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A Rnite-range n-P potential and the effect of deuteron stretch have been introduced into a distorted-wave
Born-approximation (DWBA) analysis of the d-p stripping process for the case in which both deuteron and
proton have energies below the Coulomb barrier. This energy region was chosen because it permits an esti-
mate of the experimental reduced width which does not depend signi6cantly on assumptions regarding the
target interior. The stretch of the detueron wave function is calculated with the adiabatic approximation
under the electric dipole perturbation of the target. The proton and neutron wave functions are Taylor-
expanded about the center-of-mass coordinate of the deuteron as a series in the relative coordinate of the
deuteron. The stripping matrix element is then expressed to second order in this parameter as a sum of
6ve terms which are introduced into a modified version of the Gibbs-Tobocman DWBA stripping program.
A series of calculations was made for the case of a Bi target in order to compare these second-order terms
with the 6rst-order term, which is just the usual zero-range approximation. The shape of the proton angular
distribution was only modestly aBected. The change in peak magnitude varied up to about 16% in the
Coulomb-stripping region, with corresponding inverse effect on the experimental reduced widths which
would be inferred therefrom. The effect of the nuclear potentials producing proton and deuteron elastic
scattering is signi6cant, but it is mostly contained in the region of the integrations and therefore depends
mainly on the elastic-scattering phase shifts. We conclude that the particle reduced widths can be "meas-
ured" by Coulomb stripping to better than 10%as far as theoretical uncertainties are concerned.

INTRODUCTION
' 'N recent years there have been a number of differen-
~ ~ tial cross-section ca1culations' ' for (d,p) stripping
reactions by use of DWBA methods. With rare excep-
tions" these methods include an assumption of zero
range for the neutron-proton potential and disregard
the possibility of deuteron stretching during the strip-
ping process. The present work' is an attempt to remove
these deficiencies for the particular case of Coulomb
stripping, i.e., for those situations in which the deuteron
and proton energies are below the Coulomb barrier.
This energy region permits certain convenient approxi-
mations and allows one to obtain fairly accurate esti-
mates of experimental reduced widths which do not
rely strongly upon any assumptions regarding wave
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functions and potentials in and close to the target.
This comes about from the circumstance that the major
contribution to the integral of the stripping matrix
element comes from the region near the classical turning
points while only a small contribution comes from the
region within the target nucleus.

The Gibbs-Tobocman zero-range DWBA program
has been modified to incorporate finite-range and po-
larization effects and a series of calculations made for
the differential cross sections on a "'Bi target for a
variety of incident energies, Q values, and / values of
the captured neutron. These cross sections have been
compared with the zero-range results. We note that the
unmodified program has been rather successfully used
by Erskine et al. ' to Gt the shape of experimental angular
distributions in this region.

APPROACH

The DWBA stripping matrix element employed is

~=(~.'-'(ro)u(r-, (.) I ~-.(r) IP"+'(",")e(g)) (1)
= P', '-'(r, )G-(r-) I

tt-. (r) IA'+'(r, r.)) (2)

= p', ' '(R+ l r)G-(R —lr) I ~-.(r) Il4'+'(Rr)) (3)

In these expressions I'~ is the radius vector from target
to proton, r„ is the radius vector from target to neutron,
g is the collection of coordinates for the target nucleons,
r= (r„—r„), R= —,'(ro+ r„),F„t & is the scattering func-

8 J. R. Erskine, W, W. Buechner, and H. A. Enge, Phys. Rev.
128, 720 (1962}.
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ACCURACY OF COULOMB STRIPPING

tion for a proton, fq&+& is the exact scattering function
for incident deuteron waves, V „is the neutron-proton
potential, I is the internal wave function of the target,
and e is the internal wave function of the residual
nucleus. The G„=J'dg N~w is the "wave function of the
captured neutrori. "The shape of this wave function is
taken to be a harmonic-oscillator function within the
target and a Hankel function times a spherical harmonic
without. To represent Pq&+& we take an eigenfunction of
the Hamiltonian HD HR+——H,+V„where

Z8
Hri TI4+——+V.,t(E),

R

where go is the Hulthen wave function and gq and &2

are the 6rst- and second-order perturbations due to

V~~ which is approximated by its dipole component
cutoG by a step function for r) 2R. The function e2(R)
is approximated by the second-order energy perturba-
tion due to the dipole. In the latter case, the branch of
the dipole expression valid for r&2R is used for all

values of r; but a cutoff is imposed for R(RO, where Ro
is the nuclear radius. For Coulomb stripping these

approximations are good since the significant region of

integration of the T matrix is that for r((2R and

R&Eo. The explicit expressions used for calculations
are as follows:

H„=T„+V„„(r),

V.p, (E)= (V+iW)
ERo).—

1+exp

4, i &Q. lv„ly, &,

= Saxon-well optical potential, (6)
e.(,&)= if&~(r&

~0—&a

&,(Z) =S(F.-Z,)
(7iV, = Vc,+V,~= polarizing potential,

(@.I v.~le.&

x(y, lv., ly, &, (»)

IQoIU ~I4~&l'

1 1)
Vc =&e'I ——

I

= Coulomb
kl R+-,'r

I
z)

polarizing potential (8)

where
&0

(2o)

(—1 (—p&)"
=ze'I +Z& P&,(r g) I,

0R

p& ——min (r/2, R),

p& max (——r/2, R),

(1o)

V,&(r,E)= U,&(r,R)S(2R r), —

S(a—b) =1 if u) b

=0 if a&b,

it,~(r) ~ik r/(2~)3/2

(21)

(22)

(23)

P&,(r" R) =Legendre polynomial of cosine of angle

between unit vectors r" and R,

V.,= V.p, (l R+-,'r I)—V.„(E)=optical

polarizing potential. (12)

We neglect V,~ but allow V,~4(E), already present in
the Tobocman program, to remain.

The eigenfunction P&&+& (R,r) is handled by the adia-
batic approximation. Thus »=(F~' '(R)G-(R) I V"(r) IF~'+&(R)4o(r)& (24)

The function Fq, (E) was calculated numerically by
entering the subroutine of the program which calcu-

lates Fg(E), the eigenfunction of HIi, and inserting the
additional potential e2(R). The wave functions on the
left-hand side of the matrix element were calculated to
second order by Taylor series in r about R. For V ~

we assume the Hulthen potential.
Calculating to second order, we can now express the T

matrix as the sum of the following nonzero elements ':

where

|4&+&(R, r) =Fq, '+& (R)pq(r, R),

(H,+v..)~.=L o+ (~)7~.,

[H&4+F2(R)7Fg, EgFg, ,
——

(13)

(15)

2'2= (Llr &P.'-& (R)7G-(R) I V-n(r) I

XF&,&+&(R)@,(r,R)), (25)

T3= —(F.'-&(R)Lkr &-7G-(R) I V-.(r) I

XF .&+&(R)4 (r, R)), (26)

y„(r,R) =y, (r)+y, (r,R)+y, (r,R), (16)

Ed being the center-of-mass kinetic energy of the inci-
dent deuteron, eo being the negative of the deuteron
binding energy, and e2(R) the perturbation to eo due
to Coulomb polarization.

To calculate i&4 and em (R) we use perturbation theory,
assuming the excited states of the deuteron to be free-
particle states. Then

2'4= l(lr (&.—&-)7F.' '(R)G-(R) I V-.(r) I

XFd,,i+&(R)it q(r, R)), (27)

T4= (F„& (R)G„(R) I v~„(r) I

—F~, + (R)g»(r, R)), (28)
' Other apparent elements vanish because of angular-momentum

or parity considerations. We have not included the terms arising
from the polarization of the target, namely virtual Coulomb ex-
citation, because these are expected to be small (Ref. 5)."For simplicity we assume the target has infinite mass.
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dsr rPy y (+l (30)
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In the Coulomb stripping reg on
nuclear portions o e pf the otentials an using con
tion of energy we are left with

(32)(v —v„)'= (—4M/Il')Lpp+ pp(R) j
= ( 4M/h') p—p= 4n', (33)

ber of the deuteron. Thuswhere n is the wave num er o

nd use of the Schrodinger8 partia, l integration and use o
h the operator equationequation, we ave e

ero-ran e and modiied differentialF 1. Comparison of z ro-ra gIG.
a Bi target withcross sections or a i

Q= —1.8 MeV.

