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Core Polarization in Cr"t
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(Received 12 November 1965l

Theoretical and experimental values for the contribution of core polarization to the hyperGne structure of
excited states of Cr" are compared. A theory is developed for extracting the core contributions to the
magnetic Geld from the measured hyperGne constants. It is necessary to take account of conGguration inter-
action with an actual conGguration of unpaired s electrons. A value of —525 000 G is deduced for the mag-
netic Geld at the nucleus produced by core polarization. The minus sign indicates that this Geld is anti-
parallel to the net spin of the atom. This is compared with theory and with the results of other experi-
ments. Corrections due to relativity, the second-order Zeeman effect, and the breakdown of LS coupling
are considered.

INTRODUCTION
' 'T was shown by Abragam, Horowitz, and Pryce' that
~ - the magnetic field at the nucleus that was responsible
for hyperfine structure in the ground states of vanadium,
manganese, and cobalt was a sum of two fields. The
first field is the one to be expected from the orbital and
spin motion of valence d electrons. They attributed the
second field to the admixture of configurations contain-
ing unpaired s electrons. Such configurations are im-
portant because the unpaired d electrons all have their
spins in the same direction to produce the state of
highest multiplicity according to Hund's rule. The s
electron, whose spin is in the same direction as the
majority of d s, experiences an exchange interaction
and is raised to an unfilled s orbit. Even a small ad-
mixture of this excited configuration can produce a large
magnetic field because of the Fermi contact term of the
inner unpaired s electron. This effect is called core
polarization.

As a result of the first Mossbauer work, it was dis-
covered that the magnetic field at the iron nucleus was
of the right magnitude but opposite in direction to that
anticipated. Two sets of authors' ' showed that core
polarization could qualitatively explain this result al-
though the quantitative agreement was unsatisfactory.
One set of authors, Watson and Freeman, 4 went on to
give a systematic theoretical treatment to the general
problem of core polarization in the first-row transition
elements as well as a summary of experimental observa-
tions. They found that each d electron in a divalent ion
should contribute a magnetic field at the nucleus of
approximately 115000 G and that each d electron in the
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(3d)"(4s)' ground state of free atoms should contribute
a field of about 23 000 G.

This rather remarkable description of a field per unit
spin was in good agreement with experimental results
for the divalent ions, but the agreement was poor for
the free atoms. The two species differ only in the absence
or presence of the (4s)' electrons which lie entirely out-
side the 3d shell. lt would appear that theory and experi-
ment agree when the excited electrons are core electrons
in the sense that they lie within or at most overlap with
the polarizing d shell. Recently it has been shown' that
the latest experimental results for the polarization fields
in free atoms are in better agreement with the calculated
fields than were earlier measurements. However, the
field values deduced from observations are small, and
those predicted by theory are the result of cancellations
between much larger fields. Thus the field per unit spin
in the ion is almost entirely quenched by the addition of
the 4s electrons as can be seen from the figures quoted
above.

Chromium is particularly suitable for testing the
above hypothesis. Unique among the first-rom tran-
sition elements, its ground configuration is (3d) 4s. An
excited configuration (M)'4p is connected to the ground
state by an intense optical resonance line in the visible
range and can therefore be investigated by double-
resonance techniques. The magnetic field at the nucleus
for the (3d)'4p configuration should arise entirely from
the p electron since the half-filled d shell couples to a
spherically symmetric 'S5~2 ground state. Core-polariza-
tion contributions to the magnetic field can then be
studied against the relatively smaller field due to the
p electron. In this way one may verify the core-polariza-
tion theory for a free atom in the favorable electronic
environment normally associated with the ion.

EVALUATION OF THE HYPERFINE-
STRUCTURE CONSTANTS

A comparison between theoretical and experimental
values for the magnetic Geld produced by core polariza-
tion is most conveniently made through the magnetic

5 R. Winkler, Z. Physik 184, 433 (1965).
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hyperfine constant a, &'& given by

45c= 3 (/45//f )/4 ox ~

where /45/ is the nuclear moment (—0.4735 nm in the
case of Cr"), I=-32 is the nuclear spin, and X is the
magnetic field produced by the electrons expressed in
atomic units (e=2/2= /2=1). A value for the magnetic
Geld X is obtained from the observed hyperhne splittings
with the aid of the theory developed below. The
experimental data consist of values for the hyperfine
constants a for each of the J levels of the excited 'P
term. ' Contributions of the electronic structure by
whatever mechanism to the magnetic field are refiected
as corresponding contributions to the c value.

