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An explicit representation of the Rarita-Schwinger wave function is constructed, and with its help it is
shown that many calculations of resonance scattering within an isobar model can easily be performed without

explicitly calculating the propagator function.

I. INTRODUCTION

N calculations involving resonances of high spin, the
resonant particle is frequently described by a field
and perturbation theory used to calculate the decay
width of that particle. The expression for the width in
this ““isobar model” differs from the frequently used
T'=g%%*1 (I the relative orbital angular momentum
of the two decay products in the center-of-momentum
system, p the three-momentum, and g the phenome-
nological coupling constant) and is more appropriate
when p is not very small.

Isobar-model calculations have been performed for
spin-§! and spin-§2 resonances. The difficulty of this
method is that for higher spin the expression for the
positive-energy projection operator becomes extremely
lengthy and unwieldy. For spin-§ this is
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which is of moderate length; but for spin § it is very
long,? and even more so for spin %, etc.?
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It is the purpose of this paper to show that if one
use an explicit representation of the wave function in
the Rarita-Schwinger formalism* many calculations
can be performed quite easily and quickly. We will
demonstrate these techniques with two examples:
(1) calculating the decay width of an arbitrary spin
fermion decaying into spin-} and spin-0 particles,® and
the associated amplitude for creation and decay of such
a resonance, and (2) calculating the multipole transi-
tion amplitudes for photoproduction of these resonances.

II. GENERAL THEORY

In the Rarita-Schwinger formalism,* the wave func-
tion representing a particle of spin J, where J=n+3,
» an integer, is an z-component tensor-spinor,

Uayeeran ™ (P),

i.e., under a Lorentz transformation, it transforms like
the product of » vectors and one four-component
spinor. The superscript () denotes the z component
of the angular momentum. In addition, this function
must satisfy three conditions?:

M (P)="Uayer.ajereaieray ™ (p) for all 2 and j

v« being the 4X4 Dirac matrices. As a result of these, the following conditions are also satisfied:

(V)  pagthare--an™(p)=0 for all (as,- - - ,an) (Lorentz condition),

(V) Hageeragerran™(p)=0 for all (s, - * ,@i_1, Cit1,* * *y0n).

An explicit representation® of the Rarita-Schwinger wave function may be constructed in the following manner:
Couple a spin-% spinor to a spin-1 vector, with appropriate Clebsch-Gordan coefficients, to give a spin- function;
couple this spin-§ function to a spin-1 vector, again with appropriate Clebsch-Gordan coefficients, to give a spin-§

* Work supported in part by the U. S. Atomic Energy Commission Contract No. AEC AT (11-1)-1371.
1 See, for example, M. Gourdin and Ph. Salin, Nuovo Cimento 27, 193 (1963); 27, 309 (1963).

2 D. M. Brudnoy, Phys. Rev. Letters 14, 273 (1965).

3 C. Fronsdal, Nuovo Cimento Suppl. 9, 416 (1958). A method for obtaining an expression for the positive-energy projection

operator for arbitrary spin is contained in this article.
4W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941).

5 Many of these calculations were performed by J. G. Rushbrooke, Phys. Rev. 143, 1345 (1966) using the expressions of C.

Fronsdal, Ref. 3.

6 This construction has been given for spin-} functions by S. Kusaka, Phys. Rev. 60, 61 (1941).
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function; and so on, # times. The resulting expression can be written

Uhapeeoan™(p)= X (n—% Lm—my)ma|n+3 m)n—3% Lm—mi—ma)ms|n—3 (m—m1))

< Glm—my— - - _mn)mn!%(m_ml_ ce —mn—1)>u(m—ml—"'_m")(P)(eml([’))al(emz(?))az' : '(GMn(P))mm 1)
where the ( jimbmvl j+1M) are Clebsch-Gordan coefficients, %™s)(p) is the four-component Dirac spinor,” and
€n,(p) the four-component spherical spin-1 vector.” Note that any term for which m—my— -+ - —mp,#—7 or +3%

in Eq. (1) is zero.

