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A phenomenological investigation of the low-energy pion production process has been carried out using an
amplitude for s-wave N production as well as a totally isotropic amplitude. lt is found that these two
amplitudes in T=) and T=-,' isotopic-spin channels will give a reasonable explanation of most of the ex-
perimental data below 700 MeV. A detailed comparison with experimental data in 6ve single-pion production
reactions is carried out to determine the seven model parameters. The analysis shows (i) that the T= ', re--
actions are explained by constant amplitudes and phases in the P&q and Dse states; (ii) that the D|2 inelastic
phase must rise through 90 near 600 MeV; and (iii) that there must be a significant Prr amplitude. The
model does not account for the peaking of the x+w mass at the upper end of the phase space. Possible causes
of this T=0, m~ enhancement are discussed.

and
Ds/2 ~ ($)EB/2 )2/2

Pl/2 ~ (Sq51/2 )1/2

where the incoming partial wave is given on the left,
and the right-hand side describes the rescattering of

*Supported in part by the U. S. Atomic Energy Commission.
t Based on a Ph.D. thesis, M. G. Qlsson, University of Mary-

land, June, 1964 (unpublished).
'R. M. Sternheimer and S. J. Lindenbaum, Phys. Rev. 110,

1723 (1958); 105, 1874 (1957); 106, 1107 (1957); and 123, 333
(1961).

I. INTRODUCTION

A PHENOMENOLOGICAL analysis of the single-
pion production reactions 7r+/V —r2ri+2r2+1P

below 1 BeV is presented in this paper. We have at-
tempted to construct a model which is realistic enough
to be able to fit the experimental data, but yet
makes a minimum of assumptions about the underlying
dynamics.

The usual "isobar model" of Lindenbaum and Stern-
heimer' has been generalized to include (i) final-state
scattering eGects from all attractive interactions be-
tween pairs of particles; (ii) interference terms which
arise because in the final state the nucleon can be
shared by both pions; (iii) the angular-momentum
properties of the "isobar" in its decay. The well-
established attractive pion-nucleon interactions in the
low-energy region (2r-/V mass&1500 MeV) are (i) the
T= ,', 7=2 p-wav-e pion-nucleon resonance at i236
MeV, henceforth called Ã*(3,3)+ (or Es/2+) and (ii) the
T=2, J=s s-wave scattering interaction (8&/2 ), de-
scribed by the n& phase shift. These states are assumed
to be the dominant final-state attractive interactions
contributing to the rrt+rrs+1t/' state. In this region,
below 1 BeV, p-meson production can be neglected.

It is shown that in order to account for the experi-
mental data, the following partial waves must dominate
in isotopic spin-~ and -—, states:

the Xe(3,3)+ and n& in s states, respectively. Clearly,
there is enough energy to produce the "isobar" in p
states and indeed p states may be present as back-
ground, but this analysis suggests that s waves domi-

nate. This matter is discussed further in another paper. '
Corresponding to D3~2

—and I'~~~+ states in total
isotopic spin--,' and --,'states, there are seven inde-

pendent parameters in this analysis: four amplitudes
and three phases. By comparison of the prediction of
this model with experiment, it is shown that the 7=—,'
amplitudes and phases are constants, determined by
2r+P reactions. However, the T=-', amplitude and phase
describing the De~2 partial wave are shown to change
rapidly, there being a resonance in the region near
T =600 MeV.

The analysis does not describe the x+m e system
adequately. The data indicate that there may be some
~x interaction' in the isotopic spin-zero state or some
dynamical eGect not describable by this model. 4

The organization of the paper is as follows: In Sec.
II we summarize the experimental situation below 1

BeV, pointing out the important features of the data.
These are used in developing the model and evaluating
the parameters in later sections. In Sec. III we review
the previous attempts at analyzing the single-pion

production data using dynamical as well as phenomeno-
logical theories. The inadequacies of these models are
discussed and the present analysis is motivated. In
Sec. IV is presented a detailed description of the
"Olsson-Yodh" model, stating clearly the parameters
involved. In Sec. V the predictions of the model are
compared with experimental data and a phenomeno-
logical analysis is carried out. Section VI contains a
compilation of the experimental references used in the

2 M. Olsson and G. B.Yodh, Bull. Am. Phys. Soc. 10, 35 (1965);
G. B.Yodh and M. Qlsson, following paper, Phys. Rev. 145, 1327
(1966).

3 p production is neglected as the threshold for its production
is at the upper end of the energy region considered in the paper.

4 V. Anisovich and L. Dakhno, Phys. Letters 10, 221 (1964).
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the 1V*(3,3)+ is evident. Above this resonance the cross
section is quite featureless since the fast-rising inelastic
component has been removed. The T=—', cross section
at low energy is given by n&, the T=-2, J=-,' s-wave
scattering length. Near 600 and 900 MeV there occur
peaks which have been designated by spin and parity
—,
'—and —,'+, respectively. '~

Next we consider some of the experimental features
of the inelastic reactions. Figure 2 is a rough interpola-
tion of the compiled cross-section data (see Sec. VI).

l2-

II - si

IO-

Fxe. 1.The two-body isotopic-spin cross sections.

analysis. Finally, in Sec. VII we summarize our conclu-
sions and discuss the inadequacies of the model herein
developed.

II. THE EXPERIMENTAL SITUATION
BELOW 1 BeV

0
O
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FIG. 2. Inelastic
cross sections. For
error assignments,
see Figs. 8, 9, 20, 21,
and 22.

Let us discuss the reactions

z-+p ~ 7r-+ p
-+ 7r'+e
~ 7r-+z-o+ p
-+z +z.++tt
—+ z'+z'+tt.

elastic

(1)
(2)

elastic

charge exchange

(3)
(4)
(5)

The cross sections measured in the above reactions
may be expressed in terms of pure isotopic-spin cross
sections by means of the following well-known relations:

o sts ——o (z.+p)

o rts ———,'o (m
—
p) ——,'o (vr+p),

where o (z.+p) denotes the sum of all Anal-charge-state
cross sections for a given reaction type.

The two-body isotopic-spin cross sections are illus-
trated in Fig. 1.' In the T= ~ channel the dominance of

' Below 400 MeV we have used the compilation of N. Klepikov
et aL LN. Klepikov, V. Meshcheryakov, and S. Sokolov, JINR-
D—584, 1960 (unpublished)g. Above 400 MeV the total cross

vr+X ~~+X'
~ z.r+z s+iP.

Even if we confine ourselves to the experimentally
favorable cases where the target nucleon is a proton
and the incident pions are charged (or+ or vr ), the
isotopic-spin structure can be completely investigated.
In these cases the reactions to consider are

200 400 600 800
INCIDENT PION LAB K.E. (MeV)

l000

In the analysis to follow the relative growth rates of
various inelastic channels provide a powerful tool to
determine the important partial waves.

Figure 3 shows the energy variation of the ratio
o. (z.+z'p)/o(z. +vr+tt), the ruled area representing the
experimental error. The threshold limit (neglecting

sections of T. Devlin et al LT. Devlin, B. M.oyer, and V. Perez-
Mendez, Phys. Rev. 125, 690 (1962}jhave been used with in-
elastic cross sections from our compilation (see Sec. VI).' B. Moyer, Rev. Mod. Phys. 33, 367 (1961),gives a summary
of results.

P. Bareyre, C. Bricman, G. Valladas, and G. Villet, Phys.
Letters 8, 137 (1964);L. Roper, Phys. Rev. Letters 12, 340 (1964};
A. Donnachie, J. Hamilton, and A. T. Lea, Phys. Rev. 135, B515
(1964); R. F. Peierls, ibid. 118, 325 (1960); P. Auvil and C.
Lovelace, Nuovo Cinmnto 33, 473 (1964).

The following points are to be noted:

(i) Absorption is much stronger for the T=rzstate
than the T=-,' states especially at low energies (see
Fig. 4 for more detail);

(ii) o (z.+z'p) rises rapidly;
(iii) o (vr+z.+tt) rises relatively slowly;
(iv) o. (vr z P) and o(ss7r'n) flatten out above 600

MeV;
(v) o (s. z.+tt) appears to have a shoulder near 600

MeV;
(vi) o. (vr'z'tt) rises rapidly in the region 350(T

&600 MeV.
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small mass-difference corrections) is taken to be 4
because of the Bose symmetry of the final pions.

