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Starting with the Schrédinger equation, we prove that for all energies, S(A,s) approaches ¢2** as |[\| be-
comes large in the direction 3w <arg\ <}, for a class of potentials. These include the square-well potential,
the cut-off Coulomb potential, a single Yukawa potential, and a superposition of Yukawa potentials of the
form fi*(e7#'r/r) ¢*' dy’. The asymptotic forms of the Regge-pole parameters a, and 8, are derived. We
found that arg\, approaches 4= or 3= as # —, and B, is proportional to 14-¢?vie=  which grows expo-
nentially for the Regge poles in the lower half plane. The asymptotic forms for the Jost functions and
the ¥ function are also given. A general proof for the asymptotic formula S(\,s) — €™ as [\ | >,

3r<argA<im, is also outlined.

I. INTRODUCTION

O answer several crucial questions in the theory of
complex angular momentum, it is necessary to
know the asymptotic form of S(),s), the S matrix of
complex angular momentum /=A—%, as |A\| > in the
direction jw<<argh<35w. These questions include the
distribution of Regge poles in the left hand X plane, the
representation of the S matrix by the Regge-pole
parameters, and the possibility of eliminating the con-
tour integral in the Sommerfeld-Watson transform. The
first question is studied in this paper, while the answer
to the latter two questions is presented elsewhere.!

II. CUTOFF POTENTIALS

We start by considering a simple example, the square-
well-potential case, which offers the suggestion that

SA,s) = e | Now, Irargn<ir, (1)
where S(\,5) is the S matrix of complex angular mo-
mentum /=\—3.

For the square-well potential

V(i)=V,, r<a
=0, r>a
we have
nH)\@) (ka)])\’ ('r)d) - k])\ (nd)H)\(z), (ka)
S\8)=— (2)

nH\® (ka) Ty (na) — kJ 5 (na) HAY' (ka)

where 7= (k2—Vo)¥? and J\'(x0)= (d/dx)T\(%)]| 2=z,
etc. As |\|—» with Z fixed, we have

(1 Z)2

I\(Z) - (%Z)k[l— ’
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Since we have
I\ (Z2)=[TA(Z)—e\(Z)]/ (i sinkr),  (4)
H\®(Z)=[eMI\(Z)—TA(Z2)]/(isinnr),  (3)

we get, as [N\ |0,

J(Z2)/ (i sinnrr) —iIr<largh<irm
H\D(Z) — { )
—e i\ (Z)/ (i sinzr), ir<argh<3w
and
—T (DG si _1 1
2,02 — { . A(Z)/ (@ sinirr) In<argh<im
i\ (Z)/ (i sinir), Er<argh<ir

We then easily obtain (1) for all .

We note that this asymptotic form of S(),s) is inde-
pendent of Vg, @, and s.

The same asymptotic form for S(),s) is obtained for
cut-off Coulomb potentials. The proof is similar and
will not be repeated. In fact, if we take any potential
which has the power series expansion ) ,—_1 a,7™ at the
origin so that the wave function is meromorphic for all
l, and have the potential cutoff at »=a, one can prove
that (1) always follow trivially from (3), (4), and (5).

III. POTENTIAL OF YUKAWA TYPE

The radial Schrédinger equation reads

D
[——+kz— ——V(r):I\I/(k,l,r)=0, (©)
dr? 7 '

where 7V () has power series expansion at the origin.
The wave function ¥ (k,l,7) is defined by the boundary
condition

V(klr)—rtt, r—0. O

We note that for Rel<—1%, (7) is insufficient to de-
termine a unique solution for (6). Instead we have to
analytically continue the solution from the right half
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plane. To avoid this difficulty we define
Z=lnr,

¢ (k,1,Z)=r"112¥ (k,l,r);
then we have

®)

a2
[d—z—2+kzeﬁz—>\2—e2ZV(eZ)]¢(k,z,Z)=0, )

where A=/+3%. From (7) the boundary condition for
¢ (%,1,2) is
¢ (%1, 2) — e, (10)

which strongly resembles the scattering problem of the
one-dimensional Schrédinger equation, with A playing
the role of ¢%. If we take a path such that

Re(Z\2)<0

as ReZ — — o, then (10) is a well defined boundary
condition since |e*?|<<|e*4| in this limit. The WKB
method developed for the high-energy scattering prob-
lem of the one-dimensional Schriédinger equation? can
almost be directly applied.