(i) It is trivial to see that this function obeys the Dirac equation, for any vector component, by construction.
(if) ‘Because of the property of the Clebsch-Gordan coefficients,?

21(25)! (GAH14+M)1(j+1—M)! )1/2
QU+ (G+ms) ((j—ms) (A+m,) [(1—m.) |

(jlmsm,| j+1 M)=(
Eq. (1) can be written as
2%t m) i —m) \ V2 1
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Since all the m,’s are summation indices from —1 to 41, the function is manifestly symmetric under the exchange
a; <> aj, for any ¢ and j.

(ili) Similarly it is easy to show that vu%ay...q, ™ (p)=0. Because #,...0, "™ (p) is totally symmetric, one need
prove this only for the case #=1. Als0 Ya,%4 ™ (p) transforms like a four-spinor, i.e., Yaytha; ™ (p) =SV artha; ™ (0)
where S is the “boost” transformation for the spin-% spinor, %™ (p)=.Su"(0); hence, one need consider only
Yarta ™ (0). The proof that this is zero is then straightforward.

Using Eq. (1) we see that the wave function is normalized according to

Bagerran ™ (P)thayeran, ™ (p) = Omrm .

Thus, Eq. (1) [or (1’)] may be used to represent a particle of spin (#+%) in the Rarita-Schwinger formalism.
The positive-energy projection operator is defined as

u,,,l...a,,<’"7(p)=.(

J
Xal---an;ﬂl---ﬁn(P)E ZJ ual"‘an(M)(P)dﬂl"'ﬂn(m) (», (2)

and because of the normalization of the wave function obeys
Xayoeamrieerrn(P) X greooynireeo8a(0) = X areoes 180 (P) -

III. DECAY OF RESONANCE INTO SPIN-} FERMION AND SPIN-0 BOSON

In order to calculate the decay 7 =340, @)
we consider the process described by the graph of Fig. 1. We use the following Lagrangian density to describe the
coupling

£ f(x)[75]¢a1---an(x)aa1' . 6.,,,<p(x)-|-H.c. , (4)

L£x)=
m
7 The following conventions are used:

1 (m~+E)xms

(ms) - - . .
u™s) (p) [2mmEE) T2\ 0 pxoms ), ¢ the Pauli matrices,

and xm, the Pauli two-component spinors, x3= ((1)), X—3= ((1)) For p in the z direction, say,

1 1 L 8
i —i
= y €= = ’ ( )_ .
€1 (9) 8 e-1(p) 7 8 eolp l};;m

8 See, e.g., A. Messiah, Quantum Mechanics (John Wiley & Sons, Inc., New York, 1962), Vol. II, Appendix C, p. 1059, Eq. (C.25)
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where 1/m," is inserted (m., being the mass of the pion) e
to make g dimensionless. For the lowest order perturba- . Spin_J 2

. . o e . Fi16. 1. Decay of resonance of spin-J

tion theory, any different combination of couplings into spin-3 fermion and spin-0 meson. S
which are both Lorentz-invariant and parity-conserv- q 2 Los

ing, will be equivalent to the above because of the con
ditions (i)-(v) of Sec. II. The brackets around v; are to indicate that v; is included in the coupling whenever
J=1I—1 and is not included whenever J=I-+1.

Using the Feynman rules, we get for the transition rate of (3)

g2 p my N (m?) 1o ’ Y
I'p= — 2 u(P )00+ Qan' 8" * @8 [75]Xax--~an;ﬁx---ﬂn(Q)["'YE]“(m )(P ) (%)
w2 2w mp 2J+1 w :

where p is the three-momentum in the center-of-momentum system, my the spin-% fermion mass, mr the resonance
mass.

