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nucleon rather than by the total number of states
available, we might expect to observe a relatively small
cross section for the A12r(yp+)Mg'" reaction. A quanti-
tative prediction would require information about both
the number of Anal states available for population in
Mg" and the number of initial protons available for the
pion production process. Such a prediction can not be
made until more detailed information about the nature
of the level structure in Mg'7 is available. Hawever, it
does appear that this type of extension of the Laing-
arid-Moorhouse theory could account for our results.
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Nucleon-nucleus scattering is studied in the energy range 95-350 MeV for targets ranging from carbon to
lead. The relative importance of the 6rst and second order terms in Watson's multiple-scattering expansion

of the optical potential in terms of the two-nucleon scattering matrix is investigated with the nucleon-nucleon

phase parameters obtained at Vale. Effects of including the angular dependence of the two-nucleon ampli-

tudes, as Cromer has done, are compared with those of the second-order potential, and they are found to be

equally important so that both must be included for consistency. The possibility of investigating nuclear-

structure parameters, especially the two-nucleon correlation lengths brought in by the second-order po-

tential, is considered.

I. INTRODUCTION

HE treatment of inelastic processes which remove

the incident nucleon from the entrance channel

in nucleon-nucleus scattering by including an imaginary

part in the potential representing the interaction was

introduced by Ostrofsky, Breit, and Johnson. ' The
method was further investigated by Bethe, ' and several

early analyses' demonstrated the ability of the optical
model to correlate scattering data over a range of

energies and targets with relatively few parameters.
Continued successes wwith this model have inspired

extensive phenomenological analyses, with many re-

6nements of detail receiving careful attention. The
review in Hodgson's book4 summarizes much of this

work.
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Commission and by the U. S. Army Research Once-Durham.
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' S. Fernbach, R. Serber, and T. B.Taylor, Phys. Rev. 75, 1352

(1949);R. E.LeLevier and D. S. Saxon, Phys. Rev. 87, 40 (1952);
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The assumed potential has the form

~(r) = (U.+e&.)p(r)
1dp

+ I

—
~

(V.+ 'll'. )-—(o &), (1)
(pcs r 8f

where the potential strengths are adjustable parameters,
and p(r) is a dimensionless radial function that is nearly
constant from r =0 to the nuclear radius and there falls

rapidly but smoothly to very small values. It is natural
to assume that p(r) has some connection with the distri-

bution of matter in the nucleus, so that the range Eq
(defined as the distance at which p(r) has half its
maximum value) will depend on. A'Ie, where ri is the
mass number. However, both range and surface thick-

ness, t, (the distance in which the radial function falls

from 90% to 10% of its central value) are treated as
adjustable. The electron-scattering experiments, an-

alyzed in terms of a similar p(r), ' show a discrepancy
when compared with the results of nucleon-nucleus

scattering experiments: the extent of the nuclear-matter
distribution is smaller for electron scattering than for
nucleon scattering. More sophisticated phenomeno-

logical analyses by Hodgsone show that a satisfactory

' R. Hofstadter, Ann. Rev. Nucl. Sci. 7, 231 (1957).
~ P. E. Hodgson, Phys. Rev. Letters 6, 358 (1961).
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6t to di8raction minima in nucleon-nucleus scattering
angular distributions requires that the range of the real
and imaginary potentials in Eq. (1) be different, with
the imaginary part having a somewhat longer range.

The success of the optical model in correlating so wide
a range of experiments has led to various attempts at
its theoretical justihcation. The complexities of the
many-body problem are severe, and initial attempts
have been based on Chew's" impulse approximation:
the energy of the incident nucleon is assumed to be high
enough so that the target can be considered to be a
collection of independent nucleons. Watson's' multiple-
scattering analysis has employed this approximation,
and he has shown how, with suitable approximations,
an effective nucleon-nucleus potential of the form of
Eq. (1) can be obtained, with the strength parameters
directly related in 6rst order to the nucleon-nucleon
scattering matrix. KOhler' and Levintov' have shown
that for a potential in which the radial dependence of
the central and spin-orbit parts are related as in Eq. (1),
the small-angle polarization is correctly given in 6rst
Born approximation. This experimental quantity is
therefore directly related, via the impulse approxi-
mation, to the nucleon-nucleon scattering matrix, as
Bethe" has emphasized. Consistency between nucleon-
nucleon and nucleon-nucleus scattering through such a
polarization calculation has been demonstrated by
Ohnuma" Bethe" and VA'lson" and general agreement
with the cross section was obtained by Riesenfeld and
Watson. "

