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TasLE III. Results for the (#K) amplitude.

K*mpss K#¥ g

(MeV) Tg» aKk YEA® (MeV) T g QR YER**
Calculation C 891 0.55 0.4 0.14 1265 0.16 0.75 0.02
Experiment 891> 0.22b (50 MeV) 1405b 0.12b (95 MeV)

& See footnote a, Table II.
b A, H, Rosenfeld et al., Rev. Mod. Phys. 37, 633 (1965).

Collins and Teplitz.”? They used an input p with a width
of 0.43, which is about the same as was used in calcu-
lation A, but their output p trajectory did not quite
make it to /=1, and no trajectory rose above /=1.5.
Thus the effective force in the present calculation is
much stronger than in the N/D calculation, even though
the input forces are similar. It seems reasonable that

( ‘21; D. B. Collins and V. L. Teplitz, Phys. Rev. 140, B663
1965).

this is because the method used here does include con-
tributions to the force from higher terms in the Mandel-
stam iteration. If this conjecture be correct, then the
results presented here indicate that a calculation that
actually performs the iteration might be expected to be
very successful.
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The embedding of the algebra of the invariance group SU (%) for the #-dimensional harmonic oscillator
in larger algebras is considered. Among the four classical algebras of rank », only §4%(%z+1) and §p(2#) are
found possible for this purpose. Specific generators and their commutation relations are examined, and the
general Casimir operators are constructed. It is found that the whole spectrum of the harmonic oscillator
can be embedded in one representation of §%(#--1). Depending upon the value of a partition constant ¢, a
finite portion of the spectrum can be embedded in the compact algebra su(n--1); the remainder is in the
noncompact s%(z,1). In the case of §p(2#), only the noncompact sp(#,R) can include the su(z) of the har-
monic oscillator; moreover, the two useful representations of sp (#,R), which are true representations of the
universal covering group of Sp (#,R), contain either all the even or all the odd levels of the spectrum.

I. INTRODUCTION

N the attempt to combine internal symmetries with
the Poincaré group, it has been repeatedly pro-
posed—3 that noncompact groups (or algebras) be
used to describe not only the dynamical symmetries,
but also the internal symmetries of elementary particles.
The study of the problem has led to very beautiful and
mysterious results on the one hand, but, despite a large
freedom, to many difficulties on the other.

* Work supported by the National Science Foundation.

T Research sponsored by the Air Force Office of Scientific
Research, Office of Aerospace Research, U. S. Air Force, under
AFQOSR 42-65.

1B. Kursunoglu, Phys. Rev. 135, B761 (1964); A. Barut,
Nuovo Cimento 32, 234 (1964).

2R. Delbourgo, A. Salam, and J. Strathdee, Proc. Roy. Soc.
(London) A284, 146 (1965); H. Bacry and J. Nuyts, Nuovo
Cimento 37, 1702 (1965); W. Riihl, Phys. Letters 14, 346 (1965).

3Y. Dothan, M. Gell-Mann, and Y. Ne’eman, Phys. Letters
17, 148 (1965).

In order to learn about the problem of embedding
groups (or algebras) into larger onmes, it is useful to
examine completely soluble models provided by non-
relativistic classical and quantum-mechanical systems.
The Kepler problem (or quantum-mechanically the
hydrogen atom) and the harmonic oscillator are two
standard examples.

It was shown* long ago that the Hamiltonian of the
Kepler problem is invariant under the SO(4) group,
which explains the ‘“‘accidental” degeneracy of the
hydrogen atom. More recently, it has been conjectured
that this SO(4) group can be embedded in an SO(4,1)
group, whose generators have been written down for
the classical case.’ This SO(4,1) group does not com-

4W. Pauli, Z. Physik 36, 336 (1926); V. Fock, ibid. 98, 145
(1935) ; V. Bargmann, zbid. 99, 576 (1936).

8 H. Bacry, Nuovo Cimento 41A, 222 (1966); E. C. G. Sudar-
shan, N. Mukunda, and L. O’Raifeartaigh, Phys. Letters 19,
322 (1965).
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mute with the Hamiltonian (and in this sense is not a
true invariance group) but has the property that all
physically meaningful representations of the SO(4)
group are included in one representation of this SO(4,1)
group.