For the case of equivalent electrons discussed by
Abragam et al. ,' the a value is expressed as a linear
combination of the a value to be expected from the
orbital and spin motions of the electron calculated in
LS coupling and an a value due entirely to core polariza-
tion. For nonequivalent electrons there is the additional
problem of decoupling the electron shells as discussed by
Trees. ' This may be done by straightforward appli-
cation of decoupling formulas, ' or in the following
manner. The wave function in the LSJ representation
is transformed to the jij2J scheme where ji and j& are
the possible j values for the unfilled shells. For d'p 2P

this is especially simple since j&= ~ and j2=-,' or —,'. The
j&j2J3f basis is then replaced by the completely un-
coupled j&m&j2~& basis, and the a values calculated from
the de6nition, '

A= (JJ IT,&»
I Jg)(III r„&»III),

and thus the measured a values are related to the single-
electron contributions.

The above method has two additional advantages.
First, it enables one to relate the contributions of the
different shells to their uncoupled angular momenta.
This is essential in order to include the core polarization.
By analogy with Abragam et aL, we replace a(355/2) by
45'('55/2)+a„where 45'('5»2) is the spin and orbit con-
tribution, zero in this case, and a, is the core term. "
Thus Eq. (4) can be written

/4VP4) = 3/5.+3/23/2,

where a further simplification in notation has been
introduced. The second advantage is the explicit ap-
pearance of off-diagonal matrix elements which occur,
for example, in the calculation of /J(2P3). In this case

5+2
I
'Ps 3)= 3 I

'55/2 2 'Pi/2 2)—— I'5»2 2 'P»2 2&
12

(~30)
+ I 55/2 2 Ps/2 2) )

12

and the hyperfine operator connects the states repre-
sented by the first two wave functions. Such matrix
elements may be evaluated by use of formulas in I.urio,
Mandel, and Novicl~, " and are distinguishable by the
presence of a factor $ which is defined by Schwartz. ' In
this way one arrives at the following set of equations:

/5( P4) = s/5 +s/43/

where the first matrix element is that of a first-order
tensor operator in the state of highest Mq, and the
second is just the nuclear magnetic moment. It is
assumed that T,('~ is the sum of operators that act upon
the different shells independently. To illustrate the
simplicity of this approach we have

55 2 35 25
/5( Ps) = /5.+ &i)/2+ -/5—3/2+ —

5/53/2,
72 27 216 2i6

10 7 3 105
/5( P2) 45 +1/2+ ~3/2+ 5&3/2 ~

9 54 162 648

(6)

I
(d'p)'P4 4&=

I (d')'55/2(P)'Ps/2 4 4&

55/2 2 Ps/2 2) (2)

The measured values of the interaction constants are
reported in the preceding paper. ' They are

for the transformation of the state of highest J. Then

(2P44I r.i &I2P44)

('55 -' 'P»2 ass
I
T "'(d)+ 2' "'(P)

I
'5»2 F52 2P3/2 23

&

= &'55/. —:I2'."'(d)
I '55/2 2&+('Ps/2 212'."'(P) I'Ps/2 2&

01
A ('P4) =A ('55/2)+A ('Ps/2) =A ('Ps/2) ~ (3)

since A ('S»2) vanishes for the half-filled d shell. Since
A=gIJ, Eq. (3) becomes

45('P4) = s~('55/2)+a~('Ps/2) = 3/5('Ps/2) ~ (4)

6 H. Bucka, B.Budick, R. J. Goshen, and S. Marcus, preceding
paper, Phys. Rev. 144, 96 (1966).

~ R. K. Trees, Phys. Rev. 92, 308 (1953).
8 G. Racah, Phys. Rev. 62, 438 (1942), Eqs. (44).' C. Schwartz, Phys. Rev. 97, 380 (1955).

I /J('P4)
I
= 11.6 Mc/sec,

Ia('Ps) I
=0 Mc/sec,

I/5('P )I =226.2 Mc/sec.

