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Exact equations for the seniority-zero states of 2V nucleons in an arbitrary external potential well and
interacting through a J=0, T'=1, charge-independent pairing interaction are derived. Exact solutions of
these equations are exhibited for the ground states and some excited states of these systems. These states
are characterized by having wave functions that are totally symmetric functions of the isospins of the pairs
of particles and have total isospin 7'=0,2,- - -, N for N even and T=1,3,- - -, N for N odd. The ground states
are included in the sets of states with 7’=0 or 1 and the states of the pairing Hamiltonian with a single type
of nucleon belong to the charge multiplet with T'=N. The calculation of the energies and wave functions
of these states is reduced to the solution of IV coupled, nonlinear, algebraic equations in N unknowns. An
explicit expression is given for the occupation probabilities of the levels of the single-particle well in these

states.

I. INTRODUCTION

HE pairing model® is a model of the nucleus that
includes some of the correlations between nucleons
that would arise from a short-range residual nucleon-
nucleon force. In this model, the residual interaction is
approximated by a pairing force between identical
nucleons. One objection to this model is that it does not
include any neutron-proton interactions.! That is, neu-
trons may interact with neutrons and protons may inter-
act with protons but neutrons may not interact with
protons in the model. A natural way to remove this
objection and introduce neutron-proton interactions
into the pairing model is to consider its charge-inde-
pendent generalization. In this charge-independent pair-
ing model, neutrons and protons are on an equal footing
and any two nucleons that are coupled to angular
momentum J=0 and isospin 7'=1 interact through a
pairing force. While this model may not be a realistic
model of the nucleus, due to its neglect of any 7'=0
forces between nucleons, it does represent an interesting
many-body problem that is more realistic than the
pairing model and yet can still, as we shall show, be
treated exactly. In addition to this, the techniques that
we will develop in this paper to treat the relatively
simple /=0, 7'=1, charge-independent pairing Hamil-
tonian can, with only slight modifications, be applied
to the far more complicated L=0, 7’=0, 1 charge-spin-
independent pairing Hamiltonian.2:3 Thus, the simpler
charge-independent pairing Hamiltonian provides a
useful illustration of these techniques.

There have been two approaches to the problem of
calculating the eigenstates of the charge-independent
pairing Hamiltonian. In the first approach, the methods
of group theory have been used to show that the states
of this Hamiltonian for a configuration j* may be

* Work supported in part by the National Science Foundation.

1 A. M. Lane, Nuclear Theory (W. A. Benjamin, Inc., New York,
1964), Part I and the references cited therein.

2 B. H. Flowers and S. Szpikowski, Proc. Phys. Soc. (London)
84, 673 (1964).

3 M. Ichimura, Progr. Theoret. Phys. (Kyoto) 32, 757 (1964).

144

classified by using the five-dimensional rotation group.3-*
A five-dimensional quasispin formalism may then be
used to treat the eigenstates of this Hamiltonian when
the interaction spans several single-particle levels.®
However, this approach does not give analytical ex-
pressions for the eigenstates and one still has to diago-
nalize the Hamiltonian matrix numerically. The second
approach to the eigenstates of this Hamiltonian has
been through generalizations of the BCS-Bogoliubov,
Valatin formalism that include neutron-proton correla-
tions.” ! However, the accuracy of these formalisms is
generally difficult to assess.12:18

With this paper, we initiate a third approach to these
eigenstates. Our methods are closely related to those
which have been successfully used on the pairing
model.*#*5 We will first derive a Schrédinger equation
for the seniority-zero states of the Hamiltonian. We
will then exhibit analytical expressions for certain exact
solutions of this equation. The states that we solve the
Schrédinger equation exactly for are those states whose
wave functions are totally symmetric in the isospins of
the pairs of particles. For 2V particles, these states have
total isospin 7'=0, 2, ---, N, for N even and T=1,
3, -+, N, for N odd. For each value of T, the solution
of our equations yields a whole class of states whose
wave functions are totally symmetric in the isospins of
the pairs of particles and whose total isospin is the given
value of 7". The number of states in each class depends
upon the single-particle spectrum. The lowest state with
T'=0 or 1is the ground state and the states of the pair-
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ing Hamiltonian with only one type of nucleon belong
to the charge multiplet with 7= N. The calculation of
the wave functions and energies of these states is re-
duced to the solution of N-coupled algebraic equations
and the calculation of an eigenvector of a tridiagonal
matrix for which the eigenvalue is known explicitly. We
call the V unknowns the pair energies and the equations
that they satisfy are simple generalizations of the pre-
viously published!4:1% equations for the exact eigenstates
of the pairing Hamiltonian with one type of nucleon
present. In fact, the equations that we derive here only
differ from these equations by the replacement of a
numerical factor 2 by

k=[N(N—3)+T(T+1)]/N(N—1).

Note that for 7=V, k=2 and we obtain the equations
for the states of a single type of nucleon. Once the
equations for the pair-energies have been solved, we
will show that the occupation probabilities of the levels
of the single-particle well may be obtained by the
solution of an VXN system of linear algebraic equa-
tions. We only treat the seniority-zero states which are
totally symmetric in the isospins of the pairs in this
paper. Subsequent papers will deal with seniority-one
and seniority-two states and states of different isospin
symmetry.