It is also well known® that the Hamiltonian of the
n-dimensional harmonic oscillator is invariant under
the SU (z) group, as we shall summarize in Sec. II. In
this paper we shall show that the algebra su(x) of this
invariance group can be embedded in the algebras
su(n—+1) or su(n,1) [Sec. II1] and in the algebrasp(n,R)
[Sec. IV] for both the classical and quantum oscillators.

The physical relevance of the useful representation of
these algebras and their associated groups is discussed
in Sec. V. This again, in our opinion, provides a very
interesting and unifying description of energy levels,
and, as such, may shed some light on the more general
group-embedding problem in particle physics.

II. U(n) INVARIANCE FOR THE HARMONIC
OSCILLATOR

The Hamiltonian H of the normalized (unit mass and
coupling constant) harmonic oscillator in # dimensions
is

n

H=3 Zl (pi+q2). (2.1)

In the classical case the coordinates ¢; and the

momenta p; satisfy the Poisson bracket
{¢i,pi} =i, (2.2)

with the definition

9q; 9p; 9pi 9¢:

As usual, it is convenient to define

{4,B}=2

=1

n (GA 0B 94 (")B) ‘ 2.3)

a;=3%(pi—1g;), (24)
ai =3(pi+1g;), (2.5)
and to introduce the bracket
. n 04 0B 94 0B
(4,5, = % (— =) 9
m=1\Qp 0Cm! OGn' 0
One then obtains
H= Z ll,;diT , (2.7)
=1
(as,0") =8i;. (2.8)

In the quantum case, one replaces the Poisson

6 J. M. Jauch and E. L. Hill, Phys. Rev. 57, 641 (1940); G. A.
Baker, ibid. 103, 1119 (1956); N. Mukunda, L. O’Raifeartaigh,
and E. C. G. Sudarshan (to be published); A. O. Barut, Phys.
Rev. 139, B1433 (1965).
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brackets by commutators for the operators ¢; and p;,

Lasp]=185. (2.9)

Using the same definition (2.4) and (2.5) for ¢; and g,
one gets

n n
H=Z a{fai—l—g 5 (2.10)

=1
[a,-,aj*]=6,r,~. (2.11)

From the form of (2.7) and (2.10) it is clear that the
Hamiltonian, in both the classical and quantum cases,
is invariant under unitary transformations in » dimen-
sions (U(n)). The generators

Ei=3[aiai s (2.12)
can be shown to satisfy the commutation relations
[E#EF]=060FE/—86/EF. (2.13)

These relations are also valid for the classical case when
the commutator is replaced by the bracket. In terms of
these generators H assumes the general form

H=E{= %[ai,ai‘”l_ . (2.14)

III. UNITARY EMBEDDING

The generators E;f which satisfy the commutation
relations (2.13) form elements of the complex extension’
@(n) of the Lie algebra. Before going to the problem of
embedding this Lie algebra into a larger one, let us
recall the connection between the complex Lie algebra
#(m) and the many real forms associated with it: % (%,l),
k-+1l=m. An unitary representation of the algebra u(%,!)
is found if one constructs a set of E;* satisfying the
commutation relations (2.13) and the generalized
Hermiticity conditions

(Et=nmEd,
n=tl (=1, B),

Thus there are % plus signs and I=m—F% minus signs.
If & or [ is zero, then we have

(Ef'=Ed,

(3.1)

(3.2)

corresponding to the only compact form #(0,m) = u(m,0)
=u(m) of the complex extended algebra 4 (m).

Since for p and ¢ Hermitian, the generators (2.12)
satisfy (3.2), the harmonic oscillator is, in fact, invariant
under the compact group U (n).

In order to embed this compact group into a larger

7 As is customary in the mathematical literature, we associate
capital letters with the groups and lower case letters for the
corresponding algebra. We use the notation 7%(n) to indicate the
complex extension of #(n), i.e., with the number of infinitesimal
generators of #(n) kept fixed, we allow for nonsingular linear
combinations of these generators with complex coefficients. Thus
these generators span a vector space on the complex field.
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Lie group, we first require the embedding of the Lie
algebra into a larger Lie algebra. Depending on the
Hermiticity properties of the new generators which are
to be constructed, we shall be able to discuss the
compactness or noncompactness of the associated group.