watson's treatment leads to an expansion of the
e6ective potential, in which the leading term involves a
sum of two-nucleon scattering amplitudes over the
target nucleons. It is therefore straightforward to com-
pare calculated strength functions, in this approxi-
mation, with phenomenological parameters such as
collected by Hodgson. 4 Several authors have done so'4
and demonstrated reasonable consistency. The phe-
nomenological parameters are hardly unique, however. 4

The next term in Watson's expansion includes eGects of
scattering to an intermediate inelastic state, followed
by return to ground. This will be called the second-order
potential, and it has been obtained by Johnston and

' G. F. Chew, Phys. Rev. 80, 196 (1956); G. F. Chew and G. C.
W'ick, Phys. Rev. 8S, 636 (1952); G. F. Chew and M. L. Gold-
berger, Phys. 87, 778 (1952).

8 K. M. Watson, Phys. Rev. 89, 575 (1953);N. C. Francis and
K. M. Watson, Phys. Rev. 92, 291 (1953).' H. S.Kohler, Nucl. Phys. 1,433 (1956);I.I.Levintov, Doklady
Akad. Nauk. SSSR 107, 240 (1956) LEnglish transl. : Soviet
Phys. —Doklady 1, 175 (1956)j.

10H. A. Sethe, A .Phys. (N. Y.) 3, 190 (1958)."S. Ohnuma, Phys. Rev. 111, 1172 (1956).
'~ R. Wilson, Phys. Rev. 114, 260 (1959)."%'. It. Riesenfeld and K. M. W&atson, Phys. Rev. 102, 1157

(1956).
"References 10, 12, 13 and A. K. Kerman, H. McManus, and

R. M. Thaler, Ann. Phys. (N. Y.) 8, 551 (1958); A. H. Cromer,
Phys. Rev. 113, 1607 (1959); A. Johansson, U. Swanberg, and
R. E. Hodgson, Arkiv Fysik 19, 541 (1961);J. Dabrowski and
J. Sawick. i, Nucl. Phys. 13,621 (1959);22, 318 (1961);J.Dabrow-
ski and A. Sobicsewski, Nuovo Cimento 20, 403 (1961),and Acts
Phys. Polon. 20, 243 (1961).

Watson ln an approxrmatron allowing practical calcu-
lations. The usual 6rst-order potential calculations have
employed only the forward angle values of the nucleon-
nucleon scattering matrix, and Cromer'6 has investi-
gated e8eets of taking into account the angular vari-
ations of the amplitudes. In the present work, these
effects have been found to be comparable with those of
the second-order potential, though different in character,
so that a consistent treatment should employ them both.

The present calculation of the optical potential still
employs three major approximations: (1) the impulse
approximation itself, which ignores effects of binding of
the target nucleons to one another; (2) target nucleon
momentum is neglected; (3) the nucleon-nucleon scat-
tering matrix used is that derived from analyses of
elastic two-nucleon scattering, so that it depends only
on momentum transfer and any effects of "off-energy-
shell" matrix elements are lost. The phenomenological
results of nucleon-nucleon scattering analyses obtained
by Breit et al.'~ and Hull ek cl." are used, and some
comparisons of effects of using other representations"
of the two-nucleon scattering matrix are made, includ-
ing recent improvements in the many-energy analyses. '0

Arigular distributions in scattering and polarization,
given by employing the potentials obtained in a
Schrodinger equation, are compared with data in the
energy range 84—350 MeV for the incident nucleon and
for targets ranging from carbon to lead. Estimates of
the importance of the remaining approximations are
made, and the possibility of determining the nuclear
structure parameters specifying nucleon distribution
and correlations is examined.