In the center-of-momentum system, choosing q’ along the z axis, (¢'* €m,(q))=pdm,0. Thus substituting Eq.
(1") into Eq. (2) we obtain

e ulgnl o X e (2= ©
Jo1 ** " Gan 981 " " " QBn X are-raniBree-palg) = pe" .
' ' et 2 nt)!l \ 2mg
Combining Egs. (5) and (6), we immediately obtain®
g2 (m))2" Extmyy p \2"H!
D=—"" /———) Mn, ]=li%a (7)
4r Q1) me \m.

where Ey is the energy of the spin-} fermion. For very small p, T'p~g2p?*+1 as required.
The scattering amplitude for meson-nucleon scattering is given by?

fm’m(W: COSg) =Xm! 1—[fl(I/Vy C030)+0' ﬁlo ﬁfZ(Wi COSG)]Xm ) (8)

where W is the energy in the center-of-momentum system, 6 the c.m. scattering angle, and x.,, the Pauli two-
component spinors. The partial-wave decomposition of the functions f; and f; is®

F1(W, cost) = g [f14 (W) Pusx'(cos6)— fi(W)P1y'(cost)] (92)
£0W, coso>=§:i0 [fi(W)— fus (W) 1P (cosb). (9b)

Here [ represents the relative orbital angular momentum of the final-state particles, and /4= means J=1[+1; the
energy-dependent functions f;. (W) are the partial-wave amplitudes, and P;(cosf) the Legendre polynomials.

For scattering in only one total angular momentum state, the partial-wave amplitude may be calculated most
easily by considering the scattering at §=0. By Egs. (8) and (9):

Ju(W)=2J+1)7 L xm!Lf1(e1(W, 0=0)+ fo(W, 6=0) Ixm. (10)

In order to calculate the process $-+0— J — 340’ (see Fig. 2) we use the coupling, Eq. (4). Applying Eq. (6), we
immediately obtain that at resonance '

ek s 2 ) )

fl (mR)=41ri<—-
* ar/\ax) mal Cnt )\ my / \ s
This may also be written fi,(mz)=(3/T)(I'niTs’/|k|lq’|)!/2, where Tpi" are the partial decay widths into the

initial (final) states [Eq. (7)] and T is the total width.

~ .07
Fic. 2. Meson- \‘jf”o\o s:\/ Fic. 3. Photo-

nucleon  scattering -Spin J meson  production
via a resonance of 2 via a resonance of
spin J. o q %5 spin J.

. ) .
P 209 NG P

9 See, e.g., S. Gasiorowicz, Fortschr. Physik 8, 665 (1960), especially Appendix[A, p. 721.
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IV. PHOTOPRODUCTION OF SPIN-0 MESON VIA SPIN-J RESONANCE

In discussing the photomeson production process (see Fig. 3) we use the kinematic description and partial-wave
analysis given by Chew, Goldberger, Low, and Nambu.1® There the scattering amplitude in the center-of-momentum
system can be writtenl0

fm'mm7(W;0) = Xm’f['i“" £m7f1(W,0)+ o Ql" : (i‘;’x smy)f2(W70)+i“E“ : sm1f3(W)0)+1:0' 'Q‘/Q" : cm1f4(W;0)]Xm ’ (12)

where ¢ are the Pauli matrices, &n, the photon helicity functions (m,=+-1 or —1), E the direction of the photon,
which here is taken in the z direction, and ¢’ the direction of the meson. Specificially

f% %I(W’Q) = f—‘}—§_l(W:0) = —\_:'2_ Sin0[f3(W,0)+COSBf4(W,0)] ) (13&)
f%_%l(W’a) = _f—é %—I(W,o) = “é[z(fl(W)e)’—Cosof2(W)0))+Sln20f4(W10)] ) (13b)
J-1 ' (W,0)=— fyy ' (W,0)= —'é sin®0 fu(W,6) (13¢c)
Fs'(W,0)= f3 s7(W,60) = 5—2_ sinf[2 fo(W,0)+ fa(W,0)+cosff4(W,0)]. (13d)

