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B. N. GANGULY, U. N. UPADHYAYA, AND K. P. SINHA

NationaL Chemical Laboratory, Poona, India
(Received 15 November 1965; revised manuscript received 17 January 1966)

A new theoretical mechanism of the observed increase in transition temperature T, in some superconduc-
tors containing magnetic-element inpurities in low concentration (e.g. Fe in Ti etc.) has been suggested. In
the concentration region of interest, these systems do not show the existence of any net localized magnetic
moment. In the proposed mechanism, we have invoked indirect Coulomb and exchange-type interactions
involving BCS pairs and impurity electron pairs in the singlet states interacting through empty impurity
states. The resulting interaction between BCS pairs is attractive. The theoretical expression for T„inclusive
of the present (attractive) and earlier (repulsive) interactions, gives the right dependence as observed ex-
perimentally. The estimated strength of the interaction parameter J turns out to be of the order of 0.5 eV.
Such mechanisms seem to be important for systems containing impurities which provide empty orbital
states as visualized above.

I. INTRODUCTION
' 'N recent years there has been a considerable amount
~ - of experimental and theoretical work on the varia-
tion of the transition temperature T, of superconductors
with the concentration of magnetic-element impurities.
Matthias and his co-workers' have reported that the
magnetic impurities usually lower the transition tem-
perature in that the conduction-electron —magnetic-ion
interaction in general prevents the antiparallel spin
correlation in the superconducting state. However, in
certain systems namely solid solutions of Ti with Fe,
Co, Cr, Mn, Ru, etc. and Zr with Co, Rh, Ir, etc. ,
where no net localized magnetic moment has been ob-
served experimentally, T, is increased in the low-
concentration regions. '4 Further, Matthias et al. ' have
clearly demonstrated experimentally that the observed
increase in T, in the systems noted above is not due to
increase in the number of valency electrons only. Thus
it appears that the conduction-electron —impurity-ion
interaction may be responsible for the observed increase
lnT.

Earlier theoretical attempts" although very suc-
cessful in explaining the decrease in T, and other super-
conducting properties have not been able to provide a
satisfactory explanation for the observed increase in T,.
Other notable contributions are those of Akhiezer and
Akhiezer, ' and Vonsovskii and Svirskii. ' However, the
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latter authors differ from the former ones in that they
consider the localized impurity-electron spins to be
uncoupled rather than ferro- or antiferro-magnetically
coupled as considered by the Akhiezers. 7 Furthermore,
Vonsovskii and Svirskii have considered a generalized
exchange model by taking into account the changes of
the multiplicity of the impurity d or f shells induced by
the conduction electrons and they obtained an attrac-
tive interaction between the triplet Cooper pairs only.
However, there is no experimental support for the exis-
tence of triplet Cooper pairs in superconductors. ' So
far, to the authors' knowledge, no theory has been ad-
vanced to explain the increase in T,.

In this paper, as an attempt to explain the increase of
T„we suggest an indirect mechanism which takes into
account the fact that in the systems of present interest,
there exists no net localized magnetic moment. The
interaction is envisaged through the Coulomb and ex-
change type interactions between the conduction elec-
trons and impurity electrons via unoccupired local-
ized impurity states. In particular, we consider the
interactions which also take into account the changes
in the multiplicity of the impurity d shell induced by
the conduction electrons because of the exchange type
interaction.

In Sec. II, we consider the Hamiltonian containing
the usual one-electron terms and the appropriate two-
particle conduction-electron —impurity-electron inter-
action terms. The resulting interaction between the
Bardeen, Cooper and Schrieffer (BCS)"pairs over and
above the usual BCS-type interaction" is obtained by
making use of a suitable canonical transformation
which eliminates two-particle conduction-electron-
impurity-electron interaction terms in the first order.
In Sec. III, following the BCS" formalism, an explicit
expression for the increase in T, as a power series in
impurity concentration is derived arising from the
interaction envisaged in Sec. II. The anal expression for
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the change in transition temperature as a function of
impurity concentration incorporates two types of pos-
sible interactions, namely, the indirect interaction of
Sec. II and the purely orbital scattering of conduction
electrons by impurity potentials as done by Suhl and
Matthias. ' In Sec. III, the above results are applied to
a typical system (viz. Fe in Ti) and a fairly good agree-
rnent is obtained with the experimentally observed de-

pendence of T, on impurity concentration. Finally, the
interaction mechanism considered in Sec. II is dis-
cussed in relation to similar mechanisms already shown

to be important in case of polarization of the d band
in transition metals, of the f band in metals close to or
in the rare-earth series, of spin waves etc." where

