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Should SU(3) Mass Formulas for Mesons Use the Masses of the
Mesons or Their Squares'?*
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The practice of using squares of masses in mass formulas for 5U'3 meson multiplets, which arose originally
in order to bring the Gell-Mann-Okubo mass formula for the 0 meson octet more nearly into agreement
with experiment, is criticized. The basis of the criticism is that X0—g mixing can make the Gell-Mann-
Okubo formula compatible with the observed 0 meson spectrum not only when one applies it to the squares
of the masses, but also when one applies it to the masses themselves. Of course, the degree of the mixing is
different in the two cases and this affects the prediction of decay rates. Accordingly, the decays of 2+ mesons
into two 0 mesons are discussed in considerable detail as an example of a situation where experimental
measurements may discriminate between the values of the mixing angle corresponding to linear and quad-
ratic mass formulas.

l. INTRODUCTION

HE purposes of this paper are:

(a) to point out that existing experimental re-
sults give no clear answer to the question: Should par-
ticle masses or their squares be used in mass formulas
for SU3 meson multiplets?;

(b) to discuss situations where measurement of meson
decay rates might yield the answer.

The procedure of using the squares of meson masses
in SV3 mass formulas was first employed when it was
found that the Gell-Mann —Okubo mass formula for the
0 mesons 4E +3
was better satisfied by the squares of the particle
masses than by the masses themselves. (The rt mass is
predicted to within 3-,'% and 12'P~, respectively. ) Al-

though the appropriate power of the mass might well

vary with meson spin, the custom of using the squares
of masses whenever mesons are involved seems to have
fairly widespread acceptance. However, the meson
families other than the 0 one fail to provide any fur-
ther justi6cation of the custom. For the 1 mesons,
the Gell-Mann —Okubo mass formula fails for either of
the possible simple-minded organizations of the p, E*,
@, co into an SUe octet and singlet. However, this can
be explained' in terms of a mixing between the two
I= P'=0 states, Q an.d ro, since they have the same 6
parity, so that we may say that the nine 1 mesons can
be associated with a reducible 1Q+8 representation of
SUg. An identical situation obtains~ for the nine 2+
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mesons As, E*(1410),f'(15 00), f The .argument in the
case of the 1 mesons may be presented as follows.

In the absence of the medium-strong interactions
which induce the observed mass splittings, one has an
SUe octet (p,E*,cos) and an SUs singlet ror Then, .under
the usual assumptions about the transformation pro-
perties of the syrrUnetry-breaking interactions, the
matrix of the mass-squared operator in the presence of
symmetry breaking takes the form

where P is the cos-rot transition element. There is only
one relationship, namely the Gell-Mann —Okubo formula

4E*=p+3rds,

between the five entries. When one demands that the
physical particles p, K*, P, co emerge as eigenstates of
this matrix, so that the squares of their masses are its
eigenvalues, the only mass formulas which emerge are
the inequalities

(p+3P))4'*)(p+3ro),

which are indeed satisfied. For the physical states p
and co the diagonalization procedure yields

y) = cosg,
~
~s)+sine,

~
~,),

Co) = —slilgi
i
cos)+ cosei

i rot)

sin'Hi ——(y—cos)/Q —ro),

which yields 0&——&40.2'. The argument is identical for
the 2+ case with the substitution of As, E"(1410),
f', f, and gs for p, Z*,P, co, and 81 and we find gs = &31.3'.

The mixing formalism is elevated from the status of a
data-fitting procedure only because P-ro and f' fmixing-
turn out to be required" to explain the details of the
decays of 1 and 2+ mesons. The experimental results
may be said to be quantitatively explained when the
above values of 01 and 0~ are used.
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FIG. . The mixing angles 80, Hl, and Ho, describing the J =0,
1, and 2+ mesons, respectively, as functions of the power of the
mass used in their determination.