As pointed out in the same paper, the result is entirely
inconsistent with a theory of hfs which ascribes the
splitting to the interaction of pz with only the magnetic
field produced by the outer p electron. Under the
assumption that only the p electron makes a contribu-
tion, the magnetic interaction constants are expected to
be in the ratio

I a(4) I: I a(3) I: I a(2) I
=81:140:101.The

"The core contribution includes a'factor gq —1 which is the
projection of S on J consistent with the assumptions of the core-
polarization mechanism. For (d')'S5/2, S=J, and the projection
becomes —1.

"A. Lurio, M. Mandel, and R. Novick, Phys. Rev. 126, 1758
(1962).



CORE POLARIZATION IN Cr'' 105

above equations indicate that the observed quenching
of the hfs in the J=3 level is explained at least qualita-
tively by the theory including core polarization.

To get a soluble, in fact overdetermined, set of equa-
tions, one can make the substitutions (=1 and ai/Q

=Sas/2. The last assumption implies the neglect of
relativistic effects (discussed below) and of core-
polarization effects of the p electron. The equations are
not consistent. The situation is not improved by in-
clusion of the core polarization for the p electron accord-
ing to the simple theory of Goodings. "A satisfactory
explanation must be sought in another direction.

CONFIGURATION-INTERACTION EFFECTS
ON HYPERFINE STRUCTURE

In presenting the theory for the hyperfine structure
of the d'p configuration in chromium, we have sought
to include that particular form of configuration inter-
action called core polarization. Under this title we refer
to the admixture of configurations of unpaired s elec-
trons produced by an exchange interaction with the
valence d electrons. Moreover, there exists an over-
lapping configuration (3d)'4s4p with states of identical
angular momentum to those of d'p and an actual un-
paired s electron. Results of measurements on these
states are reported in the preceding paper. ' The question
arises as to the admixture of this nearby configuration.

This problem has been dealt with successfully by
Rosenzweig. "He shows that the matrix element of the
Coulomb operator connecting the 'P terms of the two
configurations can be written as

v'2Lk&'(sP d—p) o&'(sp, pd) 3—,
where R'(sp, pd) and R'(sp, dp) are Slater integrals
defined by Condon and Shortley. '4 Configuration inter-
action of this type is also important in explaining gross
features of atomic spectra such as shifts in the energy
levels. Values for the above integrals have been deduced
by Racah and his co-workers by means of a least-
squares fit to the energy levels of Ti II and Cu II. By
interpolation one obtains 5J"=1480 cm—' and ~~R'

=3510 cm ' for Cr II."The value of this matrix ele-
ment is not expected to change much in going to the
first spectrum and is to be compared with the separation
of the two terms of the two configurations, 6=4432
cm '. The matrix element given above and the measured
separation are sufficient to describe the configuration
admixture. By diagonalization of the 2&& 2 submatrix for
the two configurations,

e(d'p) = (0.806)'/'e(d'p)+ (0.194)'/'e(d4s p),
+(d'sP) = (0.194)'"@(doP)—(0.806)'/'0'(d'sP) . (7)

"D.A. Goodings, Phys. Rev. 123, 1706 (1961).
"N. Rosenzweig, Phys. Rev. 88, 580 (1952).
~4K. U. Condon and G. H. Shortley, The Theory of Atomk

Spectre (Cambridge University Press, New York, 1957)."Z. Goldschmidt (private communication).

The previously derived Eqs. (6) for the hyperfine
constants must be modified by including the a values for
the d'sp configuration. These are calculated by the
method outlined above. The fact that we are dealing
with the state of,highest multiplicity narrows the choice
of terms for each shell to 'D, 'S, and'P, respectively. In
addition to the off-diagonal matrix elements mentioned
above, we will encounter matrix elements of the type
(oD4 3

~
T,")

~

'D p 3). These can be related to the on-
diagonal matrix elements via the reduced matrix ele-
ments. The entire u value can be written as a linear
combination of a('D4), a('Dp), a('D, ), a('Di), a('Si/o),
a('Pi/o), a('P»p), $a('Po/p), and aq, where aq is the core
polarization produced by four d electrons. The first
four quantities can be related to one another and
written in terms of

a(oDo) = (8/7)gr/ip(1/r')3d.