H= Ho+H;. t, , (2.1)

II. INTERACTION HAMILTONIAN

We consider the superconductors containing the mag-
netic-element impurities as a system of conduction elec-
trons interacting with the localized impurity electrons
via generalized Coulomb and exchange type interac-
tions. The impurities, for simplicity, are assumed to
consist of two localized electrons in the singlet state. In
the present section, the effect of their contributions to
the increase in the density of conduction electrons and
the change in the periodic crystal field is not considered.
Thus, the Hamiltonian for the system can be written in

the occupation-number representation as

Hp=g ez Ci tCs.+Q Ei;,Ci;.tCi;„
lier

(2.2)

and

H;. =.V- Z P(();u
~
V„~V)C,,.tc...C, .C,.+..)—((),~

~
V„tui,)c.„..tc„.,c,,.tc,.+...)7,

kk'
lshs

V»—=Z(~'!r .),
m, n

(2.4)

where r,= ( ~
r r,

~ )—with r, r, standing for the positions of the impurity and conduction electrons, respectively.
In Eq. (2.1), Hs describes the Hamiltonian of the unperturbed system containing the noninteraction Bloch elec-
trons in the conduction band with energy ej, in the state

~
iro) and the impurity electrons at the site i with energy

&h in the state
~
1,,).C, C are the creation and annihilation operators for the electrons in the state

~
n). The first

and second terms in Eq. (2.3), respectively, represent the Coulomb and exchange type interactions. In the Coulomb
interaction the Bloch electron gets scattered from the state

~

ko.) to
~

k'o). On the other hand in the exchange proc-
ess it is scattered to

t
k'o') because of the two-body interaction Vis. Simultaneously, for the Coulomb or exchange

processes the impurity electron makes a transition from the ground state
~
l,o.) to excited state

~

X;o.) or
~

X;o.'), re-

spectively. Summing over the spin states 0., 0-', lI;„& can be written as

Hi~&, =Ã ' Q L(Urg "(CirttChtCgttCst+Ci, ;itCi iCi, gtCig+Ci, ;gtCi iCi,.ttCst+Ci, ;ttCi tCj, itCii)

where

—~si'"' (ci,'t'chtck t'cst+ci, 'i'ci'i' ~'csi+ciit'ci'ic~ ~tc~t+c~'i'chtc~ t'ci~)}+cc 7, (2 5)

and

Ui, i,
"'"'=(),k'

j Vis
~
/, k),

Vsi;i'"'=—(X;k'( Vis(ir/;).

(2.6)

(2.7)

Let us consider the following unitary transformation which eliminates the H;„„term in Eq. (2.1) in the first order
and yields in the second order the effective electron-electron coupling for conduction electrons because of the virtual
excitation and de-excitation of the impurity electrons:

—e—iski 8

=H+s jH, 57+-,'s'[[H, S],S7+ . . (2.8)

The matrix S in the above expression is to be determined from the following condition:

H;„,ysLH„S7=0. (2.9)

"S.V. Vonsovskii and Yu. A. Izyumov, Usp. Fiz. Nauk. 78, 3 (1962) LEnglish transl. : Soviet Phys. —Uspekhi 5, 723 (1963)g.
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The Eq. (2.9) then gives us the expression for S as

i(U . xgkr V .xikr)

S= Q (C)„t~Ci,iCk t tCkt+CkiitChiCk itCki)
kk'limni tkr '—fk+5kiii

gU . haik'

+ (Ck;i tCiiiCk t tCkt+Ckit tCi;iCk i tCki)
Ekr 6k+DXili

(C)„ttCi;iCk itCkt+Ck;i'Ci;iCk ttCki) +c.c. . (2.10)
&kr &k+~iih

The symbols Ak;&,o'" and Ak, & in Eq. (2.10) denote the excitation energies of the impurity electrons where the
superscripts "ex"and "Cou"designate the excitation in which there is spin-Qip or no spin-Qip, respectively of the im-
purity electrons. Substituting Eq. (2.10) in (2.8), one obtains the transformed Hamiltonian as,