The relative strength of pion production in T=—,
' and

T=—, isotopic-spin states is given in Fig. 4 as a function
of T . The isotopic-spin cross sections were derived
from the experimental compilation by use of Eq. (2.1).

At threshold of pion production all the particles in
the final state must be in relative s states. Hence, the
dominant transitions are P~~s+~ (s,5&~s )rp+ in T=z
and ~3 states. If the amplitudes for these transitions are
called c& and cs, respectively, then a parameter R=c&/cs
can be defined which is given by the threshold limit
(see Sec. V for details)

(2.2)

In Sec. V we find that R= —2.8&0.3. Using this value
of E, the threshold value of the ratio (1.2) is 3.2&0.7.

Figure 5 shows the energy variation of the ratio
o (z. z.+I)/o (z- z'p) of reactions (3) and (4). Using the
magnitude E. from above and a result of Sec. V that E

4-

+

b

0

b

=979 MeV. The z.+ associates with the proton in a
pure T= ~3 state and so will be more prominent than the
z'p combination. The curve corresponds to s-wave
isobar formation; the shift relative to the experimental
curve indicates the importance of higher waves at this
energy. The shoulder at M(z.+p) 1400 is the reflection
of z'p isobar formation.

Finally, it should be pointed out that in the x—
m.+e

system there is consistent peaking near the upper end
of the (z z-+) mass spectrum from threshold up to
around T =700 MeV. '

III. METHODS FOR DEALING WITH
LOW-ENERGY SINGLE-PION

PRODUCTION

The static model of Chew and Low which had been
so successful in low-energy pion-nucleon scattering and
photomeson production was applied in 1956 by Rodberg
and Kazes" to the single-pion production process. The
cross sections near threshold that they derived were
often over an order of magnitude smaller than experi-
ment. "In 1958 Lindenbaum and Sternheimer' showed
that a qualitative understanding of the single-pion-
production mass distributions could be gained by assum-
ing that a pion is produced along with a (3,3) isobar
which subsequently decays, thus indicating that final-
state interactions play an important role.
)": Enlarging upon previous suggestions that pion-pion
scattering eQects may be important" Rodberg, "using

I
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Fro. 3. The ratio a (z.+7rap)/0 (z.+z.+e) plotted as a function of
incident pion energy. The experimental errors are represented by
the ruled region. The threshold limit is given by generalized Bose
symmetry.
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must be negative (i.e., cr and cs being 180' out of
phase) to Gt the angular distributions near threshold,
the threshold limit for o (rr 7r+n)/o (7r 7r p) is given by

o (z=z+z)/o (z.—7rop) —+ (2/9) (22+1)s 4 7~1 3 (2 3

Note that there seems to be a change in the energy
variation of these last two ratios near T =400 MeV
which is also the isobar production threshold.

In the three-body final state both the particle energies
and the angles are distributed continuously. The most
striking feature of the energy distributions is the strong
tendency for the pions to come off associated with the
nucleon in the T=-,', J=-,' state. This effect is illustrated
in Fig. 6 for reaction (1) (z++p~ z++z. +p) at &

0
200 400 eoo

T~- Me V

800 IOOO

FIG. 4. The experimental ratio of the isotopic spin-absorption cross
sections 0 (T=zs)/0 (T=$).The threshold value is given by (1.2).

G. Tautfest and R. Willmann, Bull. Am. Phys. Soc. 10, 114
(1965) and private communication.

~ J. Kirz, J. Schwartz, and R. Tripp, Phys. Rev. 130, 2481
(1963).

» L. Rodberg, Phys. Rev. 106, 1090 (1956);E. Kazes, fNd. 107,
1131 (1957).

~ Results consistent with experiment have however been re-
ported by K. Peng and W. Zoellner, Nucl. Phys. 34, 491 (1962),
and by H. Jahn, Phys. Rev. 126, 824 (1962)."F.Dyson, Phys. Rev. 99, 1037 (1955); G. Takeda, fat. 100,
400 (1955)."L.Rodberg, Phys. Rev. Letters 3, 58 (1959).
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pion)

Fxo. 7. Isobar model diagram for pion production.

scattering has shown I'j~g D3/2 and F5~2 to be important
states in the pion-nucleon system. ' ~

The simplest approach, especially at high energies,
would be to ignore (i) the complications of angular-
momentum states; (ii) assume isotropic isobar produc-
tion and decay; and (iii) to neglect the interference
terms. These assumptions were those of Lindenbaum
and Sternheimer's' original "isobar model" (henceforth
the LS model). In the energy region below 1 BeV,
however, it is necessary to coherently add the isobar
production amplitudes. Bergia ef al. ,"proposed such a
model (in the future referred to as the BBS model)
which reduces to the LS model with incoherent addi-
tion. They did not, however, stress the need for con-
sidering individual partial-wave properties. As we shall
see, it is the interference term which is most strongly
affected by the choice of partial waves, " so it is not
surprising that the BBS model does not agree at all
with experiment since they assume complete isotropy.

Anisovich" has suggested a model to be applied at
very low energies. He argues that below 450 MeV the
interference term becomes smaller and incoherent addi-
tion may be a reasonable approximation. This assump-
tion, however, is at best a very crude approximation as
the E*(1238)has a large width. Two relations between
the various production cross sections are derived under
this assumption. In their corrected form'4 they are
found to be in poor agreement with experiment, the
reason for this being the importance of the totally
isotropic /no (3,3) isobar produced) final state at low

energies. Anisovich further proposes that the (3,3) iso-
bar be allowed to be produced in both s and p waves.
At the low energies considered, he neglects the Ii~~2

absorption and finds that a large variety of angular
distributions can be fit with the three incident states.
He uses six real parameters to obtain these fits which
makes it dificult to determine whether the solution he
found is unique.

"S. Bergia, F. Bonsignori, and A. Stanghellini, Nuovo Cimento
16, 1073 (1960)."M. Olsson and G. B.Yodh, Phys. Rev. Letters 10, 353 (1963).

V. Anisovich, Zh. Eksperim. i Teor. Fiz. 39, 97 (1960); 39,
1357 (1960) LEnglish transls. :Soviet Phys. —JETP 12, 71 (1960);
12, 946 (1961)g.

~ The published relations should be corrected by multiplying
those cross sections which have identically charged pions by a
factor of ~ to avoid counting these pions twice. When this is done,
the agreement with experiment is considerably decreased.

Olsson and Vodh" have considered an isobar model
in which the (3,3) isobar is produced in an s wave and
decays in a p wave. It was found that by including
both the actual angular-momentum properties of the
1V*(3,3), as well as the effects of interference between
the two production amplitudes, "the extreme behavior
exhibited in the pion energy spectra of the BBSmodel
was rectified. In addition, the model predicts qualitative
difference in the pion-pion mass distributions of the
various reactions. The experimental data agree quite
well with the predictions, a prominent exception being
the m m+ mass spectrum from reaction 4. In subsequent
reports Olsson and Yodh26 have extended this model to
include the well-established two-body attractive inter-
action Sr~s (rri phase shift) in addition to the S*(3,3)
in the final states. The detailed description of this model
and its comparison with experiment is the main subject
of this paper.

IV. THE MODEL

A. Preliminaries

Before describing the detailed model, we shall sum-
marize some general results which will provide a frame-
work for our analysis.

A partial-wave transition amplitude may be written
as

where J (when used as a superscript) denotes the total
angular momentum and parity of the state. The F(J,f,i)
are 2&&2 matrices acting on the nucleon spin and whose
elements contain all the angular variables; f and i
denote the remaining commuting variables of the final
and initial states. The normalization of the angular-
momentum projection operators is given by'~

trace dA Ft(J,fi)F(J',f',i')
= (2J+1)8gg brf r;;, (4.1)

where dA are the final-particle solid-angle elements in
the over-all c.m. system.

Consider the reaction

z+X—+ 7ri+ z-s+1P

in the over-all center-of-mass system. Let p&, p&, and jp3

be the momenta of 7r&, x2, and E', respectively. If the

R. Dalitz and D. Miller, Phys. Rev. Letters 6, 562 (1961).
These authors have used similar amplitudes in their investigation
of the effects of Bose symmetry in the reaction E +p~A
+m +m+."M. Olsson and G. B.Yodh, Bull. Am. Phys. Soc. 9, 27 (1964);
University of Maryland Technical Report No. 358, 1964
(unpublished).

