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Photoyroduction and Electrolproduction of Pions in the Region of the N*(1238)f
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The photoproduction and electroproduction of pions is treated relativistically. A new solution for the 3-3
amplitudes is obtained which includes recoil and is insensitive to a cutoG. Corrections to the Eo+ and 351
amplitudes are evaluated by using axed-t dispersion relations. Good results are obtained in the region around
the 3-3 resonance up to ~-N center-of-mass energies about 1300 MeV and electron momentum transfer up
to 3.8 BeV'.

I. INTRODUCTION

&IISPERSIO¹elation techniques in the treatment
of the related problems of photoproduction and

electroproduction were erst introduced, within the
framework of the static model, by Chew, Goldberger,
I ow, and Nambu' and by Fubini, Nambu, and Kata-
ghin, ' respectively. Theories based on the Mandelstam
representation for the scattering amplitudes were worked
out by Ball' in photoproduction and Dennery4 in electro-
production. Numerical calculations in photoproduction
have been performed' ' ' in both the static limit and
the relativistic case, and the FNK theory has also been
reduced to numerical form ""

The CGI X and FXK theories assume that the most
important effects in the region of low x-S center-of-mass
energies can be taken into account by the Born terms
and the J=-,', T=-,' m-S Anal-state interaction. In
particular, the part of the amplitude proportional to the
total magnetic moment, Mt+ 0 (in CGLN this ampli-
tude is called Mr+, „) is responsible for the most signi6-
cant contribution for the 3-3 state. In the CGLN and
FNW theories this amplitude is taken to be proportional
to the sr-1V scattering amplitude, fr~, the constant of
proportionality being the ratio of the Born terms taken
in the static limit.

In this paper we consider a new solution for this
amplitude. In the low-energy region photoproduction"
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and electroproduction' amplitudes have the same phase
as the correspondent x-S scattering amplitudes. There-
fore, we can choose identical D functions (of the cV/D
method) for those amplitudes, and the ratio Mr+/fr+ is
equal to the ratio of the associated S functions. These
E functions satisfy integral equations with a cutoB. Our
method consists in directing our attention to the ratio
of the E functions. Although the integrals depend on the
cuto6, the ratio of the S functions is insensitive to this
quantity. Also, we expect that uncertainties in the
"input" E function for x-E scattering, which appears
in both integral equations, will not have much effect on
this ratio. Solutions for the electric and scalar ampli-
tudes in the 3-3 state are also found. By using axed-t
dispersion relations, the effect of those amplitudes on
the other partial waves is calculated, and a fully rela-
tivistic treatment of the Born terms is made. Our
solution has the following properties:

(1) It reduces to the CGLN and FNW theories in the
static limit.

(2) The results are insensitive to a cutoff.
(3) It includes recoil corrections. In the FNW theory

the dependence on A.', the electron momentum transfer,
is limited to that coming from the form factors and from
the threshold behavior of the amplitudes. In our treat-
ment appears an extra A,

' dependence from the S func-
tions and from the fully relativistic treatment of all
terms. This extra X' dependence will be important for
the explanation of the data at high momentum transfer
which has recently become available. "'4 At these values
of A,

' the cross sections will be reduced considerably in
relation to the ones given by the FNK theory.

(4) Corrections to the Ee+ and 3Ir amplitudes are
introduced by dispersion integrals.

Numerical calculations were performed both in photo-
production and in electroproduction. Good agreement
was obtained around the 3-3 resonance up to a x-E
center-of-mass energy =1.35 BeV and up to momentum
transfers X'=3.8 BeV'.

The basic work in determining the invariant ampli-
tudes that satisfy the Mandelstam representation, their
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decomposition into partial waves and the inversion
formulas are well known. ' ' For completeness we have
reproduced it with slight modifications in Appendixes I
and II. General considerations of the problem are dis-
cussed in Sec. II.Section III deals with the partial-wave
approach, and in Sec. IV we construct explicit solutions
for the 3-3 amplitudes. Section V refers to the reaction
of those amplitudes into the other states, and Sec. VI
deals with the results and makes comparisons with the
experiment.

Fxo. 1. Klectroproduction in Grst
order in e'.

amplitudes in the center-of-mass system, 8;, and its
decomposition into partial-wave amplitudes.

III. PARTIAL-WAVE APPROACH
II. GENERAL CONSIDERATIONS

I.et l~ be the orbital angular momentum of the
photon-nucleon system. For each final x-37 state l+ with
angular momentum J=/& —,

' we can construct two inde-
pendent amplitudes M~+ and E~+ that appear in both
photoproduction and electroproduction and the scalar
amplitude S~+ that appears only in electroproduction.
LMany authors have been using a longitudinal ampli-
tude L instead of the scalar one. They are related by
Sko—Ik =0.%e avoid using the longitudinal amplitude
since the substitution S=Lk/k0 may introduce spurious
singularities in the cross section (k0 may vanish in the
physical region). $ The magnetic, 3E&~ and electric E&+
amplitudes have J=l+-2'r parities (—)'7+' and (—)'~
respectively, and correspond to transverse polarizations.
The scalar amplitude has J=/+ 21, parity -(—)'r and
corresponds to virtual photons polarized in the time
direction. The decomposition of the center-of-mass
amplitudes F; into the partial waves and the inversions
formulas are given in Appendix II.