Parameter
Maximum

value
Minimum

value

2
14 MeV
8 MeV

0
6 MeV—1.8 MeVQ

jVwere made for /=4 and for a few cases

116;bbs-Tobocman p og a

LEq. (6 or ef th deuteron and proton op ica p

(x)Q ~)

tron an ular momenta l .This parameter
1

1 1 Altho h
red freely an no r

'n to actual physical eve s.correspon ing o
b

' '
g re ion, some runsn the Coulomb strippingphasis was on

tside this region. The regionwere conducted well outsi e t is re
'

widely exp ore is1 d
'

delimited as follows:

2'4 ———d'R F„&—&*(R)G (R)Fg, ~+& (R)
6

d'r r'V Pp=0.02Tl (34)

for the Hulthen wave function d
'

n de6ned as

C
O
o
O
CD 3

E

0
O
tIJ
crI

RESULTS

f the modi6ed Gibbs-Tobocman pro-
d tdfo 3't tram, a series o ru

E ~ values, andd e of incident energyover a wiae range o

0
0 60 90 )20

ANGLE (deg)

350 180

zero-ran e and modiied differential'hi=0 Z=8MV d
IG.

a Bi target witcross sections or a i
Q= —0.203 MeV.



ACCURACY OF COULOM B STRIPPING

(x)Q 3)

c
O
U
O
~ 6

E

Z.'0
IJJ
V)

2

a 4
D

0
Ol

E 3

O
I—
C3
ILJ
V)

CO
CO
O
lL

30 60 90 320
ANGLE (deg)

350 )80

0
FIG. 3. Comparison of zero-range and modi6ed differential

cross sections for a Bi target with l~=0, Eq=8 MeV', and
Q =+2 MeV.

The following parameters were used for all runs:

Vd ———50 MeV,

8 g= —15 MeV,

Ay=0. 7 F,
Eg=8.6 F,

V„=—60 MeV,
8'„=—10 MeV,

A„=0.4 F,
E~= 7.12 F.

(x1Q )

These are not the latest parameters for optical-model
its, but they serve for our purpose.

The neutron Hankel function was taken outside of
the neutron radius E„='7.0 F.

The above optical parameters lead to Coulomb barrier
heights of about 10 MeV for the deuteron and 13 MeV
for the proton. The Coulomb-stripping region is re-

0 30 60 90 320

ANGLE (deg)

350 180

FIG. 5. Comparison of zero-range and modi6ed differential
cross sections for a Bi target with l„=O, Eg=8 MeV, and
Q=+6 MeV.

(x)Q-4)

garded in this paper as that region in which Eg&10
MeV and Eq+Q&13 MeV.

For each computer run the modiied and unmodiied
differential cross sections were plotted on the cathode-
ray tube attached to the IBM '7090 and photographed.
A sampling of these curves is displayed in Figs. 1—11.
Figures 1 through 8 represent a sequence of cases for
an l=0 captured neutron holding the incident energy
Eq axed at 8 MeV and allowing Q to vary from —1.8
MeV to an unphysically large 20 MeV. We note that
the shape of the distribution is not significantly altered
and the peak magnitude is only modestly affected until
we are well outside the Coulomb-stripping range and
at unphysically large Q values. Figures 9 and 10 corre-
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FIe. 4. Comparison of zero-range and modi6ed differential
cross sections for a Bi target with l„=0, Eg ——8 MeV, and
Q =+4 MeV.

FIG. 6. Comparison of zero-range and modi6ed diBerentiaI
cross sections for a Bi target with l =0, Eg ——8 MeV, and
Q =+8 MeV.
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FxG. 7. Comparison of zero-range and modified difterential
cross sections for a Bi target with /„=0, Eq=8 MeV, and
Q =+14 MeV.

spond to Figs. 2 and 4 except that we have an /=2
neutron. Note that the alteration is still modest. Figure
11 represents a case of high incident energy and low Q.
Again the change is slight.

The results of all runs are summarized in Table I.
We observe that the % deviations for Coulomb strip-
ping are moderate and range up to 16%. Except for a
few cases of high Ed and low Q the cross section is
increased. The deviation seems to be independent of
the l value of the captured neutron.