In Sec. II, we define our notation and discuss the
Hamiltonian together with the seniority operators and
the total isospin operator which commute with the
Hamiltonian. Section III is devoted to the derivation
of a Schrédinger equation for the seniority-zero states
of this Hamiltonian. In order to gain some familiarity
with this equation, we discuss the special case of four
nucleons in some detail in Sec. IV. In Sec. V, the
Schrédinger equation is solved for the states with total
isospin symmetry for arbitrary N, Finally, in Sec. VI,
we derive a simple expression for the occupation proba-
bilities of the single-particle levels of the external
potential well.

II. THE CHARGE-INDEPENDENT PAIRING
HAMILTONIAN

After defining the charge-independent pairing Hamil-
tonian, we will discuss the seniority operators which
commute with it and indicate their interpretation. Iso-
spin operators, which are useful in writing down the
commutation rules of the various operators that appear
in the Hamiltonian, are then defined. And, the section
closes with a listing of those commutation rules that
will be needed in the sections to follow.

In order to write down the charge-independent pair-
ing Hamiltonian, we first assume that the nucleons are
contained in a potential well. Throughout this work,
this potential well will remain arbitrary. To emphasize
this arbitrariness, we choose the uncommitted symbol
f tolabel the levels of this well apart from their assumed
time reversal and charge degeneracy. That is, a complete
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set of single-particle quantum numbers is denoted by
(f,0,9), where o= indicates states that are conjugate
with respect to time reversal and g=2$ or % for proton
or neutron. For example, for the spherical shell model,
f=W,l,4,|m|), o=m/|m|, and g=p or n. The Hamil-
tonian for a system of noninteracting nucleons in this
potential well is then, in second quantized form,

K{=Z_f ZGfo, (2.1)

where the energy of level f of the potential well has
been denoted by €; and where

Ny=Nsp+Nyn, (2.2)
with

(2.3)
and where as,,' and @y, are nucleon creation and

annihilation operators satisfying the usual Fermi anti-
commutation rules

Nyo=3(arrd'arrotar_qas ),

(2.4)

Throughout this work, we will choose the phases of our
single-particle states so as to eliminate the ubiquitous
phase factor (—)? that appears in many pairing-model
calculations.?=¢ Thus, the states (f, &, ¢) are the time-
reversed images of the states (f, F, ).

The charge-independent pairing Hamiltonian is ob-
tained by adding to K the interaction operator —gV,

Laros@s70r a0t 14=207100000q -

where
V=2 2 bslbs, (2.5)
t=0,% ff’
where
br+=0r—plrip,
bro=(1/V2)(@s-n0s4ptas—pCs1n) (2.6)

bj-=0snGsin.

The operators byt are given by the Hermitian conju-
gates of (2.6). Note that by,' creates a pair of nucleons
in the level f of the potential well with total isospin
T=1 and z component of the isospin Ty=¢ (We use ==
to denote {=--1.) Also note that we have not carried
out the usual angular-momentum coupling to J=0 in
our pair operators (2.6). We reserve this coupling until
last and it is accomplished by sums over f such as those
that appear in (2.5). Finally, it should be pointed out
that the sums on f in (2.5) are over a finite range of
values of f and that the specification of this range is
part of the definition of V. In what follows, all sumson
f will be restricted to this range since those particles
that occupy levels outside this range are notinteracting
and therefore not interesting. Thus, the charge-inde-
pendent pairing Hamiltonian is given by

H=K—gV, 2.7)
where K is given by (2.1) and ¥ by (2.5) and all sums

on fare over a specified finite set of values.
The set of seniority operators defined by

vi=viptvin, (2.8)
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where
(2.9)

commute with the Hamiltonian (2.7) and therefore
represent constants of the motion. The eigenvalues of
vyare 0, &1, and =4=2. The interpretation of these eigen-
values is given in Table I in terms of the allowable

V1¢= Q' Crra—Cr—dlas—q

TasLE I. The allowable occupations of the level f as determined
by the value of »;. Each bracket contains an allowable set of values
of o that must be occupied to be consistent with the given value
of »;. The symbol (—) represents the level f being unoccupied.

vs Allowable occupations

2 (+p, +n)
1 +2), (+n), (+2, +n, —n), (+2, —p, +n)
0 (_)y (+Pr —P)y (+”; _”); ('H’: _”),
('_p; +n) (+P1 —b +n’; _n’)
-1 ('—P)y (_n)) (_?: +n; '_n)i (+?y —? _”')
-2 (=2, —n)

occupations of the fourfold degenerate (two values of
o and two values of ¢) level labeled f. The total seniority
of a state is defined by

v=2r|vs|. (2.10)

The states that we shall treat in this paper have »=0
and therefore »;=0 for all f. The allowable occupations
of the single-particle levels can be read on the corre-
sponding line in Table I.

We define the isotopic-spin operator for the level f,
T; as the operator whose components are

Trr=0s1p'0r4ntar—p'05n,

Tr-=aspntapiptarntasp, (2.11)
and
T10=Nyp—Njn.
The total isotopic-spin operator is
T=>,;T;. (2.12)

As a result of the charge independence and charge con-
servation of the Hamiltonian, T? and 7'y commute with
it and therefore represent constants of the motion.