"These projection operators are discussed by V. Ritus, Zh.
Elcsperim. i Teor. Fiz. 32, 1536 (1957) LEnglish transl. : Soviet
Phys. —JETP 5, 1249 (1957)j for the two-body case, and by
S. Ciulli and J. Fischer, Nuovo Cimento 22, 264 (1959) for the
three-body case. A more general discussion is given by A. Macfar-
lane, Rev. Mod. Phys. 34, 41 (1962).
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target is unpolarized and no polarization is measured,
we have

where
f
M f'= rstrace

f
T~;f',

Tr'= (fl ~f s),

(4.2)

giving the Dalitz plot density

~(~r, ~s) = ((2~)'/Pp) J
(4.3)I= u,uslmls5(i'ts —pp),

+1
I= J(pg)dpt,

—I

J(pr) =4+ f3II f'der.
0

(44)

The angle P1 is given by

ps —pppr+sin8p sin81 coster

where p, 1 is the cosine of the polar angle that x1 mak. es
with the initial direction in the c.m. system. When J(p&)
is integrated over T1 and 1'2, the angular distribution
of particle one results. In a similar way the angular
distributions of the other particles can be calculated.

An alternative form may also be derived (see
Appendix A)

J(i"i)=2r'Z(2'+ 1)
ZM

dpsfCV f

X&(p,o)&(p)&(p) (4.5)

which is analogous to a result, attributed to Gold-

berger, "which arises in the study of the two-particle
unitarity integral.

If we parametrize the elastic amplitude in the
usual way

i, i &n(gee"'' 1)—
we can use unitarity of the S matrix to provide bounds
on each partial-wave contribution to the inelastic cross
section (e.g. , Olsson"; Blatt and Weisskopfss):

o" ' '=(~/E')(J+-')(1 —pJ'), (4.6)

'SR. Qmnes, Nuovo Cimento 25, 806 (1962). R. Karplus,
University of Maryland Technical Report No. 303, 1963
(unpublished).

"M. Olsson, Ph.D. thesis, 1964, University of Maryland Tech-
nical Report No. 379 (unpublished)."J.Blatt and V. Weisskopf, Theoretical 3luclear Physics (John
Wiley 8z Sons, Inc. , New York, 1952).

where q is the incident c.m. momentum, @12is the cosine
of the angle between 6nal pion directions in the c.m.
system, and

~p= (Ps' —Pr' —Ps')/2PrPs.

By first rotating the scattering plane about y&, the
angular integrations may conveniently be written as

where E is the incident wave number in the c.m. system
and 0~&gg ~& 1.

In addition, the phase of the production amplitude
near inelastic threshold is given by""

~x' l«' f'e*'&
threshold

(4.')

where A. (J)=&1 and 6J is the elastic-scattering phase
shift in the same partial wave at inelastic threshold.
This result is completely analogous to the "Watson
theorem" in two-body reactions. "

Finally the following observations can be made on
the sensitivity of various distributions to the partial-
wave structure of the matrix element.

(1) Because the angular integration eliminates the
interference between partial waves of differing angular
momentum and parity, the Dalitz plot is not sensitive
to small admixtures of diBerent partial waves.

(2) The angular distributions are sensitive to inter-
ferences between partial waves.

B. The jFormulation of the Model

When there are three particles in the final state, it
becomes dificult to carry out a phase-shift-type analy-
sis. Not only are there three more variables because of
the extra particle, but there is also the additional diffi-
culty of the ambiguity in coupling angular momentum
or isotopic spin.

Both the angular momentum and the isotopic spin
may be described in either of two ways. In the first,
one pion can be coupled to the nucleon and this corn-
bination coupled to the second pion (the vrE representa-
tion). Alternatively, the two pions might be erst coupled
together and then this combination coupled to the
nucleon (the ~sr representation). Although both repre-
sentations are equivalent in a mathematical sense, it
may well be that in one representation the amplitude
for pion production is approximated by a few terms,
while in the other by many. '7'

In view of the difhculty of a completely general
phase-shift analysis, it seems reasonable to use a pro-
duction amplitude which is still quite general but is of
such a form that the most important experimental fea-
tures of the pion-production process are accounted for.
In Fig. 6 we saw that a dominant feature is the produc-
tion of the 1V*(3,3) resonance. This is the physical basis
of the conventional isobar model as discussed in Sec.
III. We may slightly generalize this idea by postulating
that the most important production amplitudes are
those in which a pair of particles interact in the final
state.

The phenomenon of final-state scattering has been
studied by Watson" in a potential-scattering model.

"J. Sucher (private communication)."K.Watson, Phys. Rev. 85, 852 (1952);R. Dalitz and S. Tuan,
Ann. Phys. (N. Y.) 3, 307 (1960)."K. Watson, Phys. Rev. 88, 1163 (1952).
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TABLE I. Charge-dependent factors in the pion-production isotropic-spin expansion when there are two mesons of the
same charge in the 6nal state. These coefIj.cients are divided by K2 to avoid counting particles twice.

Reaction as, s(1)

3/v'(15)—1/V'(15)—1/3V'(15)—v'(2/15)—sV'(1/15)

as, s(2)

—2/V'(15)—1/v'(15)
4/3v'(15)
s V'(2/15)—sv'(1/15)

ar, s(1)

0
0

—1/v3

ar, s(2)

0
0—1/3v's—1/3@3
sV's

+3, 1(1)

0
1/V3—2/3v3
0
1/3VS

as, r(2)
—1/VS

1/%3—1/3vS
sV's
1/3'

a&, ,(1)

0
0
2/3VS
0—1/3VS

ar, r(2)

0
0—2/3%3

—1/3VS

He Ands that transition rates and mass spectra are
enhanced only by attractive anal-state scattering. In
our energy region the only attractive pion-nucleon phase
shifts are the (T=2, J=2) resonant amplitude and the
(T=-'„J=-',) rrt phase shift. The rescattering part of
the pion-production amplitude is given entirely in
terms of known pion-nucleon scattering parameters.
The remaining part can be thought of as a "reduced
amplitude. " The process can now be de6ned in terms
of the angular momentum of the particle not partici-
pating in the Anal-state scattering. As was discussed in
the last section for N*(3,3)+ rescattering this leads to
a set of partial-wave production amplitudes character-
ized by total angular momentum and parity. For n&

rescattering, absorption occurs in I'~g2+ state if the
"extra" pion is isotropic and S&f2 or D3~2 if it is a
P WaVe. AS mentiOned befOre, We negleCt srsr reSCattering
eftects.

The production amplitude may also be expanded into
amplitudes of de6nite isotopic spin. Following the nota-
tion of Carruthersss (is is the isotopic spin of the inter-
mediate pion-nucleon configuration in the mg repre-
sentation and T is the total isotopic spin), we see that
the production amplitude may be expressed as a sum of
four terms.

T(plier)p2P) Q a2T, 2p(rr)P)T2T, 2p(plyp2) s (4 g)

where o. is charge state and y~ the momentum of pion
One. The COefiiCient a22, 2„(rr,P) term COntainS all the
charge dependence and is a product of Clebsch-Gordan

coefficients.

If this amplitude is to exhibit Bose symmetry, we
must add a similar term in which the labels of pions
one and two are exchanged; that is, the production

amplitude must obey the equation

T(prrr, p2P) = T(p2P, pta) .

In the xE representation this corresponds to allowing
either pion to rescatter with the nucleon. Using the
notation a22, 2„(1)to denote that pion one is rescattering,
we can calculate the charge-dependent coefficients for
all the single-pion production reactions, as is shown in
Table I. Pion one is a sr+ in sr+p reactions and a sr-

in sr p reactions.
The amplitude T PEq. (4.8)j can be decomposed,

first into partial-wave amplitudes t~; then t can be

"P.Carruthers, Ann. Phys. (N. Y ) 14, 229 (1961).

where q is the incident c.m. momentum, p; is the reduced
mass of the incident particles whose orbital angular
momentum is /;. The "extra" pion has momentum I'
and angular mom, entum ly', p,g is the reduced mass of
this pion and the remaining particles.

In the case of N*(3,3)+ rescattering we may consider
the "reduced" matrix element to be the amplitude for
the process sr+N s rr+N*. Prom the requirement that
the cross section for this process cannot depend upon
decay parameters of the S*in the sharp isobar limit" "
the energy-dependent part of the S*decay amplitude is

E= (F/2srp')'"(res —ot—', iF)—'

where p' is the momentum in the N* rest frame, and
the parameters coo and I' are given in Ref. 35. The model
production amplitude Lin the case of N*(3,3)+ produc-
tionj now becomes

Tsr, s&~&= (Ep/sr)ZRF(—J,f,i), (4.10)

where Z is given in (4.9) and F(J,f,i) is the angular
projection operator which has been calculated previ-
ously and explicit expressions may be found in Refs.
27 and 36.

