossible; we
shouM treat this species as possible. Incidentally, it is
seen that the kind r2 is also not shown to be impossible;
the primitive phase transition of the ferroelectrics of
this kind belongs to FPT2/m(1)D2. ' '

In F2/m(1)A2, the x and y components of the spon-
taneous polarization vector must satisfy the simul-
taneous Eqs. (5). It is evident from (12) that the third
equality in (5) holds for any values of x and y. Hence
the number of equations in (5) is, in essence, two.
Therefore, F2/m(1)A2 is not shown to be impossible.
Incidentally, the kind rm is also not shown to be irn-

possible; the primitive phase transition of the ferro-
electrics of this kind belongs to FPT2/nz(1)A2. ' '

In F2/m(2)A1, the x, y, and z components of the
spontaneous polarization vector must satisfy the simul-
taneous equations

4, (x,y,z) =0, 4„(x,y, z) =0, 4,(x,y, z) =0. (13)

The number of equations is equal to the number of
unknown quantities. Therefore, F2/m(2)A1 is not
shown to be impossible.
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4 (x,y, z) =4 (—x, y, z) =4 (x, —y, z),

and hence that

4,(x,y,z) = —4, (—x, y, z) =4,(*, —y, z),

C„(x,y,z)=4„(—x, y, z)= —4„(x, —y, z),
4, (x,y,z)=C, (—x, y, z)=4, (x, —y, z).

(15)

In Fmn2(1)Dm, the x component of the spontaneous
polarization vector must satisfy the simultaneous
equations

C. Case of Point Group mm2

The species whose prototype belongs to the point
group mm2 are Fmm2(2)A2 and Fmm2(1)Dm. We take
the s axis parallel to the dyad axis of sylnmetry, and
the x axis perpendicular to one of the mirror planes of
symmetry. It holds that

equations (6). Since, from the relations (18),

4 (0,0,z) =-',4,(0, 0, —z)+-,'v34„(0, 0, —z),

4„(O,o,z) = —,'v3'4, (0, 0, —z)+-,'4„(O, 0, —z),
4,(0, 0, —z) =-,'4. (0,0,z)+-,'434„(0,0,z),
4„(0,0, —z) = ——',V34 (0,0,z)+-',4„(0,0,z),

it is evident that the first and second equalities in (6)
hold for any value of z. Therefore, F3(1)D3 is not
shown to be impossible. Incidentally, the kinds r3R
and r3P-I are also not shown to be impossible; the
primitive phase transition of the ferroelectrics of kind
r3R or r3P Ibelong-s to FPT3(1)D3 ' '

In F3(3)A1, the components of the spontaneous
polarization vector must satisfy the simultaneous Eqs.
(13). The number of equations is equal to the number
of unknown quantities. Therefore, F3(3)A1 is not
shown to be impossible.

4,(x,0,0)=0, 4„(x,0,0)=0, 4, (x,0,0)=0. (16)

From the relations (15), it follows that the second
equality in (16) should hold for any value of x, but not
that the erst or third equality should hold for any value
of x. Hence the number of equations is, in essence, two.
Therefore, Fmm2(1)Dm must be impossible. From this
result we also see that the kind im should be impossible,
since the primitive phase transition of the ferroelectrics
of this kind belongs to FPTmm2(1)Dm. ' '

In Fmm2(2)A2, the x and y components of the
spontaneous polarization vector must satisfy the
simultaneous Eqs. (5). The number of equations is not
diminished by the relations (15), and hence is essentially
three. Therefore, Fmm2(2)A2 must be impossible. This
result is also evident from the fact' that Fmm2(2)A2
should belong to the kind ij.-II which has been found
to be impossible.

D. Case of Point Group 3

The species whose prototype belongs to the point
group 3 are F3(3)A1 and F3(1)D3.We take the z axis
parallel to the inversion triad axis of symmetry. It
may be seen that

3. CONCLUSION

Those of the 83 species of ferroelectrics which have
not appeared in Sec. 2 can be examined in a similar
manner. We omit the arguments about them. As a
final result, it is found that only 55 of the 83 species
survive under the application of the present criterion.
These 55 species should all be treated as possible, as
long as they cannot be proved to be impossible. We
show the symbols for the 55 possible species in Table I.

It is noted from the table that no prototypes of
ferroelectrics belong to a polar point group, ' and that a
ferroelectric derived from a noncentrosymmetric proto-
type is necessarily of "D type,

" i.e., such that the
orientation of the spontaneous polarization vector is
crystallographically definite.