Ball' pointed out that the magnetic and electric
am litudes satisf h

Let ki, k2, pi, p2, and q denote the initial and final
electron 4-momenta, the initial and anal nucleon 4-mo-
menta and the pion 4-momentum, respectively. The
masses of the nucleon, the pion and the electron will be
called m, tz and m, . (We are using the metric g00= gii
=—g22

———
g22 ——1 and h=c=1 units. )

The invariant T matrix is deaned by

St;= ()t;+(2zr)'zb'(k+ pi —p2 —q)

m2 -»/2- ~ 2 -»/2
8

g(p2) Tu(pz), (2.1)
-2q0p10p20- -k10k20-

where k=k» —k2. The second parenthesis should be
replaced by (2k0) "' in the case of photoproduction.

To erst order in e2 the electroproduction is described
by the diagram in Fig. 1. Therefore, we can write

(2.2)

0„=(1/k2)zz(k2)y„u(ki) .

p y t e reQection relations.
where j& describes the current produced by the strong
interacting particles and 0„ is the photon polarization M&+(—W)=L1/((+1)]
vector. For electroproduction: XP(t+2)jf, „(W)+E„„,(W)j, (3.1)

(2 3) Ei+(—W) = L1/(/+1) jLM(1+1) (W)—tE(,+,) (W)i.

Current conservation is expressed by

k„j~=0.

Analogously, using Eq. (I12) of Appendix I and Eqs.
(II11) and (II12) of Appendix II, we can obtain reflec-

(2.4) tion relations for the scalar amplitudes:

It will be convenient to introduce the invariants: Si+(—W) =S(1+1)-(W) (3.2)

g= (k+pl) 2—W2 ~
lr 2 —k2

t = (k—q)'= (P2—Pi) 2= 2m2 —2E1E2+2qk COSH r (2.5)

u = (pi —q)'= (p2 k)'= zzz'+ X' 2k—0E1 2qk cos8 r— —

where 8' is the energy of the m-E system in its center
of mass, E» and k and E2 and q are the energy and
momentum of the initial and Gnal nucleons, ko= 8'—E»,
and 8 is the angle between the nucleons in the center-
of-mass system.

The T matrix can be written in terms of invariant
amplitudes A;(s, t,u, X ) that satisfy certain dispersion
relations. This procedure is shown in Appendix I. Also
shown is the relation of the T matrix to the scattering

Starting from (IS) and (I6) of Appendix I, using the
partial wave projection formulas in Appendix II and
the reflection relations (3.1) and (3.2), we can derive
the partial wave dispersion relations:

Qo

Gi~(W, X2) =Bi~(W,X2)+—
ImG(g(W' X2)

DV'—
W—H/'

, )
r ( )

ImG1 (W' X2
dlV'--

where 81+(W,X2) represents all the singularities of
Gi+(Wr&2) except those imposed by unitarity, and



G~+(W, X') stands for any one of the amplitudes: with

pg(W) =g"+'(Es+m)/W. (3.6)
mz„=

(qk) ' KEs+ m/'

E(p Ei+m) "'
(qk)' Es+mJ

S„Er+m)'&' W
!g)~ ——

(qk)' Es+m) k

f)+(W)
k~~(W) =

q" Es+m

e"&+ sinb)p

p)(W)
(3.S)

The kinematical factors assure that M~~, E~+, S~+
wiH have the proper threshold behavior on the right and
left cuts. The factor 8' in the scalar amplitude was
introduced to assure the same asymptotic behavior as
the other amplitudes.

The ~-E scattering amplitude with the kinematical
factors as de6ned by Frazer and Fulco" is

In the one-meson approximation for intermediate
states, G&+ and h&+ have the same phase' "in the energy
region m+)a(W( ~. This phase relationship will be
also valid in the region —0o (W( —(m+p) as a con-
sequence of the reQection relations (3.1) and (3.2) for
electroproduction and for x-S scattering":

f~+(W) = —f(~+i)—(—W) . (3.7)

As was emphasized by Omnes, "the solution of (3.3)
can be obtained if we know the phase of G~ on the real
axis. %e will express this solution in terms of the JV and
D functions of the well-known X/D method. " Let
G~~ ——iV~~7/D~~& and k)~ ——1V~~/D~~ where D)~& and D~~
carry only the singularities due to the unitarity condi-
tion. Since G and h have the same phase on the real axis,
we can choose D&+&= D&~. The nonphysical singularities
of G&+ are given by the term B&~ in Eq. (3.3). Therefore,
we can write the following solution for E~+&=G~+D~+.

00

1V)g'r(W, X') =D)g(W) B(g(W,X')—— +
srl+p,

-~ +»~ ImD&~(W')B&~(W' X')
IdW' (3 8)

The solution (3.8) has the right analytic properties for Zs &+7. The first term has the proper nonphysical singu-
larities of E&+&, and the second term subtracts off the physical singularities introduced by the first term.

If we separate out the 6 function in the integral of (3.8) and use ImD~+ ———p~cV~~, valid in the region of inte-
gration, we get

)V(~&(W,X') =ReD(g(W) B(g(W, ) ')+—
! +

—~"+») p((W')iV(„(W')B(g(W', ) ')
!dW'

) W' —W
(3 9)

Noticing that (ReD~+)/Dq+= e' &+ cosh~+ we can write the equation for the full amplitude as

1
G(~(I'I/, y )=B(~(W,g )s' r+ cos6gg+

D&p(W) s. k

&-+ ) i,p, (W-') B,~(W', ) s) iV, (W') d W'

H/' —5' (3;10)

It is well known that the J=~, T= 2 scattering amplitude dominates the final-state interaction in the region
of energies that we are concerned with. Therefore, we will assume, as a first approximation, that the solution of
Zq. (3.3) is given by the B term alone except for the 3-3 state. Furthermore, we will approximate these terms by
the Born terms corresponding to the Feynman diagrams of Fig. 2. In the next section we will calculate the solution
for the 3-3 amplitude and in Sec. IV we will calculate corrections to the first solution given to the other amplitudes.