In the case of nonresonant final ei state scattering,
we take the production amplitude to be

T22, ti~&= (Es/msr)ZEF(J f i)
E= (1—i&a,)

—' (4.11)

where m is the pion mass, a, is the T= » J=-,' S-wave
x-E scattering length, '~ k is the rescattering xX rest-
frame wave number, and 8 is an "enhancement factor. ""

3~ J. Qrear, 5'uovo Cimento 4, 856 (1956); N. Klepikov, V.
Meshcheryakov, and S. Sokolov, Dubna Report D-584, 1960 (un-
published); M. Plsson, Phys. Rev. Letters 14, 118 (1965);,M.
Gell-Mann and K. Watson, Ann. Rev. Nucl. Sci. 4, 219 (1954).

A PGRTRAN program to calculate the experimental conse-
quences of various amplitudes is described by G. S. Yodh, Uni-
versity of Maryland Technical Reports Nos. 442 and 512, 1965
(unpublished)."J.Drear, Nuovo Cimento 4, 856 (1956); J. Hamilton, T.
Spearman, and W. Woolcock, Ann. Phys. 17, 1 (1962).

"Enhancement factors have been discussed recently by M.
Jacob, G. Mahoux, and R. Qmnes, Nuovo Cimento 23, 838
(1962);J. Jackson and G. Kane, ibid 23, P4 (1962). .

separated into a "reduced" matrix element Z for pro-
duction of the "isobar" times a rescattering part.

The unknown "reduced" matrix element for "isobar"
production is characterized by a complex zero-energy
scattering length
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By comparing the form of Z [as defined in (4.9)jwith
the form required by unitarity (4.7), we see that near-
pion-production threshold 4 must approach the two-
body phase shift 8J (at this energy). In practice this
means that C is constrained to become small (say (15')
at threshoidr (except when absorption is from an in-
cident T=-,', J=-,o state). The sign of the amplitude
at threshold is given by the sign of Zo. Since the
angular-momentum-barrier terms have been inserted,
the production-scattering length Zo has the virtue that
near threshold it is not only real but also energy-
independent.

Of course, our model amplitudes are not inherently
unitary for large energies, and hence, the cross sections
will eventually exceed the maximum allowed by the
inelastic unitarity relation given in (4.6). This situation
can be rectified in a nonrigorous way by keeping the
production parameter fixed until the unitarity limit is
approached and by then decreasing Zo such that q J-——0.

The rescattering amplitude is to be calculated in the
rest system of the interacting pion and nucleon. To
transform angles back to the over-all c.m. the following
transformations are useful (a,s derived in Appendix B)

pi pi+ X1P2 j P2 = P2+Xopl j

Xi= (Ei+Ei')/(Eo —Eo+oiio);

X,= (Eo+Eo')/(Eo —Ei+oioo),

(4.12)

where E&' is the total energy of pion one in the rest
frame of pion one and the nucleon, and co~3 is the total
energy of this pair.

In the nonrelativistic limit (which is relevant since
nonrelativistic angular-momentum concepts have been
used)

Xi=Xo=m/(M+m),

a= ao, o(1)as+ ai, o(1)aie'

b=ao, o(2)ao+ai, o(2)aie"
(4.13)

where a~ is the production parameter Zo in the case of
7= 2 absorption and a3 is the production parameter in
the case of T= 2 absorption. Since the T=-2 production
phase C3 is expected to be smaller than the T=-,' phase

where m is a pion mass and 3f is the nucleon mass.
In this paper we will only consider the case of iso-

tropic "extra" pion production. This corresponds to
D3/p and P&~2+ absorption from the initial state for
1V~(3,3) and ni rescattering, respectively. Higher wave
isobar production is certainly possible, in general, and
will be dealt with in a later paper. However, it is found
that the great majority of single-pion-production phe-
nomena may be understood by use of only these two
partial waves.

We shall now discuss in more detail the process of
s-wave Ã*(3,3) isobar production. The same isobar may
be produced by absorption from either T=—,'or 2

initial states; therefore, we define the relations (using
Table I)

Ci, and since there is one unobserved phase (because
the total amplitude has to be squared), we refer all
phases to 43. Thus in this case we de fine

c=e'x(a, , i(1)co+a,, ,(1)cie"),
d = e'x(ao, i (2)co+ai, i (2)cie"),

(4.16)

8=0g—03, and X=0,—C, .
Thus for the P&~2 case we may write down the total
amplitude from (4.11).

T.= (Eoqlmu'~)[cE(1)+dE(2)$~ q/(4~)'I' (4.17)

as in the D3/& case we may integrate over angles and
find the Dalitz plot density

p„(Ti,To) = (10 r iEoq/mlJp)
~
cE(1)+dE(2)

~

o. (4.18)

In summary, this model has seven independent
(energy-dependent) parameters:

T——
2

T—2

D3/2' .83 )

Pl/2. '
C3) X)

D3/Q ~ Cg) C )

P1/2'. Cl) 0.

The production parameters Zo should be constant
only if the "eRective range" of the primary interaction
is small. Upon comparing the model amplitudes with
experiment it is found that the D3/2 parameter a3 is
indeed quite constant implying that Watson's criteria"
for final-state interaction are satisfied. In the Pz(2 case
it is found that the production parameter c3 must de-

4 =4g —43.

Also we shall by convention take a3 to be positive.
Using this notation the production amplitude (4.10)

in the D3/2 case becomes

To ———(Eoq'/pP7r) [aR(1)F(1)+M(2) F(2)], (4.14)

where

R(1)= (I'i/2irpi')'"( o
—o~io —-,'ii'i) —',

F(1)=(4ir)—ol'(e Pi' —3q P,'e q),
where pi' and q are the directions of pi' and q.

Using the integration procedure (4.4) we integrate
over angles and find the Dalitz plot density

pD (Ti T2) = (40irEoq'/p, ') ( j
a& (1)

~

'+
j
bR (2)

~

+2po' Re[aR(1)b*R*(2)]), (4.15)

where po'=pi' po'. p(Ti, T&) is measured in mb MeV '
if a and b are in fermis.

Note that if we neglect the effect of the angle trans-
formation to the isobar c.m. system) po' is just the cosine
of the angle between the pions in the over-all c.m.
system.

In a similar way, for P~~2 absorption with o, ~ rescatter-
ing we may define
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crease somewhat with increasing energy. This depend-
ence can be accounted for with a form factor of the
following type

(4.19)F (q) =nz'/(q'+eP) .

1. Final-state interaction seems to dominate almost
all aspects of the data; however, by use of the model
we are able in some cases to draw conclusions about the
"primary process. "

2. It is strongly indicated that below T = 700 MeV
the 8~~2 and De~2 absorption amplitudes dominate in
both isotopic-spin states.

3. The energy dependence of the cross sections near
threshold is accounted for by constant production
parameters.

4. The single-pion-production data provide evidence
that the T=-', E*(1512) resonance in the two-body
channel is in the spin and parity state 2 .

5. An anomalous effect occurs in the T=0 ~m. mass
spectra.

In order to see how the properties of this model differ
from those of other isobar models (i.e., I.S or BBS
models), we shall consider further the expression (4.14)
for the Dalitz plot density. Along the line bisecting the
Dalitz plot (Ti——T2), the density is proportional to

~" ( I
a I'+

I
& I'+2~o' «(a*&)}.

Here increasing pion kinetic energy corresponds to
increasing ~-~ mass, and po' varies from +1 at the
minimum x-x mass to —1 at the maximum x-~ mass.
The quantities a and b measure the probability for
production of the two isobar charge states. Thus, the
m-m mass distribution is sensitive to the last term, which
arises from interference between the two isobar pro-
duction processes. In the LS model the interference
term is absent so that the ~-x mass distribution will
resemble phase space for all reactions. The HBS model
would correspond to the absence of the term po' in
(5.1) because it arises from the p-wave nature of

V. COMPARISON WITH EXPERIMENT

The predictions made with various model amplitudes
may be compared with experimental data with the
following independent quantities:

a. energy distributions of the three particles or,
equivalently, the mass distributions of the three pairs
of particles;

b. angular distributions of the three particles in the
over-all center-of-mass system;

c. the dependence of the reaction cross section on
the total energy in the center-of-mass system.

