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The photoproduction and electroproduction of pions is treated relativistically. A new solution for the 3-3
amplitudes is obtained which includes recoil and is insensitive to a cutoff. Corrections to the Eo; and M.
amplitudes are evaluated by using fixed- dispersion relations. Good results are obtained in the region around
the 3-3 resonance up to =-IV center-of-mass energies about 1300 MeV and electron momentum transfer up

to 3.8 BeV2.

I. INTRODUCTION

ISPERSION-relation techniques in the treatment
of the related problems of photoproduction and
electroproduction were first introduced, within the
framework of the static model, by Chew, Goldberger,
Low, and Nambu! and by Fubini, Nambu, and Wata-
ghin,? respectively. Theories based on the Mandelstam
representation for the scattering amplitudes were worked
out by Ball®in photoproduction and Dennery*in electro-
production. Numerical calculations in photoproduction
have been performed?:>=% in both the static limit and
the relativistic case, and the FN'W theory has also been
reduced to numerical form.1:12
The CGLN and FNW theories assume that the most
important effects in the region of low #-/V center-of-mass
energies can be taken into account by the Born terms
and the J=%, T=% =-N final-state interaction. In
particular, the part of the amplitude proportional to the
total magnetic moment, M1;,¢ (in CGLN this ampli-
tude is called Myy,,) is responsible for the most signifi-
cant contribution for the 3-3 state. In the CGLN and
FNW theories this amplitude is taken to be proportional
to the -V scattering amplitude, fiy, the constant of
proportionality being the ratio of the Born terms taken
in the static limit.
In this paper we consider a new solution for this
amplitude. In the low-energy region photoproduction??
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and electroproduction? amplitudes have the same phase
as the correspondent -V scattering amplitudes. There-
fore, we can choose identical D functions (of the N/D
method) for those amplitudes, and the ratio M1/ f1t. is
equal to the ratio of the associated N functions. These
N functions satisfy integral equations with a cutoff. Our
method consists in directing our attention to the ratio
of the IV functions. Although the integrals depend on the
cutoff, the ratio of the V functions is insensitive to this
quantity. Also, we expect that uncertainties in the
“input” N function for =-/V scattering, which appears
in both integral equations, will not have much effect on
this ratio. Solutions for the electric and scalar ampli-
tudes in the 3-3 state are also found. By using fixed-¢
dispersion relations, the effect of those amplitudes on
the other partial waves is calculated, and a fully rela-
tivistic treatment of the Born terms is made. Our
solution has the following properties:

(1) Itreduces to the CGLN and FNW theories in the
static limit.

(2) The results are insensitive to a cutoff.

(3) Itincludes recoil corrections. In the FNW theory
the dependence on A2 the electron momentum transfer,
is limited to that coming from the form factors and from
the threshold behavior of the amplitudes. In our treat-
ment appears an extra A\* dependence from the V func-
tions and from the fully relativistic treatment of all
terms. This extra A% dependence will be important for
the explanation of the data at high momentum transfer
which has recently become available.1?1¢ At these values
of A? the cross sections will be reduced considerably in
relation to the ones given by the FNW theory.

(4) Corrections to the Eo. and M1 amplitudes are
introduced by dispersion integrals.

Numerical calculations were performed both in photo-
production and in electroproduction. Good agreement
was obtained around the 3-3 resonance up to a m-V
center-of-mass energy =1.35 BeV and up to momentum
transfers A= 3.8 BeV2
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decomposition into partial waves and the inversion
formulas are well known.'~* For completeness we have
reproduced it with slight modifications in Appendixes I
and II. General considerations of the problem are dis-
cussed in Sec. IL. Section ITI deals with the partial-wave
approach, and in Sec. IV we construct explicit solutions
for the 3-3 amplitudes. Section V refers to the reaction
of those amplitudes into the other states, and Sec. VI
deals with the results and makes comparisons with the
experiment.

II. GENERAL CONSIDERATIONS

Let ki, ks, p1, p2, and ¢ denote the initial and final
electron 4-momenta, the initial and final nucleon 4-mo-
menta and the pion 4-momentum, respectively. The
masses of the nucleon, the pion and the electron will be
called m, u and m.. (We are using the metric goo=—gn
=—gg=—gs=1 and Z=c=1 units.)

The invariant 7" matrix is defined by

Sgi=87i+ (2m)*i8*(k+pr— p2—9)

m2 12 g2 L2
x[ ] [ ] Ap)Tu(pD),
2qop10p20 k1ok20

where k=Fk1—ks. The second parenthesis should be
replaced by (2%¢)~%/2 in the case of photoproduction.

To first order in e? the electroproduction is described
by the diagram in Fig. 1. Therefore, we can write

(2.1)

(2.2)

=€y,

where j* describes the current produced by the strong
interacting particles and e, is the photon polarization
vector. For electroproduction:

ex= (1/k?)a(ke)y,m(ky) .

Current conservation is expressed by

(2.3)
kuj*=0. (2.4)

It will be convenient to introduce the invariants:
s=(k+p1)2=W?2; N=FE2,

t=(k—q)?= (p2— p1)*=2m*—2E1Es+2gk cosf,
u=(p1—)*= (po—k)*=m?+N\—2koE1—2gk cosf,

(2.5)

where W is the energy of the 7-V system in its center
of mass, E; and k2 and E; and g are the energy and
momentum of the initial and final nucleons, ky=W —E;,
and 6 is the angle between the nucleons in the center-
of-mass system.

