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Theory of Parametric Oscillator Threshold with Single-Mode Optical
Masers and Observation of Amplification in LiNbOs
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Bell Telephone Laborcrories, MNrrcy Hill, Sew Jersey
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Theoretical and experimental results are given on cw parametric ampliGcation and oscillation. Theoretical
calculations incorporating Gaussian-mode theory into parametric-ampliGer theory indicate that continuous
parametric oscillation in LiNb03 using a gas-laser pump source should be achievable with tens of milliwatts
of pump power. The requirements for achieving simultaneous resonance of signal and idler frequencies under
phase-matched conditions for parametric oscillators are discussed. The effects of varying crystal tempera-
ture, electric Geld, and pump frequency to satisfy these requirements are included. The experiments in-
volved the measurement of difference-frequency power at 0.9299 p (10 754 cm ') produced in LiNbOs by
mixing a signal at 1.1526 p (8676 cm ') from the He-Ne laser with a pump at 0.5147 p (19430 cm ') from an
argon ion laser. The LiNb03 crystal was adjusted in temperature so as to obtain phase matching normal
to its optic axis, thus avoiding the deleterious effects of double refraction. The observed ampliGcation was
found to be in agreement with theory. Experimental results are given demonstrating low-loss resonators for
the signal and idler frequencies, the loss being approximately 1% per pass. Data showing the dependence
of optical path length in an optical resonator on temperature and electric Geld are given. The variation of the
phase-matching condition with electric Geld is demonstrated in a second-harmonic-generation experiment.

1. INTRODUCTION

1
~)PTICAL-parametric theory, ' including the Gauss-

ian transverse distribution' of single-mode laser
beams is extended. From this theory with optimized
parameters and the results of experiments on an optical-
parametric amplifier and measurements of the Q of
optical resonators, it is predicted that cw oscillation
should be possible using gas-laser pump sources and
I.iNb03 as the nonlinear material. ' %e estimate that a
confocal resonator having a loss per pass of 1%,
fabricated from single-domain' ' I.iXb03 should oscillate
with a pump power of the order of 10 mW from the
0.5147-p, argon-ion laser in a single longitudinal and
transverse mode. In previous work on parametric
amplifiers' and oscillators' ' ' "the power necessary to
achieve observable gain or oscillation was large com-
pared with power available continuously.

Parametric theory is cast in the same form as the
theory of second-harmonic generation for Gaussian-
mode beams as described previously" "and in papers

' J. A. Armstrong, N. Bloembergen, J. Ducuing, and P. S.
Pershan, Phys. Rev. 127, 1918 (1962).'R. H. Kingston and A. L. McWhorter, Proc. IREE 53, 4
(1965). These authors have also dealt with this problem using a
different approcb.

3 G. D. Boyd, R. C. Miller, K. Nassau, W. L. Bond, and A.
Savage, Appl. Phys. Letters 5, 234 (1964).

4 K. Nassau, H. J.Levinstein, and G. M. Loiacono, Appl. Phys.
Letters 6, 228 (1965).

'K. Nassau and H. J. Levinstein, Appl. Phys. Letters 7, 69
(1965).' C. C. Wang and G. W. Racette, Appl. Phys. Letters 6, 169
(1965).' R. H. Kingston, Proc. IRE 50, 472 (1962).

N. M. Kroll, Phys. Rev. 127, 1207 (1962).' S. A. Akhmanov and R. V. Khokholv, Zh. Eksperim. i Teor.
Fiz. 43, 351 (1963) LEnglish transL: Soviet Phys. —JETP 16, 252
(1963)1.' J. A. Giordmaine and R. C. Miller, Phys. Rev. Letters 14,
973 (1965)."A. Ashkin, G. D. Boyd, and J.M. Dziedzic, Phys. Rev. Letters
11, 14 (1963).

submitted"'4 for publication. The effects of double
refraction, "diffraction, "and mode coupling in resona-
tors are included. The theory gives results for the gain
per pass through the nonlinear medium for the case of a
single-pass amplifier and also inside the resonant cavity
of an oscillator. The difference between these gains
makes it clear that pump sources that result in single-
pass amplihers with very small gain can still result in
parametric oscillation.

The measurements on a single-pass amplifier and the

Q of an optical resonator containing LiNhOs provide
simple experimental checks on some of the elements of
the theory used in making the threshold prediction
and are thus useful preliminaries to the more complex
cw-oscillator experiments.

Simultaneous resonance of the signal and idler
frequencies is required if parametric oscillation is to be
achieved. This requires some means of varying the
optical path length of the resonator such as detached
mirrors or, if one assumes that the signal-idler re-
Aectors are attached to the crystal, temperature"
and electric field. ' ""Experimental results are given of
the transverse electric field and temperature change
required to produce a change in the optical path length
of one-half wavelength along the resonator axis. The
effect on simultaneous resonance of sweeping the pump
frequency is also discussed.

The simultaneous resonance of the pump as well as
that of the signal and idler is not discussed in this

1~ G. D. Boyd, A. Ashkin, J. M. Dziedzic, and D. A. Kleinman,
Phys. Rev. 137, A1305 (1965)."D. A. Kleinman, A. Ashkin, and G. D. Boyd, Phys. Rev.
145, 338 (1966).' A. Ashkin, G. D. Boyd, and J.M. Dziedzic, IEEEJ.Quantum
Electron. (to be published).

1~ R. C. Miller, G. D. Boyd, and A. Savage, Appl. Phys. Letters
6, 77 (1965)."G. E. Peterson, A. A. Ballman, P. V. Lenzo, and P. M.
Bridenbaugh, Appl. Phys. Letters 5, 62 (1964}.
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paper. One problem encountered when considering
resonance of the pump" is that of matching the laser
pump source into the external resonator, unless the
nonlinear crystal is placed within the laser, which in-
volves other difficulties. Another, which is also met in
second-harmonic double resonance, ' is to obtain the
proper spatial relation between the resonance of the
polarization wave and the electromagnetic wave it
radiates. At worst this can result in no amplification
because of the opposite eGect of waves traveling in both
directions.

2. THEORY

2.1. Single-Pass Parametric Amyli6er

Consider a parametric amplifier in which a pump
wave of power I'3 and a signal wave of power I'~ are
incident on a jLiNbO3 crystal of length / in the X crystal
direction (a axis). Operation normal to the optic axis
is selected here since the effects of double refraction"
are absent in this case. The calculation is made in the
near field where diQraction is negligible. Diffraction
will be included approximately later in the discussion of
parametric threshold. The calculation follows the
theory of BADE." In this method the transverse
variation of the Geld is taken into account by summing
the radiation from each incremental volume of polariza-
tion over the Gaussian-beam cross section.

