
P H YS I CAL R EV I EW VOLUME 145, NUM BER 4 27 MAY 1966

FieM-Theory Calculations in Broken Symmetries*

J. W. Moses
Department of Physks, Unesersity of Toronto, Toronto, Canada

(Received 23 November 1965)

A method based on Geld theory is developed for calculating corrections to broken-symmetry sum rules.
The Gell-Mann-Okubo formulas for the bare masses of the baryons and mesons are found from equal-time
commutators in the current algebra by using the canonical commutation relations for unrenormalized
Heisenberg Geld operators. The corrections to the Gell-Mann-Okubo formula for the physical masses are
calculated from the self-masses in perturbation theory. It is conjectured that the logarithmic inGnity occur-
ring in the second-order perturbation-theory result for the baryon self-mass cancels in the mass sum rule,
and the corrections can be evaluated. For pure D coupling, the correction in second-order perturbation
theory reduces the discrepancy in the baryon-mass sum rule from 12 to 7 MeV.

authors have empolyed the equal-time corronutators of
the currents and have developed a dispersion-type
formalism based on intermediate state expansions and
completeness. Explicit calculation of the corrections to
sum rules may be evaluated in terms of many-particle
intermediate states including zero-mass charged parti-
cles. In the case of the derivation of the Adler-Weis-
berger~ sum rule the experimental cross sections are
used for scattering in the forward direction. It is
assumed that there are no subtraction constants re-
quired in the calculations.

In the following, we shall pursue a different approach
by developing a Geld-theory formalism in the framework
of the broken symmetry. It is hoped that within this
formalism strong interaction calculations may be
viewed as borta ftde perturbation calculations, since the
exact unitary symmetry is treated as the zeroth ap-
proximation within the expansion scheme.

The mass sum rules for the baryons and mesons are
studied in order to see how the method may be applied
to speciGc problems. Sum rules for the bare masses are
derived by evaluating exact, equal-time commutators
using the canonical commutation relations for the
unrenormalized Geld operators. We then replace the
baryon bare masses Mo& by the differences of the
physical masses M& and the self masses RV&. The cor-
rections to the Gell-Mann —Okubo formula are due to the
5Mtt which are calculated from an SU(3)-invariant
Yukawa coupling.

Because the expressions for the renormalization con-
stants in Geld theory are obtained from the unrenor-
malized propagator the self-masses @If~ are not
uniquely determined. It is conjectured that the loga-
rithmic inGnities that occur in bM~, in second-order
perturbation theory, cancel in the mass sum rule. A
calculation of the corrections to the baryon mass sum
rule can then be performed.

1. IN'TRODUCTION
' 'SOSPIN has played an important role in explaining
- ~ the charge independence of strong interactions
corresponding to complete unitary symmetry in SU(2).
When the electromagnetic Geld is "turned on" a pre-
ferred direction r~ is chosen in the space of the generator
algebra of SU(2) and the symmetry is broken. In view
of the smallness of the ratio of the strengths of the two
interactions the symmetry is only meekly broken.

Kith the advent of strangeness and the incorporating
of this quantum number in SU(3) ' ' it was realized that
strongly broken symmetries play an important role in
the world of elementary particles. The hadron mass
spectrum is a result of a well-deGned broken symmetry.
When the breaking mechanism is turned on, a pre-
ferred. direction Fs=-', v3F' is chosen in the space of the
generator algebra of SU(3). The breaking is stronger
than in the case of SU(2) as is reflected by the Gell-
Mann —Okubo formula'

Mtr+Mp = s Mg+-'s Mz

which is satisGed to within 12 MeV.
The origin of the breaking of SU(3) remains a

mystery. Is there a Geld in nature that breaks the
SU(3) symmetry in the way the electromagnetic Geld
breaks SU(2)? Perhaps it is something as simple as the
splitting of the bare masses of the particles. whatever
the origin of the breaking the problem arises of Gnding
ways to evaluate corrections to broken symmetry
formulas like the Gell-Mann —Okubo formula. Recent
attempts to solve this problem are exempliGed by the
work of Coleman, Glashow, and Socolow, 4 I'"ubini and
Furlan, ' and I'ubini, I'urlan, and Rossetti. ' The latter

*Part of this paper vras presented at the Toronto Conference
on Symmetry Problems in Particle Physics, October, 1965.' M. Gell-Mann, in The Esghtfold Way, edited by M. Gell-Mann
and Y. Ne'eman (W. A. Benjamin, Inc., New York, 1964).' Y. Ne'eman, Nucl. Phys. 26, 222 (1961).' S. Okubo, Progr. Theoret. Phys. (Kyoto) 27, 949 (1962).