Now, the mixing formalism could be equally well 90

applied to the mass matrix instead of to the mass-
squared matrix. The necessary inequalities are still
satisfied and the mixing angles become Ol

——~375'
and 8&= &29.9', smaller in magnitude by 2.2' and 1.4',
respectively. The relevant decay rates are not su%ci-
ently accurately known to distinguish between the
predictions of each mixing angle. Indeed, it may be
argued that the calculational uncertainties in the treat-
ment of phase space and symmetry breakdown must w 50-

inevitably mask the effect of such a small variation in
mixing angle. ~ 40-

In the case of the 0 mesons, there exists, in addition
to the (s.,Ã, rf) octet, a ninth 0 meson X' with I= V=0
and the same G parity as p. Accordingly, it is often
argued that the 3-', /~ error in the use of (1),with squares
of masses, to predict the g mass can be accounted for

20—

by means of an X'-p mixing, the effect of the presence
of X' being to depress the g mass from the value pre-
dicted by (1).It is generally not realized, however, that
such an approach removes the original motivation for
preferring to use the squares of the meson masses

-3 -2 -1 0 +I +2 +3

rather than the masses themselves. This is because onc
'-q mixing is admitted, the X'-g mixing formalism

can be based on the mass matrix just as well as on the
mass-squared matrix. Of course, the former involves a

') an the latter s ances already known. Accordingly, we prefer to ex-

0&
—~79 6 & However a large mizing effect is no amine a case in which X and ii a ear as fi 1 tq a ear as na states in

that the difference be
h d p sma 1 one. It is to be noted the decay of heavier mesons. A s 't bl hsui a e eavier meson

nce between the two values of Oo is would be As or perhaps K* (1410. H
13.0' in ma nitude lar e

owever, to dis-

g
'

e, arge compared with the corre- cuss fully theuse of either22or E ~1410 d

sponding differences for Ol and O inn 2 in view of the rela termine Oo, it is necessary to consider simultaneously all

tively larger mass splittings in the 0 reducible 1Q+8 eleven deca s of 2+ ' t 0y o in o two mesons. This is de-

ip e . is is important, since the large difference scribed in detail in Sec. 2.
may allow experimental discrimination between the If one adopts the viewpoint that one sh ld

ing e wo i erent values of O, same power of the mass, linear or quadratic, for any
an this would imply a preference for either the use of meson multiplet then of course a d t h

o eir squares in 0—mass formulas. 0 case is all that is required. However, as this view-

We now consider experimental situations which may point is subject to criticism it seem d
'

bl t fi dms esira e to n

to 6x Oo b measurin
e va ue o Oo. One might attempt predictions that are sensitive to the ll d'fji ive o esma i erencebe-

y ring the absolute rates for particular tween the two values of O and th l

decay modes, for exam le the 2 mod

o l an e two vaues of O2

p e e & modes of Xo and & that correspond to the use of masses and their s uares.

Measurements of such rates are extremely dificult, how- Unfortunately, it is not so eas to suy, y gge t experimental

a wi s o ot particles lie in a»tuations favorable for discriminating between the

~ange which is quite inaccessible with present tech two values of O or of O 'th '
b1, or o 2 wi out going beyond basic

q, oug branching ratios are in many in- SU3 theory of Ines d . W d'on ecays. e iscuss ways of de-

'%'e
termining O~ and O2 in Sec. 3.

%'e de6ne all mixing angles so that, for H=O, the lighter i e t e preceding discussion has concerned itself

calculated with their s uare
angle as calculated with masses ls always smaller than when

wit SuggeSting hOW One might make an t 1experimen a

taken from A. H. Rosenfeld, A. Barbero-Galtieri, W. H. Barkas,
ir squares. All masses and decay rates are choice between thee use of masses and the use of their

squares in m eson m ass form u1as, it is n ot being 1
'

d
here either that these are the onl owers of th

We may point out that use of squares of masses introduces two llave been suo ave een suggested or that they are the only powers

the o— mixing angle. The corresponding numbers are mor
worth considering. For examPle, the use of the inverse

other multi let 'f d 1'near y of the same magnitude as corres ondin
mu ip e s l we ea instead with the masses themsel

pon lng quantltles for quareS Of maSSeS haS been prOpOSed fOr 1- .6mesons.