When the signal and idler beams travel approxi-
mately in the X crystal direction normal to the crystal
optic axis Z, the nonlinear polarizations at frequencies
coi and co2 are related to the components of electric held

along the X,V,Z crystal axis at frequencies or&,co&,or3

by
(Pir'= 2disEsr'Esr', tPsr'= 2dhsEir'Esz', (2.1)

where d~5 is the appropriate term of the nonlinear
tensor previously defined' and eis=e~i+eis. The super-
scripts o and e stand for ordinary and extraordinary
and indicate the direction of the electric field and
polarization vectors relative to the crystal axis. In
(2.1) (P and E represent Fourier amplitudes following
Kleinman's definition. ' "Thus, the nonlinear polariza-
tion in (2.1) is not an instantaneous polarization. This
can be a confusing point since some authors define
the nonlinear coe%cient in terms of the instantaneous
(time-dependent) polarization as will be mentioned
later.

We shall assume throughout this paper that a11 three
frequency beams are collinear and phase matched, i.e.,
ks ——ki+ks. Furthermore define an x,y,s beam co-
ordinate system with the s axis the direction of propaga-
tion (i.e., s=X) with y= F and x= —Z. In the experi-
mental section we shall allow s to make an angle
8&90' with the Z crystal axis so as to adjust for phase
match at 8=0 . It is assumed that 0 =90' in all the

''7 D. A. Kleinman, Phys. Rev. 126, 1977 t'1962).
"D.A. Kleinman, Phys. Rev. 128, 1761 (1962l.

theoretical treatment; experimentally it is always very
close to 90'.

The radial variation in the transverse electric Beld
of a Gaussian beam in the near Geld of the TEMpp
mode is represented by"

E;(r,s) =E;s(s)c "'"", i =1,2,3, (2.2)

kiPEi(r, s)/&sf = 2s-(equi'/c') (Pir'(r), (2.4)

ksLflEs(r, s)/Bsj=27r(e&s'/c')(Psr'(r). (2.5)

The above may be conveniently written in terms of a
gain parameter g(r) as follows

rlEi(r s)/res g(r) (&in2/&2ni) E2(r s)

BEs(r,s)/Bs =g(r) (~esni/coins) '"Ei(r,s),
where

(2 6)

(2.7)

g(r) = (coicog/nins)'t'(27r/c)(2dis)Es(r) . (2.8)

From (2.1) one can see that the effect of mixing two
Gaussian beams of radii m~ and m3 is to produce a
polarization distribution of radius m2 where

1/ws' ——1/wi'+ 1/ws' (2.9)

and likewise if we mix beams of radii m2 and x3 we
produce a polarization distribution of radius w~, where

1/w '= 1/wss+1/w ' (2.10)

The solutions of (2.6) and (2.7) satisfying the bound-
ary conditions of no idler electric Geld at a=0 in the
region 0&s&l and in the small-gain approximation are

Ei(r, s) =Ei(r,0)coshgs =Ei(r,O) L1+is(gs) 'j,
t'nisi )'" ni 1+y)'"

Es(r,s) =
~ ~

Ei(r,O)sinhgs=
knsMi)

(2.11)

XEi(r,o)Lgs), (2.12)

where the idler field Es(r, s) is in the mode characterized
by the beam radius w&. Ei(r,s) is the sum of two modes of
radius G)y aIld 8)y.

"G. D. Boyd and J. P. Gordon, Bell System Tech. J. 40, 489
(1961);G. D. Boyd and H. Kogelnik, ibid. 41, 1347 (1962).

where zv; is the beam radius at frequency co;. In treating
a three-dimensional problem the polarizations and
electric fields of (2.1) are allowed to be functions of r
and s where r'=x'+y' Th.e signal, idler and pump
frequencies may be defined in terms of the degenerate
frequency cop as

~i=nip(1 —y) ) ~s=~o(1+y) ) ebs ——2&so. (2.3)

When the pump has the proper phase relative to the
signal and idler (i.e., when the signal and idler are
simultaneously maximum the pump leads by 90') then
it is straightforward to show from Maxwell's equations
with a polarization source term that the spatial rates
of change of the amplitudes of the electric fields in
unrationalized esu are
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To 6nd the power as a function of s in this parametric
amplification process one must substitute the radial
variations of Gaussian beams and integrate over the
transverse coordinates. In (2.8) the gain per unit length
is proportional to the pump electric field and is given by

where
g
—

g
— /

g, '= 1~(1—q') (P,/2w, '),
1282r20102(2d18) '

K=
RyS2S3C

(2.13)

(2.14)

(2.15)

2.2. Parametric Oscillator Threshold

Consider a parametric oscillator in which signal and
idler are simultaneously resonant and the pump is
assumed to make a single pass with no depletion. After
many traversals of the resonator the e+" solution for
signal and idler dominates over coshgs and sinhgs. We
shall calculate the gain per pass assuming steady-state
oscillation and then equate this gain to the loss so as to
obtain the pump power threshold for parametric
oscillation. Assume that the signal and idler resonator
eigenfunctions have radii m~ and m2 which cannot, for
6nite w8, be equal to w1 and w2 as delned by (2.10)
and (2.9). An expansion of the w2 mode in terms of w2

eigenfunctions of the type (2.2) leads to a coupling
coefFicient" between the lowest order modes which
relates the electric fields on the axis by

'N2E2p =Cpa WIE20 ~ (2.19)
where

and the pump power in unrationalized esu is given by

P8 (288c/1——6)E802W82 (2.16)

which is independent of s since we neglect pump
depletion.

After integrating over the beam radius the resultant
signal and idler powers at a= l are given by

P8P1(0) )2

P1(l)—P1(0)=E (1—y2), (2.17)
2 W1 +W8

P8P1(0) )2

P2(l) =E (1+y)' . (2.18)
2 W1 +W8

Equation (2.18) will be compared with experiment in
Sec. 3.1.

B@1(r)/Bs g0(M1282/012181) E20c
(2.21)

BE2(r)/»= g0(012281/001282) E10c

where w1 and W2 are given by (2.10) and (2.9).Since we
are considering only the situation of small gain, E&0 and
820 within the signal and idler resonator are approxi-
mately independent of s.

Only the fraction of the increment idler electric
Geld BE2(r)/Bs coupled into the TEM00 mode with
radius m2 is useful. This coupling factor is most usefully
thought of as the coef6cient resulting from an expansion
of the polarization distribution of (2.4) and (2.5) in
terms of the complete set of modes characterized by m&

and m». Only the polarization in the TEMop mode is
useful since the higher order modes have different phase
velocities and thus will not be simultaneously resonant
with the TEMOO mode except in the very special cir-
cumstance of an exact confocal resonator. Applying the
coupling coefficient from (2.19) to (2.21) gives the
incremental increase in the signal and idler electric fields
in the TEM00 resonator mode.