Let us now state the rules of embedding which we
shall adopt:

(a) The larger Lie algebra is chosen to be finite and
simple.

(b) The generators are built out of the p; and ¢,
or ¢; and a;'.

(c) As an interesting step, only algebras of rank #
are considered [su(n) is of rank n—17]. (If a simple
algebra of rank m, m>n-1, contains an algebra 4 of
rank #—1, it contains at least one algebra of rank =
which contains 4.)

In particular, we shall investigate the embedding
into the classical algebras §iz(z+-1), 56(2n+1), sp(2n)
and §0(2n). The five exceptional Lie algebras will not
be considered.

In this section we construct the generators corre-
sponding to §i(n-+1). Let us denote the new dimension
of the weight diagram by the index 0. The adjoint
representation (adj) of s@(n+1) decomposes with
respect to s#(n) according to

adj(3a(n+1))=adj(su(n)) PrnPaP1,
where z and 7 are the nz-dimensional representations of
su(n). The generators Eg*(e,3=0,:--,n) of si(n+1)
(with the trace condition E,*=0 which we shall impose
only later) decompose into E;, E¢, Ef and E
(3=1,- - - ,m). They satisfy

[EAE )} ]=08,E,f—8,PE.?, (3.3)

or, more explicitely, (2.13) and

[Ef Ed]=—8E}, (3.4a)
[E; E]=8}E¢, (3.4b)
[E; E=[ESEN]=[EXEf]=0, (3.4c)
[ES,EP]=Ep, (3.4d)
[ES,Ei]=—Ey, (3.4¢)
[E8,Eo =8 Ed— Exl. (3.4)

Let us now consider separately the classical and
quantum version of this problem.

A. Classical Case

The generators must satisfy the algebraic relations
(3.3) and (3.4), where the commutators should be
replaced by brackets. It is clear that the a; and o,
span the spaces of the representations # and 7, respec-
tively. A symmetrical combination of the a/’s,

(3.5)

can be reduced to a tensor transforming as a representa-

A,'jk...=aia,-ak- Tty
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tion # [i.e., satisfying (3.4a)] only by saturating the
indices 7, &, - - with a;f, a1, - - -.Sincea; and a,;t commute
and since H=a,a;, the most general form of the
function E? is therefore

Ef=f(H)a,. (3.6)
Similarly, we have

Eg=g(H)at, 3.7

Ef=h(H). 3.8

Conditions (3.4d)-(3.4f) then lead to the equations

JH)g(H)=h(H), 3.9)
Oh(H)/0H=—1. (3.10)

Letting ¢ be the integration constant, we obtain
h=—H-+c. (3.11)

In this classical case we deal with functions and
Poisson brackets. A discussion of the commutator
relations, the Hermiticity properties and of Eq. (3.9)
is postponed until after the quantum case.

B. Quantum Case

Despite the fact that a; and e;' do not commute in
the quantum case, the most general form of the
operators EQ, E¢’, and E¢’ is still given by (3.6), (3.7),
and (3.8). These operators satisfy (3.4a, b, c).

The following identities can be established for any
function I(H):

ad(H)=l(H+1)a;,
afl(H)=1(H—1)a.

(3.12)
(3.13)

Using these and the general form of the E’s, Egs.
(3.4d), (3.4e), and (3.4f) can be transformed into

W(HA1)—h(H) =h(H)—h(H—1)=—1, (3.14)
2h(H)= f(H)g(H+1)+g(H)f(H-1), (3.15)
—1=f(H)g(H+1)—g(H)f(H—1). (3.16)

Because of the discreteness properties of the eigenvalues
(which we shall discuss later), the solution of the
difference equation (3.14) can always be written, with-
out loss of any physical content, as

h(H)=—H+c. (3.17)

Since the generators of su(n) for the harmonic
oscillator satisfy (3.2), 7; (4=1, - - -, ) may be taken to
be -+1; the Hermiticity condition (3.1) is therefore
reduced to

(ESt=noE". (3.18)
This implies the relation
1 (H)=ng(H+1). (3.19)
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Inserting this back into (3.15), one obtains
h(H)=nof (H)fT(H)+3=—H+c, (3.20)
h(H)=ng(H)g'(H)—3=—H+c.  (3.21)