FIG. 2. Pole contributions to the current J„.

rr W. R. Frazer and J. R. Fnlco, Phys. Rev. 119, 1420 (1960)."S.W. MacDowell, Phys. Rev. 116, T/4 (1960).
'~ R. Omnes, Nuovo Cimento 8, 316 (1958)."J.D. Bjorken, Phys. Rev. Letters 4, 4'B (1960).
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IV. THE J=2, T=~ AMPLITUDES

In Appendix II we have calculated the 3-3 projections of the Born terms corresponding to the Feynman diagrams
in Fig. 2. These amplitudes can be written as a sum of terms proportional to the pion form factor F P. ), to the
isovector parts of the charge form factor Flv(») and to the magnetic form factor GMv(X2) =F2v(»)+Flv(»)/2m.
Denoting the Born terms by the superscript "8")we have

B(W») ~1 gB(W»)G V/2)+cJgl B(W ) 2)F1V($2)+~1 B(W $2)F (»)
h B(W g2) gl gB(W $2)GMV(g2)+ hl B(W g2)FlV(y2)+ bl B(W»)F (y2)

gl+B(W g2) —gl gB(W»)GMV(~2)+~1+ B(W»)Fl VP'2)+~1+ B(W y2)F (y2)

(4.1)

Since the Born terms are linear in the form factors, the solution of the integral equations in the last chapter
will also be. We will denote by OR1+,g, OR1+,„etc., the solutions of (3-3) correspondent to the Born terms 5K1+,gB,

~z+, e ) etc.
We have studied the Born terms numerically in the regions 2B+p(W(1.6 BeV and —4 BeV2(X2(0 and

found that only BR&+,|-. , 5R&+, , h&+, , and 5&+ are not negligible. Therefore, we only consider the solutions
for the corresponding amplitudes SR'+.,6, SR'+, , Bj+, , and $&+, ~

As we shall see, our Anal result will not be very dependent on scale factors or on Gne details of the pion-nucleon
E function. Therefore, it is reasonable to use the one given in the static model":

»p=7/(W —m), (4.2)
where y is a constant.

We will erst consider the solution for ORl~, g. It is easy to verify that the principal value integral in Eq. (3.9)
diverges for 8=OK&+, g and»+ given by Eq. (4.2). This problem also arises in the analogous equation for lr-X
scattering:

p)
»+(W) =hlpB(W) ReD1+(W)+—

i
+

m+p

&"+ &) p (W')h B(W')X (W')
idW'

) 8"—8' (4 3)

when one takes j'2l+B identical to the 3-3 projection of the nucleon exchange diagram of Fig. 3 and uses Eq. (4.2)
as the input E function in the integrand.

In general a cutoff is introduced for evaluating the principal value integrals. Another problem is that (4.2) is
certainly a bad approximation for the Ã function at very high energies. To minimize both effects we propose the
following solution for 5R~+,G.

with

Z(W, »,A) =
Ag+

e"~+ sin8~+ 8'
5Elg, g(W, ») =E(W,X2,A)

g8 jV+

~ ~1+,"(W',~')»+(W')"(W')
BR1+ gB(W,») ReD1+(W)+- dR"'

Pl++ 8"—5"

P ~ hl+B(W')»+(W')Pl(W')
hl~B(W) ReD1~(W)+- dS"

(4.4)

4.5)

(At this point we have dropped the left-hand cut where our 1V function is doubtful. Numerical calculation shows
that its contribution amouts to less than 2%.)

In the static limit ~1+,gB is proportional to j'll+B and (4.5) reduces to the CGLN results (apart from phase-space
factors) indepenclently of W or A. For the full Born terms we expect that R remains approximately constant in
8' since it is the ratio of Ã functions and also because OR&+ t. is nearly proportional to h&+ . The important region

/
/

/I

FIG. 3. Exchange of a nucleon in pion-nucleon scattering.
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FIG. 4. Behavior of 351+'/' as a function of the cutoB h. for )'=0,
g =m*. The dashed line represents the CGLN value.

1 t 1 i t & 1

5 l0 l5 20 nucleon
mosses

of energies in (4.4) is for W=m*, for which 8=m./2. Therefore, we will approximate

ORg+ g~(W', X')Eyp(W') p(W') E ~ by+~(W') 1Vyp(W') p(W')
dS"' dS" (4 6)

lV' —m* m+p
8"'—m*

In Fig. 4 we have plotted SR'+. ,0 at 8 =m*, X'= 0 for several values of the cutoG parameter, starting at A =1.5m.
The dashed line represents the CGLN value at the same point. As we expected, the results are not very sensitive
to h, . From h.= 1.5m, to A=4m, they vary from approximately 90%%uq to approximately 80%%uo of the CGLN value
and for A&Snab remain nearly independent of A.

Although we factored the form factors and the threshold behavior out of 3E&+., the amplitude M&+ z js still a
function of X'. Having Axed A, we studied numerically this A.