See the revievr article, S. Coleman, in Proceedings of the
Eastern United States Theoretical Physics Conference, 1964
(unpublished).' S. Fubini and G. Furlan, Physics 4, 229 (1965).'S. Fubini, G. Furlan, and C. Rossetti, CERN Report
65/998/5-Th. 578, 1965 (unpublished).

2. EQUAL-TIME COMMUTATION RELATIONS

Ke shall consider the eight-dimensional algebra of
SU(3) and the set of inGnitesimal transformations

No. ' S. A. Adler, Phys. Rev. Letters 14, 1051 (1965); Vf. I. %eis-
berger, ibid 14, 1047 (196.5).
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If the Lagrangian has a part b which is not invariant
under the unitary transformations, then not all the
components g;„are conserved. Gell-Mann' has empha-
sized that even though the symmetry may be badly
violated by Zb this does not prevent us from defining

g;„as in (1),nor does it a6'ect the commutation rules of
the unitary spin density. The total unitary spin F; is
de6ned by

F;= i g'4d'x— (3)

generated by the eight independent Hermitian operators
F;, which may depend on the time. ' The eight com-
ponents of the total unitary F-spin current of the
meson-baryon system are dered bys

g;„='BV„F;B f;;—II;8.„II, (',j,&=1 8), (1)

where B; and. II; denote the octets of baryon and. meson
fields, respectively. The Lagrangian density 2 is a func-
tion of a number of field operators and their gradients.
If the Lagrangian is invariant under the infinitesimal
unitary transformations, then all eight components of
the unitary spin are conserved:

(2)

As we shall be concerned with SU(3) let us employ the
de Swart convention for the unitary spin components
F;."The spin components corresponding to the nonzero
roots of SU(3) are de6ned by

P.+= i—g4"d'x-2+, (9)

3'.b F8. (10)

In terms of group theory it can be proved that if

a„g„x'(x,t) = —iLFx+(t),Xb(x,t)], (11)

and Xb satisfies (10), then

where A=I, E, I. and denotes that F.+ in (9) has
the same SU(3) transformation properties as A+. The
translation operators in the isospin subspace connect
states with DI= 1. The I-like operators are translation
operators in the U-spin subsp ace and the K-like
operators are translation operators in the V-spin
sub space.

The assumption of the broken eightfold way is that
the energy density is the sum of two terms, one of which
is invariant under the F spin, and the other transforming
like the I=Q, V=O component of an octet. Thus,

at any time. For equal times the commutation rules for
the F; are It follows that

B„g„x+ X+.

[F' F~]=if ~bFb. ''

We shall use unrenormalized Heisenberg operators to
describe the interacting fields. The kinetic-energy part
of the Lagrangian is

go —— [B(y„8„+Mop—)B
+(a„rr,a„n,+~„211,II;)], (14)

[y;4(x,t),g;4(x', t)]=—f;;bgb4(x, t)8(x—x'). (5)

By hypothesis, the noninvariant term Zb contains no
gradients and is therefore the negative of the non-
invariant term 3'.b in the Hamiltonian density 3C which
we define to be where Mo~ and mob describe the bare masses of the

baryons and mesons, respectively. The Lagrangian
for the Yukawa coupling is

Zr=iGByb[nD;+(1 n)F~]BII;. —(15)

X=X,+Xb,

where K, is the symmetry-preserving part of BC. We
have

(4) LB„g„x'(x,t),Px+(t)]=0. (13)

It is observed that the components F4, F&, F6 and F7 of The result (13) holds for a more general Xb than the
the unitary spin change strangeness by one unit and one given by (10).
isotopic spin by a half unit. These components are
not conserved when there is a term gb in the Lagrangian. 3 H~ISEN&ERG &IELDS AND CANONICAL

The unitary spin densities satisfy the equal time COMMUTATION RELATIONS
commutation relation'

a„g;„=—i)F;(t) X(x,t)].
By integrating (7) over space, we obtain the familiar
equations of motion

Fg= B~gg~dx= —i P;) Xdx

J. W. Mo8at, in Proceedings of the Fifth Internationa/ 8'inter
School in Nuclear Physics, 1966, edited by P. Urban (University
of Graz Publishers, Austria, 1966).