We then make use of the coefficients in Eqs. (7) to
arrive at a final set of equations relating measured
quantities to single-electron and core-polarization u
values:

a(d'P 'P4) =0.806(-ooa,.+-oPa3/p)

8
+0.194 0 775 gr//o—

.7

+0.109a,—0.056a»p+0. 820as, (8a)

55 35
a(d'p 'Po) =0.806 —a,+—a»p

~

72 54 )
8

+0.194 0.743—gr/ip
38

+0.106a,+0.145a»pl 1.006aq, (Sb)

10 101
a(d'p 'P&) =0.806 —a,—— -a»o

i

9 216

8 1
+0.194 0.491 gr//o—

7

+0.112a,+0.390a»p+0. 795aq, (8c)

55 35
s (d'sp 'P, ) = 0.194 —a.+—a„,)72 54

8 1
+0.806 0.743 gr//o—

38

+0.106a,+0.145a»p+1.006ag, (Sd)
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where )a(d'p 'P4)
)
=11.6 Mc/sec, [u(d'P 'Ps)

~

=0,
)
a(d'p 'P~)

)
= 26.2, and

)
a(d4sp zPq)

)
= 70.4. In the

expressions for each configuration we have substituted
&=1 and ai~2 ——Sa»2. The coefficients of aq have been
derived by writing a('D, ) =a'('D4)+ad, a('Da) =a'('D3)
+aq, where the term in aq is independent of J since as
noted above" the J dependence is contained in the
factor gJ —1, and gq is independent of J for 'D."

One may further reduce Eq. (8) to four equations in
four unknowns by substituting 3.25(1/ao') for (1/r')3&. i7

Then the equations can be solved for various choices of
signs of the measured hyperfine constants. The only
choice of signs which gives a plausible result for a, and

a»2 is plus for u(d'p "P2) and minus for the other
measured u values. With this choice the values of

and
u, =+45.5 Mc/sec

a»2= —19.7 Mc/sec

While a, and a3/2 are not greatly changed, ad and u, are
considerably altered, and all four values are close to
those expected.

EXTRACTION OF THE CORE POLARIZATION

Since hyperfine-structure measurements have been
made in the 3 =3 states of both configurations, one can
solve for the core-polarization contribution to be
expected from the d'p configuration alone by making use
of Eqs. (8b) and (8d). This method is free from errors in
the calculation of a(d'sp), from ambiguities in the

"The factors relating a'('D4) to a'('D3) have therefore not been
applied to the coefhcients of aq in reducing the derived linear
combination to fewer parameters. Some ambiguity exists in the
method of evaluating these coefficients since the off-diagonal
matrix elements of the hyper6ne operator can be written as
proportional to a('Dz) or to a(5DJ 1). However, this ambiguity
produces an uncertainty of at most 4%, 11', and 10/o for 1=4,
J=3, and J=2, respectively."R. E. Watson (private communication).

are deduced. These compare well with the results ob-
tained in the next section and with the Watson and
Freeman prediction4 discussed in a later section. These
quantities were found to be relatively independent of
the coefficients of a~ within the limits of their uncertain-
ties."The values obtained for a~ and a„however, are
extremely sensitive to any change in the coefficients of
ag. Thus it is not surprising that the computed values
of a, = +3875 Mc/sec and aq= —656 Mc/sec are much
larger than the values one might expect and opposite
in sign. However, with a change in the coefficient of aq

in Eq. (8c) from 0.795 to 0.745, within its 10% un-

certainty, the following solutions are obtained:

a, = 51.4 Mc/sec,

a»2 = —26.2 Mc/sec,

aq= 17 Mc/sec,

a, = —654 Mc/sec.

coefricients of ad, and from uncertainty in the value of
(1/r')&z. It also avoids the arbitrary choice of sign for
the measured u values except in Eq. (8d) where the
large contribution of a, makes the negative sign most
likely. In this way one obtains

55 35
22.3=—

ized+
—G»2.