These experimental features for the five production
reactions studied comprise an enormous amount of data
to be explained. Before describing in detail this corn-
parison, we summarize the main conclusions reached in
this section:

$*(3,3) decay. Therefore, in the BBS model the 7r-ir

mass distributions will resemble phase space. However,
in this model for reactions in which a= —b there is the
possibility of depletion along the Dalitz plot bisector. "
In our model the presence of the p, o' term introduces a
peaking in the high or low end of the z-~ mass distribu-
tion depending on whether the sign of the real part of
a*b is negative or positive. In the case of p-wave isobar
production the interference term will no longer be
lineal ln p, o.

Next we examine the T=-,' vr+p system where only
two amplitudes are considered.

A. m+p Reactions

There are two reactions to be considered in this case:

(1)

(2)

~++p~ m++m'+p

~ ~++~++n.

I aa
I
=0.0175~0.0008 F,

Ic3I =o.1o2 a0.006F. (5.2)

The comparisons of the model predictions using these
values are shown in Fig. 8 for reaction (1) and in Fig. 9
for reaction (2). In these figures the lower solid line is

The parameters which enter are a3, c3, and X. Only the
magnitudes of the real numbers a3 and c3 are needed to
determine the cross sections and energy distributions.
The angular distributions are sensitive to the sign of c3

(a3 is positive by convention) and to X. In addition, by
unitarity, X becomes small at low energies.

Above isobar production threshold (about T =400
MeV) we expect that s-wave isobar production will be
dominant over some finite interval until p and higher
waves come in. If s-wave production (D@2) were the
sole mechanism, the ratio of cross sections for reaction
(1) to reaction (2) would be 5.5. By referring to Fig. 3,
it is seen that this ratio rises to a maximum of roughly
4.5 at T 600 MeV. At higher energies this ratio gradu-
ally falls, perhaps due to the onset of higher partial-
wave isobar production. Thus near 600 MeV the D3~2
state could be the dominant partial wave.

If Pi~2 absorption (with ni rescattering) were the
only contributing process, the cross-section ratio of
reaction (1) to reaction (2) would be i~. This amplitude
is completely isotropic in the final state and thus will
become dominant as threshold is approached. As a
result, the rapid fall of the cross-section ratio (Fig. 3)
at low energies is accounted for if 8~~2 absorption is the
dominant mechanism near threshold.

At a given T the cross sections for reactions (1) and
(2) enable one to determine the magnitudes of aa and
c3. Since experimental data is available over the energy
range in question, we are able to determine Ia3I and

I
c,

I
as a function of energy. It is found that an adequate

fit to both excitation functions is obtained with con-
stant-production parameters, "
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IO-
8-
6-

.6-

b

.1-
.08-
.06-

.04-
.03-

.02-

remain constant, violate inelastic unitarity. Thus, as
was discussed in Sec. IV, we decrease as above 750 MeV
in such a manner that unitarity is obeyed.

From knowledge of the magnitudes of a3 and c3, the
energy distributions may now be predicted. To see
what the x-m mass distributions should look like we
note from (4.13) and Table I that Re(a*b) is negative
in reaction (1) and positive in reaction (2). From (5.1)
this means that reaction (1) will be enhanced at large
s--7r masses whereas reaction (2) will be depressed.
Figure 10 shows a comparison with experimental
Q(s.+s ) distributions at T =600 (Ref. 39) and 820
(Ref. 40) MeV (where Q=M —2m„). A similar com-
parison for the Q(s.+s.+) distributions in reaction (2)
is shown in Fig. 11 for T =357 (Ref. 41) and 600 (Ref.

40-

T = 820 MeV

200 300 400 500 600 700 800 900
T~- MeV

FzG. 8. Cross sections for the reaction m++p —& ~++21 +p. The
upper curve is calculated using both the Pj~2 and D3~2 amplitudes.
The lower curve is the P1~2 contribution alone.

the P~~2 partial cross section and the upper line is the
sum of the P~~~2 and D3~2 partial cross sections. It should
be noted that for 300 MeV(T (705 MeV the Dgs
amplitude is dominant in reaction (1) and that the two
amplitudes are comparable in reaction (2). Above 750
MeV the Dg~2 partial cross section would, if a3 were to

20-

I-
LJJ

LLI

40-

I

IOO
I I

200 300
Q (77'm') in MeV

r

400

T~ = 600 MeV

4te Events

2-

20

.8-
.6-

IOO 200
Q (vr' ~ ) in MeV

300

12

E
C

b .I-
.08-
.06-

.04-

.02-

200 300 400 500 600 700 800 900
T~- MeV

FzG. 9. Cross sections for the reaction w++ p ~m-++~++a. The
upper curve results from using both the P~y2 and Defy amplitudes
while the P~g~ amplitude alone gives the loprer curve.

FzG. 10.m+21- mass distributions in the reaction m++ p —+ w++wo+ p
at 600 MeV (Ref. 39) and 820 MeV (Ref. 40).

39) MeV. The ratio of reaction (1) to reaction (2) as
a function of Q(s.s.) is given in Fig. 12 at T =820
MeV. This last plot is quite sensitive to the angular-
momenturn properties of the amplitude used. The model
developed herein gives a satisfactory description of
these distributions.

The angular distributions are primarily determined
by (1) the angular-momentum properties of the domi-
nant state and (2) interference between the dominant

"P.Newcomb, Phys. Rev. 132, 1283 (1963).
0 R.. Barloutaud, J. Heughebaert, A. Leveque, C. Louedec, J.

Meyer, and D. Tycho, Nuovo Cimento 27, 238 (1963).~ J. Kirz, J. Schwartz, and R. Tripp, Phys. Rev. 126, 763
(1962); R. Tripp (private communication).
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amplitude and the second most important amplitude.
If the parities of these two amplitudes are different,
odd powers of cos0 will be present. By referring to
Iig. 8, we see that at intermediate energies the con-
tribution of the Pr~s amplitude to reaction (1) is very
small, and thus it is quite possible that it is not the
second most important amplitude in this reaction. In
fact, at 600 (Ref. 39) and 820 (Ref. 40) MeV the
angular distributions in reaction (1) are strongly asym-
metric and can be explained by the presence of other
background terms. ' In the case of reaction (2), Fig. 9
shows that the D3/2 and I'&~2 contributions are quite
comparable, and thus the angular-distribution predic-
tions should be reliable.

The interference between the I'j~2 and D3~& ampli-
tudes gives a coso term whose sign depends upon the

IO g+ P% +

Nv+~+

ISOTROPlt' MOGUL WITHOUT
INTERF KRKNCK g

120 NeV ~ 0

I

IOO 200
I

300
o(~~) vlv

aoo me V

Fro. 12.The ratio a (s.+s-'pl/a (w+s-+Nl plotted as a function of 7r —s.
Q value for T =820 MeV (Ref. 40).

Pq~s below 800 MeV. Next, we discuss the vr p reactions
and determine the T=-,'amplitudes.

20- T~ 600 Mev

75 EVENTS

B. ~ P Reactions

When ~ p inelastic reactions are considered,

l5-

lo-

(3)

(4)

(5)

m. +p~m +s'+p
~7r +tr++e
—+ vrs+s-'+I,

(hI-z
LLJ

hl

40-

l00
I

&00

T~ = 357 Mev

l97 EVFNTS

t

200
Q(w'm ) in Mev

120-
T~ = 557 MeV

80-

the e6ects of both T=—,'and T=-,' amplitudes must be
taken into account. Since the T= —,', parameters have
already been found, the remaining four parameters to
be determined are ay, cy, C, and 0.

40-

20

80- T~ = 357 MeV

l2080
Q(~'~'»n Mev

160

FIG. 11. m+m+ mass distributions in the reaction ~++p —+ m+

+m++n at 357 MeV (Ref. 41) and 600 MeV (Ref. 39). 20-
T~ = 600 MeV

sign of cs and also upon X. At moderate energies (e.g.,
below 600 MeV) X should remain small since we are far
from the unitary limit and hence the only free pa-
rameter is the sign of c3. If this sign is chosen to be
negative, then the signs of the angular asymmetries
are correct for both the ~+ and the neutron in reaction
(2). This is shown in Fig. 13 in a comparison with
experiment at 2' =357 (Ref. 41) and 600 MeV (Ref.
39).