BE1(r)/Bs= gOC00 (Wl/W1) (011S2/%2281) E208
, (2.22)

BE2(r)/Bz=g0c00 (W2/W2)(002281/011282) E10c
—"'"'

~

c00' in (2.22) are for frequencies F1 and 012, respectively.
The incremental power gain in the idler mode can

be computed in the approximation of small gain as

BP2 n2c " BE2(r)
2E2(r) 22rr dr,

Bs 8x p Bs
(2.23)

where it is assumed that the bulk crystal loss is small
enough to be combined with the mirror losses. From
(2.2), (2.22), and (2.23) one obtains for the idler, and
likewise the signal mode, the relations

where

BP2/Bs = (EP1P2P8)'~2(1+y) M,
BP1/Bs = (EP1P2P8) 'i'(1 —y) M

(2.24)

beam radii W1 and w2 and are characterized by the
magnitude of the transverse-electric-field strengths Ego
and E20 at r=0. These will mix with the pump electric
field 830 in a mode of radius F3 to give increments in the
signal and idler electric fields in modes with beam radii
w1 and w2. From (2.6), (2.7), etc. the spatial rate of
growth of the signal and idler frequencies are given by

Coo =2=
w2(1+ (w2/w 2) ')

(2.20) 2VXw1w2W8W2COO

M =42 = . (2.25)
Wlw8 Wl W2 +W1 W8 +W2 W8

A similar dehnition applies for the coupling coe%cient
to the re~ mode.

In a steady-state condition of parametric oscillation
the signal and idler electric Gelds are in modes with

' H. Kogelnik, in Proceedings of the Symposium on Quasi-Optics
(Polytechnic Press, Brooklyn, 1964), Vol. 14, pp. 333—347.

M„=L2/(w12+w22)g'~2

1/w '= 1/w12+1/w22

(2.26)

(2.27)

M is seen to be symmetrical in m& and z». Maximization
of M(W8) yields
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It should be inentioned that (2.24) can be obtained
directly without use of coupling coeRicients if in (2.23)
we integrate over the 8Ep(r)/Bs electric field in the wp

mode instead of integrating over BE2(r)//Bz. This ac-
complishes the expansion directly.

The relation (2.27) between the optimum beam
radius of the pump and the radii of the signal and idler
modes has an important implication in the more general
case when diBraction is not neglected. Let e1, e2, e3 be
the refractive indices at the frequencies involved and ep
the average of e1 and e2 corresponding approximately
to the degenerate frequency. Then

smaller for small gains. Consequently oscillator thresh-
olds are achieved at pump power levels that would
yield only insignificant parametric-amplifier gains.

From (2.24) note that the increments in the signal
and idler power hP&, AP2 satisfy the well-known
Manley-Rowe condition of

AP,/DPi (1+y——)/(1 —y) =(pp/a)i. (2.36)

The parametric-oscillator-threshold condition is de-
pendent upon the resonator losses. Let e1 and e2 be the
equivalent one-way loss of the signal and idler modes

ni= np(1 —|), np ——np(1+i ) . (2.28) bPi/Pi= —pi) bPp/P2= —e2. (2.37)

(1—v)(1—t ) (1+v)(1+1)
'M1 702 'lVP bl

where
up'= b pc/npppp, wp2= bpc/np2ppp

ip'1 b lc/nlpp1 F02 bpc/n2pp2 ~

(2.30)

(2.31)

In the most practical resonator for a parametric
oscillator, signal and idler share the same reQector
surfaces and thus have the same surfaces of constant
phase and confocal parameter. Thus let

bp b] b2 (2.32)

From (2.27), (2.29), (2.30), and (2.31) one obtains

b3=bp. (2.33)

This implies that the surfaces of constant phase of the
pump signal and idler, optimized for the near field ac-
cording to (2.27), coincide in the far field as well as the
near field. Furthermore with the confocal-beam parame-
ters all the same, the three beams spread at the same
rate and the ratio of their beam radii remains constant
from the near to far field. Thus if we consider the
inclusion of diffraction eBects in the parametric-
oscillator-threshold calculation it is apparent that the
pump-size optimization given by (2.27) as obtained
for the near field is also valid in the far field.

Using (2.24) and (2.26) we compare the gain per pass
through a crystal of length / for the parametric oscillator

AP p/(PiP p)
'I = (Imp) 'i'(1+y) lv2/(wi'+w2 ) 'i (2.34)

with the single-pass-parameter amplifier gain from
(2.18)

Pp/Pi EPp(1+y) l /2(PmP+w——iP). pP(2. 35)

In (2.34) Pi——Pp in the oscillator and thus, neglecting
small factors, the gain for the amplifier is roughly the
square of that of the oscillator and therefore much

Phase matching requires that

np ——np(1+y| ) . (2.29)

In terms of the confocal parameter b1,b2 of the signal
and idler modes, respectively, one finds

Therefore in the steady-state condition of parametric
oscillation the ratio of power in the idler and signal
modes is

Pp 1+'y El

P] 1 p 62
(2.38)

To obtain the pump power threshold condition, within
the framework of our near-field assumption, we
equate the round-trip loss of the signal and idler
to the one-way power gain assuming that the pump
traverses the resonator only in one direction.

46162
P3=

&(1—v') L2l'/(~i'+~p') 3
(2.39)

using the optimum pump-beam radius given by (2.27).
For the degenerate (y=0) equal-loss (p& ——p,) situation
this is in agreement with Kingston and McWhorter. 2

Note that they define the nonlinear coefficient in terms
of the product of time-dependent fields and con-
sequently 2d» ——z"'/2. (They use pi&= &p2+cup. )

Under the conditions of (2.32) where signal and idler
share the same surfaces of constant phase one can obtain

2l' l' (1—v')(1 —2)
(2.40)

+~p ~p

Consequently (2.39) can be written

4pi pp(1+ i'y)
P3-

It (1—y') '(1—i P) (P/imp')
(2.41)

Clearly the threshold power P3 is reduced as one in-
creases the ratio lP/wpP until diffraction can no longer
be neglected. Study of second-harmonic generation
(SHG) from focused beams" shows that eRective in-
teraction occurs over roughly the confocal distance b

of the fundamental beam. For purposes of making an
estimate let l/b, = 1. Consequently

l /w, =lk, (l/b, ) m, . (2.42)

For l=1 cm this yields a value of 1/wp ——368. The
parametric-oscillator threshold is thus inversely pro-
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portional to crystal length assuming reQector losses
dominate over bulk-crystal losses.