TasLE II. The commutators [4,B]. All operators are implicitly
labeled by the quantum numbers f. All commutators of operators
labeled with different values of f vanish.

B
k b, bot bt

b 12N, —a/T- 0

b — AT, 1—N —(VNDT-
o 0 —(ANDT, 1—2N,

N, bt 3bot 0

N byt bot bt

N, 0 3bot bt

T, 0 V2bt V2bot

Ty byt 0 bt

T- VZbot V2b_t 0
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In the next section, we will need certain commutators
of the N’s, &’s, and 7”s. These may be calculated from
the definitions (2.2), (2.6), and (2.11) and the anti-
commutation relations (2.4). Those commutators that
are necessary for the calculation of the seniority-zero
states are listed in Table II.

This completes the specification of the Hamiltonian
and the operators which make it up. We now turn to
the calculations of the seniority-zero eigenstates of this
Hamiltonian.

III. EQUATION FOR THE SENIORITY-ZERO
EIGENSTATES

For the seniority-zero states of the charge-independ-
ent pairing Hamiltonian, the allowable occupations of
the single-particle levels may be read off the »;=0 line
of Table I. In addition to these restrictions, there is a
restriction due to the fact that all pairs are eventually
coupled to J=0 and therefore 7'=1. Thus, only the
T=1 component of the two possible occupations with
one neutron and one proton is needed. A complete set
of 2V-particle seniority-zero states is therefore given by

brint+ bsyint]0), (3.1)

where |0) is the vacuum state of our specified set of
single-particle levels. We may now expand an arbitrary
2N-particle seniority-zero state in the set of states
3.1), i.e.,

)= X

f1t1-+-fNIN

ll/(fltl' . 'thN)bfmT' : 'bthNT|0>; (3-2)

where the wave function ¢(fif:1: - faty) must be a
totally symmetric function of the variables fi;, i.e., it
must be symmetric under the interchanges fi; < fit;.
In this section we will develop an equation for the wave
function ¢/(fit1- - - fxix) which, when satisfied, will make
the state |¢) an eigenstate of the Hamiltonian (2.7).
The wave function ¢/(fif1- - - fatw) is to be determined
so that the state |¢) satisfies the Schrédinger equation

Hy)=E[Y). (3.3)

We therefore consider the effect of H on the state
(3.2), i.e.,

N
HW):/ t Zf t Y(fitr 'thN)HkIglbfktkTIO)
N
= X Y(fur - futn){Z (T bora)CH byt
fit1---fNIN d=1 k1l

1 ST b b Jss 13 10), (34)

i,=1 k##i,j

where here and elsewhere the prime on the sum on 7 and
7 excludes the values 7= j. This last expression results
from some commutator algebra and the fact that the
triple commutator of # with three 41’s vanishes. We are
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TaBLE ITI. The matrix C(fif2; t'ts’).

'ty
tita

++
+0
+_
0+
0—
—
-0

+4+ 40 +— 0+ 00

[ T T O
Pl b=l
It r=0111
N
[ e B
=1 =11111
(I N B N R
l=1=1 1111
LT T T O O O

thus led to the consideration of the single and double
commutators of H with one and two &"’s.

The commutators of H with the 4%’s can be evaluated
using (2.7) for H and the commutators listed in Table
II. The results are

CHbpst]=2esbpyt—g2  p [0+t (1—2N )
— A/ VN2)bpnotTpi ],
CH,bsot]=2¢sbsot—g 25 [—(1/V2)bs4 1Ty

Fo5t(A=N7p)—(1/V2)bp T, ],
(3.5)
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and
CH by t]=2ebst—g 3 [—(1/V2)bprotT s
+bpt(1—2N;.)].

These expressions simplify greatly when they are
applied to the vacuum as in (3.4). We then have

CHb7:110)= (2¢sb5st—g 2257 541 [0).  (3.6)

The double commutator of H with two bt’s can be
evaluated using (3.5) and Table II. We write these
double commutators as
[EH:bht:T:l:bfztzT]
=g07152 2. Cltate; it briptbpgpt. (3.7)
&', e’ r

The matrix C(fife; 41'ty’), which is defined by (3.7), is
given in Table IIT. We note in passing that C has the
symmetries
C(tuda; ta'ta)) = Ctab; t'ta") = C(tats; ta't:") = C(lats; t2't)
and

Cltito; t1'12 ) =C(t1'ty; tats) .