It is possible, and sometimes necessary, for some
species to be clearly divided into two or more minor
species" from a crystallographical point of view. In
the species Fmmm(2)Am, for example, the three mirror
planes of symmetry are not equivalent to one another.
Therefore this species can be divided into three minor
species according to which of these mirror planes of
symmetry the spontaneous polarization vector is
parallel to. If necessary, we shall represent these minor
species by the symbols

4 (x,y, z) =4 (-,'x—-',V3y, -,'v3x+-', y, —z),

and hence that

(17) Fmmm(2)Am„Fmmm(2)Amb, Fmmm(2)Am„

or the symbols

4, (x,y,z) = -,'4. (-;x—-', 43y, -,'V3x+-;y, —z)

+—'v34 „(-'x—-,'v3y, —,'&3x+-,'y, —z),
4„(x,y,z) = ——',434, (-,'x——,'v3y, -', V3x+-,'y, —z)

+-',4„(-,'x—-',v3y, —,'&3x+-', y, —z),
4.(x,y,z) = —4, (-,'x ——,'v3y, -', %3x+-,'y, —z).

In F3(1)D3, the z component of the spontaneous
polarization vector must satisfy the simultaneous

Fmmm(2)Am&, Fmmm (2)Am2, Fmmm(2) Am 3

(The subscripts "u, b, c" mean the crystallographic
principal axes. ) In the species F422(2)D2, as another
example, the four dyad axes of symmetry are not all

9 This should not be considered as a foregone conclusion. It is
to be disputed whether or not a spontaneous polarization can
emerge (at a transition temperature) in a direction perpendicular
to the unique polar axis of a paraelectric crystal which belongs to
a polar point group.
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TABLE I. The 55 possible species of ferroelectrics and the
number of minor species for each of them.

equivalent, but only each two that are perpendicular
are equivalent. Therefore this species can be divided

System of
the prototype

Triclinic

Mono clinic

Orthorhombic

Tetragonal

Trigonal

Hexagonal

Cubic

Species

Fi(1)A1
F2/m(2) A1
F2/m (1)A2
F2/m (1)D2

F222 (1)D2

Fmmm (4)A1
Fmmm(2)Am
Fmmm(1) Dm

F4(1)D4
F4/m (4)A1
F4/m (2)A4
F4/m (1)D4

F422 (2)D2
F422 (1)D4

F42m (2)D2
F42m (1)D4

F4/mmm (8)A1
F4/ mm(4)A2
F4/mmm (4) A4
F4/mmm (2)D2
F4/mmm (1)D4

F3(3)A1
F3(1)D3
F32(1)D3

F3m(6)A1
F3m(3)Am
F3m(3)Dm
F3m(1)D3

F6(1)D6
F6/m(6) A1
F6/m (3)A6
F6/m (1)D6
I'622 (3)D2
F622 (1)D6

F6m2 (1)D6

F6/mmm (12)A1
F6/mmm (6)A2

F6/mmm (6)A6
F6/mmm (3)D2
F6/mmm (1)D6

F23 (3)D2

Fm3 (12)A1
Fm3 (6)Am

Fm3(4)D3
Fm3(3)Dm

F432 (6)D2
F432 (4)D3
F432 (3)D4

F43m(3) D4

Fm3m (24)A1
Fm3m (12)A2
Fm3m (12)A4
Fm3m (6)D2
Fm3m(4)D3
Fm3m(3) D4

Number of
minor species

into two minor species according to which dyad axis
of symmetry the spontaneous polarization vector is
parallel to. If necessary, we shall represent these minor
species by the symbols

F422 (2)D2„F422(2)D2„,

or the symbols

F422(2)D2g, F422(2)D2, .
(The subscript "d" means "diagonal. ") In Table I we
show the number of minor species for the species dis-
tinguishable into two or more minor species. It is noted
that if one minor species is counted as one species,
there are, in all, 67 possible species of ferroelectrics.

A test of the possibility of species becomes also a test
of the possibility of kinds. The present test indicates
that the three kinds,

ii-I, ii-II) im,

are impossible. (See Sec. 2.) The other 22 kinds,

rI, rm, r2, i2-I, i2-II, rmm2, imm2,

r4, i4, r4mm, r6, i6, r6mm,

r3I', i3R, r3mE, r3P-I, r3P-II,

i3P-I, i3P-II, r3mE'-I, r3mP-II,

have not been found to be impossible; these should be
treated as possible.