M. Ge11-Mann, Phys. Rev. 125, 1067 (1962).

This interaction is assumed to be invariant under F-spin
transformations. As the bare masses Mop and mob are
diGerent in (14) the kinetic-energy part Zo of the
Lagrangian contains a mass-splitting term gb and the
unitary sylnmetry is reduced.

The assumption that Zz is invariant under the E-spin
transformations is a strong one as evidence from photo-
production of E particles and the binding of hyper-
fragments seems to indicate that the couplings ZEN

"J.J. De Swart, Rev. Mod. Phys. BS, 916 (1963).
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This result has been derived to all orders in the SU(3)
invariant interaction assuming that the breaking
Hamiltonian Ko is consistent with (12) and (13).

Let us now consider the pseudoscalar mesons. By
using the Heisenberg equations of motion for the
mesons and (20), we get

and AKS are both much smaller than the SxS cou-
pling and, therefore, the mechanism responsible for the
mass differences breaks the coupling constants as
well. ' However, it is hoped that the splitting of the
coupling constants occurs in a higher order in the
symmetry breaking.

The equal-time canonical corrm&utation relations for
the unrenorrnalized Heisenberg operators are B g or +=%3(Moor' M—')K rt+(MoIr' M—')K x'

+42(Mox' —M, ')K Z'. (24)
Lllo(x, t))Bello (x', t))= igloo 5(x—x'),

{B,(x,t),B;(x', t) ) =y48„8(x—x'),
and

Lilo(x, t), lio (x', t)1=0,

(16) Moreover,

(17)
$4orx+/i=v3K B,g v3qB—gK +K B—gm'

oB&K +v2EoB&m V2n—Bgo.— (25)
{B.(x,t),B;(x',t) )=0,
{B,(x,t),B;(x',t) ) =0.

The F-spin current density g»zx+ of the baryons
with the transformation property E+ in V-spin space
is given by

The canonical commutation relations (16) and (17)yield

d'xd'x'[B»g„ofx" (x,t),g,or +(x',t)j= doe K—(x)

XE (x)(4Mox' —3Moo' —Mo ') =0 (26)

The corresponding F-spin current density of the mesons
js 4~ K2 g~ 2 ~ 2 p (27)

We obtain the Gell-Mann —Okubo sum rule for the
pseudoscalar mesons

g»orx+= —v3K B»g+%3rtB»K —K—B»m'+MB»K—.~&&yoB, .~ B Eo (20)
to a 1 orders in the F-spin invariant interactions.

4. BARE-MASS SUM RULES

Let us consider Grst the derivation of the sum rule
for the baryons. From (19) and the Heisenberg equa-
tions of motion obtained from (14), we get

B„g,ax'= &~(Mo, —Mo~)pa+—&3(Moo. Mo=-)X="—
—(Mo» —Moz)PZo —V2(Mo~ —Moz) nZ

+(Moz —Mo )2~ +42(Moz —Mo=-) 2+" (21)

We have used the circumstance that the F-spin in-
variant interaction terms in X, do not contribute to
B»g»x+ as K, commutes with g4Z". Moreover, in the
following we shall take advantage of the fact that the
bare mass sum rules for the baryons and mesons, ob-
tained from the commutation relations for the currents,
are independently satisGed.

In order to derive mass sum rules we shall calculate
equal-time commutators of current densities. By virtue
of the commutation relations (16)—(18) it follows that

dodd g'(B„g„zx'(x,t),g,g~'(x', t)j= d'x P(x) --(x)

Mp =Mop+8M~. (28)

The free-Geld part of the Lagrangian Zo contains a term
Mo. @i:, where Mo is the bare mass. This term is re-
written as M:~:—BM:~:. The quantity BM is
determined for a free fermion such that the self-energy
diagram is cancelled by the counter-term diagram, and
the resulting mass M is the observed mass of the
fermion. The bare mass Mo and the self-mass bM are
not uniquely deGned, because they pertain to the un-
renormalized propagator and they are infinite in every
order of perturbation theory.