To summarize the fit to the s.+p inelastic reactions,
we can say that the cross sections, energy distributions,
and angular distributions for the ++~+a channel are
reasonably described by the two amplitudes D3~2 and

10-

T~ = 600 MeV
20 -'

t0-

0—I.O —.6 —.2
Cos

.2
6Ic.m.

.6 I.O

FIG. 13. Angular distributions of the m+ and neutron in the
reaction ~++p —+ ~++m++n at 357 MeV (Ref. 41) and 600 MeV
(Ref. 39). The curves drawn are the model predictions using I'1~2
and Dg2 amplitudes with c3 negative.
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FiG. 14. Threshold behavior of the cross section for the reaction
m=+P —&m ~++e. The curves are the model predictions for
various values of the parameter R=c~/cs.

As threshold is approached, the I'~~2 amplitude be-
comes dominant. Thus the important parameters are
cr and cs (0 being small at threshold). At low energies
reaction (4) has been studied most intensively. In Sec.
VI we show that there are almost a dozen cross-section
measurements below T„=300 MeV. From Table I it
follows that the rate for this reaction is proportional to
(2R+1)', where R=cr/cs. We do not, however, know
the sign of R. It will be shown below that, in order to
account for angular distributions, R must be negative.
Assuming this, we show in Fig. 14 the threshold be-
havior of reaction (4), the solid lines being the model
prediction for different values of R. From this graph
we can estimate that

exceeded, then the model calculation is given by the
solid line in Fig. 15. The actual energy variation im-
posed in this way on larl is shown in Fig. 16(a). A
comparison with data near isobar threshold gives the
following value for T=—,'D~~~2 amplitude:

l~rl/l~sl =34 ~03
ag ——0.059&0.005 F.

The sign of a~ will now be determined. From Table I
it can be seen that at low energies c~ makes a negligible
contribution to reaction (3)."Since the T=-', reactions
seem to be considerably stronger than the T=-,' re-
actions, the eQects of aa will also be negligible. Thus,
near isobar production threshold (400 MeV) only the
D3~~ amplitudes will be important and also the phase C

should be small. Hence o (z. P ~ n. z.sP) depends only
upon a~ and a3. If a~ is positive, the correct cross section
is predicted, but if a~ is taken to be negative, the cross
section is too large by over a factor of 2. Thus we find
that sign of a~ relative to a3 is positive.

Now me may examine the low-energy angular dis-
tributions. Since Et~s contribution is small for z. z. P,
the angular distributions in reaction (3) are expected
to be quite symmetric according to our model. This is
shown to be the case at T =450 MeV4s in Fig. 17.At
I' =290 MeV" the model predictions may be compared

30—

20—

R= —2.8 +0.3 )

cq= 0.285&0.03 F. (5 3)

From a knowledge of the cross sections for the Qve

production reactions, the pure T=—,
' reaction cross sec-

tion can be calculated using (2.1). Using the compiled
experimental data of Sec. VI, o.(T=—,') is shown in
Fig. 15. The T=-', cross section can only depend on (in
our model) the magnitudes of ct and ar. Since lcrl is
known,

l
ar

l
can be determined by comparison with the

experimental data. The dashed line in Fig. 15 is the
model prediction with a constant ratio of

l
at l/as=4,

which fits the experimental data below 400 MeV. The
D3/2 (T= —,) amplitude with this ratio is quite large and
causes a violation of the inelastic unitarity limit near
400 MeV. If we use our prescription and decrease latl
smoothly such that the unitarity maximum is never

200
I I

400 600
INCIDENT PION K.E.

I

800 MeV

Fxo. 15. The T=-', pion production cross section. The dashed
line is calculated with

~
ar I/ I us

~

=4 independent of energy. The
solid line results if this same ratio is used at low energy and the
unitarity correction is made.

2 In the wm representation this can be easily seen since the
~ ~0 cannot be in an s-wave state (in the dominant T =-', reaction)
and thus is inhibited for low energies.

43 C. P. Poirier, Ph.D. thesis, Indiana University, 1965 (un-
published), and private communication.

44 Yu. A. Batusov, N. Bagachev, S. Bunyatov, V. Sidoriv, and
Y.Yarba, Dokl. Akad. Nauk SSSR 133, 52 (1960) LEnglish transl. :
Soviet Phys. —Doklady 5, 731 (1961)j; Zh. Eksperim. i Teor.
Fiz. 40, 460 (1961) LEnglish transl. : Soviet Phys. —JETP 13,
320 (1961)g.
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FIG. 16. (a) The energy dependenceimposed upon (ai~ by uni-
tarity. (b) The energy dependence required of C to simultaneously
6t the excitation functions for reactions 4 and 5. The values of C
at high energy are uncertain since it is clear from I'ig. 15 that
higher waves become important above 600 MeV.

with experiment in reaction (4). In this case there are
strong asymmetries which are adequately reproduced
by the model with c» positive as shown in Fig. 18. In
the absence of experimental data concerning center-of-
mass angular distributions for reaction (5), we may
predict that the ~' should be somewhat peaked back-
ward, whereas the neutron should go forward.

The two parameters tY and C remain to be determined.
Because of the large magnitude of ci/cs and because at
higher energies (where t) might be expected to become
nonzero) the Pits amplitude is much smaller than the
D&i2 amplitude, the available data does not determine 8.
On the other hand, the branching ratio into the various
charge states is quite sensitive to the magnitude of C.'

From (4.13) and Table I it is seen that at a given energy
T, increasing ~C

~

increases the cross section for re-
action (3) and decreases the cross section for reaction
(4). Figure 19 (dashed line) shows the model predictions
for these reactions if ~C ~

remains zero. The experi-
mental situation is represented by the solid lines in this
same graph. Only if ~4

~

increases sharply in the manner

shown in Fig. 16(b) does the model Prediction and the

experimental Points coincide

Cross sections are sensitive to the magnitude of C

but not to its sign; however, the sign of C can be deter-
mined by looking at the Dalitz plot in reaction (3).
The asymmetry in the two halves of the Dalitz plot
bounded by the line T 0

——T —is quite sensitive to the
sign of C, and at T =558 MeV" heavily favors a
positive sign."Because of the weakness of the 7=-,'
inelastic reactions relative to the T=-, reactions in this

energy region, we expect (C» )
to be smaller than (C»),

which implies that 4» increases in a positive manner,
passing through 90' near T =500 MeV.

4' R. Burnstein, G. Charlton, T. Day, G. Quareni, A. Quareni-
Vignudelli, G. Vodh, and I. Nadelhaft, Phys. Rev. 137, 81044
(1965).
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FIG. 17. Angular distributions in the over-all c.m. for the re-
action ~ +P ~ ~ +~'+P at 450 MeV (Ref. 43). The curves are
calculated with both the I'If2 and Dsf2 amplitudes.

As we have seen in (4.7), the phase Ci is closely
related to the D3f& elastic phase shift at the same energy,
the relationship becoming an equality near threshold.
Therefore, our analysis implies that the elastic pion-
nucleon amplitude resonates in the Dsts (T=-,') state.
Two-body data have shown that the Pits~(1512) reso-
nance (which appea, rs in the ir P elastic cross section)
has spin —,

' and negative parity. ' It is thus useful to
have an independent veri6cation of the quantum
numbers of this resonance.

All the parameters of the D3~~ and I'~~~ amplitudes
have been determined. Using these parameters, we
compare model results with the experimental compila-
tions of cross sections for reaction (3) in Fig. 20, for
reaction (4) in Fig. 21, and for reaction (5) in Fig. 22.
The accurate prediction of the cross section in reaction
(5) is significant since we have not used this data at all
in the parameter determination. As in the m.+P case,
the lower curves in Figs. 20, 21, and 22 are the I'»i2
partial cross section, and the upper curves are the sum
of the P~~~ and D3/2 contributions.