A number of additional runs were made to determine
the relative effects of the modifications separately.
Figure 12 portrays a breakdown of the contributions

FIG. 9. Comparison of zero-range and modified differential
cross sections for a Bi target with t„=2, Eg =8 MeV, and
Q= —0.203 MeV.

from the various matrix elements to the peak differen-
tial cross section of an 8-MeV deuteron over a range of
Q values with 1=0, while Figs. 13 and 14 portray the
same breakdown as a function of incident deuteron
energy for two fixed Q values. The curve labeled "all
eftects" depicts the relative deviation when all modifica-
tions were used. The curve labeled "external polariza-
tion effect" is derived from the use of matrix element
T& alone and represents the deviation generated by use
of the modified center-of-mass deuteron wave function
F~,. The curve labeled "finite-range effect" is the Rat
contribution from T4 as previously discussed. The curve
labeled "internal polarization effect" represents the
deviation resulting from adding T2, T3, and T5 to the
unmodified matrix element. These three elements are
the only ones incorporating a correction to the internal
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FIG. 8. Comparison of zero-range and modified diRerential
cross sections for a Bi target with I„=O, Eq=8 MeV, and
Q =+20 MeV.

FIG. 10. Comparison of zero-range and modified differential
cross sections for a Bi target with /„=2, Bq=S MeV, and
Q =+4 MeV.
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TABLE I. Percent deviation of peak of modified differential cross section from the peak of the Gibbs-Tobocman cross section.
The region printed in italics in each section of the table is the Coulomb-stripping region (see text).

EJ (McV)

6
8

10
12
14
16
18

1.1—4.8—6.2—6.2

—0.203

6.4
6.7
Z.O
1.1—3.6
307
0.5

+2.0
10.5
IIA
7.Z
2.6
3.7

13.P
14.3
9.8

10.5
9.3
9.2

16.Z
16.9
23.0
14.5
14.1

Q (MeV)
+4.0 +6.0 +8.0

17.1
19.2
34.9
22.8
18.2

+14.0

69.8

+20.0

101.8

6
8

10
12
14

Z.3

—2.0

6.6
7.Z
2.3
0.8

11.7
7.Z

13.h'

14.3
10.3
11.3

16.0
17.0

17.4
19.2

31.0

6
8

10
12

7.1
8.Z

2.7

18.6

The angular distribution is twin peaked. The deviation for the other peak is 14.1%.

deuteron wave function. We see that their contribution
is on the order of 1% or less and that major contribtt-
tions come from T4 and the use of the modified scatter-

ing wave function for the deuteron. These observations
are borne out by other runs, the results of which are
summarized in Table II. "01~"corresponds to the "ex-
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FzG. 1]. Comparison of zero-range and modified differential
cross sections for a Bi target with l„=0, Be=16 MeV, and
Q= —0.203 MeV.

FzG. 13. Comparison of polarization and finite-range effects as
a function of incident deuteron energy for Q= —0.203 MeV and
bound-state l =0. Target is Bi.
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FrG. 12. Relative influence of the three classes of modifications
upon the peak zero-range differential cross section as a function
of Q with l„=0and Eq=g MeV.

FIG. 14. Comparison of polarization and finite-range effects as
a function of incident deuteron energy for Q=+4 MeV and
bound state 1=0.Target is Bi.
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TABLE II. Percent deviation of peak of o &, and o g from peak of Gibbs-Tobocman differential cross section (o &l.'

Devia-
tion of

&1s

Z, (MeV)

8
10
12
14
16
8

8
10
12
14
16
12

—0.203

Z.O

0.5&
0.7
0.7
0.0
0,1
0.7

+2.0
6.3

0.58
1.0

3.2

+40
9.0

1.7

0.74
1.2
4.2
6.3

4.9

g (MeV)
+6.0
10.8
9.1

10.5

+8.0
11.6

+14.0
20.1

34.2

+20.0
22.1

72.7

ts The regions printed in italics are in the Coulomb stripping region.

ternal polarization effect" and refers to the peak dif-
ferential cross section when using T~ alone. "cr,"
corresponds to the "internal polarization effect" and
refers to the peak differential cross section obtained
from adding T~, T3, and T5 to the Tobocman matrix
element. Note that the o.rs deviation ranges up to 9%
and the o, deviation up to 1'%% in the Coulomb-stripping
region. For two cases with unphysically large Q values,
the deviation of 0., becomes quite large. These values
cannot be taken very seriously since they are well
outside the region of validity of our approximations. On
a strictly calculational basis, however, these values are
not surprising since they correspond to high neutron
binding energies. The corresponding rapid decay of the
neutron wave functions would greatly accentuate the
relative importance of the target region in the calcula-

VP
V)
.OK

t- 8
IJj

ltj
U

CI

O

IJJo

tion of the matrix element and it is in that region that
the deuteron internal wave function of our model would
be most perturbed "