The functions f,(W,8) can be decomposed*':

F(W,0)= lz:;() [IM (W) Ev (W) 1P 1 (cos6) -+ [ (141 Mo (W)= o (W) Py (cost), (14a)
S0 )= 5 [ DM ) (W) P4 (cost) (14b)
S0V )= 3. LB (W)= 14 (W) TP (c0s0)+ LI )+ B () JPrs co8), (140)
FiW,0)= 3 (M) = Eue W)= B (W)= M ()P4 (cost) (14d)

P/ (cosf) the derivatives of the Legendre polynomials, P;(cos6). The functions M. (W), E1. (W) are called magnetic
(electric) multipole transition amplitudes, multipole referring to the state of the initial-state photon,!? the sub-
script /4= meaning that the final meson-nucleon state has a relative orbital angular momentum I, J=I+1 or
J=1I—%. One of the differences between this case and meson-nucleon scattering is that here for scattering in only
one total angular momentum state we can have two amplitudes. The reason is that consistent with the conserva-
tion of total angular momentum and of parity, there are two possible multipole states!? for the photon. If the multi-
pole index is denoted by I, = J =3, then if the parity is such that Py= — (—1)!r=(—1)* we have, by definition,
a magnetic 2% pole and an electric 2!+ pole. For opposite parity we have a magnetic 2!+ pole and an electric
2¢r pole. The two amplitudes add coherently.

Since there are two multipole possibilities for the electromagnetic coupling, its Lagrangian, for free particles,
must contain two terms. With the additional restriction of gauge-invariance,'® the Lagrangian density may be
written as

eg

. €
oeem(x) = - \Z(x)')’u['y5]¢a1-"an(x)aa1‘ o aan—lFﬂlnM(x)+—§2:I‘Z(x)au[’y5]¢a1'--an(x)aa1' N aa,._ll"a,.p(x)"‘H-C. ) (15)
n mwn

z

1 G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, Phys. Rev. 106, 1345 (1957).

11 The convention adopted here is the one used in Ref. 10.

2 For a more complete discussion of multipoles, see, e.g., M. E. Rose, Elementary Theory of Angular Momentum (John Wiley & Sons,
Inc., New York, 1957), Chap. VII.
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where F,,(x) is the electromagnetic tensor. All other Lorentz-invariant and parity-conserving combinations are
equivalent to the above by the conditions (i)-(v) of Sec. II. Of course, the boson coupling is as in the previous sec-
tion. In both couplings 1/, to the appropriate power is inserted to make the coupling constants dimensionless
(m is the mass of the pion). As before, the brackets around +; indicate that it is included in the electromagnetic
coupling whenever #=1; in this case v; is not included in the boson coupling. Just the opposite is true when z=17—1.

The differential cross section depends on the JZ of the resonance and on the value of the two constants g; and go
in the Lagrangian. Our aim is to express the multipole amplitudes corresponding to the above Lagrangian in terms
of these constants and, thus, obtain the differential cross section in terms of two coupling constants.

The multipole amplitudes are calculated in the same way that the partial-wave amplitudes were calculated in
the previous section but with the following modification. Since for a transition of definite J two amplitudes must be
calculated, we must evaluate the scattering amplitude at two different scattering angles. (Actually since J, is
conserved, we could just as easily consider the scattering amplitude at one angle but for the two projections m=1%
and m=3.) For convenience we choose the angles §=0 (or equivalently 6=7) and 6=7/2. By Egs. (13) one may
consider only m,=-1 without loss of generality.

We consider first the case of #=I—1. Forward scattering: Here one needs the relationship

gyt kg 1(€my)paX (@ 2"(%-}-1)(%!)22 m(g)am=—m(q) (16)
ar " Qan kp1t kBn_1(€my) BaX arerean;froen(q) = ————— 2 u™(q)a™ " (g),
e Qan R Bn-1{€my)B 1 B1-++8a\q VZont1)! q q

since
(emn* (9))13"(5%,)67. = 6m7,m1 .