72 54
(9)

An estimate for a3/2 can be made from the fine-struc-
ture constant f4~ by use of the formular

a„=0 545$. 1 4„/li(t, Z)Z;]gzX10—', (10)

where $4„ is in wave numbers, X(l,Z) = 1.0094 is a rela-
tivistic correction tabulated by Kopfermann, "Z;= Z—4
for p electrons, and gz is the nuclear g factor. One can
evaluate $4„ from the known fine structure of the zP
multiplet since t ( P) =i6f4„and 4f( P)=112 cm '
(interval rule obeyed). Thus, f4„168——cm '. This result
is consistent with a value of 260 cm ' for f4„which has
been determined from fine and hyperfine-structure
measurements in the d'sP configuration of Mn."From
Eq. (10) a~ may be evaluated and is found to be
—43.0 Mc/sec. Then

where F„(-„Z,) is another relativistic correction factor
tabulated by Kopfermann. Thus, a»g —23.1 Mc/sec.
We return to Eq. (9) and compute a,. We find a,=+48.7
Mc/sec.

ZEEMAN, RELATIVISTIC) AND INTERMEDIATE-
COUPLING CORRECTIONS

The a values measured in the 3d'4p configuration
upon which much of the foregoing analysis has been
based are either small or zero. It is therefore necessary
to consider other effects which may possibly contribute
to the hyperfine constants.

A. Magnetic-Field Effects

In second-order perturbation theory the magnetic-
field operator connects states of different J but the
same MJ. This results in a shift of the Zeeman levels
proportional to (zioII)'. In evaluating the hyperfine
constants (see Ref. 6), we equate the transition fre-
quency hv to the difference in energy of the two resonat-
ing Zeeman levels. The second-order shifts will most
likely be different for the two levels and will hence
appear as a contribution to a. It can be shown" that the
contribution of such an effect to the transition frequency

"H. Kopfermann, Sucleat' Moments (Academic' Press Inc.,
New York, 1958).

9 G. Noldecke, Z. Physik 153, 164 (1958).
R. J. Goshen, Ph. D. dissertation, Columbia University, 1964

(unpublished).
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can be written as TABLE I. Values of experimental hyper6ne interaction x, II„
and H, /S for the divalent ion series in hydrated salts. '

K(J)[P(J,3fJ) P—(J,Mg i) j(ppEI)s
Ion V'+(3d') Mn'+(3d') Co'+(3d') Cu'+(3d')

where

~J ~J—1

+a term for J+1, (12)
x (au)
II,/S (kG)
IJ. (kG)

—2.8—118—354

301—130—650

—2.5—105—315

—2.9—122—122

a This tabulation given by Watson and Freeman (Ref. 4) from g's re-
ported by Abragam (Ref. 1).

(J L+S—)(J+L S)(J—+L+S+1)(L+S+1 J)—
4J'(2J—1)(2J+1)

and P(J,~q)= J'—Mq'. For the shift in frequency
of the I'P4 4) ~I'P43) transition at a typical field of
300 6, we find hi =—0.01 Mc/sec. This is negligible
compared to the measured u values.

COMPARISON WITH THEORY

The mechanism for core polarization discussed in the
Introduction implies a difference in the spin densities,
Igt(0) I'—

I/i�(0)

I', of the inner s electrons with spins
in the directions indicated by the arrows. A con-
venient measure of this effect is given by Watson and
Freeman4 as

B. Relativistic Effects

4x
&=—Z Let(0) —ci(0)j

$ s shells
(15)

The relativistic corrections alter the ratio a1~~=5a3~~
since

(13)

Values for the correction factors taken from Kopfer-
mann are F„(-,',20) = 1.0404 and F„(-'„20)= 1.0084. Since
ai~s enters the expression for a('Pp) in Eq. (6) with the
small coefficient 2/27, the small modification in the
ratio due to relativity may be neglected. Core polariza-
tion produced by the p electron can also alter this ratio.
However, no evidence for this effect exists in transition
elements, and, even if present, it is very likely quite
small. The relativistic contribution of the 3d' electrons
to the hyperfine structure has been estimated to be
much smaller than the core-polarization contribution. "

where 8 denotes the number of unps, ired spins and p(0)= I 4(0) I'. With X in atomic units (a.u.), H./8 is found
in gauss by using the conversion factor 1 a.u. =4.21
)(10 G. Values for X based on an analysis of experi-
mental hyperhne data for ions in hydrated salts are
tabulated in Table I together with the contact-term
effective field H, and also with H./8 which is the field
per unpaired spin. We see that X has a roughly constant
value of about —3 atomic units (a.u.).