Since ff1 or ggt is Hermitian positive, (3.20) and (3.21)
yield the result

Hsc‘i’
H>c+13,

(3.22)
(3.23)

no=1: compact #(n+1),

no=—1: noncompact #(n,1),

where the inequalities mean that we take into account
only the irreducible unitary representations for which
all the eigenvalues of H are either <¢—3% or >c¢+3.
We note that we are dealing with the nonsimple
algebra #(n-+1), since the trace condition E,*=0 has
not been imposed. From (2.14) and (3.17), we see that
=¢. Thus the simplest way to obtain §i(n+1)
from @(n+1) is to require that ¢=0. However, this
turns out to conflict with the required value of ¢ when we
later consider the Casimir operator of the larger groups
SU(n,1) and SU(n+1). The proper way to obtain the
groups SU (n+1) or SU(n,1) is therefore to consider a
new set of traceless generators Dg?, defined by (A4)
in Appendix A. Because Dg* satisfies the same algebra
as FEg*, the results contained in (3.22) and (3.23)
remain valid for the simple algebra 3#(n41), and ¢
takes on a denumerable set of values. The group SU (,1)
is not its own universal covering group®? whose algebra
however is su#(#n,1). If one does not restrict the represen-
tation of su(n,1) to be true representations of SU (%,1)
and thus allow them to be true representations of the
universal covering group of SU (»,1), then the parameter
¢ may assume a continuous set of values which includes
¢=0. A physical interpretation of these results will be
given in Sec. V.

IV. SYMPLECTIC EMBEDDING

In this section we consider the embedding of the
algebra #(n) of the harmonic oscillator into the sym-
pletic algebra §p(2%). The adjoint representation of
5p(2n) decomposes with respect to #(n) according to

adj(sp (22)) = adj(u(n))Dn(n+1)/2Dn(n+1)/2, (4.1)

where n(n-+1)/2 is the [#(n+1)/2]-dimensional rep-
resentation of #(n) obtained by symmetrizing the
product of two fundamental n-dimensional representa-

tions. [#(n+1)/2 is the representation conjugate to
n(n+1)/2]. Let us again denote the new dimension in
the weight diagram by the index 0. The generators of
the §p(2n) algebra thus decompose into E;?, E;®, and
E¢'i where E;® and E¢¥ are symmetrical in ¢ and j.
The trace E;* can be identified with £’ the new diagonal

8S. Helgason, Differential Geomelry and Symmeiric Spaces
(Academic Press Inc., New York, 1962).

°L. C. Bledenham, J. Nuyts, and N. Straumann, Ann. Inst.
Henri Poincaré IIT A, 13 (1965).
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operator since the symplectic transformations in 2z
dimensions always have!® det+1.

The commutation relations are (2.13) and

[Ef Bl ]=— 8 Eif— 1 Esd, (4-22)
[Ef,E¢]=8}Eg+5,'Eo™ (4.2b)
[Ed#,Eem]=[Erd,En]=0, (4.2¢)
[EH, Emn®]=8ut Ent 80 Bt 8a* Em!+-0m! En®. (4.2d)

There is a freedom in the choice of the over-all sign of
the right-hand side of (4.2d). The particular sign chosen
is convenient, as will become apparent later. It follows

from (4.2) and the identification E= E;® that
[ESE]=—2E", 3)
[ES,Ed]=2E.

The generalized Hermiticity conditions can be
written as

(Er®)t =nomemEqd (4.4)

As we have shown that only the compact #(n) underlies

the harmonic oscillator (3.2) (i.e., 7,=-+1), we are
simply left with the two possibilities
(Ex)T=n0Ed*, (4.5)

where 7o=—+1 corresponds to the compact case sp(2n)
and no=—1 to the noncompact form sp(n,n). In the
literature this noncompact form is sometimes also
referred to as sp(n,R). A different choice of sign for
(4.2d) would result in the opposite correspondence.

Let us again discuss the classical and quantum cases
separately.

A. Classical Case

The most general form of the operators E;;* and Eo¥
is quite evidently

Eij[): r(H) Qilj,
E¢ii=s(H)aiaj .