~ X0— mixin hi g as been used to estimate some electromagnetic ' S. Cole
mse ves.

d ca t b R. H. D lit dD. G. S th 1 d, N o C to 1 8m o ho . J. Bjgrken and S. L. Glashow, Phys. Lett 11, 255
a a. (1964) and G. Segrh and J.Sucher, Kuovo Cimento 38, 428 (1965).
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We prefer, however, to take the point of view that the
appropriate power of the mass to use is a question which
should be settled by experiment if possible. While there
are a number of dynamical models of symmetry break-
down in which sum rules for particle masses emerge most
naturally in terms of squares of masses for mesons and
in terms of the masses themselves for baryons, ' it is
not unreasonable to expect that other powers could be
accommodated in suitable theories of symmetry break-
down. In Fig. 1, we display the variation in the mixing
angles 00 0] and 82 as a function of the power of the
mass used in the computation of the mixing angle for
values of that power in the range —3 to +3.s The power
zero corresponds to the use of the logarithm of the mass
in the calculation of the mixing angle. For the case of

mesons, the mixing angle can be expressed in terms
of the particle masses p, E*, g, ~ according to sin'0q
= in/ sp/E*')/[in(P'/pps) 7. This yields sin'0& very close
to 3, a value which corresponds to the mass formula

(gj s) 4 —psppp

which is exactly satislmd for p= 775 MeV. Although we
talk mainly about distinguishing between the two
values, linear and quadratic, of mixing angle, the
analysis described in Sec. 2 is evidently of more general
applicability and could equally well admit the possi-
bility of experimental selection of some other power.

2. ANALYSIS OF THE DECAYS OF 2+
MESONS INTO TWO 0 MESONS

We give here a slightly extended version of the GS
analysis of the decays of 2+ mesons into two 0 mesons,
and describe in particular the use of the branching

r(A, ~ ~~)/r(A, ~EE),
r(A, ~ ~XP)/r(As ~EE),

to determine whether experiment prefers the linear
mass or quadratic mass value of the X'—g mixing
angle 00.

In the notation of GS, we describe the nonet of 2+
rnesons [As,E*(1410),f',f7 by the 3&(3 matrix T:

[fcos(0,—0s)+f'sin(8, —8s)+As'7/V2

A2
E* (1410)

A2+

[fcos(8, 0s)+f' —sin(8, —0,)—A s'7/V2

E*P (1410)

E*+(1410)
E*'(1410)

[fsin(8, —8s) —f' cos(0,—8s)7,
(2)

where sin0p ——gs, cos8,=ps. Similarly P, with pr, E,
X', p), and 0p in place of As, E* (1410), f', f, and 8s,
describes the 0—nonet. The most general SU3-invariant
coupling governing the decays of 2+ mesons into two 0

TABIE I. Parametrized rates for decays of J~=2+
mesons into two J~=O mesons.

Phase
Decay mode' spaceb Rate exclusive of phase space

3L2n cos(8, 8p)+P cosHp]P-

4pv3nsin(28, —'Hp)+p cosHp]p

(vFnLsinHp cos(28,—28p)+sin(28, —Hp)g

+p cost)t~+2y cos90 cos(gp —g~)

+8 cos9p cos Hp)

2L2o cos(8, Hp)+y co—sHp)P

40.2

2L2n sin(8, —Hp)
—7 sinHpg'

60.'
2/&3+ sin(28, —Hp)+y cosHpgp

3[2m sin(8, —
Hp)

—P sinHp]P

4Lv3o. cos(28, —Hp)+P sinHp]P

iv3nLcosHp cos(28,—28p) —cos(28, —8p) j—p sin9~+2p cosep sin(8p —02)—8 sin82 cos'Op)~

53.6
5.3
1.5

f~%%
f~EE
f~m

25.2
9.2
1.2

42.3
12.0
96.6
26.5
15.5

Ag —+ xg
Ag —+ EE
Ag —+ ~Xp
X(1410) ~ X~
Ep (1410) ~Eq'
f'(150 ) 0—+ p.p.

f'(1500) —+ E'E
f'{1500)—+ gg

a All charge states are included.
b Our phase space here is P0/M~, in units of 10 3 Beve.