The value for u, reported here can be converted to X
with the help of Eq. (1) when a, is expressed in milli-
kaisers (~spp=2. 12 in a.u.). Using the value of a,
obtained from Eq. (9), we find X=—2.5 a.u. in good
agreement with the ion values. This corresponds to a
magnetic 6eld at the nucleus of —525 000 G due to core
polarization.

+ ('Pp) =0.9994 ('Ps) +0.041% ('Pp),
0 ('P,) =0.999% ('P,)+0.037%('Ps),

(14)

C. Breakdown of I-S Coupling

In the preceding paper' the breakdown of I.S coupling
was considered in the light of the presence of inter-
combination lines and was shown to have a negligible
effect on the gJ values to the precision of the measure-
ment. In the Appendix it is shown that the wave func-
tions describing the admixture can be derived by
treating the spin-orbit interaction as a perturbation and
can be written

COMPARISON WITH OTHER
EXPERIMENTS

The experiment having the most direct bearing on the
present problem is the measurement of Childs et ul.22

on the chromium ground state. These authors find

I
a('Sp) I

= 82.5985+0.0015 Mc/sec. The theoretical
value is —144 Mc/sec due to the s electron and neglect-
ing core-polarization effects. Their discussion of core
polarization is formulated somewhat differently from
that given here and does not lead to satisfactory agree-
ment between experimental and predicted values. In
terms of the formulation presented here, the ground-
state wave function is written

in good agreement with the empirically derived func-
tions. Thus the hyperfine structure in the 'E3 state,
itself of the same order of magnitude as in the 7I'3 state
(neglecting configuration interaction), is multiplied by
a small coefficient and may be neglected.

from which it follows that

rr( Sp) = s8 +s 8

(16)

(17)

"P.G. H. Sandars (private communication).
m%. J. Childs, L. S. Goodman, and D. von Khrenstein, Phys.

Rev. 132, 2128 (1963).
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Sa,+a, = 2230 Mc/sec for Cr,

Sa,+a,=3680 Mc/sec for Mn,
(18)

where the sign and magnitude of the g factors have been
scaled to Mn. The theoretical value for a4, is 3700
Mc/sec. Recently Winkler' has shown the presence of
core polarization in the (3d)'4s4p configuration. His
treatment is based on the introduction of a "polariza-
tion gradient" term which is opposite in sign to the core
polarization contribution and which can be evaluated
from isotope-shift data. Since no work. has been done on
the isotope shift in manganese, this new parameter can
only be estimated.

3UM MARY

where la('SB) l
=82.6 Mc/sec and 6a, =—144 Mc/sec.

Since the s electron is expected to dominate as in the
d'sp configuration discussed above, we prefer to choose
the negative sign for a('S3). Thus -', a,= 61.4 and a, = 73.8
Mc/sec. This gives a value for X of —3.7 a.u. The diGer-
ence from the value found above may be due to an in-
complete treatment of configuration interaction, to
differences in the core polarization of s and p electrons,
or to uncertainties in the values of a, and a„.

In contrast to this rough agreement with ion values
for X obtained in the two experiments on the half-filled
d shell in chromium, hyperfine measurements on the
(3d) 54s4p configuration in manganese"" show an
almost total lack of core polarization. The combination
5a,+a, occurs in an analysis of the 'P term of this
configuration (with the addition of a p-electron con-
tribution) just as it does for the chromium ground state.
We find

on excited configurations of free atoms. The interpreta-
tion of the experiments is based on the vanishing hyper-
fine structure in the V'3 state of the configuration
(3d)'4p whose configuration interaction with the 'P3
state of the overlapping configuration (3d)'4s4p is also
taken into account. Hyperfine-structure measurements
in states of both configurations permit the extraction of
the core polarization produced by the half-filled d shell.
A value for X of —2.5 a.u. is found. The predicted value
is about —3 a.u. When the formalism developed
here is applied to the chromium ground state, a value for
X of —3.7 a.u. is deduced. This difference probably
reQects the neglect of a more complete consideration of
configuration interaction, but the agreement is none-
theless encouraging. The chromium results are in
marked contrast to the apparent absence of core polari-
zation in the (3d)'4s4p con6guration in manganese.
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APPENDrX