' dependence for —4 BeV'&A, '&0. It can be very
well Qtted by the expression

C() ')=
1—X'/3l'

(4.7)

with M=1.96, 2.19, 2.37, 2.41, and 2.47 BeV for 4=1.5m, 3m, 5m, 6m, and 8m, respectively. The difference
between these values will be important only at very high momentum transfer. If one chooses A&5m, which is the
region where the solution is independent of A for A, '=0, the difference between the values of C can be neglected
(they are at most about 3%%uc at X'= —4 BeV'). From now on we will Gx A=5m in all calculations.

Dennery' and Adler" have assumed that C(X') is given by the X' dependence in the Born term RLy+ '/le w.ould
life to point out that in the region around the resonance this A.

' dependence is steeper than the one obtained by
our method. Important numerical differences can appear only for very high momentum transfer. At P'=~~ and
)I.'= —3.80 BeV' (highest momentum transfer in the experiments we will try to Gt) our result gives C=0.59, while
from the I,' dependence of 5R~+~ we get C=0.4.

The anal result for 5K~+,6. is
e e'"+ sinbq+ 8'

011:g+,0=0.61 C(X')
(f/I ) g' &~+

(4.8)

For the multipoles proportional to F, the integrals in (3.9) converge. Also, the Born terms are no longer approxi
mately proportional to h&+ (W), and their contribution to (3.9) is relatively important. Therefore, the so]ution
(4.4)—(4.6) does not seem to be appropriate, as it stands, for the multipoles proportional to Il . The integral in
(3.9) is not a rapidly varying function of W, and it is only important for W=m when ReD&+ vanishes. Therefore
we will approximate

I' " gy„(W', X')kg+(W') pg(W')
Xg~&(W X') =gg ~(W X') ReDg+(W)+-

W
(4.9)

where X~+& stands for any of the Ã functions and g~+ for any of the Born terms of the amplitudes proportional
to F,. Equation (4.9) can be written as

kg+&(W, )I.') =gg+ (W,X') ReDy+(W)+1Vg+&(m", X') . (4.10)

Now, in the spirit of the solution for BE&~,z, to minimize the effects of the high energy region and to "normalize"
X~+~, we use (4.6) which is exact at W=m*

Xyp&(m )I.') = R'(P, ')Egg(m*), (4.11)

' Stephen L. Adler, International Conference on Weak Interactions, Argonne National Laboratory, Argonne, Illinois $965
(uupub1isbed).
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with
z

R'(X') =— gg+(W', X')X4+(W') p(W') P
O'H/'

8"—m* m+

hP(W') 1Vy+(W') p(W')
d8" 5"—m*

(4.12)

From (4.10), (4.11), and (4.12) we can write the solution for the whole amplitude, G~~= X~+&/D~+.

G„(W,X )=g„(W,X )e' + cos5„+R'(X )LEx,(no*)/Dx, (W)].

In order to introduce the scattering amplitude h~+, we make the reasonable approximation

Eg+(no*)/Dg+(W) =Eg4.(W)/Dy+(W) =hg+(W) .

(4.13)

(4.14)

Ke have studied E.' numerically as a function of X' for —4 BeV'& X'&0 and Qtted the results to analytic curves.
The anal results for the multipoles are

e e'~'+ sinb~+
ORE.„=K4+,~ e"+ cos8~++0.036 C~(X')

flp
7

E2+m
(4.15)

with

e'~1+ Sinbq+
b~+, = 8~+, e"+cos8~++0.013 C2(X')

f/p q'

e e"1+sin8~+
Sq+, = Sq+, se'"+ coslq++0. 084 Cq(X')

f/p

7

E2+m

7

Em+ m
(4.17)

where X' is given in SeV~.

Cg(X') = 1

=(1.11—0.1e,2)/(1 —1.5+2)

C2(X') = 1—2.55K'—5.2'
= (1.59—0.12K')/(1 —0.91K')

C4(X')= 1—7.47K'—13.0X4

= (1.98—0.26K')/(1 —2.83K')

for —0.1&X2&0,
fol X &—0.1 ~

for —0.3&X'&0,
for X &—0.3 p

for —0.16&'A'& 0,
for ) '& —0.16,

(4.18)

V. THE DISPERSIOH INTEGRAL

Having calculated the J=-'„2'=,' amplitudes w-e will try to evaluate their effect on the other partial waves.
We can write' ' fixed-t dispersion relations for the invariant amplitudes A;+(s, t) defined in Appendix I:

P 00

ReA;+(s, t) =A,+(s,t)„)„+-
(m+~)'

ds' ImA;+(s', t)
s —s s —s

(5.1)

where P;+ are defined in Eq. (I7) of Appendix I and will be &1 if A4+ is even or odd, respectively, under crossing
of the nucleon lines. Following a method proposed by Sall' and Dennery' and applied in photoproduction by Ball, ~

Schmidt' and Schmidt and Holler, "we will approximate the imaginary part of 2;+ by the contributions coming
from the 3-3 inal state:

4' p2~ f,(s,t)
ImAP(s, t) =W—

~

3 k1) ghee(Eg+m)(Eg+rg)g'I'
where

f~(z t) =$(2h g
—

t4
—&~+t) Im(M&+ I +E&++')—2(E&+m)(Ea+m) Im3/Ix+4~2+2mf4(s, t),

(5.2)