7 See, for example, G. Furlan, F. Lannoy, C. Rossetti, and
G. Segrh {tobe published).

The curve for 0 mesons is drawn only for exponents lying
between —0.50 and 2.75. For exponents outside of this range the
necessary inequalities are violated and the mixing theory cannot
be applied.

mesons can be expressed as

&2n Tr(T(P,P))
+ (1/%3)P TrT Tr(PP)+ (2/K3)y TrP Tr(TP)

+(1/+27)0 TrT TrP TrP, (3)

where cp, P, y, 8 are constant and radicals have been in-
serted in order to simplify the Anal results. The p and 8

terms are relevant only for decays involving X' and p,
while the P and 8 terms are relevant only for f and f'
decays. If, as is usual at present in discussion of meson
decays, one neglects symmetry-breaking sects except
in the computation of phase space, then one can, by
expansion of (3), evaluate the rate divided by phase
space for each of the eleven allowed 2+ decays. The
results are displayed in Table I, which is essentially
an extension of the upper portion of Table I of GS, in
which X' was neglected and q regarded simply as the
I=F'=0 state of the 0 octet. (The earlier table
is recovered by setting y=0=0, 0p ——&90', n=v3F,
p=G 21/2F. ) One proceeds to—the prediction of decay
rates by inclusion of the ps/Ms phase-space factor
appropriate to d-wave decays.

The conclusion of GS was that all of the experimental
data for decay rates could be accounted for qualita-
tively by setting p=y= 8=0 so that all decays are de-
scribed in terms of a single coupling constant. These
conclusions were based on 80=~90' and 82=30'.'

' The value 82 ——30' was based on older mass values than those
used now to give eg=31.3 .
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Ee(1410)~ Eq
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f'(1500) ~EZ
y'(1500)

Predicted rates (MeV)'
uadraticLinear mix-

les mixing aning angles

(00———66.6', ( 0 ———
e,= 29.9') 0& ——

100b

40
0.06
5.6
5.7
1.2

39.6
2.8
0.9

29.8
12.5

100b

4.2
0.03
1.3
5.8
1.4

39.8
5.2
1.6

28.8
17.7

Observed
rates (MeV)

100

3.2&2.7
5.0+1.5
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zero from Oo, and eliminate (y/n), we are led to

b'i' cosO+a'i' sinO= (—)'i'
9(b cos'8 —a sin'8) =4(3b cos'8+3a sin 8—1), (6)

or

9(b cosg —a sing) '= 4(cosg+ sing)

&& L(3b—1) cosi/i+(3a —1) sing j,
where taniP= tan'8. For constant 8, Eq. (6) describes a
parabola in the a-b plane. "The parabolas for 0=66.6',
79.6' are displayed in Fig. 2, the points corresponding to
y=0 being circled. The region of the a-b plane favored
by experiment appears to satisfy a(0.5; as yet, no good
limit on 6 is available. Future measurements on A2 de-
cays may be expected to yield restrictions on the ex-
perimental region, and future measurement of the
rates for the decays of other 2+ mesons into two 0
mesons will help define the proper phase space to use,
thereby determining L, and L&. Then discrimination
between 0= 79.6' and 66.6' should be possible.

One Inight also seek a determination of 00 in the
eventuality that n etc. were not simply coupling con-
stants but complex reduced matrix elements. In this
case, it would not be suKcient to use experimental meas-
urements of a and b. However if, in addition to a and b,
we use

c= (Z.,)F(E*(1410)~ E~)/F(E*(1410)~ E&),

determination of three real parameters ~y/u~, Oo, and
the relative n-y phase again becomes possible. Alterna-
tively, the measurement of the branching ratios a, b,
and c a6ords a means of testing the assumption of the
relative reality of n and p.