Finally, we discuss the energy distributions. Figure
23 shows these distributions in the case of reaction (3)
at T =558 MeV.4' It is seen that the model predicts
an enhancement for large Q(ir=ir') values which agrees
with the experimental distribution. At the same energy
Fig. 24 shows the corresponding energy distributions
for rea, ction (4). In this case no enhancement is ex-
pected at high x 7r+ masses in our model. As is seen,
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the experimental data contradict this prediction. This
discrepancy occurs over a wide range of incident en-

ergies being particularly evident near T =400 MeV."
A similar effect seems to occur in reaction (5), although
the experimental data for this reaction is rather mea-
ger. 4~ The existence of substantial deviations in the xm.

mass spectra for reactions (4) and (5) strongly suggests
that the T=O x~ state has some strong final-state
interaction. "

When this "anomalous" effect is most evident, the
mm mass peaking occurs at about 400 MeV, which sug-
gests that this peak results from the decay of the pro-
posed 0- meson. "However, it is difficult to explain the
observed peaking4' of the xw mass at the upper end as
T increases and the kinematic limit of the m7r mass
exceeds 400 MeV. Recently, a model of this sort has
been proposed by Thurnauer" which requires the 0-

mass to be 490 MeV to account for the observed
distributions.

Another possible mechanism to account for the ob-
served peaking would be to produce an ABC enhance-
ment. " This amplitude could be made to interfere

destructively with the s-wave 1V*(3,3) amplitude or
equivalently with the I'&~2+ amplitude considered herein
which could enhance large zx masses over a wide range
of T~.

Another approach has been suggested by Anisovich
and Dakhno. 4 They have shown that if the pion from
the decaying 1V*(3,3) rescatters with the "extra" pion
(a triangle diagram), it is possible to account for the
anomalous peaking in a quite satisfactory manner.
However, the model used by these authors was over-
simplified in that angular-momentum barriers were
neglected and the nonrescattered part (s-wave E*
production) was represented by an undetermined con-
stant. Both these faults would in principle be circum-
vented by a more detailed calculation of the triangle
diagram and by using the E* production amplitude
determined by the method of this paper. This being so,
the only free parameter is the xx scattering length; A
further discussion of this is contained in another
paper. " Of course, it is possible that more than one
mechanism (o., ABC, triangle diagrams) may be con-
tributing simultaneously to give rise to the "anomalous"

m +p~% +%++n
T~=290 MeV 250 EVENTS

40- 1
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-I.O -.2 .2
COS 8~+

I.Q
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INCIDENT. PION K.E. (MeV)

FIG. 18. Angular distributions in the over-all c.m. for the re-
action x +P —& ~ +m.++n at 290 Me& (Ref. 44). The curves are
calculated with both the PI~2 and D3/2 amplitudes and with c&

positive.

4' J. Kirz, J. Schwartz, and R. Tripp, Phys. Rev. 130, 2481
(1963).' B.Barish, R. Kurz, V. Perez-Mendez, and J. Solomon, Phys.
Rev. 135, B416 (1964).

8 L. Brown and P. Singer, Phys. Rev. 133, B812 (1964).
'e P. Thurnauer, Phys. Rev. Letters 14, 985 (1965).

FxG. 19. The dependence of the excitation functions of the re-
actions m. +p —+m. +vr++n and ~ +p —+m +~'+p upon the
parameter C Lthe interference angle between T=sr and T=2e
iver*(3,3) production). The dashed curve results if C remains zero.
If C increases in the manner of Fig. 16(b) the solid curve is gen-
erated. This later curve is a good 6t to the experimental data.

50 N. Booth, A. Abashian, and K. Crowe, Phys. Rev. 122, 2309
(1964)."C. Kacser, M. Olsson, and G. Yodh, in Proeeedhrtgs of the
Oxford International Conference on Elementary Particles, &65
(Rutherford High Energy Laboratory, Harwell, England, 1966).
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FIG. 20. Cross sections for the reaction m +p -+ ~ +x +P.
The upper curve results from using both the P~gg and Dg~ ampli-
tudes while the Pi~2 amplitude alone gives the lower curve.

peaking. It seems to be very difBcult to get a unique
solution to this problem.

VI. DATA COMPILATION

This section contains a collection of all the experi-
mental references known to the authors for the Ave

single-pion production reactions in the energy range
studied. """To increase the usefulness of this com-

"V. Barnes, D. Bugg, I. Derado, A. Minguzzi, L. Montanet,
R. Van De Walle, R. Carrara, M. Cresti, A. Grigoletto, A.
Loria, L. Peruzzo, and R. Santangelo, CERN Report 63-27
(unpublished) .

"References to several analyses of this type are found in
P. Bareyre et al. (Ref. 7).

"W. Willis, Phys. Rev. 116, 753 (1959)."J.Detoeuf, Y. Ducros, J. Merlo, A. Stirling, B. Thevenet,
L. Van Rossum, and J. Zsembery, Phys. Rev. 134, B228 (1964).

"R. Barloutaud, L. Cardin, A. Derem, C. Gensollen, A.
Leveque, C. Louedec, J. Meyer, and D. Tycho, Nuovo Cimento
26, 1409 (1962).

's C. A. Tilger, C. P. Poirier, E. D. Alyea, H. J. Martin, Jr.,
and J. H. Scandrett, Phys. Rev. 142, 972 (1966).' C. Gensollen, P. Granet, R. Barloutaud, A. Leveque, and
J. Meyer, in Proceedings of the Sienna International Conference on
Elementary Particles and High Energy Physics, 1063, edited by
G. Bernadini and G. P. Puppi (Societa Italiana di Fisica, Bologna,
1963), Vol. 1, p. 84.

'QD. Stonehill, Ph.D. thesis, Yale University, 1962 (unpub-
lished); earlier results are given in D. Stonehill, C. Baltay,
H. Courant, W. Fickinger, E. Fowler, H. Kraybill, J. Sandweiss,
J. Sanford, and H. Taft, Phys. Rev. Letters 6, 624 (1961).' Yu. Batusov, S. Bunyatov, V. Sidorov, and V. Jarba, JINR-
P-1823 and JINR—P—1838 (unpublished).' J. Deahl, M. Derrick, J. Fetkovich, T. Fields, and G. Yodh,
Phys. Rev. 124, 1987 (1961).
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FIG. 21. Cross sections for the reaction ~ +p ~w-+~++n.
The upper curve is calculated using the Pig~ and D3~2 amplitudes.
The lower curve is the P~g2 contribution alone.

pilation we list the kinetic energy and cross section for
each experiment. Only experiments which directly
measure the production process are considered. The
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~ T. Blokhintseva, V. Grebinnik, V. Zhukov, G. Libman, L.
Nemenov, G. Selivanov, and Y. Jung-Fang, Zh. Eksperim. i Teor.
Fiz. 44, 498 (1963) I English transL: Soviet Phys. —JETP 17, 340
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Nemenov, G. Selivanov, and Y. Jung-Fang, in Proceedings of the
Twelfth Annlal International Conference on High Energy Physics,
Dnbna, 1964 (Atomizdat, Moscow, 1965). Earlier results of these
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44, 116 (1963) t English transls. : Soviet Phys. —JETP 15, 629
(1962); 17, 80 (1963)g."J. Brisson, P. Falk-Vairant, J. Merlo, P. Sonderegger, R.
Turlay, and G. Valladas, The Aix-en-Provence International Con-
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and W.'Shephard, Phys. Rev. 135, B232 (1964).

'8 J. Oliver, I."Nadelhaft, J.",'Ashkin, and G.&Yodh, Bull.™Am.
Phys. Soc. 9, 80 (1964);J.Oliver, Ph.D. thesis, Carnegie Institute
of Technology, 1965 (unpublished).
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Fxo. 22. Cross sections for the reaction x +p ~ m-'+~ +n. The
meaning of the curves is the same as in Figs. 20 and 21. This
reaction was not used in determining the parameters and thus
checks consistency of the model.

method of subtraction from the total cross section gives
only a limited amount of information and would seem
to be more susceptible to error. "The compiled cross
sections are contained in Tables II and III.