They satisfy (4.2a, b, c), where the commutators are
replaced by brackets. In the same way (4.2d) reduces to

r(H)s(H) = — “.7)

(4.6)

B. Quantum Case

The same general form (4.6) also satisfies (4.2a, b, c).
Equation (4.2d) reduces to

r(H)s(H+2)=s(H)yr(H—2)=—1,

quite similar to (4.7).

We remark that E’=Ef=H, in fact, satisfies (4.3)
in both the classical and quantum cases. In view of the
hermiticity condition (4.5) we see that (4.7) and (4.8)

(4.8)

0 H., Weyl, The Classical Groups (Pnnceton University Press,
Princeton, New Jersey, 1946), p.
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lead, in both cases, to the same condition

nor(H)r'(H)=—1, 4.9

which can be satisfied only with no=—1. This embed-
ding thus allows only for the noncompact form sp(n,n).
The representations we have constructed and which
we shall discuss in Sec. V are, however, not true
representations of the group Sp(n,n) but of its universal
covering group.

V. DISCUSSION AND CONCLUSION

Before discussing briefly the interpretation of the
results obtained in the preceding two sections, we
note that there are two other series of classical algebras
56(2n) and §3(2n+1) which contain the algebra of
su(n). However, this embedding is not possible for the
harmonic oscillator for #>3. This can be seen quite
simply by noting that both algebras 33(2#) and
50(2n+1) require the existence of operators £,; which
are antisymmetrical in ¢ and 7, but which cannot be
built out of the commuting a; and a;. For n=3, su(3)
can be embedded in 36(6), which is isomorphic to 5#(4),
because E;; can be defined as e;jEq*, but not in §5(7). For
n=2, su(2) can be embedded in 36(5) isomorphic to
5p(4), while the embedding of s%(2) into 33(4) cannot
be achieved.

To discuss the representations of the larger Lie
algebra, one evidently must find the explicit values of
the Casimir operators [of 8#(n+1) and 3p(2#) in the
present problem]. It is necessary also to decompose the
representations corresponding to these values with
respect to the maximal compact subalgebra u(n). For
Si(n+1) the generators of the maximal compact
subalgebra, can conveniently be chosen to be composed
of the algebra of su(#),

1
Dji=Eji—”‘5jiH (51)
n

and of a generalized ‘hypercharge”

1
V=——(Ei—nE)
n+1

=H—nc/(n+1).

For 5p(2n) the maximal compact subalgebra is com-
posed of (5.1) and E=H.

The ground-state energy of the harmonic oscillator
can be obtained from group-theoretic considerations.
In Appendix A we have constructed the Casimir
operators of the algebra 3i(g). Applying the special
properties of the harmonic oscillator, specified by the
relations (2.11)-(2.14), to the results obtained there,
we get

5.2)

(5.3)
(5.4)

17i—=]).% jog=1. ¢+~
IJ""DJ'i) 7”]"‘11 » 1y

ji=aDj+ 0,
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where
x=1—-2/n)H, (5.5)
y=((n—1)/n?)(H>*—n?). (5.6)
Defining
m'HIji:¢’7n(x,y>Dyi+¢7n(x;y>5ji (5.7

and substituting this into the recursion formula (AS5),
we obtain

Yni1=YPm, (5.8)
Pmp1=%Pm T VPm—1, (5.9

whose solution is
Gn(x,y)= ;0 C ita™ 2yt | (5.10)

where Cp_it=(m—1)!/[i!(m—2i)!] and the upper
limit of the summation is m/2 or (m—1)/2 according
as m is even or odd. Thus the mth-order Casimir
operator B, of su(n) describing the harmonic oscillator is

(5.11)

Since the eigenvalues of the second-order Casimir
operator of a compact algebra is positive, we have
B»>0. In the case of the trivial representation, all B
vanish, which is possible in the present problem only if
y equals zero, which being the lowest possible value for
B, is, according to (5.6), the lowest possible value for
H?2. This implies that H?=n?/4; the positive definiteness
of H then selects the solution H=#/2. This is therefore
the energy of the ground state (as it should); this
state is invariant under the transformation of the group
su(n), (5.1).