(5.3)

f2(s, t) = [X'f4(s, t) —3(W—m)(Ei+tN) Im(M1+ E14. ))
X'/21m~ —s

f4(s&t) =3(Eg+nz) Im(Eg+ 3fg+ ~ )+f4(s,t), —

(5.4)

(5.5)
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3 (—2qpko+ p'+X' —t)
(s,t) =

48"
—(E~—m) Im3f r+'~' —(W+kp m—) ImEt~+' ——ImSt '~'

k

X' Es+m (W+m) 3gp(Et+m)
ImSt+Pt'+ (Es+m) Im3f r+'I'+ Im(~r+ l Er~ / ) (5 6)

2W k 2$"

1 3 (t—p' —X'+2kpqo) ( (W—m)
(s,t) =- L2(s—m') —X'gi- ImSx~'&' —Im(exp"'+M, ~'&'))

2W(t —p, ') 2 E&—m ~ E k

+(4W—3ko)(W —m) Im(Mr~'" —E&+"') +(Es+m)L2(s —m') —X')
(W+m)

ImSr+"'+2 Im3f rp"'

+3(3go—2W)(W —m)(Er+m) Im(Mr~'t' E'r~oi'—) (5.7)

3 (t—p,
'—X'+2qpkp)

fo(s, t) =—
i (ko/k) ImSr+'~s+2 ImEr+'tsj+ (Ep+m) L2 ImMr+'ts —(ko/k) ImSr+'~ 'j f4(s—,t) . (5.8)

2 E1—m

From Eqs. (5.1) to (5.8) the relationship among the
center-of-mass amplitudes, 8;, and the invariant ampli-
tudes A; and the projection formulas given in
Appendixes I and II, we can project the partial wave
amplitudes.

'tAte have calculated the contributions to Eo+, 3f1,
E1+ and M1+ using the experimental phase shifts pro-
posed by Roper, Wright and Feld, "which are valid up
to pion energies =700 MeV. Consistently we use a
cutoff at W= 1.57 BeV on the integrals.

Equation (5.1) should be considered an iterative
solution for 351+'~' and E~~'~'. However, the results
obtained in the first iteration reproduce quite well the
solution given in Chap. IV, and the small differences
will be neglected.

At X'=0 (photoproduction) the important contribu-
tions of the dispersion integral are to Eo++ and 311 +.
There is also a small contribution to Eo+. at higher
energies. The results are shown in Fig. 5 together with

(uttitS:10 Cmj

soo 6oo E,(Mev)

Ml-

the Born multipoles for zr' and z+ photoproduction. One
sees that the Eo+ contribution is very important and
cancels about 50% of the large Ep++ Born term

To show how our results vary with A.', we have plotted
Eo+ and 3f& at fixed energy 8'=1200 MeV in Fig. 6.
The corrections to Eo++ and 3f1 + are still very im-
portant. However, the relative contribution of higher
partial waves increases with X', and the effect of the
corrections in the cross sections will be reduced.

VI. RESULTS

The center-of-mass amplitudes, F;, will be the sum
of four terms

&=&a—&a"+&"+&c,

where F~ and 5'~" are, respectively, the full Born term
and its projection into the 3-3 state, F33 is the total
3-3 amplitude and Fq is the correction introduced by the
principal part integral in Sec. V. As we saw in Sec. V,
this correction will be only important for zo production.
In Appendix III we have derived formulas for the cross
sections in terms of the invariant amplitudes A;. The
numerical results are given below.

(a) Photoproduction —In Figs. 7 to 12 we have com-

"l5
~& (units:10 cm}

(&3

—Eo+
(P)—Ml-

(P)-E0+

01
Eo+

Eo+
MI-

MI'-

goo 5oo E&(Mt!vj

(b3

FIG. 5. E0+ and 3f].
amplitudes for (a) 7r'

production and (b) m+

production. The dashed
lines are the contribu-
tions from the Born
terms alone. The solid
lines represent the total
multipoles.

-l6
(units: IO cm)8—

0 8 I

-8
/I

tPt

Eo+

IEO+

~ )2(eev'&

I"n. 6. Eo+ and ~,
amplitudes for ~0 pro-
duction as a function of
X2 and for g = 1200
MeV. The dashed lines
are the contributions
from the Born terms
alone. The solid lines
represent the total multi-
poles.
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pared our calculations with the experimental results for
x' production" "and x+ production'~' from threshold
to photon energies in the Lab system 4~=450 MeV.

~ L. David Roper, R. M. Wright, and B. T. I eld, Phys. Rev.
138, 3190 (1965).

"Y. Goldschmidt-CIermont, L. S. Qsborne, and M. Scott,
Phys. Rev. 97, 188 (1955).

~ R.L. Walker and V. A. Tollestrup, Phys. Rev. 97, 1279 (1955).
~ D. C. Oakley and R. L. Walker, Phys. Rev. 97, 1283 (1955).' W. S. McDonald, V. Z. Peterson, and D. R. Carson, Phys.

Rev. 107, 577 (1957).
N P. C. Stein and K. C. Rogers, Phys. Rev. 110, 1209 (1958).' J. W. de Wire, H. E. Jackson, and R. M. Littauer, Phys. Rev.

110, 1208 (1958)."J.Y. Vette, Phys. Rev. 111,622 (1958)."R. G. Vasil'kov, B. B. Govorkov, and V. I. Gol'danskii,
Zh. Eksperim. i Teor. Fiz. 37, 11 (1959) LEnglish transl. : Soviet
Phys. —JETP 10, 'I (1960)j."K. Berkelman and J. A. Waggoner, Phys. Rev. 117, 1364
(1960).