The T matrix can be written in terms of invariant
amplitudes A4(s,t,#,\?) that satisfy certain dispersion
relations. This procedure is shown in Appendix I. Also
shown is the relation of the 7" matrix to the scattering
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F16. 1. Electroproduction in first
order in €2

amplitudes in the center-of-mass system, §;, and its
decomposition into partial-wave amplitudes.

III. PARTIAL-WAVE APPROACH

Let 7, be the orbital angular momentum of the
photon-nucleon system. For each final 7~V state , with
angular momentum J=/-£3 we can construct two inde-
pendent amplitudes My and Ey. that appear in both
photoproduction and electroproduction and the scalar
amplitude S, that appears only in electroproduction.
[Many authors have been using a longitudinal ampli-
tude L instead of the scalar one. They are related by
Sko— Lk=0. We avoid using the longitudinal amplitude
since the substitution S= Lk/k, may introduce spurious
singularities in the cross section (% may vanish in the
physical region). ] The magnetic, M, and electric Ey,
amplitudes have J=I4-3, parities (—)*! and (—),
respectively, and correspond to transverse polarizations.
The scalar amplitude has J=/41%, parity (—)% and
corresponds to virtual photons polarized in the time
direction. The decomposition of the center-of-mass
amplitudes §; into the partial waves and the inversions
formulas are given in Appendix II.

Ball® pointed out that the magnetic and electric
amplitudes satisfy the reflection relations:

My (—=W)=[1/(0+1)]
XLO+2)M g11)-(W)+Eary—(W)], (3.1)
Ey(—=W)=[1/C+DIM @43)-(W)—IE a1y (W)].

Analogously, using Eq. (I12) of Appendix I and Egs.
(IX11) and (I112) of Appendix II, we can obtain reflec-
tion relations for the scalar amplitudes:

Su(=W)=S@n-(W). (3.2)

Starting from (I5) and (I6) of Appendix I, using the

partial wave projection formulas in Appendix II and

the reflection relations (3.1) and (3.2), we can derive
the partial wave dispersion relations:

1> ImGu(W')\)
Gre(WN)= By (W )+~ AW'———————

T J min W,_W
1 p—(mtn) ImGzi(W’,)@)
+- [ aAW'——— , (3.3
TJ w—w

where B (W,\*) represents all the singularities of
Gi.(W,\?) except those imposed by unitarity, and
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G1.(W,\?) stands for any one of the amplitudes:

My fEi+m\'/?
e
(¢k)\Es+m
By (Extm\'/?
A ( ) ) (3'4)
(gk)\Ex+m
Slj; E1+m U2y
Slﬂ:_; ( ) — .
(gk)'\Es+m. k

The kinematical factors assure that My, Ei, Si
will have the proper threshold behavior on the right and
left cuts. The factor W in the scalar amplitude was
introduced to assure the same asymptotic behavior as
the other amplitudes.

The =N scattering amplitude with the kinematical
factors as defined by Frazer and Fulco® is

fue(W) W efEsing,
9  Estm  p(W)

I (W)= ;o 39)

1 0
N&%W,v)=Dli<W>B&<W,V>——< /
mtp

™
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with
pu(W)=g* Y (Egt-m)/W . (3.6)
In the one-meson approximation for intermediate
states, Gy and %, have the same phase?'? in the energy
region m~+u<W <. This phase relationship will be
also valid in the region — o <W< —(m+yu) as a con-
sequence of the reflection relations (3.1) and (3.2) for
electroproduction and for =-NV scattering?®:

fu(W)=— farn_(—=W).

As was emphasized by Omnes," the solution of (3.3)
can be obtained if we know the phase of G; on the real
axis. We will express this solution in terms of the V and
D functions of the well-known N/D method.’® Let
Gie=N1."/Dy"and hyp= N1y /Dy where Di.” and Dy
carry only the singularities due to the unitarity condi-
tion. Since G and % have the same phase on the real axis,
we can choose D;.Y=D,,. The nonphysical singularities
of G4 are given by the term B,y in Eq. (3.3). Therefore,
we can write the following solution for Ny v=G Dy, :

3.7

— ) ImD, (W) B (W’ \2)
+ / )dW’ : 38

W/_ W

The solution (3.8) has the right analytic properties for V.. The first term has the proper nonphysical singu-
larities of V3,7, and the second term subtracts off the physical singularities introduced by the first term.
If we separate out the 6 function in the integral of (3.8) and use ImD;, = —p;N;, valid in the region of inte-

gration, we get

™

P « —(mtp) pz(VV’)A/Vz:h(VV’)BZ:}:(W/J@)
N (W)= ReDli(W)BH:(W,)\Q)+~—< / + / )dW’ .
mtp —00

3.9)

w—-w

Noticing that (ReD;y.)/Di.= €% cosd,y. we can write the equation for the full amplitude as

W' NN (W)W
= . (3.10)

. L Py N (W) Buy
Gra(WA2) = By (W \2)eid cossy,+ - / + f
D) e\ S/ W—w

It is well known that the /=3, T'=4% scattering amplitude dominates the final-state interaction in the region
of energies that we are concerned with. Therefore, we will assume, as a first approximation, that the solution of
Eq. (3.3) is given by the B term alone except for the 3-3 state. Furthermore, we will approximate these terms by
the Born terms corresponding to the Feynman diagrams of Fig. 2. In the next section we will calculate the solution
for the 3-3 amplitude and in Sec. IV we will calculate corrections to the first solution given to the other amplitudes.