&r=&0+% ir

=&o+2e 2 L(I Ui'(Ik —k'I) —vi"(Ik—k'I) I'+ IUi"(Ik—k'I) I'—
I vi"(I&—&'I) I')

kk'lX

&&~ki""/((" —")'—(~~i'")')—
I
vi"(Ik—k'I) I'~ki'*/((" —~k)' —(~ki-)')Ã~ i'c-. i'c vicki, (2.11)

where )=Nr/N, the impurity concentration. In writing
Eq. (2.11)we have considered only those scattering pro-
cesses which affect the correlation between the BCS
pairs without taking cognizance of the renormalization
of ek and E~ owing to these and other scattering pro-
cesses. Further, as we are interested in very low-
impurity-concentration regions, the impurities can be
assumed to be randomly distributed and therefore only
the average e6ect of impurities is considered. Abrikosov
and Gorkov' have already shown that such averaging
amounts to taking into account only those processes
in which the conduction electrons are excited and de-
excited by the localized electrons at the same impurity
site. Thus, we have assumed that all the impurity-
dependent parameters, namely, Az, &;

'" ', U&;k"'k' and

Vk&,.~&k' can be taken as the same for all the impurity
sites and accordingly the site index i is dropped in Eq.
(2.11). Furthermore, we have also made use of the
following approximations'.

U„»'= U,~(l I —k'I), (2.12)

v, ,k'= v,i(II —k'I). (2.13)

I.et us examine Eq. (2.11) in some detail. First, only
those conduction-electron transitions are important for
superconductivity which fulfil the condition"

I
ek —~k

I

& h~D((~&& '", ~»'" where co& is the Debye frequency.
Second, it is assumed that the parameters Ui~(l k—k'I)
and Vii(l k—k'I) can be replaced by constant-average
matrix elements:

v—= (v, '(I I —k'I)), , (2.14)

U=(Uii(lk —k'I)). . (2.15)

Third, it is obvious from Eqs. (2.6) and (2.7) that
U~k"k'))Vk~~k' as the former depends on the overlap
of two localized orbitals IX) and ll) at the same im-

purity site and the overlap of two Bloch states Ik)
and Ik'), whereas the latter depends on the overlap of
states I&) and lk)»d lk') and. Il). Finally, as Ai, 'x
and ~» '" di8er only by the intra-atomic exchange
integral between the localized orbitals IX) and I&)
which is small compared to the difference in the orbital
energy (Ek Ei), we can ta—ke Dii '" ski'"= Aii. Under
these approximations Eq. (2.11) reduces to the follow-
ing simple form,

where

A'Z—Ckt'C ~i'C iiCi,t,
kk'

(2.16)

I+ = (2/~. i)(l U- VI '+
I Ul '-2

I
v

I )
—=2 [JI

'/hi&, a positive-definite quantity. (2.17)

In writing Eq. (2.16), for simplicity, we have considered
only the lowest non-degenerate excited localized orbital,
as its contribution will be the most important com-
pared. to the other higher states. It is evident from Eq.
(2.17) that the indirect interaction involving localized
impurity states envisaged here gives an additional
attractive interaction between the BCS pairs. In the
following section, an expression for the resulting change
in T, due to the types of interactions discussed in Sec. I
is obtained and the results are compared with the ex-
perimental data for some specific systems.

III. CALCULATION OF T, AND COMPARISON
WITH EXPERIMENT

In what follows, we derive the expression for the
change in T, in solid solutions under consideration
owing to the additional attractive interaction between
3CS pairs. This is over and above the usual phonon-
induced pair interaction considered by 8CS.The method
of derivation is parallel to theirs. Thus we take the
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FzG. i. Superconducting transition temperature of Fe solid
solution in Ti. The solid curve is a plot of theoretical values. y, o
respectively represent experimental points for ~ and p phases of
Ti-Fe solid:, solutions.