If we substitute (3.6) and (3.7) into (3.4) and relabel
some of the summation indices, we obtain

LQept- - +2ep0)¥(filre -« fuin)—g Zzl;: Y(fitr « - foorbin, fli, foratapas - - ftn)

§ N N
+- 2 X Clts; tiltil)‘/’(fltl"'fi—-lii—l:fjtilyfi+1li+l"'fi—lti—lyfiti/,fj+lti+1"'thN)]kIIlbfktkT](»- (3.8)

9 =1 8"

This leads to the equation

N
(epyt+ - +2esy—EW(fitr- - - fuin)—g El ; Y(fitre - - ftie -« futw)

4
+- ZA.L.' 2 Cltats; it W (futae + - fitd -+« fiti -+ - fuin) =0 (3.9)

Q =1 ti'ty!

for the wave function y. The reader who is familiar
with the work on the exact eigenstates of the pairing
Hamiltonian with one type of nucleon given in Refs. 14
and 15 will recognize that Eq. (3.9) is the same equation
as is given there when #y=1{y="- - - ={y=. It should be
pointed out that (3.9) is more than just the Schrédinger
eigenvalue problem. It is the Schrodinger eigenvalue
problem plus a definition of certain unphysical compo-
nents of ¢ which violate the Pauli principle. This
definition is introduced when we ignore the fact that
the state

N
H bfktkt l O>
k=1

may be zero for some values of fif1* - - fain.

Equation (3.9) is an equation for all the seniority-zero
states of 2V nucleons which are interacting through
charge-independent pairing forces. In the next section,
we will discuss the solutions of (3.9) for N=2 in some
detail. This material is meant as an introduction to
Sec. V, where we exhibit some solutions of (3.9) for
arbitrary N.

IV. SENIORITY-ZERO STATES OF
FOUR NUCLEONS

We will now solve Eq. (3.9) for the seniority-zero,
T=0, 1 and 2 states of four nucleons. We treat this
simplest nontrivial example of Eq. (3.9) in some detail
as an introduction to the structure of this equation.
We will only treat the 7y=0 states since the states with
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other values of T, can be obtained by applying the
isospin raising or lowering operators 7'y or 7_ to these
Ty=0 states.

Equation (3.9), for N=2, is

(2e5,4-2€7,— EX( fits, fat)

—g };, LY (ftn, foto) o (futs, flo) J+3g 22 Cltate; th't2')

t1'ta’

X (futd, it )+ (foti; fote)]=0. (4.1)

Since we are considering those states with 7'y={1-+1,=0,
there are only three allowable values of (fi#2), i.e.,
hite=-+—, — -, or 00. Using the values of the matrix C
given in Table ITI, we obtain from (4.1) the three
coupled equations

Qea+2e—EW(1+, 2—)
+3¢[¥(10,10)4(20,20) ]=0,
(2€1+262—E)¢(1‘—, 2+)
+3¢[¥(10,10)+v(20,20)]=0,
and
(2erH2e— E)(10,20)—g 3 [¥(f0,20)+¢/(10, /0) ]
+aelp(1+, 1)+, 14+)+4(10,10)
@+, 2-)H9 @+, 240)H(2020)]=0, (4.2)

where we have denoted f; and f» by 1 and 2. Let us
introduce the functions

¥i(12)=y¢(1+, 2—)—y(1—, 24),

¥2(12)=¢(1+, 2—)+y¥(1—, 2+). (4.3)

We can obtain equations for these new functions by
taking linear combinations of Egs. (4.2). These equa-
tions are

Qat2e—EWo(12)—g 25 [Yo(f2)+¢o(1f)]

and

+3g[Yo(1)+¥2(11)+¢¥0(22)+¢2(22) ]=0,  (4.4a)
(2ert2e— E)2(12)— g 3- 7 [¥2(f2)+¢2(11)]
+glYo(11)+¢0(22)]=0, (4.4b)

and
(2ert2e2— EWi(12)—g 3- [¥a(f2)+¢:(1/)]=0. (4.4c)

The solution of these equations splits into two cases.
In the first case ¢y=y¢»=0 and ¥15%0 and in the second
case Y070, ¥25%0, and 1 =0. This separation is just the
separation into those states that are charge-antisym-
metric and charge-symmetric, respectively. Since the
wave function must be symmetric in the variables fi,,
charge antisymmetry (symmetry) implies antisymmetry
(symmetry) with respect to the variables fif..

The charge antisymmetric states are the simplest
solutions of Egs. (4.4). For these states, Yo=y»=0 and
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Y1 is an antisymmetric solution of Eq. (4.4c). It is
easily verified that the unnormalized solutions are

E=E+E,,
Vi(fife)=AQ2ep,— E)) 7 (2¢/,—E2)™,  (4.5)

where A4 is an antisymmetrizer operating on 1 and 2,
and E; and E, satisfy

1/§=5,1/Qe—~E), i=1,2  (46)

and

E1#“Ey. 4.7

This last requirement is necessary for a nonzero anti-
symmetric state. It is readily verified that these states
have total isospin 7'=1.

The charge-symmetric states are the most interesting
states and the calculation of these states introduces the
methods that we will use to calculate the isospin-
symmetric states of 2V nucleons in the next section.
These states are characterized by (%0, ¢»><0, and
¥1=0, where ¥, and ¥, are to be determined by Egs.
(4.4a) and (4.4b). Let us look for solutions of (4.4a)
and (4.4b) of the form

Yo(12)=ap(12), ¢o(12)=anp(12),  (4.8)

where «q, as, and the symmetric function ¢ are to be
determined. Compatability of Eqs. (4.4a), (4.4b), and
(4.8) leads to the eigenvalue problem

(1—k)agtas=0, 2ap—kas=0 4.9)
for ap and a;. The remaining equation for ¢ is
Qeat2e—EW(12)—g X, W (f2)+yv(11)]

+ixg[y (A1) +¢(22)]=0. (4.10)

We therefore have two eigenvalue problems tosolve. One

for the eigenvector « and its associated eigenvalue « and

one for the function ¢ and its associated eigenvalue E.