If one applies on a state of definite energy the
generalized raising and lowering operators E, E¢/, E;f,
Ey', one obtains states separated by one unit in the case
of §i(n+1) and by two units in the case of 3p(2n).
This is quite evident by inspection of the commutation
relations (3.4d, €) and (4.3).

To learn further about the representations of the
algebras 5@ (n+1) or §5(2n) which describe the harmonic
oscillator, we must first determine the Casimir operators
for these larger algebras and then evaluate them for
the present problem. In Appendix A the Casimir
operators in question have been constructed.

The evaluation of them for 8Z(%+1) follows the same
procedure as we have developed earlier in this section
for su(n). Equations (5.7)-(5.10) remain valid; we
need only replace 7, j by &, 8, where @, 8=0, 1, - -+, n.
The values of # and y are, however, altered. Writing

2]3“= xDﬂ°+y5,s", (512)

Bn= m[ii_: nyc;&m_g .

where
Dge=Eg*— (1/n+1)E.,75s%, (5.13)

we obtain, after using various appropriate relations in
Secs. II and III,

z=c(n—1)/(n+1),

y=n(c/(n+1))*—1n. (5.14)
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The Casimir operator B, for §#(n+1) is then
Bn="1o%=(n+1)ybm2, (5.15)
where ¢, is defined in (5.10). Since ¢o=1, we see that
Bm=DBabm_a. (5.16)

For the symplectic algebra sp(n,%), the independent
Casimir operators are of even order

Cap= VK, (5.17)

where the operators ™K are defined recursively in
(A9)-(A12). By direct substitution of (A9) into (A10),
one obtains, with the help of the results in Sec. IV, that

2Kji= Z(Sji, (518)
where
z=—(n+3)/2. (5.19)
Thus we have, by generalization, that
2ij1'= Z”&ji, (520)
and
Cop=n[— (n+3)/2]7. (5.21)

In Appendix B we have analyzed in detail the problem
for the two-dimensional harmonic oscillators, based on
the results of Ref. 9 for the group SU(2,1). For ¢<%,
the states can be described completely by one represen-
tation of su(2,1). For ¢>3, the states corresponding to

1<H<;—1 (5.22)

are embedded into one representation of the compact
form su(3), while the states corresponding to

H>c+% (5.23)

belong to one representation of the noncompact su(2,1).

Conclusion

Without going into the details of the calculations
whose premises have been given in (5.16) and (5.21),
let us simply state the results for the embedding of the
n-dimensional harmonic oscillator.

In the case of 5 (n+1), the spectrum can be embed-
ded into the two forms su(n,1) and su(n-+1), the
partition being dependent upon the integration constant
¢. Conveniently, ¢ can be written as

c=3(n—1)+4v», (5.24)

where » is an integer for allowed representations of the
group SU (n,1) or SU (n+1). For »>1, there are » states
in the interval

m<H<in+v—1 (5.25)

which can be embedded in one unitary representation
of su(n+1). States with

H>in+v (5.26)

are embedded in one representation of the group
SU(n,1). For »<1, all the states, starting with H=1#,
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are embedded in one representation of the su(zn,1)
algebra corresponding to the SU(n,1) group. In this
case, since no compact part is allowed, a new freedom
arises. The noncompact SU(x,1) group is not its own
universal covering group. In analogy with the SU(2,1)
problem discussed in Appendix B, the parameter »
may assume, continuously, any value <1.

For the algebra of sp(n,n) there exists no analogous ¢
parameter. The representation to which the spectrum
of the harmonic oscillator corresponds is not a true
representation of the group Sp(n,u) but rather a
representation of the universal covering group of
Sp(nym). This can be exemplified by the following
remark: in Sp(n,n) an SU () singlet, or more generally,
an SU(n) Young diagram of zero boxes modulo #, has
a Y value of integral multiple of #» whereas for the
harmonic oscillator the SU(xn) singlet ground states
has V'=H=mn/2. The spectrum has either the form

H=3n+28 (5.27)
or
H=3n+28+1,

where $ is a positive integer. All these states of (5.27)
or (5.28) are contained in only one representation of
sp(n,m), whose Casimir operators are given by (5.21).
Thus, although the algebra su(z) can be embedded in
sp(n,m), only every other state of the harmonic oscillator
is included in the relevant representation of sp(n,n).