VII. CONCLUSIONS

0 .IOO Q(m p) 200 300

Fxo. 23. Q-value distributions -for the reaction ~ +p —& ~
+~ +p at 558 MeV (Ref. 45). Adequate fits are obtained over a
wide range of energies for this reaction.

is able to account for most of the experimental phe-
nomena in a natural way, by which we mean that the
parameters determined by comparison with the experi-
mental data are found to be constants or to vary in a

A simple model has been constructed to make a
phenomenological investigation of the single-pion-pro-
duction process at low energies. An amplitude for s-wave
production of the Ã*(3,3) resonance has been used in
conjunction with a threshold amplitude in which all of
the particles are in s waves. It is found that this model

TmLz II. Compilation of experiments measuring the cross sec-
tions for reactions x++p —+ m.+++'+p and ~++p ~ ~++~++m.
(The cross sections are all measured in millibarns. )

60-

40

20

60-

I
IOO Q(~-~+) 200

I

300 MeV

a +a'+n

58 Mev

48 EVENTS

T (MeV)

300
357
450
500

520
600
600
615
660
710
760
780
815
820
900
900
910

(+OP)

0.11~0.04

1.04~0.2
1.7 +0.8—0.3
1.3 ~0.5

.3.8 ~0.3
3.55~0.53
3.6 ~0.5
5.5 ~0.5
7.8 ~0.5
9.7 ~0.5

12.2 ~1.4
10.1 ~0.5
9.3 ~0.8
7.5 ~0.5
8.6 ~0.8

10.5 ~0.4

(++I)
0.025~0.018
0.1.2 ~0.01
0.29 ~0.06
1.1 +0.3—0.7

0.7 ~0.1
0.78 ~0.17

2.8 ~0.4
1.9 ~0.3
1.7 ~0.2
2.4 ~0.4
2.5 w0. 2

Reference

52
41
43
54

55
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56
55
55
55
55
57
55
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FIG. 24. Q-value distributions for the reaction m=+p —+ m

+m.++m at 558 MeV (Ref. 45). This figure illustrates the "anoma-
lous" x-~ peaking effect. The ~ n projection still fits since it is
dominated by E*production.
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TABLE III. Compilation of experiments measuring the cross sec-
tions. For reactions ~+P ~ m +~'+p, m +P —+ m +~++a, and

+p~ w +so+I. (The cross sections are all measured in
millib am s.)

T~
(MeV) (—Op)

210
222
224
233
245
246
260
264
276 0.08+0.13—0.05
288
290
310 0.13+0.06
317
344 0.23+0.04—0.07

0.015~0.003
0.027~0.005
0.03 ~0.02
0.053~0.013
0.10 ~0.04
0.125+0.028
0.14 ~0.10
0.16 ~0.06
0.4 +0.2—0.3
0.28 ~0.09
0.61 ~0.13

0.71 ~0.17
1.5 +0.1

(00N)
Refer-
ence

60
60
61
60
62
60
63
60
64

60
44
47
63
65

365
365
371
374
377 0.31+0.07—0.04

2.4 ~0.2
1.93 ~0.16
1.93 ~0.37
2.6 ~0,2 1.3 +0.1

47
46
63
47
47

417
421
427
432
435
450 1.58~0.2
454
466
470
480
558 4.0 ~0.5
570
590
604 4.98+0.54
646 4.65~0.17
690
790 5.62~0.52
800 3.9 +0.5
830 5.69~0.52
865
870 5.39~0.54
900 5.7 ~0.6
905 6.5 ~0.5
905 5.0 ~0.7

3.3 ~0.3

3.36 ~0.74
4.0 ~0.2
3.7 ~0.3
5.2 ~0.64
3.8 ~0.4
4.0 ~0.3

5.0 ~0.3
7.5 ~0.8

7.87 +0.91
7.14 ~0.23

10.0 ~0.78
8.2 +0.8

11.95 ~0.87

12.88 +0.99
10.1 ~0.9
10.7 +0.6

47
66
63
47
46
43
47
46

5 66
46
45
66
66
67
68
66
69
58
69
66
69
58
70
71

1.5 ~0.1
1.25~0.5

1.6 ~0.2
0.85+0.7

4.1 ~0.8
3.4 ~0,7

3.6 ~0.5

3.6 ~0.7

simple manner. The model provides a systematic
method for investigating the properties of the produc-
tion process, many of which are not easily apparent in
the raw data. The main conclusions are:

1. The rapid variation of the ratio o.(s+p ~ rr+rr p)/
o (rr+p -+ m+s+e) as shown in Fig. 3 is explained as an
angular-momentum barrier effect inhibiting the isobar
production process as threshold is approached.

2. The peaking at large x+z' mass in the reaction
s.++p —+s.++s'+p, which had once been considered
as evidence for the f meson, " is found to be an effect
caused by interference between the two charge states of
s-wave isobar production.

3 ~ Above 600 M eV in the reaction s ++p ~7r++s'+ p
there is evidence from the angular distribution that
higher wave isobar production is becoming important.

APPENDIX A

To derive the angular distribution formula (4.5)
from (4.4)

J(pr) =4m lM l'der,
0

p2 ps@1+» on»s&ncros'gl

expand lM'l as follows:

lMI'=2 ~~-Pi( r)P (us),
l, n

(4.4)

and use the usual Legendre-polynomial addition formula

n

P„(ps) =P (lao)P (dur)+2 Q((e—m)!/(m+m)!)
m=1

XP„(ps)P„(pr) cosmrir.

Now the integrals may be performed leaving

~(~r) =4+ Z «, -P-(u)P~6 t)P-(I r)' (A1)
t n

the desired form

J(pt) =2s-' P(21+1)
l~

XP (&,)P g)P (&) (4.5)

is now easily shown to be equivalent to (4.4) by using
the same expansion of

l
M l' and comparing terms with

(A1).

4. From the growth rates of the reactions s. +p~
s. +s'+p and s. +p~I +s++e it can be inferred
that the phase of the T=-', isobar production process
increases rapidly, and hence by unitarity, it may be
concluded that the a@2 elastic amplitude resonates near
T =600 MeV.

5. The peaking in the m-+~ mass shown by Kirz
et a/. ' is established as anomalous behavior not explained
by this simple model. "

6. The magnitudes and signs of the amplitudes for
threshold production and s-wave isobar production
have been determined from the experimental data.

7. It is apparent that above T =600 MeV, higher
partial waves must enter in an important way to ac-
count for the T=—,'cross section (e.g. , Fig. 15).

Finally, it should be remarked that our model uses
an isobar production parameter which is constant in
magnitude (except for a smooth variation imposed by
unitarity). It is found that the s p reaction cross sec-
tions are satisfactorily accounted for in the region of
the 6rst T=sr resonance (T =600 1VIeV). Recent
data, "'r 's however, show a slight bumP of about 10/o
at 600 MeV. Aside from this, all the evidence of reso-
nant behavior in the inelastic Dgi2 state comes from the
rapid variation of the production phase.
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APPENDIX B: LORENTZ TRANSFORMATION
FROM THE OVER-ALL CENTER OF

MOMENTUM TO THE REST
SYSTEM OF TWO OF

THE PARTICLES

We want to transform from the over-all rest system
in which

Pl+ P2+P, =O

rest system in terms of over-all rest-system quantities,
we use a Lorentz transformation velocity

V= —Pl/(Ep —El).
The correct transformations are well known~' to be

P2=P2+Vf(V P2/Pl)(pl ~) +1E2jy
E2' ——y(E2—V P2)

leading to

P2 P2+(Pl/&28)P((E0 El ~23)/~1)Pl'P2+E2J ~

to one in which the momenta P2' and P8' add to zero
and the other particle has momentum el (and energy
01). To accomplish this we need a pure Lorentz trans-

Note that
formation parallel to Pl

Kl='71(P1 PIE1)~ 01=+1(E1 Pal). so
'1 (E0 El &23)(E0 El+&28)y

Consider the Lorentz scalar Lp (ql+q2+——ql) where

q; are momentum 4 vectors. In the three-particle rest
fr ™LO=EO is the total energy squared. Lo evaluated
in the two-particle rest frame is (01+~28)'—~1, where
"28 E2+E8y

&28 (q2+q8)'=(E2+E3) E0+~1 2EOE1.

This relation leads to

01 (E0E1 ~1)/&23) ~1 (Ep/"28)~ly

giving directly

P1 ~1/(Ep El)y Pl (E0 El)/&23 ~

E2+E2' El+El'
Xg= Xg=

E0 El+"28 E0 E2+"1$

P2' ——P2+(Pl/"23)p(P1 P2/(Ep —E1+N23))+E2$,
E2 &23 P(EO El)E2+Pl'P2j ~

Or, when these are combined,

P2'= Pl+ Pl/(E2+E2')/(Ep —El+"2$))

and similarly for the other isobar rest frame:

Pl = Pl+P2E(El+El)/(E0 E2+&18)$,

deQQe

22 see, for example, C. Mglller, The Theory of Rdut8mty(Oxford
Thus, in order to express quantities in the two-particle University Press, Oxford, Eng1and, 1957), p. 72.