V.ff—= Vp) +PW. (3.2)

As we are interested in the solid solutions of magnetic
element impurities in the low-concentration region only,
Eq. (3.1) can be expanded in powers of $. Thus, keeping
up to second-order term in $, Eq. (3.1) becomes

where
ST,(»= a, ~+b,P,

gT (z)=T T (0)

(3.3)

(3 4)

T, and T,~') being the transition temperature of the
impure and pure systems, respectively. The parameters
az and bz in (3.3) are defined as follows:

(3.5)
Vph 1.14 Ig~

tW o (hT.«)
-+»/ I (3.6)

E Vph E1.14(ho)) ~ 2 E1.14(ha&)l

expression for T, as

&T =1 14h(o expL —1/A(0) V.ffj (3.1)

where V,g~ in the present case is the sum of the strengths
of the phonon-induced attractive interaction Vph and
the impurity induced indirect interaction considered
here, namely,

It can be easily seen that the parameters az and bz are
positive-definite quantities as

~
in(kT, «)/1. 14(hzo))

~
)1

for all superconductors. Similarly, the change in the
transition temperature AT, ("), owing to the scattering
processes by impurity potential investigated by Suhl
and Matthias as a function of nonmagnetic impurity
concentration, can be obtained by considering the
power-series expansion of Eq. (38) of their paper. ' The
resulting equation is given as

~Tu""/Tu"' = —zzzz~ —hzk' (3.7)

where the parameters azz and bzz in the present case
are expressed as

4zf)'zV(0)
t oo(Pure)

in]
'

(h(d) 5 (h(o)

8rr'[N(0)]', (Pure) (Pure))ln- 1+ln
L(h(o)j' (h(o) (h(d)

&zz=—

~zz

(3.8)

(3.9)

In the above oo (Pure) is the energy-gap parameter" for
the pure system and m is the interaction parameter of
Eq. (30) of Suhl and Matthias.

The net change in the transition temperature (AT,),
after taking into account both types of scattering pro-
cesses discussed above, can be obtained by combining
Eqs. (3.3) and (3.7). Thus, one obtains for DT„

gT /T (o) (gT (z)yhT (zz))/T (o)

=( — *)~+(f —& )~'
A(+ 8$', — (3.10)

I.et us now consider the experimental results for the
systems noted earlier in Sec. I. All the systems show
essentially the same behavior, "i.e., up to 2 to 3 at. 'Po

addition of magnetic element impurities one 6nds a
sharp increase in T,. T, however decreases with the
further addition of impurities and increases again
after passing through a minimum value. It has been
clearly demonstrated by Matthias et al. ' that the latter
increase occurs in a diGerent phase of the solid solution
than the former one; specifically the host matrix under-
goes a phase transition u(hcp) ~P(bcc). Thus, we
assume in the following numerical estimate that
impurity-dependent parameters A and 8 will have dif-
ferent values in the two phases. Following Eq. (3.10)
a typical plot of T. versus t is given in Fig. 1 for a solid
solution of Fe in Ti for both n and P phases. For the
numerical estimates, the following order-of-magnitude
values were taken for the parameters (hzo), 1V(0) and
Vph from the literature' "":

(hzo) 0.02 eV

zV(0) 0.2 states eV ' atom '

Vph 0.4 eV
"Ch. J. Raub and G. %.Hull, Jr., Phys. Rev. 133, A932 (1964).
'3 D. Pines, Phys. Rev. 109, 280 (1958).' F. J. Morin and J. P. Maita, Phys. Rev. 129, 1115 (1963).
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The parameter m has been estimated with the help of
Eq. (38) of Suhl and Matthias' and the experimental
results' for these systems in which their mechanism
seems to be the dominant one. It is found to be of the
order of 0.2 eV. The parameter Aq~, V and U are very
difficult to estimate from first principles. To the authors'
knowledge all such theoretical studies have so far
been, at best, qualitative. Experimental work also can-
not unambiguously furnish us with a precise value of
the parameters involved. We shall, therefore, attempt
order-of-magnitude estimates. Physically, 6&& is the
difference in energy between nonmagnetic and magnetic
states of the impurity electrons. The present theoretical
situation has recently been reviewed by Mott" and one
finds that A~~ in transition metals can have any value
between 1 to 10 eV as suggested by different authors.
In our estimates, we have assumed 0 q~ to be of the order
of 1 eV. The parameter J is estimated from one point
of the experimental graph for each phase which gives
the best fit. This turns out to be of the order of 0.5 eV
which is quite reasonable. This can be seen from the
following arguments. The parameter J involves hybrid-
Coulomb and exchange integrals. Ordinary intra-atomic
Coulomb integrals are of the order of 10 eV or more. For
hybrid Coulomb integrals of the type considered here,
this is expected to be reduced by a factor of 10. If
further, we take correction for screening by about
30% to 40'P~, we shall arrive at the figure of about 0.5
eV. for the parameter J. Calculations of such integrals
in the context of magnetic interactions do show similar