To estimate the parametric-oscillator pump thresh-
old we must evaluate Jt from (2.15). For single-domain
LiNbO, it was found' that d~5(LiNb03) =11d~4(KDP)
and for KDP the nonlinear coefficient" dy4=2)&10 '
esu where we have allowed for the longitudinal modes
present in that experiment by reducing d&4 by V2. Thus
d~~=2.2&(10 ' esu. Assuming an argon-ion laser pump
at 0.5147 p we Gnd K= 2.7&(10 '4 esu from the known
index of refraction data for the degenerate wavelength
30=1.029 p. The lowest threshold occurs when signal
and idler are nearly degenerate as can be seen from
(2.41) when y=0. If we assume 3= 1 cm in (2.42) and
e~= &~=0.01 then I'3——11 mW. This power must be in
a single longitudinal as well as transverse mode to be
effective. We shall discuss in the next section the
reasonableness of this assumption of loss in the signal
and idler modes.
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EXTRAORDINARY
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I V. ht

II

DICH ROIC0 ER M IR ROR
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F ILTER

FOR 0 5I45P
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1.152Sp
I I t

I I
M 1.152Bp

He-Ne
ORDINARY

TEMP.
CONTROLLED. :

LI.Nb03.

RcA
7102

NARROW
BAND

FILTER
AT 0.93JM

, PARAMETRIC DIFFERENCE MIXING EXP.

FIG. 1. Schematic of a parametric-diBerence-mixing experiment.
The laser mirrors are indicated by M. The irst prism in the argon
laser selects the 0.5145-p line. The second prism following the
argon laser makes the beam round.

3. EXPERIMENTS

3.I. Amyli6er Exyeriment

A single-pass parameter-amplifier experiment was
performed in the near field in order to check the gain
expression (2.18) under conditions close to those
needed for parametric oscillation. Near-Geld operation
reduces the difficulty in superimposing the incident
pump and signal beams and makes the comparison
with (2.18) on an absolute basis more straightforward.

The experiment consisted of mixing an extraordinary
wave-pump beam at )3=0.5147 p, from an argon-ion
laser and an ordinary wave signal beam at X&= 1.1526 JM,

from a He-Ne laser in a LiNb03 crystal to generate an
ordinary wave idler at the difference frequency, where
X2=0.9299 p,. All wavelengths are quoted in vacua.
The experimental setup is shown in Fig. 1. The pump
and signal beams were in the lowest order transverse
modes. They were made collinear by a 45' dichroic
mirror and then gently focused into a temperature-
controlled" LiNb03 crystal normal to the optic axis.

L 589 C

NORMAL TO
OPTIC AXIS EXTERNAL

DIFF E
POWE
0.93@,

The crystal was placed in a Dewar to facilitate cooling.
The crystal length l=0.835 cm was small compared
to the confocal parameters ba ——kgv3'=12 cm and
b~= 1.4 cm, thus assuring near-Geld operation.

By adjusting the crystal temperature to T= —38.5'C
the dispersion and birefringence of the I.iNb03 was
varied to achieve phase matching normal to the optic
axis. This is illustrated in Fig. 2 where the variation in
phase-matching angle with crystal temperature is seen.
At T= —40.1'C the pattern of idler power is essentially
symmetrical about the normal to the optic axis (0=90')
and gives phase matching of the principal line at
0 =90~4'. At T= —38.5'C the principal phase-
matching peaks coalesce at 0 =90'. Operation normal
to the optic axis eliminates beam separation of ordinary
and extraordinary beams due to double refraction.
With P3=6.1 mW and P~=3.8 mW in the principal line
at 1.15 p, , we Gnd experimentally that I'2= 1.2&& 10
when matched at 0 =90'. For our experiment 7=0.107
and E=2.7)&10 " esu as computed in Sec. 2.2 Sub-
stituting in (2.18) the theory predicts P2 ——0.8)& 10 ' W.
The agreement is satisfactory considering that our
absolute power calibration at co2 was no better than
a factor of 2 and the difficulties of beam alignment. In
(2.17) and (2.18) we see that apart from the frequency
factor the enhancement in signal power is equal to the
generated idler power I'2 and is thus quite small com-
pared to the incident signal. For this reason no direct
measurement of this enhancement was possible.

From the above numbers or (2.35) one obtains
P2/Pq ——2.1X10 ' as the parametric-amplifier gain
whereas the parametric-oscillator gain for this pump
power given by (2.34), yields AP&/(P&P2)'I'=0. 003.
In this comparison we assumed

P/(w P+w P) =P/(w P+w22) =2120.

Thus at low-gain levels the single-pass gain in the
oscillator is sizably greater than in the amplifier for
the same pump power.

8 -900

FIG. 2. Variation of the difference-frequency signal at 0.93 p
with crystal rotation angle 0 between the optical axis and the laser
beams. At T= —38.5'C the phase-matching angle 8 =90'.
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DETECTOR

l

MIRRORS AT'
0.6328 P

0 o~-———--- —ATp, (~ = 1.36 c--------
p.$ c~

FIG. 3(a). Schematic of resonator used as a scanning inter-
ferometer. Detector measures resonator transmission from laser
source at 0.6328 p. The resonator length is varied by temperature
changes or by the application of a transverse electric field along
the crystal optic axis which is normal to the resonator axis. (b).
Transmission of crystal resonator at 0.6328 y versus temperature
for ordinary ray in X crystal direction. Crystal length /=0. 55 cm.
Data indicate a one-way loss of &=0.0174 within the resonator.
Because of frequency instabilities in the 0.6328-p laser and the low
scan rate used in this experiment, the measured & is probably too
high (see Fig. 4).

It should be mentioned that in this experiment the
pump power was in approximately a dozen longitudinal
modes. This in no way affects the idler power as cal-
culated from (2.18) since I's and Pi are assumed to be
uncorrelated and I'3 and P~ are the total power of all
the longitudinal modes at each frequency. The oscillator
of course requires the pump to be in a single mode.

More recent difference-mixing experiments have
shown that the phase-matching temperature of the
above wavelengths varies for reasons not fully under-
stood. In some crystals phase matching normal to the
optic axis has occurred as high as +80'C and in others
it has not been possible to observe phase matching even
though the crystal has been cooled to —52'C which is
the limit of our equipment. This is reQected in 0 for
SHG from the 1.1526-p laser which is found to vary
from 8 =65' to 69', respectively. The published index-
of-refraction data' indicate that 0 =67.1'. (This was
incorrectly given in Ref. 3.) If a high phase-matching
temperature proves practical, the crystal will no longer
have to be within a Dewar.

3.2. Q Measurements and Optical Path Length as
a Function of Temyerature and Electric Field

In order to demonstrate the possibility of resonators
with low loss for signal and idler modes within bulk
I iNb03, several resonators were fabriacated. The length
/ was approximately 1 cm and two curved surfaces
were of 4-cm radius of curvature upon which multiple-
layer dielectric reRectors were deposited, as illustrated
in Fig. 3(a). The resonator was used as a scanning
interferometer by varying either the temperature or
electric field transverse to the resonator axis. In either
case the optical path length e/ must be changed by
X/2 to sweep through a complete resonance of the
interferometer where A, is the free-space wavelength of

AT//s —H /l ~
'L —o)e ~ (3.3)

where i= o,e represents the ordinary and extraordinary
waves. The coefficient H' in units of 'C cm will be a
function of wavelength X and roughly proportional to A,

but not strictly so since A(nl)/AT is not independent
of A,. The data summarized in Table I represent an
average over several crystals and is probably accurate
to 20%%uo. The effect of Al on A(el) may be accounted
for with thermal expansion data" on I iNb03 to yield
a measure of Ae/AT. For the purposes of this paper it is
d (nl) though that is of interest.