These results, namely that the second-order correc-
tions to the zero-range Coulomb-stripping matrix are
all small, suggest that our series in r is reasonably con-
vergent and that higher order terms would be even
smaller. In order to check our fundamental assumption
that contributions from the nuclear interior are really
small, we have compared our complete calculations with
a set for which the internal region was not included.
For a cutoff radius of 8.6 F we have plotted in Fig. 15
the percentage of the cross section coming from the
interior in our calculations. As expected, this percentage
rises with incoming deuteron energy but remains quite
small over a range of Q values. It rises with increa, sing

Q value, as discussed above.
Finally we have investigated the effect of the nuclear

potentials on the cross sections. Since we already know
that the nuclear interior is not important the only
effect of these potentials can come through the phase
shifts. As has been pointed out to us by Austern and
Drisko" this effect need not necessarily be small. In
Fig. 16 we show the effect of setting the nuclear po-
tentials to zero for/= 0.%e see that the effect can indeed
be very large especially for high incident energy and
high Q. However, this does not detract from our aim
of obtaining a reliable measure of reduced widths, be-
cause the phase shifts can be measured from elastic
scattering and we need assume nothing about the nu-
clear interior. The fact"'4 that recent refinements for
the nuclear potential including nonlocal effects actually
change the optical wave functions inside by as much as

p I

-2
g (MeV)

FIG. 15. EGect of imposing a cutoB in zero-range calculation
as a function of Q for several incident deuteron energies and a
bound state l =0. Target is Bi.

"%'e are indebted to James Gri%n and Leon Belier for dis-
cussions on this point.

'2 N. Austern and R. Drisko (private communication)."J. K. Dickens, R. M. Drisko, F. G. Percy, and G. R.
Satchler, Phys. Letters 15, 337 (1965).

'4 F. G. Percy, Proceedings of Internutionul SymPosium on Direct
Interactions und Nucleur Reuction M echunisms, Puduu, 196Z
(Gordon and Breach Science Publishers, Inc. , Neer York, 1963),
p. 125.
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30% is essentially irrelevant, as long as we stay in the
Coulomb-stripping region.

The expression for reduced width as computed by
the zero-range program is

y= (&'/2przr)&oNP (~o),

where y is the reduced width, 5 is Planck's constant
divided by 2m, p» is the reduced mass of the target
and captured neutron, Ro is the nuclear radius, and N~

is the radial portion of the neutron wave function.
Outside the target radius, the true neutron wave

function and the one used in the zero-range program
differ only by a constant factor. Thus for Coulomb
stripping the "true reduced width" may be estimated by

i00
O

O 80

«E

z
Pr 60
LJJ

O

«r
IJJ

Oo

O

O

u, 20
O
I—
c
LIJ
O
LLI
Q. 0

144 'Vo

@=2.0 MeV

0 (MeV)

dQ dQ

where the subscript c refers to numbers computed by
the program and e to experimental results. The effect
of the program modi6cations on y, will thus be inverse
to the effect on do, /dQ (since y, is not changed). Thus,
for example, for 8-MeV deuterons, y,=0.16 MeV for
the 2.5'7-MeV level of "Bi as obtained from the zero-

range program and Erskine's' data. The modi6ed
program reduces this about 6%.

CONCLUSIONS

One concludes that in the stripping region for a Bi
target the Gnite-range and polarization sects usually
increase the differential cross section and reduce the
estimate of the reduced width by a variable amount of
not more than about 16%, and usually considerably
less (Figs. 12—14).

Within the Coulomb-stripping region the cross-
section deviations are largely generated by the external-
polarization and 6nite-range modihcations. The internal
polarization modification generates only on the order

FIG. 16. Effect of setting nuclear potentials to zero in zero-
range calculation as a function of Q for several incident deuteron
energies and a bound state l =0. Target is Bi.

of 1% or less. The finite-range modification by itself
introduces a 4% increase in the cross section at all

angles. The relative change in peak differential cross
section from all modi6cations was essentially insensitive
to the / value of the captured neutron. These conclusions
are numerically based on employment of a Hulthen
potential and wave function. Other deuteron potentials
and wave functions will be tried in future work.

An experimental test of these conclusions would be
to do Coulomb stripping as a function of energy. The
reduced widths should then be independent of energy
to the accuracy of the above approximations.
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