3. THE 1 AND 2+ MIXING ANGLES

It was remarked in the Introduction that it will be
difficult to discriminate between the linear and quadra-
tic values of the 1 and 2+ mixing angles 0~ and 02.
We suggest here that the measurement of F($~ 3ir)
and F(f'~~7r), both of which are experimentally
anomalously small, might yield the desired information
about 0& and 02, respectively.

Consider the mixing angle 02 6rst. Its value can be
determined in principle from an accurate determination
of F(f~ m.~r), F(f' —+ m.ir), and F(A2 —+ EE), since
Table I reveals that the squared matrix elements for
these decays depend on n, P, and 82 in precisely the same
way as the decays A&~up, A2 —+~X', and A2 —+EE'
depend on n, y, and 00. One can therefore adopt the
method used to determine 00 in Sec. 2, drawing parabolas
analogous to those in Fig. 2. Here, however, the
parabolas corresponding to 29.9' (linear mixing angle)

~ The parabola has its axis inclined at angle p degrees to the
a axis and the lines a=O, b=O, and a+5=-', as tangents. The
region a+5 & 3 of the ab plane is not accessible for any value of 0.

and 31.3' (quadratic mixing angle) will lie very close
together. Nonetheless, there are indications that we may
have a favorable situation for distinguishing the two
values of 02. We have seen in GS and in the previous
section that the experimental data for the entire
family of 2+ meson decays into two 0 mesons appear
to be consistent with P=O. In that case, the rate forf'~ msgr is proportional to

sin'(8 —82),

where O, =sin 'g3, and it increases by a factor of 2
when one replaces the quadratic by the linear value of
82. Even if P is not zero, as long as it is known accur-
ately (from the rates for f + irir a—nd 2&-+ EE and a
proper identification of the phase space) and is not
large, a measurement of the rate for f' —+ ir7r may allow
one to distinguish between the two values of 0~. For
example, the hypothetical input rates F(f-+ irvr) =80&5
MeV and F(22~ EE)=5.0&0.2 MeV& with (p'/3P)
phase space, determine the coupling strengths n= 0.368
&0.007, P= —0.032+0.026. Then we find I'(f' —& vr~)
=2.1~0.6 MeV, using the linear mixing angle, but
F(f'~ mx) =1.3&0.6 MeV using the quadratic mixing
angle. The example is illustrative only; at present, the
rates for f & irir and —22~ EE have much larger ex-
perimental errors.

To determine the P-i0 mixing angle Oi, we use the re-
cent calculation by Yeilini3 of F(g ~ 3n.) and F(cv -+ 37r)
on the basis of the model of Gell-Mann, Sharp, and
Wagner, " in which the px intermediate states are
assumed to dominate. Vellin's calculations, which take
the p width into account, " relate F(it ~ 3~) to the
Qpn. coupling constant and F (co ~ 3x.) to the cop7r

coupling constant. If we use the coupling scheme of GS
to relate these coupling constants and Yellin's phase-
space evaluation, we are led to

F(P —+ 3~)= (34~2) tan'(8, —Oi) F(co ~ 3') . (7)

LThe uncertainty in (7) reflects the uncertainty in the
p mass. $ Using F(co ~ 3ir) = 10.6&1.5 MeV, we get

F(y —& 3n-) =0.5&0.1 MeV,

using the linear mixing angle, and

F(g ~ 3m) = 2.6&0.5 MeV,

using the quadratic mixing angle. The experimental re-
sult is 1.0~0.5 MeV.

This method of determining 0~ is particularly model-
dependent. Quite clearly we should prefer a method
which required fewer assumptions. Perhaps such a
method will be provided by the analysis of decay modes,

"J.Vellin (to be published}."M. Gell-Mann, D. Sharp, and W. Wagner, Phys. Rev. Letters
8, 261 (1962)."In QS, a zero-width approximation was made. It is to be
noted that taking account of the p width apparently increases
j. (@—+ 37I) by a factor of 2.
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involving members of the 1 meson nonet of some as yet
undiscovered heavy multiplet of baryons or mesons.