I/q
4 (AN [ 9, /4
1y /
3, ’
f k ) Xk
k
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F1G. 2. Pole contributions to the current J,,.
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IV. THE J=$%, T=3 AMPLITUDES

In Appendix IT we have calculated the 3-3 projections of the Born terms corresponding to the Feynman diagrams
in Fig. 2. These amplitudes can be written as a sum of terms proportional to the pion form factor F.(A?), to the
isovector parts of the charge form factor F1y(A?) and to the magnetic form factor Garvy(A\2) =Foy(\2)+F1y(\?)/2m.
Denoting the Born terms by the superscript “B”, we have

My B(W N2 =My, B (W, NG arv (AN +May, EW A F1y (N + My - E(WA)F (M) ,
E1 B(W N = 611, P (W AN)Guv(N) + 81y, EW A F1y N+ 1y E(W A F (A2, 4.1)
S1B(W A =814, 6P(W A\)Garv(N) + 814, E (WA F1y (AN + 81y, - B(W A F (7).

Since the Born terms are linear in the form factors, the solution of the integral equations in the last chapter
will also be. We will denote by M1y, q, My, e, etc., the solutions of (3-3) correspondent to the Born terms My, 6%,
My, B, ete.

We have studied the Born terms numerically in the regions m~+u<W <1.6 BeV and —4 BeV2<A?<0 and
found that only My, 6B, Mut,+P, 81t 5, and 81y, .8 are not negligible. Therefore, we only consider the solutions
for the corresponding amplitudes Myt ¢, Miy,xy S1t,x, a0d S14 1.

As we shall see, our final result will not be very dependent on scale factors or on fine details of the pion-nucleon
N function. Therefore, it is reasonable to use the one given in the static model's:

Nyy=v/(W—m), (4.2)
where v is a constant.

We will first consider the solution for 97y, e. It is easy to verify that the principal value integral in Eq. (3.9)
diverges for B=91,¢® and Ny given by Eq. (4.2). This problem also arises in the analogous equation for =N
scattering:

Pre N ()P0 N ()
Nyy(W)=h B(W) ReD1+(W)+——< / + / )dW’
mtp —c0 W,‘— W

™

(4.3)

when one takes %1, ? identical to the 3-3 projection of the nucleon exchange diagram of Fig. 3 and uses Eq. (4.2)
as the input &V function in the integrand.

In general a cutoff is introduced for evaluating the principal value integrals. Another problem is that (4.2) is
certainly a bad approximation for the /V function at very high energies. To minimize both effects we propose the
following solution for M4 ¢:
efrtging, W

Myp a(WA2) =R(WA2A) ws)
g Eotm
with
P A My BW NN (W)ps(W)
My, 6B (W, N2) ReD1p (W) +— / H+ ) 1+ 1 o

1+'y T Jmtn W' —w
RFA A= N A b BN (W) (W) . 4.5)

1 P B ¥ ;

i 7 B(W) ReDyy(W)+— b 1+ W

T J mtp W/_W

(At this point we have dropped the left-hand cut where our N function is doubtful. Numerical calculation shows
that its contribution amouts to less than 29.)

In the static limit 9y, ¢? is proportional to 414® and (4.5) reduces to the CGLN results (apart from phase-space
factors) independently of W or A. For the full Born terms we expect that R remains approximately constant in
W since it is the ratio of V functions and also because 9y, ¢ is nearly proportional to 4145, The important region

F16. 3. Exchange of a nucleon in pion-nucleon scattering.
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F1G. 4. Behavior of 41,3 as a function of the cutoff A for A2=0,
W =m*. The dashed line represents the CGLN value.

arbitrary units

0 15 210 Inucleon
masses
of energies in (4.4) is for W=m*, for which 6=m/2. Therefore, we will approximate

My, (W >\“’)N1+(W’)p(W’) / / h1+B(W’)N1+(W’)p(W’)
w'— W'—m* '

P A
R(W N A)=R(m* N, A)=— / aw’ (4.6)
T J mtn

In Fig. 4 we have plotted 9y, ¢ at W=m*, A?=0 for several values of the cutoff parameter, starting at A=1.5.
The dashed line represents the CGLN value at the same point. As we expected, the results are not very sensitive
to A. From A=1.5m to A=4m, they vary from approximately 909, to approximately 809, of the CGLN value
and for A2 5m remain nearly independent of A.

Although we factored the form factors and the threshold behavior out of M1, the amplitude 91y, ¢ is still a
function of A2 Having fixed A, we studied numerically this \?* dependence for —4 BeV2<A?<0. It can be very
well fitted by the expression

1
CO\ )zm (47)

with M=1.96, 2.19, 2.37, 2.41, and 2.47 BeV for A=1.5m, 3m, Sm, 6m, and 8m, respectively. The difference
between these values will be important only at very high momentum transfer. If one chooses A2 5, which is the
region where the solution is independent of A for A*=0, the difference between the values of C can be neglected
(they are at most about 3%, at \2=—4 BeV?). From now on we will fix A=>5 in all calculations.