Consider now the scanning of the interferometer of
Fig. 3(a) with electric field' " instead of temperature.
The electro-optic effect in LiNb03 has been discussed

Ter.z I. Temperature coefBcient H and potential coe%cient I'
to change the optical path length by X/2 where X=0.6328 p for
both an ordinary and extraordinary wave.

Ordinary
Extraordinary

B ('C cm)

0.70
0.34

Z(lV)
813=5.0 kV
I'33 ——1.77 kV

"K.. Nassau, H. J. Levinstein, and G. M. Loiacono, J. Phys.
Chem. Solids (to be published).

the exciting laser and e the index of refraction. As
viewed by a detector measuring the resonator transmis-
sion, the ratio of spacing to peak width 3 (in wave-
length units) at half-power points is given by"

(X/2)/5 =7r/e,

where e is the equivalent one-way loss including one
reQection within the resonator.

With the laser-exciting source at 0.6328 p and with
15 layers of ZnS-ThOF2 the transmission spectrum
versus temperature obtained is shown in Fig. 3(b). The
fine structure is the resolution of longitudinal modes of
the source laser. The data indicate a loss value of
e=0.017. Such low loss is not typical. Often bulk
scattering loss can be observed visually with a 0.6328-p
laser. This bulk scattering is possibly due to trapped
gas bubbles which can sometimes be observed and
other impurities. The elimination of bulk scattering
losses requires careful preparation of the crystal.

As will be discussed in Sec. 4 with regard to simulta-
neous resonance of two frequencies, it is desirable to
know the change in the optical path length 6(el)
versus temperature and electric field. Such information
is obtained from these scanning-interferometer-type
experiments. Measurements were obtained for the
change in temperature ATq~2' and d Tq~~' for the
ordinary and extraordinary wave to produce a change
in optical path length

A(wl) =Nhl+EAN =X/2. (3.2)

The temperature change ATq~2'C per half-wavelength
will be inversely proportional to the crystal length /
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by Feterson et al."(though with multidomain material)
and others. ""The change in optical path length be-
tween the reQectors is proportional to the dc electro-
optic coeKcient since we envision low scanning speeds

( 60 cps). Referring to (3.2) one can write, following
common practice,

h(el) —=the= X/2, (3.4)

where the effect of 6/ has been incorporated in the Am

as an effective change in index of refraction as a function
of electric field. There are however low-frequency
techniques which measure de in (3.2) directly and not
6(nl). These exclude the contribution of d, / and thus
give a dc electro-optic coefficient defined differently
from the one based on (3.4) which is used here.

The axis of the resonator has been chosen normal
to the crystal optic axis to avoid the limitations of
double refraction as discussed earlier. To scan the
signal-idler resonator with an electric field it is ob-
viously most practical to apply an electric field trans-
verse to the resonator axis. If the resonator axis is in the
direction of the X crystal axis (a axis) one can show"
that the change in ordinary and extraordinary effective
index of refractions are

A(e') = ['—(e') '/2$(rssRr+r»Ez),
a(~ )=[—(~ )'/2)r„Z„ (3.5)

where E& and Ez are low frequency electric fields in the
I' and Z crystal directions. Likewise if the resonator
axis is in the direction of the I crystal axis

a(ri') =[—(e')'/2]( —rssEr+raA'z),
(3.6)

d, (B')=[—(B') /2jrssZz.

If one wishes to make use of the r22 coeKcient it is
clearly more desirable for practical reasons to choose the
situation of (3.5) where the resonator axis is in the X
direction and thus Ey is a transverse electric field
instead of along the resonator axis as in (3.6). A further
motivation for having the resonator axis in the X direc-
tion is that we have found such an orientation to
polish better than the I' direction.

Several workers" ""have made measurements of
the dc electro-optic and primary electro-optic coef-
ficients of LiNb03. Turner" has observed that the
primary electro-optic (high-frequency) coefficient r»
is more than three times that of r22. Furthermore E~
will cause a very small rotation of the index ellipsoid.
If the resonator is excited with an ordinary wave this
causes some conversion to an extraordinary wave and
thus a loss from the ordinary wave mode. Calculations
show that this rotation loss is negligible compared with
0.1% per pass which is probably the best that we can
achieve in the resonator due to bulk loss and mirror
loss.

"P. P. Lenzo, E. G. Spencer, and K. Nassau J. Opt. Soc. Am.
56, 633{1966).

~ E. H. Turner {unpublished).

FIG. 4. Transmission of the extraordinary wave in the same
crystal resonator used in Fig. 3(b) versus a transverse voltage
along the optic axis. The indicated one-way loss is &=0.011.The
sweep rate was 60 cps which was fast enough to avoid laser fre-
quency instabilities. The horizontal calibration is 200 V/cm in the
upper trace and 20 V/cm in the lower trace. The crystal thickness
t =0.45 cm.

Ez'= (P'/1) kV/cm, (3.8)

where i=o, e represents ordinary and extraordinary
waves. The proportionality constant I' will have the
dimensions of potential in units of kilovolts for
convenience. The transverse electric field Ez was swept
at a 60-cps rate. Figure 4 shows the transmitted power
at 0.6328 p versus voltage. The data clearly show the
resolution of the longitudinal-mode structure of the ex-
citing laser. The results are given in Table I for both an
ordinary and an extraordinary polarization though of
course for the signal and idler we are concerned only
with ordinary waves. From the data of Fig. 4 and (3.1)
we obtain that the loss per pass ~=0.011. Not all
crystals show this little loss.

The dc electro-optic coefficient is related to the
potential coeKcient P. From (3.4), (3.5), and (3.8) one
obtains —(e')'r»Pis' ——X,

—(rt') srssPss'= X (3.9)

From Table I one obtains !rrs! =1.05&&10
—' cm/V and

!rss!=337X10 ' cm/V. These numbers are approxi-
mately 20% above the results of Turner. "The differ-
ence is to be expected since Turner's measurements do

In the experiments described here only an electric
Q.eld Ez along the optic axis was employed. The trans-
verse voltage, V in kilovolts required to change the
optical path length by X/2 will be proportional to the
transverse crystal thickness t and inversely proportional
to the resonator length /.