ReZ — — o,

A. Superposition of Yukawa Potentials
We first take the potential

ehr

0 e—u’r
V(f’) = Vo@“f G—M,dp.' =Vy .
P r(r+1)

Then we have

az e +e%eZ
[EJFWZ—)@—VO(GZH)Jqs(k,l,Z):o. 11)
As |\|—, the WKB solutions
¢+(k,1,Z)

z
= exp[:l: / {N =R Voeretet/ (et 1)}1/2dt:| /
0

[N —BeZ+ VoeremeZ/ (e7+1) ]/ (12)

hold, excluding the neighborhoods of Z,= (2n-41)xi,
n=0, &1, &2, - - -, where the potential has a pole, and
the turning points. Near Z,, we have

a2 Voe“
[——v— ]¢<k,z,2)zo, (13)

az? £n
where §,=Z—Z,. We may solve (13) to obtain

ek

14
¢(k,l,Z)=—2)\£ne"Z\Il(1— 2‘; 0 2; 2@“"’)\27,), (14)

where ¥(a,c,x) is a solution of the confluent hypergeo-

2T. T. Wu (to be published).
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metric equation with parameters ¢ and ¢.? This particu-
lar solution is chosen since?

Y(a,cx) > 2, |x|—w, —ir<argp<ir,
and as a result, (14) is consistent with the boundary
condition (10). We note at this point that® ¥(a,c,x) has
a branch point at £=0.

To get the S matrix, one has to obtain the solution at
|[7| =0, and in terms of Z, at Z= . To continue the
WKB solution from ReZ=—«© to Z= «, we have to
take a path which stays on the correct sheet. Let us first
consider #7<argA <. Then in the shaded region of the
figure, arg(\Z2)<0, ReZ<0, and ¢(%k,,Z) can be ap-
proximated by

¢(k;l7Z)=¢+ (k:l;Z) ’ (15)

which satisfies the boundary condition (10). Since we
are not allowed to pass through the branch cut, to get to
Z= o we have to pass the imaginary axis somewhere
between ir and —ir. We have to match (14) and (15) at
Z=1r. Now, from (14) and the asymptotic form for
¥ (a,c,x) when argx>3$m, we obtain, when Z is in the
right half plane

& (k,1,Z) — eM2— (miVoet/N)e2mire 22 |
and hence
¢(k;l:Z) = 01¢+ (k,l,Z)+dg¢_ (k)lyZ) )

where a1 and @, can be determined from (16) and (12).
We may observe, however, that when £,5>Ve#/\?, the
potential can always be neglected and ¢. are simply the
WXKB approximation for Ju(k#). Thus we conclude
that

r % (k,r) — (3k)(A+HN)Ta(kr)
— wiVoere N (AEYNT (1—\) T (). (17)

(16)

From the asymptotic form for J4,(Z) as |Z|—, and
the definition of the Jost function f(Z,k)

V(&) — (2ik)7Lf k) — f(LkeH)e= 7],

we get, as |I|—>w, ir<argl<im,
F(k)— 2T (14-\) (bk)~ln—te—bint
+ 2712 gere2m iN\1 (%k) HT (1 - )\)6; irl , (18)
f(lyke—”i) —2T (1+>\) (%k)_ Ip—1/2ghinl
— 2012V gekemMNI(E) (1 —M)eHirt, (19)

¥ —x,

and
SO\, =f ket f(Lke ™) —
143270V oer (3E)22T2(—2)
LV GRPT (-

e21ri)\_

(20)

3 Bateman Manuscript Project, Higher Transcendental Func-
ions, edited by A. Erdelyi (McGraw-Hill Book Company, Inc.,
New York, 1953), Vol. 1, Egs. 6.5(2), 6.13.1(1), and 6.7.1(13).
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The last step of (20) is justified as long as the term 1
both in the numerator and in the denominator can be
neglected. This is true as long as |\ |— 0 in the direction
tm—e<argh<m and for all %£2. It should be noticed that
€ can be arbitrarily small but cannot be zero. In fact,
we shall show in Sec. IV that there are infinitely many
Regge poles in the direction argh=34= and argh= 2.
We may repeat the same argument and obtain

13V e BRI

S(s)— , — i, (21)
143627V ger (3R)2 12 (—N)
valid for |N|—, m<argh <3m, and for all s.
The Y function, defined by
Y (\,5)+steim
S =—,
Y (\,5)4-sreim
takes the asymptotic form, as |\|— o
221
V(\s) > e e beo—— | Izx<larg\<w, (22)
Vol?(—X)
92
— e h——— | plargh<3w. (23)
Vo2 (—)) :

We note that the right-hand sides of (22) and (23) are
independent of s.

B. Single Yukawa Potential
Next, we take the potential

V(r)=Voler/n),

then in place of (11), we have
dZ
[————{—k?e” —N— Voe‘“ezez:|¢ (B,1,Z)=0. (24)
az?