magnitudes '6 '~

IV. CONCLUDING REMARKS

In the foregoing sections we have attempted to ex-

plain the observed increase in T, in certain super-
conductors containing magnetic element impurities
in low concentrations. The theory developed here, in

essence, takes into account the Coulomb and exchange-

type interactions between the conduction electrons and
the impurity electrons in the singlet states; such type
of interactions can be described as generalized Coulomb

and exchange processes which involve localized im-

purity states. These have been shown elsewhere to be
very important for explaining the electronic properties
of dilute alloys and pure systems. "The other types of
s-d interactions" which are not included in the present
investigation are s-d mixing and (k,k'

~
Vis

~

k",/),
(l, /~ Vis~&, k). Their contribution to the BCS-pair cor-
relation will come only in the fourth order and there-
fore they are not expected to be important. Bailyn has
already considered (k,k'~ V»~ k",l) and it seems that it
is completely screened out.

'~ N. F. Mott, Advan. Phys. 13, 325 (1964).
' S. Koide, K. P. Sinha, and Y. Tanabe, Progr. Theoret. Phys.

(Kyoto) 22, 647 (1959).
'7 K. P. Sinha and U. N. Upadhyaya, Indian J. Pure Appl.

Phys. 2, 1 (1964)."M. Bailyn, Phys. Rev. 157, A1914 (1965).

where

Gkk'""=—() )
~
e'/mls~ kk'). (4.2)

Making use of a canonical transformation similar to
that in Sec. II, we get the effective electron-electron
interaction emanating from. this process in the second
order. We get,

H;„t& &(transformed) = ——
4 );,I,I

-(G „,x,x)&G„xx

(4.3)

The integral G~, k
"" is similar to the s-d exchange in

metal and alloys; the only difference is that we are
dealing with empty impurity states above the Fermi
surface. Ignoring the k dependence of such integrals, s'

we can see that such interaction processes Lcf. Eq.
(4.3)g will be attractive for ek) ek. A detailed considera-
tion of such processes will be given in a later publication.

The mechanisms discussed above may have wider
validity and can be extended to metals and their
alloys which are nonmagnetic or contain antiferro-
magnetically coupled impurity atoms and provide
localized states of the type visualized above.

r9 G. M. Eliashberg, Zh. Ekspernn. i Teor. Fiz. 58, 966 (1959)
LEnglish transl. : Soviet Phys. —JETP ll, 696 (1960)7.

~ M. H. Cohen, Rev. Mod. Phys. 36, 243 (1964)."P. W. Anderson, Phys. Rev. 124, 41 (1961).
~ K. Yosida, Phys. Rev. 106, 893 (1957).

Further, we have obtained in second order the im-

purity induced correlation between electrons of a BCS
pair by making use of the conventional canonical trans-
formation. Although the unitary transformation em-

ployed in Sec. II is adequate for all practical purposes
particularly for obtaining the BCS-pair interaction, the
Eliashberg transformation" is superior in that, it is not
restricted to the weak-coupling limit of BCS and it takes
into account the renormalization of energies and the
damping of excitations.

Finally, the calculated variation of T, with the im-

purity concentration owing to the interaction considered
here for Fe in Ti is compared with the experimental
data. The theory seems to give a good account of the
general behavior of T. with impurity concentration
for the systems of present interest. The tentative esti-
mates for the various impurity-dependent parameters
are of the right order of magnitude. The relative position
of the localized states with respect to the Fermi surface
which is of central importance may be determined from
crystal-field or other considerations. "" Such im-

purity orbital states above the Fermi surface will give
rise to another process involving virtual BCS-pair
transition to these states. The two-body interaction will

be of the form

H;„i'&= Q (Gkk. 'CkttCkitCktCk i+c.c.), (4.1)