Note that the coupling between these two problems is

only through the presence of « in the equation for .
The solutions of (4.9) are

k=—1, a=—3a, T=0

and (4.11)

k=2, ap=as, T=2,

where we have indicated the corresponding value of the
total isospin of the state 7. Equation (4.10) may be
solved using the same techniques that were used to treat
pairing forces between identical nucleons?:16 and which
we reproduce in Appendix I. The results are

E=FE\+E,
Y(f1f)=SQ2es,—E1) " (2¢s,— Es)™,  (4.12)

where S is a symmetrizer operating on 1 and 2, and
where E; and E, satisfy

1/g+«k/(Es—E1)=3";1/(2¢,—E1)

1/g+x/ (E1.—-E2) =2271/(2¢;/~Ez)  (4.13)
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and
E\#E,. (4.14)

Thus, the =0 and 2 states may be calculated by
solving (4.13) using the values of « given in (4.11).

In calculating the above eigenstates, we have first
calculated the eigenstate of H and then verified that
it is a state with good isospin. For the states that we are
calculating, this procedure is simpler than the more
natural approach of constructing states of a given iso-
spin and then diagonalizing the Hamiltonian within the
subspace of these states. In the next section, we will
construct the states of 2V nucleons whose wave func-
tions are totally symmetric in the variables #;- - ¢.
Our results will be a natural generalization of Egs.
(4.8)-(4.14).

V. ISOSPIN-SYMMETRIC SENIORITY-ZERO
STATES OF 2N NUCLEONS

We will now generalize the results of Sec. IV and
obtain expressions for the isospin symmetric seniority-
zero eigenstates of 2V nucleons. For simplicity, we will
first treat the cases with NV even and then we will
indicate the necessary modification for those cases with
N odd. As in Sec. IV, we will lose no generality by
treating only those states for which T',=0.

The wave functions of the isospin-symmetric states
are totally symmetric functions of the variables #;- - - .
However, since each of these variables must take on one
of the three possible values 0 or &, the wave function
can only depend on 7., the number of the #; that equal
=+, and 7o, the number of the #; that equal zero. How-
ever, these numbers are restricted by the facts that the
total number of variables is NV, i.e.,

n++n_—l—ng=N
and the total z component of the isospin is T, i.e.,
ny—n_= To N

Therefore, having specified N and T, the isospin de-
pendence of the wave function is determined by only
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one number which we choose to be

N
nytn_= Elti[ . (5.1)

Following the example of Sec. IV, we look for solutions
of Eq. (3.9) which are of the form

N N
Y(fitr - - fatw)= 5(Z1 t0)a( || W (fr - fw), (5.2)
i= i=1
where 0 is a Kronecker delta which insures that

N

i=1
and « and ¢ are to be determined from Eq. (3.9). Note
that ¢ must be a totally symmetric function of its
arguments.

We may project the equations for the isospin sym-
metric states out of Egs. (3.9) by summing these equa-
tions on #;- - -tx subject to the conditions
N

N
2 =0, X |t|=m, (5.3)
i=1 i=1

where m=0, 2, - -+, N (recall that N has been assumed

even). In order to do this summation, we need the
combinatorial result

b a(;;Nl MO 6T

=NY[(N=m)!Gm+3To)!Gm—3T0)!]. (5.4)

We now multiply Eq. (3.9) by 6(2_ || ,m)8(3 #,0) and
sum on f1- - - {y. Using the assumed form of ¢, (5.2), the
first two terms of (3.9) have a common factor of

t Zt 8 [2:],m)8(E 1,0)a(X | te] )

N!
=————————a(m),
(N—m)\[(3m)!]?
where we have used (5.3). For the last term of (3.9),
we need, for example, for t=1 and j=2

(5.5)

2 (X |tl],m)e(X 1:,0) ‘Zt Cluta; t't (XN |+ |0 [+ ] = la] = [22])

3 (N—=2)!
(N—m)\[(3m) T2

Emia(m—2)+[N(NV—1)+(2N—1)m—2m*]a(m)+2(N—m)(N—m—1)a(m+2)}, (5.6)

where we have used Table III for the matrix C to perform the sums on #, &5, ¢/, and ¢’ and (5.4) to perform the
sums on Z3- - -£y. Collecting these results, we have from (3.9)

(N=2)!
(V—m)\[Gm)' ]

N
(N(N—1)a(m)[(2es,+- - - +2ey— EXW(f1- - - fa)—¢g Z=.:1 ; Y(fr - forffirr - f)]

Le[im2a(m—2)+[N(N—1)4(2N—1)ym—2m*Ja(m)+2(N—m)(N—m—1)a(m+2)]

X 2 Y(fre -+ firfiforre - fa)}=0, (5.7)

3,7=1
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for m=0, 2, ---, N. The compatability of Egs. (5.7)
leads to the eigenvalue problem

tmPa(m—2)+[N(N—1)+ 2N —D)m—2m*Ja(m)
+2(N—m)(N—m—1)a(m~+2) = N(N—1)ka(m) (5.8)
for a(m) and its corresponding eigenvalue which, for

convenience, we have denoted by N(V—1)x. When (5.8)
is satisfied, we obtain the equation

ept- -+ 2ey—EW(f1+ -« fn)