The potential has no poles and the WKB solutions are
valid everywhere excluding the neighborhood of turning
points. This problem can be treated in a way similar to
the case of the one-dimensional Gaussian potential.2
There are two sets of turning points. The first set occurs
at

kP2 =)\2,

with Ve #¢”eZ small. For example, when £>0 and \ in
the left-hand plane, they are

eZ=~—\/k.

These turning points have nothing to do with the
potential. They exist even when ¥V (r)=0 and matching
¢+ (k,1,7) at those points gives us the known asymptotic
form for J,(kr) at large ». The other set of turning
points is at

N Ve e"eZ =0,
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7 o
7 Fi6. 1. Position of
3T - arg ) the poles of the
n potential and the
branch cuts of the
- solution.
-3
-5
or
1 —N\  2nmi
eZ~——In{ — ) ——, n=0, X1, =£2,
© Vo M

We plot the curves

1 A2 2tmwi
eZ=—- ln(——) —
u V u

in Fig. 2. The turning points correspond to = at these
curves.
Near the turning point Z,, we have

d2
[rmespeaso, 09
where £,=Z—Z,. Solving (25) we get
¢ (k1 Z)= Ea'PH 150 (G (V InN)2E,3%e=im) . (26)

Equation (26) satisfies (25) as well as the boundary
condition (10). We shall first concentrate on the region
tm<argh<w. Then in the shaded region of Fig. 2,
¢4 (k,1,Z) is a good approximation to the wave function.
To continue this solution to the region Z= «, we pass
by the turning points where the WKB solutions fail,
and we should match (26) with the WKB solutions at

r

z plane

«?n(ﬁ?n]é—:l)—ﬂ

37 _ SN
\T arg A on -

~

<
~

-37d

Fic. 2. Position of the turning points for single Yukawa potential.
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each of the turning points. We shall only do this at the
turning point which gives the largest correction, the
others being smaller as |\|— 0. This occurs at the point
Z, where the tangent to the curve is parallel to the line
arg Z=3m—arg), since |e*%| takes the largest value at
this point of the curve. We have

1
Zo%ln<— In| X2/ V| )—l—i(arg)\—r) .
"

Now, as £ —x, (26) gives

¢ (k,1,2) — exp[ —i5 (\* In\)2£87 ]

+i exp[i2(\2 In\2)V2g32],  (27)
We obtain
¢(k7l;Z) = ¢+ (k7l7Z) +i
Zo
X exp[Z / (N Voeretet—R2e)V 2dt:|
0
Xo_(k1,Z), (28)

where

oy (k1,7)= (N4 TV e 1eZeZ— p2e2Z)~1/4
zZ
X expl::f: / 2+ Voe‘“e'e‘—er“)l/?dt} .
0

Again, ¢ (k,l,Z) may be regarded as Jix(kr), and,
estimating

Zo
/ (N2 Ve retet— R2e2 1)1 2di~NZo=~\ In In\
0

+iX(argh—m),
we obtain, for [/|—w
FR) = 20712 (3R) 1T (14 N)e—im 2420112 (k) 12
XT (1 _)\) (ln | A [ )2)‘62 i\ arghpg—3iml/2 , (29)

f(l’ke—‘lri) — 271.—1/2 (%k)—ll‘ (1+)\)ei1rl/2_ .n.—1/2 (%k) H+1

XT (1 _)\) (ln [ A [ )2)\62'[)\ arghg—54ml/2 , (30)

valid for §w <argl < and all k. Similar expression can be
obtained for = <argl <.
The S matrix again approaches

S(\s) — 2,

valid for 4w <argh<Zm, and for all s, as can be easily
obtained from (30).

IV. THE ASYMPTOTIC BEHAVIOR FOR
THE REGGE-POLE PARAMETERS

The Jost function differs slightly in each separate
case, as we have seen. However, the qualitative features
of the Regge pole parameters are the same in all cases.
We shall therefore base our discussion on (20) and (21).

The Regge poles in the upper half-plane take the
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asymptotic form

In(2rklee7¥m) Inlnn
Qn—> N (lnn)‘ll:l — } :I

Inn Inn

-I—O( z ), as n— +w, (31)
(Inn)3
and

ResSA,8) [aean— (2 ln”)_ll:l—

In(2rk—le4mé) ' In lnn]
1

Inn Inn

+0<(l:n)3>’ s nobe, (@)

and in the lower half-plane, take the asymptotic form

InQ2rklee3*™?) Inlnn
Qn—> — 0 (1nn)—1|:1 — 1 :I

Inzn Inn

—l—O( " ), n—oo (33)
(Inn)3
In(2wk1edin/2)

and

ResS(A,5) | mny — €27ien(2 hm)“[l—
Inn

InInn 1
} } 0( >:|, n—wo (34)
Inn (Inn)?

which blows up exponentially as #—.
We also see that as n—o

arga, — 3, upper half-plane,
— 27, lower half-plane.