Dennery* and Adler? have assumed that C(\?) is given by the A2 dependence in the Born term 9173, 8. We would
like to point out that in the region around the resonance this A\* dependence is steeper than the one obtained by
our method. Important numerical differences can appear only for very high momentum transfer. At W =m* and
A?=—3.80 BeV? (highest momentum transfer in the experiments we will try to fit) our result gives C=0.59, while
from the A\? dependence of 901;.Z we get C=0.4.

The final result for My ¢ is

e etsing,, W
Myy,¢=0.61 C(\?) . (4.8)
(f/w) ¢ Egtm

For the multipoles proportional to F, the integrals in (3.9) converge. Also, the Born terms are no longer approxi-
mately proportional to 41 B(W), and their contribution to (3.9) is relatively important. Therefore, the solution
(4.4)-(4.6) does not seem to be appropriate, as it stands, for the multipoles proportional to F,. The integral in
(3.9) is not a rapidly varying function of W, and it is only important for W= m* when ReD;,. vanishes. Therefore
we will approximate

Ny " (W)= g1, B(W,\?) ReDyy (W) +—

™

P / 2 g B(W NN 1 (W)ps (W) ’ (89)

mtp W’—m*

where V147 stands for any of the V functions and gy for any of the Born terms of the amplitudes proportional
to F,. Equation (4.9) can be written as

Ny " (W) =g B(W,N) ReDyy (W) 4Ny "(m*,N?). (4.10)

Now, in the spirit of the solution for My4,q, to minimize the effects of the high energy region and to “normalize”
N1, we use (4.6) which is exact at W=m*

N ¥(m* )= R'(N*) N1y (m*) , (4.11)

1 Stephen L. Adler, International Conference on Weak Interactions, Argonne National Laboratory, Argonne, Illinois, 1965
(unpublished).
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e RO = P /“ d,Wg1+(W’,>\2)N 1 (W)p(W’) / P /A dW,th(W’)N ()W) . (4.12)
T Jotu W' —m* TJ mtu W' —m*
From (4.10), (4.11), and (4.12) we can write the solution for the whole amplitude, G1=N1.7/D1y:
G (W, N2) = gu (W, \)ei®r* cosdry+R' (N) [N 1y (m*) /D1 (W) ]. (4.13)
In order to introduce the scattering amplitude /%14, we make the reasonable approximation
N1(m*)/ Dy (W)= N1.(W)/ D1 (W) =h1:(W). (4.14)

We have studied R’ numerically as a function of A2 for —4 BeV2<\2<0 and fitted the results to analytic curves.
The final results for the multipoles are

et sing,, W

e
m1+,,,-= ‘Jlll.,.,,,Be““' COSB1++O.036—"—C1(>\2> (4 15)
f/u ¢ Extm’
] e efrtsing,, W
81y w= 1p Pei® c0801440.013—Ca(N?) , (4.16)
f/u ¢ Extm
) e e¥tsingy W
S1t, 7= S1t,, € c08814+0.084—C5(\2) , (4.17)
I/ ¢ Estm
with
Ci(\%)=1 for —0.1<A2<0,
=(1.11—-0.16)\2)/(1—1.51\2) for A< —0.1,
Cao(A2)=1—2.55A2—5.2\* for —0.3<A%0, (4.18)
=(1.59—0.1222)/(1—0.91)\2) for A< —-0.3,
C3(A\%)=1—"7.472\2—13.0\* for —0.16<22<0,

=(1.98—0.26)\2)/(1—2.83)\?) for A< —0.16,
where \? is given in BeV2
V. THE DISPERSION INTEGRAL

Having calculated the J=$%, T'=% amplitudes we will try to evaluate their effect on the other partial waves.
We can write®4 fixed-¢ dispersion relations for the invariant amplitudes 4 ;%(s,t) defined in Appendix I:

0

P
Red #(s,0)=A #£(5,) porest+—

T J (mtn)?

1 1
ds’ ITmA (s’ ,t)[ :i:&i———] , (5.1)
s'—s s'—u
where £+ are defined in Eq. (I7) of Appendix I and will be =1 if 4;* is even or odd, respectively, under crossing
of the nucleon lines. Following a method proposed by Ball® and Dennery* and applied in photoproduction by Ball,?
Schmidt? and Schmidt and Holler,*® we will approximate the imaginary part of 4% by the contributions coming
from the 3-3 final state:

41!'/2\ fi(S,t)

mA F(s,t)==% , .
. (0 3 \1/9k[(E1+m) (Est-m) ]2 (5.2)
where
J1(s,8)=3(2kogo— p2—N2+1) I (M 1,*/24 £, ¥1%) — 2(Ext-m) (Extm) ImM 1,324 2m f4(s,0) , (5.3)
1
fals,t) =—————[N2fs5(s,8) = 3(W —m) (E1+m) Im(M1,.3/2— E1,.312) ], (5.4)