—g ég Y(fr o fiafforr - fa)

+3xg g:/ Y(fiee feafifaar - fa)=0 (5.9)

2,7=1

for the function y from Eq. (5.7). Equation (5.9) can
be solved by the methods of Ref. 14 which are reproduced
in Appendix I. The result is that the energy is given by

E=Y E; (5.10)
=1
and the wave function ¢ is given by
N
Y(f1r - fw)=S I1(2¢s;— Eo) ™ (5.11)
i=1

where S is a symmetrizer and the pair energies E;
satisfy the coupled system of equations

1/g+x 2 1/(Ei—E)=3;1/(2¢;—Ey),
i=1---N, (5.12)

subject to the conditions

Ei#Ej, all i#] (513)

For simplicity, all of the above has been derived
under the assumption that &V is even. The only modifi-
cation needed to include the case of V odd is to change
the upper bound of m from N to N—1. Thus, for N odd,
m=0,2, .-+, N—1.

Thus far, we have reduced the problem to calculating
the isospin-symmetric states to the diagonalization of a
tridiagonal matrix (5.5) and the solution of the system
of coupled nonlinear algebraic equations (5.12). We can,
however, proceed somewhat further and derive an
explicit expression for the eigenvalue . This expression
proceeds from the observation that the eigenvalue
problem (5.8) must be related to the problem of calcu-
lating isospin eigenstates. We should therefore be able
to give an explicit expression for « in terms of T, the
total isospin of the state. This may be done by a direct
calculation of the isospin-symmetric eigenstates of T2
We do this in Appendix IT, where we also verify that our
states are isospin eigenstates. However, an expression
for k is most easily derived by comparing the strong
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coupling limit of Eqgs. (5.12) with the known results
for a single j shell.>~5 In the strong-coupling limit, the
energies of the isospin-symmetric states must go over
to the energies of the states of a single 7 shell since it is
these states that survive the strong coupling limit. The
energies of the seniority-zero states of 2V nucleons in a
single j shell of pair degeneracy Q, i.e., 2=, are
given by3-5

E/g=—NQ+iINWN—3)+3T(T+1). (5.14)

We obtained the strong coupling limit of Eq. (5.12) by
setting ¢,=0, i.e.,

1/g+x 7/ 1/(Es—E)=9Q/(—E:), i=1---N. (5.15)
Multiplying (5.15) by E; and summing on 4, we get

E/g=—NQ+xN(N—1)/2. (5.16)
Comparing (5.14) and (5.16) we then obtain
k=[N(N=-3)+T(T+1)I/NN-1), (5.17)

which exhibits the explicit dependence of x on ¥ and 7.
It is readily verified (see Appendix IT) that (5.17) is the
eigenvalue of (5.8) for states of natural isospin, i.e., even
N and T or odd NV and 7.

The effect of the conditions (5.13) on the solution of
Egs. (5.12) can be investigated using the methods of
Ref. 15. The results of this investigation are that when
K of the pair energies are equal and violate the condi-
tions (5.13), then the following conditions must be
satisfied: (1) The value of the K equal pair energies must
be equal to one of the values of 2¢; which appears on
the right-hand side of (5.12). We will call this value 2¢,.
(2) The pair degeneracy 2, of the level whose energy is
€0 must satisfy 2Qo=x(K—1). (3) When the first two
conditions are satisfied, the interaction strength must
still satisfy a Kth degree algebraic equation. Condition
(1) insures that the poles on the left-hand side of Eq.
(5.12) are located at the same places as those on the
right-hand side, and condition (2) insures that the
residues at these poles are the same. Condition (3) is
essentially the vanishing of a determinant which then
allows for nonzero solutions of Eqs. (5.12). Thus, the
conditions (5.13) are automatically satisfied except
possibly for some isolated values of g. It should be noted
that condition (2) is quite restrictive since, for most
values of k, there is no value of K such that K is less
than or equal to &V and k(K —1) is an even integer. For
these values of «, the conditions (5.13) are satisfied for
all values of g and all single-particle spectra.

To summarize, we have the 7y=0, isospin-symmetric
states of 2V nucleons given by

W)= X ¢(fitrr - futw)bpat- - bryent|0),

fit1e- ININ

3.2)

where

Y(fitr - - fiw)=8(2 1:,0)a | LI W (f1 - - i), (5.2)
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The isospin-dependent part of the wave function a(m)
satisfies
smPa(m—2)+[N(V—1)+2N—1)m—2m>]a(m)
+2(N—m)(N—m—1)a(m~+2) = N(N—1)ka(m), (5.8)
where
k=[N(N=3)+T(T+1)]/NN-1). (5.17)

The isospin-independent part of the wave function ¢ is
given (up to a normalization constant) by

W f) =S ﬁ(zef..—Ea-l, (5.11)

where S is a symmetrizer and the pair energies E; satisfy

Vg+x2Zi 1/(Ei—E)=2;1/(2¢,—Ey),
i=1---N (5.12)
subject to the conditions
E#E;, (5.13)

which are always satisfied except possibly on a discrete
set of values of g. The energies of these states are just
the sum of the pair energies

for i

N
E=3 E;.

i=]

(5.10)

The total isospin 7" takes on all even (odd) values less
than or equal to NV for N even (odd).