The rest is straightforward algebra and the result for the transition matrix is

eg 1 (n+1)(nh)2»

T —1/2(mg,0)=
w2 T Qut1)!

EN,-+mN;)1/ 2
ENj+mNj

Am me\ Xm 110+ £1x-1/2
Xl:g1<1———-——)+g2<~—>:|~—~————— , (A7)
mR-l—mN,. mm Z(MN;mN,)Im

where x. are the two-component Pauli spinors, Am=mz—mun;, my, the mass and Ey, the energy of the initial-state
fermion, 7y, the mass and Ey, the energy of the final-state fermion, and 7z the mass of the resonance particle.
Here we have used the relation

oo’}

| K| Am

EN;"‘mN.-_mR"'mN.' '
By Egs. (17), (13b), (14a), and (14b) we obtain

eg 1(n+1)("!)22"/EN,»+mNi)1/2
4rme T (2n+1)! \Ey, +mx,

Am My Ikl n |q/] nt+1
] (I
mer+mn; Mo M M
Scattering at w/2:

Since in this case q¢'=(]q’|,0,0), it is not difficult to convince oneself that the following is true

—IL+1)M 1 (mr)—(I—1)Ei_(mr)]=

n)[(ﬂ-k%-i-m) (n+3—m)!

1/2
(2n+1)1 ] (q-e_1)™u (q) (mtn—2s) (19)

Gor' - Qo s ™ (g) = <~1>s(
S

where (’:)Enl/s!(n—s)! and s is a number from 0 to # such that for definite m, (m—+n— 2s) is either +% or —31.

One obtains Eq. (19) by using the property of the Clebsch-Gordan coefficients mentioned previously,? i.e.,
202! GHAMIGHI—M) e

QG+ (Gma) (G—me) |(A4-m0) {(1—m) !]

(lmama 1 M>=[
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Using Eq. (19) and choosing #m=$, the transition matrix is

g 1nt2 (b)) gmy g k|
T 1 (mpym/2)=——— (—1 s( >___H_
m1r2n ' n (2n-|— 1)!

S (ZmN,.mN,)”z

EN.~+mN.' 1/ Am MR
X (_———> [g1(1+“—)+g2(_‘>J6_m’;%+n—2s .
Eyytmy, : me-tmuy; Ma

Hence if n=even, then $+n—2s=—3 and s=(n+2)/2. If n=0dd, then §+#n—2s=% and s= (n+1)/2.
Using Egs. (20), (13a), and (14c) we obtain for z=even, /=odd

[0 na) - Er-na) P O)= (— 1) o0 (nfz) /2)@312)[&( 1+-A"L>+gz(1"5)]c,

n me+muy, Mr
where

o 1 (n+1)(n!)Z/EN.-+mN‘-)”Z(MYH(I_Iﬂ)"

= m .
4 mpT (2n+1)! \EN,+mN, M M

Using Egs. (20), (13c), and (14d) we obtain for z=o0dd, /=even

_[E,_(mR>+MF(mR>]P/f<o>=(-1)<n+1>,2((n+”1)/2>(%_2)[g1<1 N ;%m_ )m(ﬁ)]c.
By Egs. (18), (21a), and (21b) we obtain RN M

E( ) 2n r(l 1 Am >+ MR G
_(mp)= } —_
o n(n—l—l)l..gl Tn—l—lmR—l-mNi g2<m,>:| ’
27 Am
Ml—(ml?.)= g1 G.
(%+1)2 me+mu;

Here we have used!?

1
P."(0)=—r(r+1)P.(0)= ;(r—l— 2)(r4-1)(—1) 2 /2(

r=even

(r+ 2)/2) ’
= 0 , r= Odd .
The case n=1is treated in exactly the same manner and we bring only the results.