For any value of H (H=%n-+a, a positive integer) the
degenerative states form the representation of su(n)
corresponding to a one-row Young diagram of & boxes.
These representations are completely symmetric and
form the generalized triangular weight diagram in
n—1 dimensions.

In conclusion, we see that the embedding of the
harmonic oscillator into a noninvariance group offers a
very interesting way of analyzing a “badly broken
symmetry,” provided that the breaking term (here the
energy) has reasonably simple transformation proper-
ties. In this light we may perhaps hope that the many
propositions to frame the elementary particle spectrum
in badly broken symmetries based on compact or even
noncompact groups may be more reasonably founded
and more interesting than one might imagine from a
priori considerations.

(5.28)
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APPENDIX A: CASIMIR OPERATORS FOR
u(q), 5u(g), AND 55(2q) ALGEBRAS

In terms of the generators Eg*(a, B=1, - - -, ) given
in Sec. II which satisfy the commutation relations

[Es*EsY]=085"Es*—8;*Eg?, (A1)
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let us introduce the following recursion formula
0] Ba — 5 ﬂa s
1] ﬁa f— E ﬂa s

"t g =3[ T Byt T g By By T g7+ Eg? ™ 4] .

(A2)

The ¢ Casimir operators of #(g) can be shown to be

Cn="J 2. (A3)
For the algebra of §%(¢q) whose generators are
1
Dg*= Eg*—~05"E,", (A4)
q
one defines, in an analogous fashion,
OI ﬂa= 5 ﬁa s
Ug*=Dg", (AS)

miT a1 [T, Dy nT7Dye Dy "Iy Dy7 o171,
and obtains for the (¢—1) Casimir operators

Bm= mIaa . (A6)

We remark that the Dg® and Eg® satisfy exactly the
same commutation relations (Al). Moreover, Dg* has
the property

-Bl:‘-Daa:O- (A7)

The generators Ejf, E;®, Eo% (i, j=1, ---, p) of
the symplectic algebra §5(2p) defined in Sec. IV satisfy
the commutation relations

LB/, EF =0/ Ei— 0 EF,
LB, B’ ]= — 8B’ — 8/ E,
(B Ed]=58}Ebi+5 %,
[E:,E]=0,
[Ed B =8 Ef 07 E 40} Ed+33E}.

(A8)

Let us construct the following quantities which satisfy
recursion formulas:
’Ki=5;", °Ky=0,
Kji=E;, Ky=E,
(m+1)Kji: %[sziEjl—l— mKilEljo_I_Eli ijl
+E0il ijl+ m[{leli_l_ mKﬂEoli
_I_Ejl mK’li_l_Ele mKil]’
(DR = mK IR0 mE G BAL B mK
+ (_ 1) mEuO ijl+ (_ 1) m ijlEh.
+mK B — Eid "Ka+Ei? "Kit],
(29)]{“.: — (ZP)Kﬁ’
CHDE = CotD

(A9)

(A10)

(A11)

(A12)
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They satisfy the commutation relations

(KB ]=8;* "Ki—8f mK

["K ;B ]=8:* ™K 1j+6;* ™K,

(K, Eat]= =08, mKj— 0/ ™K,

[mK¥, By ]= (—1)™8,8 K i (— 1) w15, mK i
48, mK 48 ",

(A13)

['"Kij,Esg:|= 0.

It is easy to see that the Casimir operator of an even
order is

Cap= DK 3. (A14)

The Casimir operators of odd orders are linearly
dependent on the ones of even and lower orders.

APPENDIX B: UNITARY EMBEDDING FOR
THE TWO-DIMENSIONAL HARMONIC
OSCILLATOR

In this Appendix we treat in detail the embedding of
the algebra su(2) for the 2-dimensional harmonic
oscillator in the algebra 5%(3), and discuss the different
useful representations of the larger algebra. For this
purpose, the work of Ref. 9 on the unitary representa-
tions of s#(2,1) will be referred to extensively. Let us
record here, in the notations of this paper, some of the
fundamental formulas.

The discrete set of representations of §#(3) is char-
acterized by the set of three integer numbers di, ds,

31

. e

S NS S ——
N
\ S E——
.
N =
.
. d
. dN
<
Is
S
.
.