~ M. Beneventano, G. Bernardini, D. Carlson-Lee, G. Stoppini,
and L. Tau, Nuovo Cimento 4, 323 (1956)."A. V. Tollestrup, T. C. Keck, and R. M. Worlock, Phys. Rev.
99, 220 (1955).

The differential cross sections L(the data from Refs.
28 and 29 have been raised 7% (see Beneventano et al."
and Moravcsik")) for z.+ production are shown in
Figs. 7 and 8 and the agreement with the experiment
seems to be very good.

In Figs. 9 and 10 we show the differential cross sec-
tions for x' production and in Fig. 11 the 2, 8, and C
coefficients of the expansion do/dO=A+Bz+Cz'. For
energies k~&300 MeV we have obtained a reasonable
agreement. Our results are not as good in the low-energy
region. In particular, the coeKcient 8 is relatively large
"R. L. Walker, J. G. Teesdale, V. Z. Patterson, and J.I. Vette,

Phys. Rev. 99, 210 (1955).
"M. Bazim and J. Pine, Phys. Rev. 132, 830 (1963).
'4E. A. Knapp, R. W. Kenney, and V. Perez-Mendez, Phys.

Rev. 114, 605 (1959).
"M. Heinberg, W. M. McClelland, I". Turkot, W. M. Wood-

ward, R. R. Wilson, and D. M. Zijoy, Phys. Rev. 110, 1211 (1958)."K. Althoff, H. I ischer, and W. Paul, Z. Physik 175, 1 (1963).
'r K. AlthoB, H. Fischer, and W. Paul, Z. Physik 175, 19 (1963)."M. J. Moravcsik, Phys. Rev. 105, 267 (1957).



N. ZAGURY

I

~b Ir
ster dQ

I

320 MeV

I

gb do

ster dQ

I

350 MeV

20- 20—

10 —„ IO—

& ref. 31
~ ref. '32

~ ref. 3'
o ref,~3)

& ref. 3I
+ ref. 32
& ref. 35

ref. 36
o ref. 37

I I I I I

Oo 30 60 90o l20 I 50 I SOO

8

I I I I I

Oo 30 60 90o I 20 I 50 I SOD

8 FIG. 8. Angular distribution for w+
photoproduction in the center-of-mass
system. The energies are in the lab.
system.

~b der

ster dQ

20

I

380 MeV

~ v ref. 3I
+ ref. 32
~ ref. 35
~ ref. 36
o ref. 37

gb, do.

ster

20

I I

BIO MeV

+ ref. 3I
~ ref. 32
~ ref. 35
~ ref. 36

10— IO—

I I I

Oo 30 60 90 120 150 ISO

8

(b)

I I I I I

0 30 60 90 120 l50 I80

8

e +p+'Jl

and differs appreciably from the one given by the experi- laboratory system for the reactions
mental results. This coefhcient is given essentially by
the interference of s and p waves

8=2 ReEO+*(M'i++3Ei+ —Mr ) . (6.2) (6.3)

This shows that a better determination of the J=-,',
Eo+ and M&, amplitudes is necessary. In Fig. 11 we
have shown in dashed line the values for 8 when the
corrections obtained in Sec. V are not included. One
can see that, although the corrections act in the right
sense, they are still insufhcient to provide a good fit for 8.

Finally in Fig. 12 we show the total cross sections.
(h) Electroproduction —We have compared our re-

suIts with the observed differential cross section in the

e +I+n.+.

The cross section results depend on the pion and
nucleon form factors. The pion form factor was set
equal to the isovector part of the charge form factor J ~~.
This agrees with the approximation of considering the
p meson as the main contribution for both these form
factors. Also, with this choice the sum of the three
diagrams in Fig. 2 conserves charge, For the low mo-
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mentum transfer (—0.467 BeV2&X2&0) data, '' "40 we

have set the nucleon form factors equal to the value

(fit "f)") given in de Vries Bt al."for

As the neutron charge form factor is not knovvn

with accuracy, we have also used a diGerent value
Gzz =Gz —Gz" for testing the sensitivity of our calcu-
lation to this quantity.

For the high-energy momentum-transfer data'4 (—3.8
BeV'&X'& —0.88 BeV') the nucleon form factors are
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ik 2g
(units: IO cm/ster)

~ ref. 24
o ref. 28
~ ref. 29

lower than the experimental results for energies above
this value. The same result was obtained by Hand. '~

The high A,
' data is shown in Fig. 16 for 6xed incident

electron energies 4~0~= 2.4, 3.0, and 4.9 SeV. The curves
for 2.4 and 4.9 BeU seem to reproduce the data reason-
ably well. For k~0 =3.0 BeV our results are larger than
the experimental ones mainly in the region below the
resonance. However, if we change (6.5) by about 20'Po

(the standard deviations of the experimental values" are
about 10'Po in this region), we obtain better agreement.