We consider matrix elements of the spin-orbit
operator X„=p;t;(r)1; s, between states of the d'p
configuration:

(d'(S,Li)p (S2L2)SLJ
l

Xg l, (r)1; s;l d'(Si'L, ')p(S, 'L, ')S'L'J)
The theory for core polarization proposed to explain

the hyperfine structure of transition-metal ions has been
shown to be in agreement with experiments performed By the methods of Racah' this can be shown to equal
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where the matrix elements of the double tensor U" have
been tabulated by Slater. '4

The matrix elements of K„can now be evaluated
between 'Ps and each of the 'Ps arising from d'p. Three
such quintet states exist whose parents are ~S, 4I', and
4D of d'. The appropriate linear combination that corre-

~ H. Walther, Z. Physik 170, 507 (1962).
~ J. Slater, Quantum Theory of Atomic Structure (McGraw-Hill

Book Company, Inc. , New York, 1962), Vol- II.

sponds to the lowest 'I' term can be found by diagonaliz-
ing the Coulomb operator between these states. This has
been done" with the aid of matrix elements computed
by Ishidzu and Obi" using their values for F2, G1, and
63. The o6-diagonal matrix elements are small, and the
state of lowest energy can be found using perturbation

"B.Budick (unpublished).
T. Ishidzu and S. Obi, J. Phys. Soc. Japan $, ]24 ((950).
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theory. In this way, one obtains

4('P) =0.995%(d' 'S p'P) —0.101%'(d'4P p'P) —0.110%(d' 'D p'P) .

Using this function one finds

('Pa) Kso [ 'P3)=0.995 (-',+5)f'„+0.1(10/3)"'i g,

(~Pg ~X80 ~
'P2) =0 995 (is+~7)i'~+0. 1(i3+21)tg.

For i~ we may substitute 168 cm ' and for f'z, 250 cm '."The coefficient of the quintet state admixed to
the septet is then simply this matrix element divided by the energy separation and is given in Eqs. (14).
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Absolute elastic differential scattering cross sections of He+ on Ne and Ar and of Ar+ on Ar have been
measured at relative energies ranging from 10 to 600 eV and scattering angles of 1' to 40'. The He+ on
Ne and Ar cross sections are monotonically decreasing functions of angle and have a superimposed ripple
structure which is attributed to curve-crossing effects. No rainbow-angle structure is evident on these
curves. The Ar+-on-Ar cross sections indicate both rainbow scattering and oscillations associated with sym-
metric charge exchange. From the values of the rainbow scattering angle, the estimated binding energy of
Ar2+ is 1.6~0.3 eV, assuming the general shape of the attractive potential resembles that of He2+.

I. INTRODUCTIOH

'EXPERIMENTAL and theoretical studies of the
~ differential scattering of He+ on He have shown

that there is much to be learned about ion-atom inter-
actions from such studies. '' The He++He elastic
interaction was found to be well described by the
diabatic 'Z + and 'Z,+ states of He~+. A secondary
oscillation found at large angles and energies was
identified as a manifestation of nuclear symmetry. s

Another anomaly discovered in the data, a ripple in
amplitude of the peaks and valleys, has been attributed
to the eGect of curve crossing on the elastic scattering. 4

In this paper we report an experimental study of the
differential scattering of He+ on Ne and Ar, and of Ar+

on Ar. A theoretical analysis of the scattering cross
sections has not been attempted, principally because of
the lack. of computed interaction potentials for these
systems. Since only a single 'Z+ state is needed to de-
scribe the scattering of He+ ions by Ne and. Ar, these
interactions differ from that of He++He. The Ar++Ar
interacti. on, however, is more complex and requires
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perhaps as many as six interaction potentials for its
description. This system has recently been studied
by Jones et al. ,' who measured the electron capture
probability.

Differential cross sections were measured with the
apparatus used for the He++He measurements. '

Attention was focused on elastic scattering studies
although some cursory observations of inelastic scatter-
ing are also reported. The He++Ne and He++Ar
elastic-scattering cross sections are smooth functions of
angle with a slight ripple structure which is attributed
to curve crossings. The Ar++Ar elastic scattering is
rich in structure because of several diGerent interference
processes.
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FIG. 1. Schematic diagram of apparatus.
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