(3./)

The transverse electric field within the crystal will be
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y =(s./2) —0 as measured from the normal to the
optic axis one can write

where

(ss" Br +tss' D'

k Sl 1s2 +ts2 B
(3.10)

(3.11)

From the data of Fig. 5 note that h(p ') is linear with
Eg. One obtains

d(D'/B)/dE= —1.36&&10 r cm/V. (3.13)

In the limit of q &(1

d(q „')/dE= d(D'/B—)/dE. (3.12)

FIG. 5. Phase-matched SHG in LiNboa from a 1.0798-p, laser
versus angle q = (s./2) —8 where e is the angle between the optic
axis and the fundamental beam direction in the XZ plane. The
crystal temperature was precisely regulated at 7=59'C to obtain
phase matching at near normal to the optic axis. Each curve
represents a different value of electric 6eld applied along the optic
axis.

not include any effect of 6/in that they are at high fre-
quency. The effect of 2 l could be allowed for using the
piezoelectric coefBcients'4 but will not be in this paper.
Furthermore, Turner" has observed that r~3 and r33
have the same sign. In Sec. 3.3 we give a reason for
assigning a + sign to rts and rss. It was observed
qualitatively on one sample that I' increased as the
frequency decreased below 60 cps. This may account
for a 20 —+40% increase in measured I' on several
crystals. The data of Table I are the average of six
crystal for which 60 cps seemed adequate. The fre-
quency-dependent effect appears to be due to the EC
time constant of the crystal.

3.3. EGect of Electric Field on Phase Matching

As is seen in Fig. 2 the phase-matching conditions
for difference mixing can be effected by temperature
variations. " Likewise electric fields can similarly
effect phase matching by a change in index of refraction
of the ordinary and extraordinary waves )see (3.5)
and (3.6)j. This is important in connection with
simultaneous resonance to be discussed in Sec. 4. As a
simple direct measure of the effect we have observed
the change in phase-matching angle with electric Geld
in second-harmonic generation of the 1.0798-p, He-,Ne
laser as seen in Fig. 5. To provide adequate sensitivity
the LiNb03 crystal temperature was adjusted so that
phase matching occurred normal to the optic axis. In
these experiments only an Ez component of electric
Geld was used.

In IIADK" Fq. (2.9), the phase-matching angle 0
is measured from the optic axis. In terms of the angle

24 A. W. Warner, in Proceedings of the Nineteenth Frequency
Control Symposium, 1965, USAERL, Ft. Monmouth, New Jersey.

The electric Geld in this experiment was applied both
as a steady dc voltage and as a square wave at 390 cps
in phase with the chopped fundamental beam. The
results were indistinguishable on the one crystal
tested and thus low-frequency effects were absent.

The quantity d(D'/B)/dE may also be computed
from the electro-optic coefficients if we neglect the effect
of At in the previous measurements and thus assume

ri3, r33 to represent a change Ae in the index of refraction
only. The effect of Al could be allowed for using the
piezoelectric coefIicients" but this will not be included
here. At q 0

d (D' 1 d(D' B) 1 d(ns' ——tsr')
. (3.14)

dE( B D dE D' dE

From (3.5) allowing only for an Es component one
obtains

d /D'

dE( B

r33—rz3 = —1.52&10 cm/'V,
2D'

(3.15)

4. SIMULTANEOUS RESONANCE

In a parametric oscillator simultaneous resonance
of signal and idler is necessary for achieving the lowest
threshold for a given pump power. We envision the
pump making a single pass in one direction through the
signal and idler resonator. The curved mirror surfaces
are assumed to be ground on the crystal with the
resonator axis taken normal to the crystalline optic

where we have tak.en r~3 and r33 as positive and neg-
lected any changes with wavelength. The values
e~'= 2.233 and D'=0.085 were used. The agreement be-
tween (3.15) and (3.13) corroborates the assignment of
+ signs to r» and r». By convention a positive electric
field points from the + to the —potential. In the ex-
periment of Fig. 5 the +c axis was determined pyro-
electrically and is the direction of the ferroelectric polari-
zation vector. The electric field was defined as positive
when pointing in the direction of the +c axis.
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axis. This precludes the use of crystal rotation as a
means of phase matching, although under different
circumstances this may be a useful technique. The
dielectric reflectors deposited on the curved surfaces
will be highly rejecting at the signal and idler fre-
quencies which in practice will probably be no more
than 30% from degenerate. These mirrors will be
reasonably (greater than say 80%) transparent at the
pump wavelength.

In what follows we shall assume the pump wavelength
to be the 0.5147-p line of the argon-ion laser. The sum
of the signal and idler frequencies is equal to the pump
frequency. What we call signal and idler is arbitrary,
but in this paper the signal has been thought of as the
lower frequency which was the case in the difference-
mixing experiment.

4.1. Statement of the Problem

Simultaneous resonance of signal and idler requires
that the number of half-wavelengths of frequencies or~

and co2 both be integral. Define the quantities

O'= D. (4.9)

This is only a fair approximation in that from (4.3)
and the data of Ref. 3, one obtains D=0.071 and
D'=«' —«'=0.097, when ho=1.029 p. Also B=N3'
—es' ——0.094. In this paper the approximation of (4.9)
will be made in subsequent calculations.

With (2.3) and (4.5) one can write (4.1) as

The phase-matching condition (2.29) for the parametric
oscillator can then be written with (4.6) as

y'= (kg' «'—)/D= (D' B)—/D (4.7)
where

D' —B= (e3'—eo') —(« —m3') . (4.8)

8 is the birefringence normal to the optic axis at the
pump frequency and D' represents the dispersion of the
ordinary wave between A&3 and cop. If 8)D' then y is
imaginary indicating that phase-matching normal to the
optic axis is not possible at that temperature and electric
field for the pump frequency chosen.

If the index of refraction is linear with frequency
over the frequency range cop to co3=2cop then

mi =2mih/Xl =M 1Ã1/1/7rC,

~2 2'+2l2/~2 ~2+2~2/'x~
(4.1) m, = (1—y) $1—yD/no j(1+fg(X)/lojmo,

(4.10)
~2= (1+v)L1+vD/«'jL1+f~(~)/~o3~o

lg= loL1+ fop)/loj,
l2 —lpL1+ f2(X)/lo j, (4.2)

where m~, m2 are considered to be continuous variables
taking on integral values when resonance is achieved.
Note that the resonator is considered to have a different
length / at each frequency. We shall only consider in
this paper differences between l~, l2 of the order of a
wavelength or so since we assume signal and idler to
share the same mirror surfaces. The difference in
resonator length will be the result of the shift in the
effective mirror plane of the dielectric reflectors with
frequency. I et

where
Btp= 2« lo/ho=coo« lp/xc (4.11)

is the number of half wavelengths at the degenerate
frequency. mp is only a convenient mathematical
variable and need not be an integer. Typically
mo=45 000 if r= & cm.