The specification of which state one is solving for
when one solves Egs. (5.12) may be done by giving the
£=0 limits of the pair-energies. This method has proven
to be practical’® in the numerical solution of (5.12) for
x=2 and it should be practical for other values of «.
However, one must be careful to specify these limits in
such a way that they are consistent with the character
of the isospin state. For example, consider the lowest
states of a given isospin of 8 nucleons in a one-dimen-
sional harmonic well for which e,=#, n=1---Q and
Q,=1. This potential is similar to that of the Nilsson
model. The g=0 limits of the pair-energies for the lowest
states of a given isospin are given in Table IV. These

TaBLE IV. The g=0 limits of the pair energies E; for the
lowest states of a given isospin for 4 pairs in a system with
en=n, n=1--Q.

X

WO =

RN O
VRN N
CONN|

limits may be deduced bylookingat whatoccupationsare:

consistent with the Pauli principle for the state Tp=17.
This state has $(V-+7) proton pairs and $(N—T)
neutron pairs. The allowable g=0 limits of the pair
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energies then come from the possible ways that these
proton and neutron pairs may be placed in the levels
of the potential.

VI. OCCUPATION PROBABILITIES

In Ref. 15, algebraic methods were developed for
calculating the expectation values of operators in the
eigenstates of the pairing Hamiltonian with identical
nucleons. We will not develop similar methods for the
states of the charge-invariant pairing Hamiltonian here.
However, we will give a short derivation of an expression
for the occupation probabilities of the single-particle
levels.

Since our states have T,=0 and are isospin-sym-
metric, we have

W N[ 0)=@| N pm|)=3@ | Vs |¥).
We also note that we can write symbolically
N;y=%(9H/d¢;) .
We therefore have
WIN,[W)=3|0H/des|¥)
=3(0/9e)W|H|Y)

(6.1)

2

=3 2.(0E:/d¢),

k2

(6.2)

[

where, since |¢) is an eigenstate of H, we can take the
derivative outside the brackets and we have used (5.10)
for the energy. We can now differentiate Eqgs. (5.12)
with respect to ¢; and obtain a linear set of equations
for dE;/des. Solving these equations, substituting the
results into (6.2), and rearranging the terms, we obtain

N
<‘/’1Nf|¢>=§ai/(25f—‘Ei)2; (6.3)

where the a; satisfy the linear system of equations

N N
[Ci—l( Z/(Ej——Ei)_zjarl—K Z,(Ej—Ei)‘za,j= 1,
7=1 j=1
1= 1" -, (64‘)
with
Ci=2271/Q2¢s—E))*. (6.5)

Once Egs. (5.12) are solved for the pair-energies, then
Egs. (6.4) can be solved for @;. The occupation proba-
bilities (6.1) and (6.3) can then be easily calculated.

ACKNOWLEDGMENTS

The author wishes to acknowledge many helpful dis-
cussions with Professor J. K. Percus about this work.
The hospitality of the Physics Division of the Aspen
Institute for Humanistic Studies, where part of this
work was performed, is also gratefully acknowledged.



882

APPENDIX I: SOLUTION OF EQ. (5.9)

For the sake of completeness, we sketch here the
solution of Eq. (5.9) as given in Ref. 14. For N=2,
Eq. (5.9) reduces to Eq. (4.10) and therefore its solution
is included in this Appendix.

If we substitute (5.11) into the three terms of (5.9),
then we obtain

Qepyt- -+ 2ey—E)(f1- - fw)

=S5 TQep—En), (L1)

i=1 k#%¢

‘M=

||
—

Z,: Y(fr - foorfforr - )

k2

=5 £ [ZCy—E I T Cer—Ea) ™, (1)

=1 f
and

2 W fr - fiafifon o fw)

=852 Q2es;—E) 2ep;,—E))7t T (2e5,— Ex) ™
1,7 j

k1,7

1

=25%" 11 2es—En)?,

(1.3)
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|T)= t Z: 8 150)a(X || ) T4 T Igl but|0)
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= Zt LI03 ti,o)a(z|tz’l){E(glbm*)[T{T—,bnT]]‘l‘ 2 (IT B[ T4,b, M ILT-04;11}(0).
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where we have used a partial-fraction expansion (under
the assumption that E;#E;) of the first factor in (I.3).
Substituting these expressions into (5.9), we get

N
S é [1—¢ ; 1/(2es—E:)+«g Z’ 1/(E—Eq)]
XII(2es3—Ex)*=0,

k=i

which then leads to Eqgs. (5.12).

APPENDIX II: ISOSPIN EIGENSTATES

In this Appendix we will show that out states are
eigenstates of T2 and give an alternative derivation of
the value of .