A2/2+m2—s
Ja(s,t)=3(Ertm) Im(E 32— My, *)+ fa(s,t), ‘ (5.5)
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3 (*2Q0k0+,u2+>\2'— t)r A2
f4(S,t) =— - (Z21~ m) ImM1+3/2— (W"I"ko—m) ImE1+3/2——— Im51+1/2:l
aw Ei—m L k
A2 Eotm (W+m) 3qo(Er+m)
-—ﬁ Im51+3/2+ (E2+m) ImM1+3/2+—————— Im(M1+3/2—E1+3/2) N (56)
1 3 (t—u— )\2+2k090)|_ (W—m)
$,0)=— - 2(s—m?2)—\2 (~ ImS132—Im(E14.3/24 M1 302 >
fs(s,0) 2 e L[ 1 1+ (Ext %)
(W+m)
+ (AW — 3ko) (W —m) Im(M1+3/2—E1+3/2):|+(E2+m)[2(s—m2)—)\2][— ImSy, /242 ImM1+3/2]

+3(3g0— 20) (W —m) (Est-m) 1m<M1+3/2—E1+3/2>} . G

3 (t—u2—N24-2q0k0)
J ﬁ(SJ):E

1—m

From Egs. (5.1) to (5.8) the relationship among the
center-of-mass amplitudes, ;, and the invariant ampli-
tudes A; and the projection formulas given in
Appendixes I and II, we can project the partial wave
amplitudes.

We have calculated the contributions to E¢, M1,
Eyy, and M1, using the experimental phase shifts pro-
posed by Roper, Wright and Feld,!” which are valid up
to pion energies =700 MeV. Consistently we use a
cutoff at W=1.57 BeV on the integrals.

Equation (5.1) should be considered an iterative
solution for M1.%? and E.%/2. However, the results
obtained in the first iteration reproduce quite well the
solution given in Chap. IV, and the small differences
will be neglected.

At A\?2=0 (photoproduction) the important contribu-
tions of the dispersion integral are to o+ and M, .
There is also a small contribution to E¢—~ at higher
energies. The results are shown in Fig. 5 together with

{units:10"%m)

1 1 1 ! 1
200 300 400 500 600 Ey(MeV)

\\
~J Mi-
s \\_\FEM
Tl T me Fi1c. 5. Eo, and M
2 T @ amplitudes for (a) #°
T Eos production and (b) #*

production. The dashed
lines are the contribu-
tions from the Born
terms alone. The solid
lines represent the total
multipoles.

[(ko/) TSy 242 I Ey /514 (BaA-m)[2 T M 12— (ko/k) TS 2] — fi(s, ). (5.8)

the Born multipoles for 7° and 7+ photoproduction. One
sees that the Eop. contribution is very important and
cancels about 509, of the large Eot Born term.

To show how our results vary with A2, we have plotted
Eoy and My at fixed energy W=1200 MeV in Fig. 6.
The corrections to Eot and M+ are still very im-
portant. However, the relative contribution of higher
partial waves increases with A2, and the effect of the
corrections in the cross sections will be reduced.

VI. RESULTS

The center-of-mass amplitudes, F;, will be the sum
of four terms

§F=Fp— Fp¥4FB4F¢, (6.1)
where §p and §5%° are, respectively, the full Born term
and its projection into the 3-3 state, 333 is the total
3-3 amplitude and ¢ is the correction introduced by the
principal part integral in Sec. V. As we saw in Sec. V,
this correction will be only important for #° production.
In Appendix ITI we have derived formulas for the cross
sections in terms of the invariant amplitudes A;. The
numerical results are given below.

(a) Photoproduction—In Figs. 7 to 12 we have com-

. _(uni!s:lo_mcm)

4 ) F16. 6. Eo, and M-
Eor amplitudes for #° pro-
duction as a function of
A and for W=1200
MeV. The dashed lines
are the contributions
from the Born terms
alone. The solid lines
represent the total multi-
poles.
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(b)

pared our calculations with the experimental results for
70 production?—% and =+ production3®=%’ from threshold
to photon energies in the Lab system 2Z=450 MeV.
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and differs appreciably from the one given by the experi-
mental results. This coefficient is given essentially by
the interference of s and p waves
B=2ReEy*(M14++3E1—M1). 6.2)
This shows that a better determination of the J=1,
Eq and My, amplitudes is necessary. In Fig. 11 we
have shown in dashed line the values for B when the
corrections obtained in Sec. V are not included. One
can see that, although the corrections act in the right
sense, they are still insufficient to provide a good fit for B.
Finally in Fig. 12 we show the total cross sections.
(b) Electroproduction—We have compared our re-
sults with the observed differential cross section in the

90°
8

120 150 180°

laboratory system for the reactions

e+pt+a,

e+p
N
e +ntat.

(6.3)

The cross section results depend on the pion and
nucleon form factors. The pion form factor was set
equal to the isovector part of the charge form factor Fiy.
This agrees with the approximation of considering the
p meson as the main contribution for both these form
factors. Also, with this choice the sum of the three
diagrams in Fig. 2 conserves charge. For the low mo-
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F16. 9. Angular distribution for #° photoproduction in the center- of-mass system. The energies are in the lab. system.

mentum transfer (—0.467 BeV2<A2<0) data,!2:39:4 we
have set the nucleon form factors equal to the value

(fit “b”) given in de Vries et al.*! for

GgS"

= F1 8V (N2/2m) Fy 8.7 |

GBSV =Fy SV (1/2m)F1 57,

As the neutron

charge form factor is not known

with accuracy, we have also used a different value
Gen=GrS—Gg" for testing the sensitivity of our calcu-
lation to this quantity.