For simultaneous resonance we require that mi and
m2 both be integral. As will be seen it is more convenient
to deal with m&+m& and m2 —m& and thus one may
write

D=Mp(dN /8M) i ~0. (4.3)

where fq(X) and f2(X) are of order of one wavelength
The requirements on index of refraction for phase

matching are given by (2.29) and (2.28). Assume as a
erst-order approximation in (2.28) that the change in
index of refraction e~,e~ about ep is linear with fre-
quency. Expand the index of refraction about ep and
deGne

m, —m) ——m, 2p~ 1+ ~+ 1+«i
f2+fi (+ vl 1+

l «'
7'» f2+f~)

m2+mz=neo 2I 1+ I+ I
1+«i

(4.12)

This is a generalization of the dispersion in index of
refraction used in SHG as given in (3.11) as can be
seen from (4.3) since if AM=alp then

f2 fi /—+ ~l 1+
Bo

D=he'=e'(2coo) —m'(coo) =D

From (2.28) and (4.3) one can show that

«'= «'+yD,
ep=noo+yD,

where

i «'= yD.

(4 4)

(45)

(4 ~)

In the simplest approximation of (4.12) one obtains

m2 —my= 2pmp

m2+no~ = 2mo,
(4.13)

since D/no =0.03((1.
A variety of means can be used to adjust the values

of m~ and m2 to give simultaneous resonance. As
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A(mo —nag) &1,
h, (No+my) &2,

(4.14)

mentioned in Sec. 3, the temperature and electric field
can be used to vary the optical path length and hence
5$p. Also, the application of stress would vary the optical
path length though this will not be considered in this
paper. Likewise a change in the pump frequency
M3= 2Mp changes mp. All of these parameters likewise
affect the phase-matching condition and thus the signal
and idler frequencies as seen in (4.7) and (2.3) through
their inhuence on the indices of refraction.

In a parametric amplifier the adjustment of a single
variable (usually temperature) provides continuous
variation of the signal and idler frequencies that are
phase matched while remaining normal to the optic
axis. In a parametric oscillator the need for simulta-
neous resonance and phase matching requires in general
two variables. As will be seen there are then a large
number of such coincidences over the frequency spec-
trum in varying density depending on p. If three
variables are adjusted it can be shown that any desired
frequency (in a limited range) can be phase matched
and made simultaneously resonant thus providing for
continuous tuning of a parametric oscillator.

Consider now how much the quantities vs~ and ns2

must be adjusted to achieve simultaneous resonance.
It will be seen that the di8erence re2 —m~ and the sum

mo+m& can be adjusted well within practical limits to
achieve simultaneous resonance. If the difference
mo —vs~ and the sum mo+m~ are integers, this is not
quite enough to assure that m2 and m& are both integers.
The one exception occurs when both m~ and m2 are
integers plus —,

' since then both mo —no~ and mo+m~
are still integral. This difficulty can be overcome by
extending the range of variation of mo —mq and m, o+mq.
Consequently the maximum adjustment required to
achieve integral values are

To evaluate (4.16) and (4.17) requires the knowledge of
the rates of change of y and esp with E, T, and orp.

These will be found in Secs. 4.2, 4.3, and 4.4. Finally
in 4.5 the specific adjustments for simultaneous reso-
nance will be discussed.

where for y'&&j., B=D. C' is taken as a constant to be
evaluated. From Ref. 15,

B(D—73)/BT=+5.7X 10 '/'C, (4.19)

and from Ref. 3, D =0.071 from which C'= 8.0X 10 '
and C=-0.028 per ('C)'~'. The solution of the differen-
tial equation (4.18) is

y=+C(T—To)"' (4.20)

The shift in the idler or signal frequencies from the
degenerate frequency 1/ho=9718 cm ' is

&(1/X) =&274(T—To)"' cm—'. (4.»)
As a typical example note that for p=O. I T—Tp
= 12.5 C. If T(Tp phase matching normal to the
optic axis is not possible as there is too much birefrin-
gence. Phase matching is only possible at 0 (90' which

would reduce the birefringence but bring in double
refraction.

In (4.11) mo is the number of ha, lf wavelengths at
the degenerate frequency for the ordinary ray along the
resonator axis. From (3.3) and (4.11) one may write

4.2. Effect of TemIIwerature on Phase Matching

The change in the phase-matched frequencies co~ and
~~ with temperature at conditions of constant E and
M, is obtained from (4.7) in the approximation of
(4.9) as

By' B 8 1 B(D 8)—
=+C', (4.i8)

BT BT D D BT

or the reverse where
Basso/BT= //&' (4.22)

d (mo+mg) &1,
A(mo —mg) &2.

(4.15) From (4.18) and (4.22) one observes for the numerical
values given in this paper that

Either set of maximum adjustments is satisfactory but
for simplicity we consider only (4.14).

From (4.13) one can express the changes in mo —mi
and nso+m~ in terms of the variables E, T, and ~p as

Betp Bp Beep,
—,'d(mo —mg)= mp +y dE+ nap +y dT

BE BE— — BT BT—

mo(By/BT)))y(Bmp/BT) . (4.23)

4.3. Effect of Electric Field on Phase Matching

The change in 7 and thus co~ and A&2 with electric field
at conditions of constant 8 and cop is obtained from
(4.7) and (4.9) as

By'/BE = B(D/8)/BE—
Bp B5sp

+ ~o +y drop, (4 16)
BGop BGDp

=+(g/D) B(D/73)//BE. (4.24)

and Previously in Sec. 3.3 we measured d(D'/B)/dE at the
nearby wavelength of 1.08 p instead of where desired at

—,'d(mo+m~) = (Bmo/BE) dE+ (Bmo/BT) dT 1.029 p. Assuming D=D' as in (4.9), neglecting diGer-

+(B~o/B~o)drop (4.17) ences due to wavelength and setting B=D for y'&&1
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one obtains

By'/BE=+K'=+1. 36X10—' cm/V.

From (3.8) and (4.11) one may write

Bmp/BE= l/I'0,

(4.25)

(4.26)

therefore simultaneous resonance of signal and idler
under phase-matched conditions.

Consider adjusting m2 —mi to an integral value
starting from some initial condition of E, T, and A&0.

According to (4.14) this can be accomplished by chang-
ing m& —m& by at most unity. That is,

and as before with temperature one may show numeri-
cally that

A(mp —mi) =1, (4.33)

mp(By/BE))&y(Bmp/BE) . (4.27)

+o—po+qov2+&ov4

e'= p'+q'v'+r'v'

where the angular frequency

(d =2' CP )

(4.28)

(4.29)

and v= 1/li in units of reciprocal microns. One can ob-
tain a functional form for y' in (4.7) as a function of the
degenerate wavelength A.0. Calculations indicate that

By'/B(v') = (p' p')/3q'v'=—+0.76/v' (4.30)

where now v=1/Xp. We do not give in this paper the
value of the coefBcients in (4.28) and the representation
for y'(v) since existing index-of-refraction data' are not
precisely applicable to all crystals as is apparent from
the variation of the phase-matching temperature
mentioned in Sec. 3.1. The rate of change of y' with v'

would appear to be insensitive to the variations
observed.