2" Am mg
Ey(mg)= ———[g1+g2(—~>:|6’,

(n+1)2 mp+my, My

2" 1 Am 1 Am Mg

M;+(mR) = [g1(1+—~— )+ 52("‘)]61 ,
n(n+1) n+1mpt+my,/ nt+lmetmy, \mn

o eg (n+D)m)? 1

" 4r QntD)! mgl

where

[(Ex;+my;) (EN;-I‘mN;):Il”( ] )"([_k_[)" .

mal \mx
The differential cross section may be expressed in terms of My (mz) and Eyy(mg).

do 1]q
— == _Iq-[‘{All(o) | M (mg)|2+A4,20)| Ei_(mg)|2*— A:5(6) ReM 1 *(mr)Er_(mr)},
dQpor1 2 |k

145

(20)

(21a)

(21b)

(22a)

(22b)

(23a)

(23b)

(24a)

13 See, e.g., I. N. Sneddon, Special Functions of Mathematical Physics and Chemistry (Oliver and Boyd Ltd., London, 1961), Chap.

III, especially p. 92.
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where
A1(8)=2(I+1)2P1_y/2+212P/2—41(1+1) cosOPy_t' P/ —2(i+1) sin®0P; 1/ Py
—2 sin20 cosOP;_y"' Py +sin?0(P;_y"'?+ Py'%)+ 21 sin?0P,/ P, 4",
A2(0)=2P;_/*—2 sin®0P;_/ P/’ —2 sin% cos0P;_" P{"+sin8(Pp_y"*+P/"?),
A3(8) = —A(I4+1)Py_y>+41 cos0Py_y P/ +2(1+2) sin®0P, /Py (24b)
~+4 sin?0 cosOP;_y" P’ —2 sin?0(P;_y''2+ P;'?)— 21 sin?0P/ P 1" .

do 1|q

—| == [—q—I{Bll(") | M1 (mg) |+ Bi*(6) | Ey(mg) | 2+ Bi(0) ReM 1 *(me)Ery(mr)} ,
0l 2 [K|

where

Bil(6)=212P;, 2+ 2(1-+1)2P/?— 4i(i+1) cosfP Py +21 sin?0P; Py i/
—2 sin% cosP;” Pyyy"'+sin20(P 1" *+ Py’ — 2(i+1) sin20P,/ Py,
B2(0)=2P 12— 2 sin?0Py"’ P11’ — 2 sin0 cosOP;' Py +sin20(P 111/'24P;’?)
B3(0)=41P 11— 4(+1) cosbP/ Py —2(—1) sin20P;" Py i/
~+4 sin?0 cosOP;' Py’ — 2 sin?0(Pyy"2+ P2+ 2(I4-1) sin20P; P4 .

V. SUMMARY

We have seen that by explicitly constructing the Rarita-Schwinger wave functions for fermions of arbitrary
spin [Egs. (1) or (1)], many technical difficulties encountered in calculating widths and resonance amplitudes can
be overcome. This method is particularly simple for calculating the width of a resonance decaying into spin-3
baryons and spin-0 mesons [Eq. (7)] and the associated meson-nucleon scattering amplitude [Eq. (11)]; it is also
easily used for calculating photomeson production via a resonance particle [Eqgs. (22) and (23)].

The relation of the phenomenological coupling constants to the decay widths [Eq. (7)] might prove helpful in
determining the classification of higher spin resonances into, say, SU; groups. An analysis using Eq. (7) for the
case of F5s resonances has been performed in Ref. 2.

Photoproduction processes, on the other hand, cannot be completely described even within this simplified isobar
model. The two coupling constants [Eq. (15)] must be obtained from experimental data in which there is generally
a non-negligible interference between the resonant and the nonresonant parts, particularly since there is experi-
mental evidence that resonances are less strongly excited by photons than they are by pseudoscalar mesons.
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