Fic. 1. Unitary representation of §i2(3) for the case »>1 integer,
here v=7: di=—pv+1=—6, do=—v—2=—9, d3=2+1=15.
Open circles correspond to degenerate states of the spectrum
of the harmonic oscillator. Between B and C the states are in
the compact s#(3); above A the states are in the noncompact

s#(2,1). The construction of this plot is explained in Ref. 9.



145 GROUP EMBEDDING FOR
and ds, related by
di=d,=d3=0 (mod 1), (B1)
di=dy=d; (mod 3), (B2)
di+ds+d3=0. (B3)
The quadratic and cubic Casimir operators are
By=—2[ (d1dstdads+dids) /9417, (B4)
By=d1dds/9. (BS)

From the considerations of Sec. V, these Casimir
operators for the 2-dimensional harmonic oscillator can
also be found to be

By=2(c*-9/4)/3,
Bs=2¢(c*—9/4)/9.

(B6)
(B7)

Comparing the two forms, we have the general corre-
spondence

di=—c+%, (B8)
dy=—c—1%, (B9)
ds=2c. (B10)

Ttis clear then that ¢ must be half-integral; let us write
it as

c=v+3, (Bll)

(I

where » is an integer.
Given a value of », and therefore of ¢, we have a

F16. 2. Unitary representation of §i#(3) for the case »<1, here
: di=—v+1=9, d.=—»—2=6, ds=2»+1=—15. Open
circles correspond to degenerate states of the spectrum of the
harmonic oscillator; they are all in the noncompact su(2,1).
The construction of this plot is explained in Ref. 9.

y=—
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particular representation of §4(3), characterized by the
values of B, and Bj as determined according to (B6)
and (B7). From the corresponding values of the d’s
such a representation can be exhibited pictorially in a
(31, 3Y7/2) plot, as shown in Figs. 1 and 2, where I
and Y are defined by [cf. (5.6) and (5.11)]

II+1)=1iD/Dys=(H*—1)/4, 1, j=1,2, (B12)
V=3(Esi—2Ef). (B13)

In the case of the harmonic oscillator, (B13) implies
H=Y+2/3=Y+(2v+1)/3. (B14)

The open circles in these figures stand for the degenerate
states of the harmonic oscillators, the full spectrum of
which is thus seen embedded in one representation of
5(3). Figures 1 and 2 correspond to the two cases
»>1 and »<0, respectively.

v>1

In this case, we have d3>d;>d». The point A (I=»/2,
H=y+1) corresponds to the lowest states (of multiplic-
ity 3v+1) of the spectrum belonging to an unitary
representation of the noncompact algebra su(2,1).
The points B (/= (v—1)/2, H=v) and C (/=0, H=1)
are the extreme states of a triangular representation of
the compact s%(3). The fact that the lowest » states
are embedded in the compact form of §%(3) is in agree-
ment with our earlier result (3.22), (3.23). The rep-
resentations characterized by the extreme points D
(dark dots) and E (cross-hatched) clearly are not
suitable for our problem because they involve always
states of negative energy. (These representations
extend infinitely to the left.) The point F corresponds
to I=0, H=2y+151, which is incompatible with
(B12) ; hence, the representations (cross-hatched region)
characterized by it as an extreme point are also not
suitable.

v<0

In this case, we have d1>ds>ds except when »=0, in
which case di=d;>ds. Figure 2 shows that only the
noncompact representation is allowed with its spectrum
starting from the ground state at the point A (=0,
H=1). This is again in agreement with (3.22), (3.23).

As has been discussed in the Appendix of Ref. 9,
the group SU(2,1) and quite generally all of the
groups SU(p,q), p, ¢>0 are not their own universal
covering group. In order to obtain the representations
of the universal covering group which are projective
(up to phase) representations of SU(2,1), one has
simply to relax, in some definite way, the requirement
that di, ds, ds be integers. In the present case, the
harmonic oscillator can be described only by a figure
similar to Fig. 2 provided that » be any real number less
than one. The open circle with lowest value of ¥
corresponds to H=1 for any value of ¢ compatible with
v<1. (See point A of Fig. 2.)