In Appendix III we have written the differential cross
section as:

I I

4OO 450 Ey(MeV j

dk~~d0~

e' kF Wk m9, ' n)—op(X',S) 1— cot' —
i

Sar' mkP V 2k'W' 2)

X'm' (u)
cot'i —io.r,(X',S), (6.6)

2kaWa

-2'—
where o-p and 01, are the differential cross sections for
photoproduction by virtual photons of "mass"
polarized transversely and in the longitudinal direction,

I.O —(units: IO cm/ster)
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)t
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i4 -28 2
0 (xl0 cm)3-'
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-0.5

I.O—

FIG. 11. (a) CoeKcients A and C. (b) Coef6cient B. The
dashed line is the solution without the corrections to E0+ and
+I'D . E~ is the photon lab. energy.

not very well known. We have used the fit":

I I I I I I I I I

200 250 300 350 400 450 500 550 600
E„(MeV)

GEN 0
y GEP

G~p
(6.5)

pp p~ (1—)I.e/0. 72)'

-28
3r10

" err(xl0 cm )

~ ref. 3l
o ref. 32

In Figs. j.3 to 15 we show the results for the low-
momentum transfer data. We consider two values of
G~~.. (a) from the ftt of de Vries et a/. 4' and (b) a 6xed
negative value G~N= —0.20. Our results seem to favor
slightly negative values of G+N. This agrees with pre-
vious calculations by Hand" using the FNW theory and
by Salin4' using an isobaric model. The results indicate
good agreement up to a center of mass energy around
5"=1300MeV. However, our cross sections are much

~ J. R. Dunning, Jr., K. W. Chen, A. A. Cone, G. Hartwig,
N. F. Ramsey, J. K. Walker, and R. Wilson, Phys. Rev. Letters
1B, 631 (1964).

~ Ph. Saiin, Nnovo Cinmnto 82, 521 (1964).

I 1 I I

200 250 300 350 400 450 500
E,(Mev)

FIG. 12. Total cross section for (a) m„production and (b) m+

production. E~ is the photon lab. energy.
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F~„, F~, and Fp., F2, are the isovector (v) and isoscalar (s) nuclear form factors and F is the pion form factor.
They are normalized as follows: F (0)=F&.(0) =F&(0)=1, F&„(0)=tj,„p,„—and F&„(0)=p„+p,„.

Following Fubini, Nambu, and Wataghin, we added to the T matrix the term

k„e"
ige(F. Fg.—) u(pp)ypl(pg)-, '[r.,zp] (I9)

which is identically zero, in order to preserve the gauge invariance of the Born term.
The T matrix is related to the scattering amplitude in the center of mass of the pion-nucleon system by

0' kpp8' eqsk~s 0"kq. s sqq e e.kk s eqk s eq
T=4zr Xt i&ye—s+Pp +Hp +i%4 - +Hp +i+p —i&z &p

—i&p
5$ qk qk q' k' qk q

x, (I10)
k

where 8" is the total energy, 0 and q are the momenta of the photon and pion, respectively, x are the Pauli spinors,
and the F's are linear combinations of the invariant amplitudes.

Charge conservation implies the following relations among the f's:

kp&p k(FQ+Fz+sFp) 0 kpFz k(5'p+sF4) =0,
where s=q k/qk.

In Appendix II we wi11 give the relationship between the F's and the 3's. An inspection of those equations
shows that the P's satisfy the reflection relations

Py(W)=Sp( —W), Gp(W) =F4(—W), Fz(W)= 5'p( —W) .

APPENDIX II

The invariant amplitudes A; are related to the center of mass amplitudes S; by

(I12)

P&= {L(W+m)' X']'t'[(W+m)' —p']'"/16zrs}
&( {(W—m) (Ay —2mA 4)——,'(t—p' —X') (A p

—A 4)+ (s—m') A 4
—X'A p}, (II1)

8 2 {[(W—m)' —X']'"[(W—m)' —p, ']'t'/16zrs}
)& {—(W+m) (A &

—2mA 4)—p'(t —p' —X') (A 3 A 4)+ (s—m')A 4—X'A p}, (II2)

[(W m)' X']'ts[(W m)' ~']'&'/16zr~}(E,+m){ (~ m y'/2)A, X A,+(W+m)(A, A4)} (II3)

S4= {[(W+m)' —X']'"[(W+m)'—y']'t'/16zrs} (E&—m) {(s—m' —X'/2) A p+X'A p+ (W—m) (A p
—A 4)} (II4)

Pz = —{[(W+m) '—X']'"[(W—m) '—p, ']'t'/16zrs }{(E~—m) (A ~
—2m A 4)+-',[(t—p' —X')+2qp(W —m)] (A 4

—A p)

A 4(W—m) (Ei—m)+-,'[(t—p' —X')(skp —qp) —(t—p')(Ez+Ep)+kp( —m')]As
+[-'kpP. '+p' —t)—X'qp]A p

—X'A p} (115)

Pp = —{[(W—m)' —X']'t'[(W+ m) '—p, ']'t'/16zrs }{—(Eg+m) (A g
—2mA 4)+-,' [(t—p' —X')+ 2gp(W+ m) ](A 4

—A 3)
—A 4(W+m) (Ez+m)+-,' [(t—p' —V)(qp ——',kp)+ (t—p') (E&+Ep)—kp(s —m')]A Q

+[—g'kpP. '+p' —t)+X'qp]A p
—X'A p} . (II6)

The expansion of 5&, P2, 53, and F4 in transverse multipoles was given by CGLN' and their inversion by Ball. '
The F7 and F8 amplitudes contain only contributions from the scalar multipoles. The expansion formulas are