V. SUMMARY

We have succeeded in establishing Eq. (1) for two
potentials of Yukawa type. Although our calculation
may appear involved, it is actually rather simple. For
the purpose of clarification we shall reiterate the few
key arguments by applying them to a general potential
of Yukawa type.

Let us consider a potential of the form

0 e—u'r

p(u")du’ .

V()=

M r

There are two possibilities: (1) p(u) vanishes faster than
any exponential function e=#% as u — ; then 7V (r) has
no singularity in the entire 7 plane. (2) p(u) vanishes no
faster than e—*¢ for some a; then 7V (r) has singularities
in the complex 7 plane.

In the first case, 72V (r) is not bounded as r —;
otherwise, the entire function 72V (r) will be a constant.
Therefore, turning points, given by 72V (r) = —\2, can be
found. There may be many turning points. Let 7o be
one of these points, and Zy=Inr,.



1236

As before, we shall consider the Schrodinger equation

in the form (9), with the boundary condition
¢ — e)\Z

as |Z|—, in the direction Re(7\Z)<0.
When |\ |— o, the WKB solution ¢, satisfying (35),
is a good approximation, where

\/;(Z) exp(:}: /0 ’ p(t)dt) ,

p (Z) — [)\2__}_ e2ZV (eZ) — k2e2Z]112 .

The solution ¢, continues to be a good approximation in
the region Re(\Z)<0, until a turning point Z, is
encountered. In the neighborhood of Zo, Eq. (9) is
approximated by

(35)

Pr= (36)

with

[@*/d&+at]p~0, @37

where §=7Z—2Z,, and
a=— @ADLV (]| 7o,
Equation (37), just like Eq. (25) can be solved to give
8= BT Gai i) 38)

which satisfies (35) in the limit £ — o0, and we obtain an
equation similar to (28):

b~y tie g 39)

If there are many turning points, we should match the
solution at each turning point. As a first approximation,
however, we only need to do so at the turning point
which gives the maximum contribution. From (39), this
turning point occurs at the point Re(\Zy) is maximum,
while satisfying Re(\Zo)<0.

Afterwards, ¢, can be replaced by (k)T A'(1=£)\)
X J 1 (kr), and we obtain

¢ — GR)T (14N (kr)
+ 12203 (1—N)J_s (k7). (40)

If |Zo|<K|N]|, as |X\]—w, then (40) shows that ¢ is
essentially proportional to J_(%7) in the region k/>>|\|.
Therefore the asymptotic form (1) holds. The single
Yukawa potential belongs to this case.

In the second case, V(r) has singularities in the
complex 7 plane, and the WKB solution fails in the

H. CHENG AND T. T. WU
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neighborhood of these points. We may match the
solution at each singular point. However, as in the first
case, we only need to do so at the singular point which
gives the maximum contribution. If the singularity is a
simple pole, it is identical to the case presented in
Sec. IIIA, and (1) is verified. If the singularity is a
double pole, the differential equation in the neighbor-
hood of the singularity Z, takes the form

d? a

Lo
ag g

where £=Z—Z,. Equation (41) can be solved to give

(41)

=~ EPH 1741.6y12(—INE) . (42)
As £ — 4, (42) is matched by
é=cp—2ie™ % cos(w (3+a)"*)e_. (43)

As before, ¢ can be replaced by (3£)TAT (1=0\)J 0 (%7),
thus

= (3k) T (14N T (kr) — 2ier 20
Xeos(r(3+a)" )T (1=N) G A (kr)  (44)

and (1) is again obtained.

The asymptotic form (1) is therefore rather general.
It is essentially due to the fact that J.y(k7) is related to
7 by a gamma function, which goes faster than
exponentially as |\|— . However, Eq. (1) may fail to
hold in a few exceptional cases. One such case is given
elsewhere.* Another example is provided by (44); if

T(i_*—a)l/z: (”+%)7r; il, :‘:21 )

then the second term in the right side of (44) vanishes,
instead of being the dominant term. It may happen that
the coefficient of J_(kr) vanishes exactly for some
potential; in this case (1) would fail. This phenomenon
is related to the reflectionless potential: if for some
potential no scattering occurs, then S(\,k)=1 for all \.

n=0,
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