Previously' we determined theoretically the orders
of the ferro-paraelectric phase transitions, and found
that 50 of the 83 speci'es of ferro-paraelectric phase
transitions must be of first order, and that the other
33 species can be either of first order or of second
order. Now, however, we know that the 83 species are
not all possible, " and hence we must restate the con-
clusion as follows: 23 of the 55 species of ferro-para-
electric phase transitions must be of first order, and the
other 32 species can be either of erst order or of second
order. If represented not by the symbols for ferro
paraelectric phase transitions but by the symbols for
ferroelectrics, the 23 species are

F2/m(2)A1, Fmmm(4)A1, Fmmm(2)Am, F4/m(4)A1,

F4/mmm(8)A1, F4/mmm(4)A2, F4/mmm(4)A4,

F3(3)A1, F3m(6)A1, F3m(3)Am, F6/m(6)A1,

F6/mmm (12)A1, F6/mmm (6)A2, F6/mmm (6)A6,

F23 (3)D2, Fm3(12)A1, Fm3(6)Am, F432(6)D2,

F43m(3)D4, Fm3m(24)A1, Fm3m(12)A2,

Fm3m(12)A4, Fm3m(6)D2.

"If a species of ferroelectrics is impossible, the corresponding
species of ferro-paraelectric phase transitions is also impossible.
Therefore, only 55 of the 83 species of ferro-paraelectric phase
transitions are, henceforth, to be treated as possible.
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It is convenient to refer to a ferroelectric as being
prirrtitine or corlpiesc according to whether the number
of equivalent unique ferroelectric directions of its
species is 1 or larger. We note as a theorem" that the
paraelectric phase transition of every primitive ferro-
electric can be of either first or second order. (We
shall in the future discuss the relationship between the
concepts of primitiveness and complexity for ferro
electrics and those for ferro parae-lectric phase trartsitiorts. )

A crystal which can become ferroelectric, in the most

general case, assumes several different ferroelectric
phases in different regions of temperature. It is pre-
sumed that in most cases—but not all—the prototypes
of such ferroelectric phases are one and the same. (It
may also be possible that one crystal has two or more
different prototypes in different regions of temperature. )
In future when a systematic investigation is made into
ferro-ferroelectric phase transitions, the concepts of
prototypes and species (and minor species) will play
an important role.
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Relativistic Energy Bands for Thorium, Actinium, and Lutetium*
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The electronic energy bands have been calculated for Lu, Th, and Ac using the relativistic augmented-
plane-wave method. The importance of the relativistic effects in the rare earths is typi6ed by the results for
Lu which show that the details of the Fermi surface will be altered considerably by these effects. As indicated
by the bands for Th and Ac, the relativistic eBects will be even more striking for the actinide series.

E have calculated the electronic energy bands
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in Lu, Th, and Ac, with particular reference to
relativistic eGects. There is currently considerable
interest in the electronic structures of both the lan-
thanides and the actinides, and it is apparent from our
results that it is essential to consider such relativistic
effects in the interpretation of any experimental results.
We have studied Lu because it is the heaviest of the
lanthanides and has approximately the same electronic
structure as Gd, Tb, Dy, Ho, Er, and Tm. Hence, the
discussion for Lu shouM be applicable to all of the
heavier 4f rare earths, with the exception of Yb which
has a diferent crystal structure. Th and Ac were studied
because they are not complicated by the presence of a
slightly filled 5f band which would require very careful
consideration of the self-consistency of the crystal
potential. Thus, attention can be concentrated on the
rather striking relativistic sects manifested in these
heavy elements.

The energy bands were computed using the relativistic
augmented-plane-wave (APW) method' which has
already been successfully applied to tungsten' and lead. '
The potential was constructed from the relativistic
atomic self-consistent-Geld calculations of Liberman,
Waber and Cromer. 4 The importance of treating the
atomic calculation relativistically has been discussed

*Work was performed in the Ames Laboratory of the U. S.
Atomic Energy Commission. Contribution No. 1840.' T. L. Loucks, Phys. Rev. 139, A1333 (1965).' T. L. Loucks, Phys. Rev. Letters 14, 693 (1965).' T. L. Loucks, Phys. Rev. Letters 14, 1072 (1965).

4 D. Liberman, J. T. Waber, and Don T. Cromer, Phys. Rev.
137, A27 (1965).

by these authors and by others. Exchange was treated
in the Slater p'~' approximation, ' both in the atomic
calculations and in the construction of the muon-tin

LUTETIUM

FIG. 1. Nonrelativistic (upper) and relativistic (lower) energy
bands for lutetium. The dashed lines give the approximate
Fermi energy.

' R. G. Boyd, A. C. Larson, and J. T. Waber, Phys. Rev. 129,
1629 (1963).' J. C. Slater, Phys. Rev. 81, 385 (1951).