F =Q(M +E )P '()+[(1+1)M +E ]P '(),
Ps= p [(1+1)Mz++lMz ]Pt'(s),

&p =E(Ez+—Mt+)P~~" (s)+(Et-+M~)Pt-~" (s)

F4 Q(Mz+ E(+. Mz= Ez )——Pz"(s), — —

~ =Z(S-—S+)P ()
rp ——P S~P(+g'(s) —Sz Pt g'(s),

(II7)

(IIS)

(II9)

(II10)

(II11)

(II12)
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where s= q lr/gk and the inversion formulas are

jv]+—
2(l+1)

+1

~l——
2l

3f)+
————

2(l+1)
+1

3f) =—
21

P~-~(s)—P~+~(k) P~(k) -P~o(k)
ch FgP)(k) —FoP(+g(k)+Fol +F4(l+1)

2l+1 2l+3

2/ —12l+1

P( g(s) —P(~g(s)
ds SgPg(k) —FoP(+g(k) —Fo

l+1

P~-~(s)—P~+~(k)
ds —rgP)(s)+PoP( g(k)+ro, l &~1,

2l+1

P~g(k) —P(+g(k) P~o(s) —Pg(k)
ds rgP((k) —PoP( g(s) —6'o(l+1) —$4l

l &&0, (II13)

l &~ 2, (II14)

(II15)

(II16)

+1
5)+=- ck{F7P)pg(k)+FoP((k)), l &~0,

2
(1117)

+1

5) =-
2 1

dk{5pP( g(k)+SoP((s) }, l &~ 1. (II18)

With the aid of Eqs. (II7) to (II12) one can project out the Born term amplitudes in the 3-3 state. We obtain the
following results

ge 2m(W —m) 2m(W+m)
5K/+ , Q~(&)— , ,Qo(&)

32m W [(Eg—m))Eo —m)]'~' [(Eg+m)(Eo+m))' '

2 (Eo+m) ~~o 1(Eo+m) "' (W—m
+-i

i (W+ )IQ.(*)—Q.(*)] G .(l')—
I I [Q.()-Q()]F (&')

3EE,+mi 3(E+mi m
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where

Gsr„(X') =F»(X')+F»(X')/2m, x= (2E&ko—X')/2qk, y= P '—2qoko)/2qk, (II22)

are the Legendre functions of the second l~ind.

1 ' P)(t)
Q,(s)=- dt

2 r t+e
(II23)

APPENDIX III

The calculation of the cross section is simplified if one uses in the T matrix the relation e„k&=0 from
the beginning. If we set k„~&=0, we can rewrite

T=iT„e", T„=go[a„&Vr+P»V2+PopV'8+pP 4+kPlyV5+kP2yVo] ~

In the limit k &=0 the relation between the V's and A's is

(III1)

Vs=Ay —2mA4, (tt m2 r y2)A 2 y2A o Vo —(s m2 r y2)A 2+$2A o

(III2)
V =-', ( —)A —-', (t—'—X')A —X'A, V = —(A +A ), V6——A3—A4.

The summation over the electron spin gives

-', Q e„e„t=(e'/2 mdiv. ')[kr„kov+krvko„+ ,'X'g„-v5

The summation over the nucleon spin will be a symmetrical tensor with the general form

—,
' Q T&T"t= (1/2m') [Ag„.+Bplyplv+C pop pov+Do (pl pp2v+ plvpor )]

where A, 8, C, D are quadratic forms in the V's. Dining

V;g= ReV;Vg*,
we have

A = -,'[(s—mo) (I—m') —p9PjVrr+ o(t—4m )V44—m(s —u) Vr4,

(1113)

(III4)

(IIIS)

(III6)

8—
o tVQo+ —,

' [X'(y'—4m') —(s—m') (I—m') jVoo+ (I—m' —X') (V12 V45)
—2mVQ4+2mX'Vro+m(t —p' —X') Voo, (III7)

C= ——,'t Voo+-,' P,'(tr' —4m') —(s—m') (I—m') jVoo+ (s—m' —X') (Vto+ V4o)

+2mV34+2m'A'Vro+m(t —p' —X') Voo, (IIIS)

D=2[—h'V rr+ V44—,'t Voo+ 2(s—m' ——X')(Vro+ V4o —m VM mVoo)+—,'(I m' -X'—)(Vro—V4o —m—Voo —m Voo)

+m(Vo4 —V34+X V]o+XoV&o)+2rP, (p —4m )—(s—m')(I —mo) jVoog. (III9)

Starting from (II3) and (II4) Gourdin" has derived the formula for the cross section as a function of A, 8, C,
and D. In our notation his result is

do,~du„~

~~m~
— os (X',s) 1— (n)

Rorno

(rr)
cot'( —

[
— cot'( —)o'z, (X',s)

(2i 2sko E2i
(III10)

where n is the scattering angle of the 6nal electron in the lab system and o &(X',s) and oz, (X',s) are the total cross
section for production of pions by a vector meson with mass X2 polarized in the transverse or longitudinal directions.
For X'=0, 0-p reduces to the photoproduction cross section.

In terms of A, 8, C, and D we have44

+1

os P ',s) = — {—A+-,'(1—s')q'C}ds,
16xs k

(11111)

+1

or, (X',s) =
16xs k

sk'-
—A+

1 ( qko)o 1 ( qko)8+ i Eo+ s
i C+—

i
Eo+ s iD ds.

Wok k i Wk k i
(III12)

'4 M. Gourdin, Nuovo Cimento 26, 1094 (1961).