Fic. 10. Angular distribu-
tion for #° photoproduc-
tion in the center-of-mass
system. The energies are in
the lab. system.
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Fic. 11. (a) Coefficients 4 and C. (b) Coefficient B. The
dashed line is the solution without the corrections to Eo, and
M. E, is the photon lab. energy.

not very well known. We have used the fit*%:
Gur Guy 1

Gen=0, Gzp~ . (6.5)
= e uy (1—)Y/0.72)?

In Figs. 13 to 15 we show the results for the low-
momentum transfer data. We consider two values of
Gzy: (a) from the fit of de Vries ef al.4! and (b) a fixed
negative value Ggn=—0.20. Our results seem to favor
slightly negative values of Ggn. This agrees with pre-
vious calculations by Hand!? using the FNW theory and
by Salin®? using an isobaric model. The results indicate
good agreement up to a center of mass energy around
W=1300 MeV. However, our cross sections are much

42 J. R. Dunning, Jr., K. W. Chen, A. A. Cone, G. Hartwig,
N. F. Ramsey, J. K. Walker, and R. Wilson, Phys. Rev. Letters
13, 631 (1964).

4 Ph. Salin, Nuovo Cimento 32, 521 (1964).
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lower than the experimental results for energies above
this value. The same result was obtained by Hand.!2

The high A2 data is shown in Fig. 16 for fixed incident
electron energies k10%=2.4, 3.0, and 4.9 BeV. The curves
for 2.4 and 4.9 BeV seem to reproduce the data reason-
ably well. For k10%=3.0 BeV our results are larger than
the experimental ones mainly in the region below the
resonance. However, if we change (6.5) by about 209
(the standard deviations of the experimental values®? are
about 109, in this region), we obtain better agreement.

In Appendix ITI we have written the differential cross
section as:

2)\2

m a
cotz(—)]
2k2W2 2

cot2(g)aL()\2,S)}, 6.6)

d? e kol Wk
B S

dkzLdﬂz 87r2 mle )\2
A2m?

2k

where or and o, are the differential cross sections for
photoproduction by virtual photons of “mass” A2
polarized transversely and in the longitudinal direction,

o, 1167 em?)

ref. 21
ref. 22
ref. 23
vef, 29

%

| l { I | | | 1 {
200 250 300 350 400 450 500 550 600
E,(MeV) )

(a)

3x10—28‘>

o ref. 3l
o ref, 32

a‘.(x |0_2gm2)

'/

| 1 | I |
200 250 300 350 400 450 500
Ey(Mev)

(b)

Fic. 12. Total cross section for (a) m, production and (b) =+
production. E, is the photon lab. energy.
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respectively, and « is the electron scattering angle in the
laboratory system. At A2=0, o5,=0. For A0, the
relative contribution of oy, increases for small scattering
angles a. We have plotted the separated contributions
of oz and o7 in Fig. 16 for a=31°. For the data at 135°,
90°, and 60° its contribution is less than 109, in the
entire region of energies considered.
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APPENDIX I

The current 7, can be split into three isotopic-spin
independent currents: 7,° corresponding to the isoscalar
part of the electromagnetic current and 7,/% and
7482 corresponding to transitions T=%— I'=1 and
T=3%— T=% induced by the isovector part of the
electromagnetic current. Instead of those, it is usual to
introduce

W= %(julm_l" 2]'“3/2) )
Ju= %_(]'“1/2._ ]‘“3/2) .

1 1 1 r*
Aia___.Ria[i _}_Eia :l+_/ ds'p a(sl)[
mi—s mP—ud 7 J (mpuy? s'—s

1 = 0 bo(s’u') 1
+— ds’ / du
T2 J (mtwy? (m4u)?

and A4, and 45 satisfy the representation:

(I1)

(=) —u) =

11

A2=

t—,uszz——s t—piw

N. ZAGURY

+ &

+ / i’ f a2
2 J ety w (—u)('—1)

/ dspa(s')[
(mtp)? s'—s
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If o designates the isospin of the pion, we can write

<P2;q; @ I Ju l 171>= jﬂ87n+ju+5a3+j#_%[7'm73] . (12)

Following Dennery* we will write 7" in terms of 6
manifestly gauge-invariant amplitudes 4; (we are using
vs="y' )

6
T=iys 2, MA; (13)
i=1

where M ; have the following meaning
M= 3y I",
M= (prtp2)u(g—k/2)F*,
Ms=v.0.F",
M 4=y (p1F p2) ¥ —2mM,
Mis=kug,F*,
Me=kypy, ™,
Frr= eblr— ek,

(14)

The amplitudes 4; are functions of the invariants A?,
s, t, and #.