From (4.11) one can show that

and for y&0.25 that

Bmp/Bv =mp/v (4.31)

mp(By/Bv)»y(Bmp/Bv) . (4.32)

4.4. EGect of Pumy-Frequency Variations
on Phase Match

One further possibility for adjustment of the phase-
matching condition is to tune the pump frequency over
a fraction of the Doppler linewidth. Expand the known'
index-of-refraction data in terms of a polynomial in
frequency squared for both ordinary and extraordinary
waves as

corresponding to a change in the difference of the
number of half-wavelengths at the idler and signal fre-
quencies of unity. The change in p, dp, required to
satisfy (4.33) can be obtained from (4.16) using the
approximations (4.23), (4.27), and (4.32) as

hy= 1/2mp (4.34)

which is one-half the fractional frequency change be-
tween modes of the resonator. Assuming /=1 cm,
~y=1.1X10 '.

Such a change Ay can be achieved with a small
change in temperature, electric Geld, or pump fre-
quency. Considering temperature, at T= T0 where
y=O one obtains from (4.18) and (4.34) that AT
=1.5X 10 ~'C and at y=0.1, d T=0.28X10 "C.
Similarly from (4.25) one obtains a change in elec-
tric field DE=0.001 V/cm at y=O and 61 V/crn at
y=0.1 as being required to produce Ap as given by
(4.34). Likewise from (4.30) one can show that a
change in degenerate frequency of 26 kc/sec is re-
quired at 7=0 to satisfy (4.34) and at 7=0.1 a change
in degenerate frequency of 0.47 kMc/sec is required.
This latter number is within a practical range of
tunability of the argon laser since the Doppler line-
width is approximately 4 kMc/sec and thus tuning
the pump frequency by 1 kMc/sec does not seem
unreasonable.

These changes in 67 using temperature, electric
Geld, or frequency if applied separately, as above, can
make m2 —m~ integral, but result in Gnite changes in
signal and idler frequencies. If, however, a parametric
oscillator is desired at some particular frequency co2

one can, for example, change T by dT and co0 by d~o
in the proper ratio (with dE=O) such that mp —mi
becomes integral while maintaining co2 a constant.
That is

These relations will be needed in the next section. Chpp ——dL(1+y)(pp] —0. (4.35)

4.5. Adjustments for Simu1taneous Resonance

This section demonstrates the existence of numerous
simultaneous resonances with a series of adjustments
that are mathematically rather than experimentally
convenient. In practice the experiment will probably
be performed diGerently. The procedure consists of
first adjusting m2 —m& to an integral value and then
varying mp+mi until it becomes integral without
having changed m2 —m~. As described above this
results in integral values of m& and m2 separately and

Since m2 —m~ is assumed to be integral and held
constant one has from (4.13)

—,'d(mp —mi) =d(gamp) =0. (4.36)

,'d(ms+mr) —=dmp&1 (4.37)

One can then adjust mp+mi using the three variables
E, T, and p~p such that mp+mi becomes an integer
while pip and mp —mi remain constant. From (4.13)
and (4.14) the maximum adjustment required to make
mp+mi integral can be written
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This result specifies the change in electric Geld required
to change m2+mi by 2 while keeping m2 —mi an
integer. With (4.23) rewrite (4.39) as

(Bmo Bmo By/BE)
~E/

I BE BT Bp/BT)
(4.40)

Using (4.18), (4.22), (4.24), and (4.26) one obtains

(l/P')AEz[1 PR'/HC')&1. — (4.41)

From the values given in this paper PR'/HC'= 1.21 and.
thus if 3= 1 cm, AEz&23.8 kV/cm. Actually no more
than half this electric Geld would be required if one
adjusts m2+mi in the direction of the nearest integral
value of m2+mi for which mi and m2 are each integral.
'. The variation of Ez described by (4.41) assumes that
the temperature T is simultaneously adjusted accord-
ing to (4.38) to maintain m2 —mi integral. It is straight-
forward to show that a 23.8 kV/cm change in electric
field would require a temperature change of 4.05'C to
satisfy (4.36).

In any experimental situation it is most unlikely that
adjustments will be made in the fashion described

Sweeping m2+mi over this range while holding m2 —mi
integral will assure that at some point ms~ and m2 will
each be integral. Equations (4.35), (4.36), and (4.37)
represent three equations and three variables (un-
knowns) and thus have a solution.

We shall not in this paper discuss the general solution
of these equations as our intention is only to demon-
strate that there are conditions of simultaneous reso-
nance. Consequently, we consider in detail the simpler
situation involving only two of the possible variables
(say E and T with ufo constant) governed by (4.36)
and (4.37). We relax on condition (4.35) and tolerate
small changes in signal and idler frequency. We might
equally as well consider the variables E and cop with T
held constant. Assuming though that Chop ——0, from
(4.36) and (4.16) one obtains

dT/dE= k~hm, )/—BE)/ttB(pm, )/ BTj, (4.38)

which represents the ratio of the changes in T and E
to keep m2 —mi an integer while adjusting m2+mi.
From (4.17), (4.37), and (4.38),

m pf(Bmo/BE) (By/BT) (Bmo/BT) (B—y/BE) g
dip =

mo(W/BT)+y(Bmo/BT)

XdE& 1 (4.39)

above. For example one might sweep the electric field
at 60 cps and adjust the temperature and/or the pump
frequency at some slow rate until oscillation was
achieved. If one allows m2 —nsi to change over many
integral values and thus co& and or& to vary significantly,
one will achieve simultaneous resonance with smaller
changes in the electric field.

The above discussion assumes perfect phase match-
ing and infinite Q of the signal-idler resonator. Assum-

ing simultaneous resonance and only two variables,
say E and T or E and ~p, the smallest discrete change
in the signal and idler frequency was given by (4.33).
In practice, smaller changes in frequency will probably
be possible with A(m~ —mi) =0 and small variations in
temperature and electric Geld by allowing small
deviations from phase matching and recognizing that
finite resonator Q will relax the requirement that mg

and m& be exactly integral. Furthermore, as previously
mentioned if we allow three variables then continuous
tuning of a parametric oscillator will be possible.

S. CONCLUSIONS

Parametric amplification has been observed and
found to be in agreement with theory. Calculations of
oscillator thresholds indicate that cw operation shouM
be possible with gas-laser pump sources. Simultaneous
resonance should be achievable with signal and idler
sharing the same reIIIectors. Furthermore, it is shown
that the geometry permits continuous tunability if three
adjustments are used.

The parametric-oscillator-threshold theory presented
here does not include the effects of diffraction which will

probably raise the threshold somewhat. This can be
included by using other techniques. "
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