I.et us consider the baryon sum rule (23) for the bare
masses. Substituting (28) into (23), we get

S. FIELD-THEORETICAL CALCULATIONS OF
CORRECTIONS TO MASS SUM RULES

We shall now describe a method of calculating cor-
rections to the Gell-Mann —Okubo sum rule for the
physical masses.

Mass renormalization in Geld theory is based on the
assumption that the observed mass M~ can be written

X (6M' 4Mo„+2Moz 4M—o=-) =0. (22)— M„+M-„.—ooM.g——,'Mz —BA =0, (29)

BA = BM„+oM„-. ,'BMg ', 5Mz. ————
The product of Geld operators p(x) (x) is not zero where BA is given by
for all x, and (22) yields the Gell-Mann —Okubo sum rule
for the bare masses (30)

Mo»+Mo= -=$Mo~+ o Moz (23) For a given baryon a calculation of bM& in second-order
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perturbation theory gives

32m'Ac

not dependent on the energy and momentum. The
Lagrangian and the Heisenberg equations of motion are
automatically covariant, and we rely on calculations of
equal time commutators without the use of intermediate
state expansions and completeness.

W~ —5 MeV. (32)

Up to second order in G, for J -spin —invariant inter-
actions, the sum rule for the baryon masses is now
obeyed to within 7 MeV. For Ii/D 5 a calculation in-
cluding both F and D coupling gives bA~ —2 MeV
and the discrepancy in the Gell-Mann —Okubo sum rule
is 10 MeV.

It is interesting to note that in our Geld-theory
formalism the mass sum rules occur unambiguously
with linear masses for the baryons and with squares of
masses for the mesons. It is also important to recognize
that our mass sum rules for the bare masses and the
result for the corrected Gell-Mann —Okubo formula are

where P is the invariant Feynman cutoff, the C; are
certain Clebsh-Gordan, coeScients and the m; (i= 1 . .8)
denote the meson masses of the octet of pseudoscalar
mesons. We have assumed in (31) that X is the same
for all the baryons in the limit as A, —+~, and we have
kept only the leading term in an expansion of 6M& in
the mass difference of the external and internal baryon
masses in the self-energy graph.

We shall now make the conjecture that we can replace
M& in the logarithmicallydivergent term M& 1nP '/M&')
by the mean mass of the baryons 3f= l.14j. BeV. The
logarithmic inGnity now cancels in the limit as X~~, if
we substitute 8M~ into the expression BA in (30).

The term W. can now be evaluated for the case of
pure D coupling with G'/Ac 15 and the result is

0. CONCLUDING REMARKS

We have obtained bare mass sum rules, to all orders
in the unitary-symmetric Yukawa interactions, from
the equal-time commutators in the algebra of cur-
rents and the canonical commutation relations for the
Heisenberg Geld operators. The current algebra must be
supplemented by a dynamical formalism either in the
language of dispersion relations, as was proposed by
Fubini, Furlan, and Rossetti, ' or in the language of
Geld theory. The methods of dispersion relations are
troubled by subtraction constants and analytical con-
tinuation to zero-mass charged particles, while the
field-theory methods are not always well-deGned, be-
cause of cutouts and the nonuniqueness of renormaliza-
tion constants.

We have conjectured that the logarithmic inGnity
in the baryon self-mass cancels in the mass sum rule,
and Gnd that the finite correction to the sum rule is of
the right order of magnitude and in the right direction.

It is evident that a new approach to the masses of
elementary particles, or a more well-deGned solution of
the mass problem in Geld theory will resolve many of
the problems in broken symmetry theories.

The field-theoretical methods proposed in this paper
to calculate sum rules, and their corrections within
broken symmetry schemes, can be applied to other
problems such as the electromagnetic mass diGerences,
and the calculation of magnetic moments in SU(6).
Applications of this type are presently being studied.
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