Analogously to the currents 7%, j+, and j~ we define
the isospin amplitudes 4%, A+, and A~. According to
Dennery,* they satisfy the Mandelstam representation:

s'— u] ~/(m+n) 2 —/;

cio(u' t)

al“(s )

(s’ ——s)(t’—t)

for §=1,3,4,6 (I5)

+E&~

l

s’—u

bi(s' )

Rep 1 1 T
+ee ]+ :
— {— 2
1 1 r
—=/

where a refers to the superscript “+”, “—

© a1%(s’,t")
ds’ / dat’
)2 wr (=)' —1)

l( )

and

(oe=41 for a= {—l—“

—1 for a={ +“

The residues of the poles are well known

’ or

R2i= 2R1i= 2R5i= ——gth, 5
Rg:‘:: R4i=geF2,,/2 5

Ts

¢ ﬂ' 77 / 2 / -+ 2
I
(m+4-u) (m+-p)

(s —s)('—u)

C;"‘( ! /)
d 16
(m+p)? ¢ [1 (M u)(t/_l) ( )

t—u? 2
or “s” and 1:=1,2,4,
» and ¢=3,5,60,
or “s” and 1=3,5,6,
» and i=1,2, 4. )
Ros= 2R18= 2R53= _gepls ,
Ryt=—R@=geFs,/2,
‘ (18)

= —"(F Flu)
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F1,, F1, and Fy,, F», are the isovector (») and isoscalar (s) nuclear form factors and F, is the pion form factor.
They are normalized as follows: F,(0)=F1,(0) = F1;(0)=1, F2,(0)=up—un and F2,(0)=pup~+pn.
Following Fubini, Nambu, and Wataghin,?> we added to the 7" matrix the term

Fue
igeF = Fi) ~ i pvsu(pDiLresra] (19)

which is identically zero, in order to preserve the gauge invariance of the Born term.
The 7" matrix is related to the scattering amplitude in the center of mass of the pion-nucleon system by

w o-qo-kxe o-kq-e g qq-e o-kk-e oqk-¢ c-q o ke
T=47I'~Xf 7:9‘10" €+ gz } ig‘j : 154 = 7/55 ]’ 7/€Fb ig7—‘60—'i§8 X, (110)
m qk qk q? k? qk q

where ¥ is the total energy, % and g are the momenta of the photon and pion, respectively, x are the Pauli spinors,
and the §’s are linear combinations of the invariant amplitudes.
Charge conservation implies the following relations among the §’s:

kogs—k(g5+51+szs)=0, k0§7—k(ffs—l—z§4)=0, (111)
where z=q-k/gk.
In Appendix IT we will give the relationship between the &’s and the 4’s. An inspection of those equations
shows that the s satisfy the reflection relations

F1(W)=F(—W), Fs(W)=F(—W), (W) =Fs(—W). (112)

APPENDIX II
The invariant amplitudes 4; are related to the center of mass amplitudes §; by
F1= (L (W+m)*— N[ (W -+m)*— 2 ]2/ 167}
X{W—m)(A1—2mA ) —2(t—u2—N)(As— A )+ (s—m?)As—N24¢}, (1I1)
Fom (LW —m)*— NTVAL (W —m)*— ?]%/ 16ms)
X{—WH+m)(A1—2mA ) — 1({—p2—N)(As— A )+ (s—mHA+—N4¢}, (I12)
Fa={[(W—m)?—= N2 [(W—m)2—u2]12/16ms} (Eot-m){ — (s—m2—N2/2) Ao— N2A s+ (W+m)(As— 44}, (1I3)
Fo={[(W+m)*— NTPL(W+m)*—u2]"%/16ms} (Ea—m){ (s—m*—N*/2) Ao+ N A s+ (W —m) (45— A4)} , (I14)
Fr= — (LW ~+m)2 =N (I — m)?— 13/ 16ms}{ (Brmm)(A1—2m A )+ 3= =N+ 2q0(W — )] (A= 45)
— A (W —m)(Ex—m)+3[(t—p2—2\) (Fko— o) — (t— u?) (Ex+Ez) +ko(s—m?) J42
+[2ko(N2H-u2—1)—N2go JA5—N246}, (II5)
Fs=—{L(W—m)* = NT LW +m)*— u 1'%/ 16as}{— (Ext-m)(A1—2mA )+ 5[ (¢— u>—N)+2¢0(W+m) ](44— 45)
— A(W+m)(Extm)+35[(0—u>—N)(qo—3ko)+ (t— p2)(ErtEz) —ko(s—m?) J42
+L—3ko(N+uP—1)+N2qo]A5—NAe} . (116)

The expansion of F1, Fs, F3, and F, in transverse multipoles was given by CGLN! and their inversion by Ball.?
The 7 and Fs amplitudes contain only contributions from the scalar multipoles. The expansion formulas are

F1=2(My~+E )P (8)+[(+ 1M +E; P 4'(3), (I17)
§o=3 [+ DM M 1P/ (), (118)
Fs=2_(Ery— M) Pra” (2)+ (Ert+M 1) Pra"(2), (I19)
=3 (Myy—Fry— M1 —E )P/ (2), (IT10)
F1=2_(Si-—S)P/(2), (I111)

Fe=3 Su Pt (2)—Si Py (2), (1112)
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where z=q-k/gk and the inversion formulas are