We consider a state | 7") which is an isospin-symmetric
eigenstate of T? and Ty with eigenvalues 7°(7+1) and
zero respectively. We have shown in Sec. V that this
state must have the form

|T>=¢ Zt 8(X 150)a(X | 4:])but- - -buyt[0), (IL.1)

where 6 is a Kronecker delta, a is to be determined, and
we have suppressed the variables fi- - - fy. Since T9=0,
we have

T2\ T)=T,T_|T)

and then

In order to write the commutators in (IL.2), let us define Cy. by

then, using Table I, we have

C(t,t)=08@0)8(¢, +)408(z, —)o(,0) C_(t,t")=06(t, +)6(,0)+8(1,0)6(¢, —).

Substituting (I1.3) and (II.4) into (I1.2) and relabelling some of the summation indices, we have

TIT)=2 T oS s G0+t +Da(S ]+

PAYS (I1.2)
(74,6 ]=V2 20 Co(t,1)bet, (I1.3)
(I1.4)
2 TGt +)3030)+3(0)55, ~Da( 1)
olt )3, )a(E 1]~ D+30:0)5(50e(E |6l +2D I burl0). (@)

The sums on ¢ and j may be performed using

28t 0)=N—m 3 ;6@ £)=m/2,

where

m=Z{ti] .
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With these results, the isospin eigenvalue problem is

smia(m—2)+[ 2N+ 2N —1)m— 2m? Ja(m)+2(N —m)(N —m— a(m~+2)=T(T+1)a(m).
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(11.6)

If we now add N(IV—3)a(m) to both sides of (IL.6), then we obtain Eq. (5.8) with « given by (5.17). Thus we
have proven that the states (5.2) are isospin eigenstates and we have given an alternative derivation of

the value of « (5.17). ‘
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The effective interaction in nuclear matter is defined as the long-range part of the two-body potential,
which, in the Born approximation, gives the single-particle potential energy for the average momen-
tum in the Fermi sea. For the Brueckner-Gammel-Thaler potential the effective interaction has been calcu-
lated, first for the free-particle propagator and then for the nuclear spectrum. The result shows that in the
first case the separation distance &, is constant over a wide range of densities and does not lead to saturation.
The nuclear separation distance &(kr) changes quite rapidly with the Fermi momentum kg ; for low densities
it is very close to £, while for higher densities it becomes very much larger. At the density corresponding to
kr=1.5 F1, the long-range potential starts at £=1.16 F, and the rate of change of ¢ with kr is (d&/dkr)
=0.8 F2 The minimum of the total energy per particle occurs at kr=1.35 F~ and is about —9 MeV.
For kp=1.5 F! the contributions of different partial waves are also calculated by a variational technique,
and the results have been compared with previous calculations.

1. INTRODUCTION

UCLEON-nucleon scattering at high energies sug-
gests that nuclear forces become strongly repul-
sive at small distances. If these forces bind a system of
many nucleons together, then at least for low densities,
the interaction on the average must be attractive, and
the effect of the repulsive part cancels only part of the
effect of the attractive potential. Therefore it is possible
to find an effective interaction which depends on the
density and represents the remaining part of the
attractive force.

Moszkowski and Scott?! originally introduced the idea
of separating the interaction in the two-body ¢ matrix
in such a way that the short-range part contributes
nothing to the phase shift in each partial wave. Then
the effective interaction, to the first order, is the Born
approximation of the long-range part. Here we introduce
an average separation distance for all of the states in
the Fermi sea by the requirement that the expectation
value of the short-range part of the many-body Hamil-
tonian should vanish. The long-range part which is the
effective Hamiltonian will depend on the Fermi momen-
tum (or density) of the system of nucleons. Thus the
effect of the short-range part of the interaction may be
replaced by a separation distance £(kr) and other
physical quantities of interest, like the rearrangement

18S. A. Moszkowski and B. L. Scott, Ann. Phys. (N. Y.) 11, 65
(1960), hereaiter referred to as MS.

energy and the compressibility, can be expressed in
terms of the long-range interaction £(kr) and its
derivatives with respect to kp.2 From the definition
of £(kr) it is clear that its functional form depends on
the shape and the strength of the short-range interaction
and for different potentials it takes different forms. Here
it is assumed that the two-nucleon interaction is given
by the Brueckner-Gammel-Thaler (BGT) potential.?
This potential is preferred over the semiphenomeno-
logical potentials of Breit* and Hamada and Johnson®
for two reasons: (a) The BGT potential has a simple
analytic form and (b) there are at least three other in-
dependent calculations of the binding energy of nuclear
matter with this potential. It is therefore possible to
compare our calculations with the results of other
calculations.

Since the exact solution of the reaction matrix is
quite complicated we calculate the separation distance
by iteration. In Sec. 2 we find the integral equation for
the reaction matrix and the condition that the solution
of this equation must satisfy in order that the energy
shift due to the perturbation be zero. In Sec. 3 we solve
the reaction matrix by neglecting the exclusion principle
and using the free-particle propagator ef. We find that

2 M. Razavy and S. J. Stack, Can. J. Phys. 43, 605 (1965).
(1;;3 A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023

‘K. E. Lassila, M. H. Hull, Jr., H. M. Rupple, F. A. McDonald,
and G. Breit, Phys. Rev. 126, 881 (1962).

5 T. Hamada and I. D. Johnson, Nucl. Phys. 34, 383 (1962).