ACKNOWLEDGMENTS

We should like to thank Dr. Marcos Moshinsky for
enabling us to enjoy the hospitality and stimulation of

the Latin American School of Physics in Mexico City,
during the summer of 1965, when much of this work was
done. One of us (A. J. Macfarlane) would like to thank
Dr. Jack. Leitner, and the other (R. H. Socolow) would

like to thank Dr. Janos Kirz and Dr. Gino Segre for
helpful discussions.

P H YSI CAL REVIEW VOLUME 144, NUMBER 4 29 AP RIL 1966

Wide-Angle Electron-Pair Production*t
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An experiment testing quantum electrodynamics at high energies and small distances is described. The
photoproduction from carbon of electron-positron pairs was measured at laboratory angles of 4.60', 6.23',
and 7.46'. Symmetrical electron-positron pairs in the energy range from 1 to 5 BeV were detected with a
magnet-counter system which consisted of two mirror-image arms. Extensive internal checks of the ap-
paratus were made and the results were reproducible. The theoretical values for the electron-pair yield
were calculated by integrating the differential pair-production cross section over the acceptance of the
apparatus using a Monte Carlo technique. The ratio R= (experimental yield)/(theoretical yield) was not
1.0. R was approximately given by

R=0.62 {(1.00+0.05) +k'/ (4.31~0.17)'),
where k is the energy in BeV of the photon which produced the pair, and by

R =0.67( (1.00&0.04) —Qr'/ (313&13)'},

where QI is the four-momentum of the virtual fermion in (MeV)'. The apparatus studies and a comparison
of the measured single-electron yields with the theoretical yields suggest that an error exists in the absolute
normalization of the results. There are no indications that the observed variation of the electron-pair yields
with momentum or the large excess of wide-angle electron pairs at high energies is due to any systematic
error. The experimental results do not agree with the predictions of quantum electrodynamics; they indicate
a breakdown of the theory or the presence of other processes.

I. INTRODUCTION

~QUANTUM electrodynamics is one of the most
~firmly established theories of modern physics.

This theory describes the electromagnetic interactions
of electrons, muons, and photons, and, as far as is
known, it also describes correctly the structure of the
electron and the muon. The best evidence for the cor-
rectness of this theory comes from high-precision
measurements of the energy levels of simple atoms and
of the anomalous magnetic moments of the electron and
muon. However, these measurements are relatively
insensitive to the behavior of the theory at very small
distances and high momentum transfers. It is conceiv-
able that the theory correctly describes low-energy
phenomena such as the Lamb shift and the anomalous

*Research supported by the U. S. Atomic Energy Commission
under Contract No. AT(30-1)2752.

t This paper is based in part on material submitted by one of
the authors (R. B.Blumenthal) to Harvard University in partial
fulfillment of the requirements for the Doctor of Philosophy
degree.

f. Present address: Bell Telephone Laboratories, Murray Hill,¹wJersey.
$ Present address: McGill University, Montreal, Canada.

moment of the electron but fails to describe correctly
the structure of the electron or electron-electron scat-
tering at high momentum transfers. It is also not clear
whether the present theory of quantum electrodynamics

(QED) arrived at by a renormalization procedure is a
Anal theory or whether it is a temporary solution to a
more involved problem. For these reasons, it is im-

portant to look for deviations from quantum electro-
dynamics in situations where the experiments are sensi-
tive to the behavior of the theory at high momentum
transfers or small distances.

This paper reports an experiment performed to study
the behavior of the electron propagator for large space-
like virtual momenta. This experiment studies the
photoproduction of electron-positron pairs at large
angles, and was 6rst proposed by Drell as a technique
for studying the behavior of quantum electrodynamics
at small distances. ' In the 6rst part of the paper, the
theory of the experiment is discussed; later sections
describe the apparatus, the mode of analysis, and the
results.

' S. D Drell, Ann. .Phys. 4, 75 (1958).