+1 Py _1(2)—Pra(2) Py(z)—Puya(2)
= @21 F1P(2)— FaP s (2)+ Tl Lo z+1—————-—-——}, 130, (IT13
w=sars | z{ s =" >0, (Im3)
1 P i(z)—P Py o(z)—Pi(z
By = dz{EFIPl(z)—S‘zPl_l(z)-—iFs(l—}-l) HiE Pl P l()}, 132, (I14)
%) 241 21—1
+ Pra(2)—Puiya(2)
M= 321 F1Pu(2) — FoPra(5) — Fomm o DL (I115)
" oar) ) z{ WPie) = FaPra(e) =5 2+1 ]
+1 P _P
M= dz{—wz(z>+szpz_l<z)+sa—————“(z) ) } 121, (1i6)
2J 2+1
1+
Sz+=‘2‘/ dz{8’7Pl+1(z)+€Fng(z)}, 120, (1117)
-1
1+
Sl_=‘2‘f dZ{fﬁPz_l(Z)-Fgng(Z)}, l}l. (1118)
-1

With the aid of Eqgs. (II7) to (II12) one can project out the Born term amplitudes in the 3-3 state. We obtain the
following results

mo o
320 L B m B3 [t m) () 1
g@j:)m(WJr”’)[@’(x)‘QZWJGM(W%@:Z)m (W; )= Qi) )
() om0}, @
8”3:3;;{[—[<E:7::)V<VE:”;)JMQI g _[<Eljz()v<2f:n>]uz@”(")
‘EC:Z)”Z(WW)EQO(@-Qz<x>3—§(El:m)m<W~m>[@(x)—@(x)]]GMv(w
=0 ) it
D) tevr-em—(-—2) aw-emi]rea] , amo)
s S| [ P | (BT ),
+(E1+2E; —QO)[[( 7 +f)/;fz_)m)]m o)+ [(Ez_ii(_;im)]m@l(x)]FM(V)

Q:(y) B Qu(y)
[(Batm)(Ex—m) 2 [(Ea—m)(Er-tm) ]2

o ]F,,(V)} , (m)
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where
Gus(N)=F2,\)+F1,(\2)/2m, x=(2E1ko—N\2)/2qk, vy=(N\2—2qoko)/2¢qk, (1122)
and
1 1 Pyd)
Qu(z)== / dt (1123)
20 4z

are the Legendre functions of the second kind.

APPENDIX III

The calculation of the cross section is simplified if one uses in the I matrix the relation e/k*=0_from
the beginning. If we set k,e#=0, we can rewrite

T=iTue*,  Tu=vilvikVitprVotpouVstv. Vit kprVs+kpaVe]. (I111)
In the limit - e=0 the relation between the ¥’s and 4’s is
Vi=A1—2mA,, Vo= (u—m2— 3N\ As—N45, Vi=(s—m?*—3iN)A+N24;5, (1112)
Vi=3(s—u)As—3(—u2—N)A43—NAs, Vi=—(dst+44), Ve=Asz—A,.
The summation over the electron spin gives
32 euet=(%/2m N b1kt Erko, 30280 ] (1113)
The summation over the nucleon spin will be a symmetrical tensor with the general form
3 2 T*11=(1/2m*)[Agw+ Bpupy+Cpouput D3 (prupo+tpupa) 15 (I114)
where 4, B, C, D are quadratic forms in the V’s. Defining
Vig=ReV,V*, (1115)
we have
A= (s—m®)(u—m?)—u\]V11+20—4m>)Vu—m(s—u) Vi, (1116)

B=— %t V22+%[)\2(p,2— 4m2) - (S— mz) (u—— m2)]V55+ (M— mi— >\2)(V12— V45)
—2mV 04 2mNV 15 m(t— pu—N2) Vs, (III7)

C=— %lV33+%[)\2(u2— 4m2) - (S— mz) (u— mz)] Vst (S— mi— )\2)(V13+ V45)
2V 34k 20NV 15 Fm(i—p2— D) Vs,  (ILI8)

D=2[—NVu+Vu—3tVest3(s—m?—N) (Vi Vs—mV og—mVs5)+ 3 (u—m2—N) (V13— Vig—mV e6—mV 35)
Fm(Voa— Vet A2V 15+ A2V 16) + 3 [ A2 (u2— dm2) — (s—m%) (u—m?) Vs ]. (1119)

Starting from (II3) and (II4) Gourdin*¢ has derived the formula for the cross section as a function of 4, B, C,
and D. In our notation his result is

d% e kL Wk A o A (&
—_— ———{O’T()\Z,S)[l— cotz(—>:| — cotz(—)o'L()\z,s)} . (11110)
dQ2Ldko 8wd mkil N2 2sk? 2 2sk? 2

where a is the scattering angle of the final electron in the lab system and or(A\%s) and o7(A%s) are the total cross
section for production of pions by a vector meson with mass A? polarized in the transverse or longitudinal directions.
For A2=0, o7 reduces to the photoproduction cross section.

In terms of 4, B, C, and D we have**

1 g 4

or(s)=— 2 [ (= A+E(1—)CYdz, (ITI11)
67!'8 -1
1 ¢ sk 1 gko\2 1 gko

2(N5) = 2 / {——A+———|:B+——<E2+——z> c+—(E2+——z)D]}dz. (IT112)
167k J s el T W\ %

4 M. Gourdin, Nuovo Cimento 26, 1094 (1961).