II. EVALUATION OF THE POTENTIAL

The problem to be solved formally is that of 6nding a
potential, V,~ such that the single-particle Schrodinger
equation

(I(+V.,)Xs' ——eels' (~)

represents the nucleon-nucleus scattering. Here h is the
nucleon kinetic energy operator, ~0 the nucleon energy
in the nucleon-nucleus center-of-mass system (Nc.m.
system). Johnston and Watson" have shown that a
formal solution of the problem is provided by the
multiple-scattering expansion

» R. R. Johnston and K. M. %'atson, Nucl. Phys. 28, 583
(1961);R. R. Johnston, ibid. 36, 368 (1962).

16A H Cromer~ Phys Rev 11gy 1607 (1959)» Q. Breit, M. H. Hull, Jr., K. Lassila, and K. D. Pyatt, Phys.
Rev. 120, 2227 (1960);ibid. 128, 826 (1962).» M. H. Hull, Jr., K. E.Lassila, H. M. Ruppel, F.A. McDonald,
and Q. Sreit, Phys. Rev. 122, 1606 (1961);128, 830 (1962).~ J. Qammel and R. M. Thaler, Phys. Rev. 107, 291, 1337
(1957).

~ G. Qreit, A. ¹ Christakis, M. H. Hull, Jr., H. M. Ruppel,
and R. E. Seamon, Bull. Am. Phys. Soc. 9, 378 (1964).
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It has been assumed that the incident nucleon interacts
with nuclear particles via two-body potentials v, and
thus f is a two-body scattering operator defIned by

"a='~a+'4 ~ay (4)
6

where the propagator (I, appearing also in Eq. (3), is

u= E H()+—iIf.

Here E is the sum of ~p and the nuclear ground-state
energy, Hp the sum of nucleus and nucleon Hamilton-
ians in the absence of incident nucleon-nucleus inter-
actions, and q determines the boundary conditions in
the usual way. 'I In Eq. (3) the brackets denote evalu-
ation of relevant matrix elements for the nuclear ground
state, and P~~ is a pmjection operator which is zero
when acting on the ground state and unity otherwise.
The subscript lVD signides "nondiagonal" in the nota-
tion of Watson s ~5 It should bc noted that antlsym-
metrization has only been approximately taken into
account; the nuclear wave functions are antisym-
metrizcd, as are the two-nucleon scattering matrices,
but the complete antisymmetrization of (A+I) nu-
cleons has not been carried out. Takeda and Watson'2
have shown that this neglects "target exchange" effects,
wherein a nuclear particle other than the nth nucleon
exits with the high energy of the incident nucleon,
leaving the incident nucleon in the nucleus.

Other expansions of V,~ are possible. Among them
are those of Kerman ef (Il."(hereafter denoted by KMT)
and of Francis and Watson. '4 The differences may be
summarized by saying that diffcrent propagators are
chosen, requiring therefore solutions of diffcrent two-

body problems. In the KMT calculations, the 6rst-
order term is the same as in Eq. (3), but the second-
order term contains contributions of the third order in
file JO1111stoll-Wats oII expaIlsloII wlllc11 llas elastIC

scattering in intermediate states. For the Francis-
Watson expansion, the two-body scattering operator is
de6ned with a propagator in which the projectile energy
is corrected to that in the nudear medium. This implies
a self-consistent calculation, since the modified energy
depends on the two-body scattering matrix. It has not
been determined in ihe present study which of these
expansions converges best. The Johnston-Watson
expansion recommends itself as straightforward in
appllcatlons and soIDc estllTlatcs of corrections to lt are
attempted.

The potential of Eq. (3) is nonlocal and formally
requires solution of the fuQ n1any-body problem,
because the propagator {I/e) contains the nuclear

Hamiltonian; for the same reason, t is not the free
two-body scatterinp operator. However, use of the

nii. Lippn)ann an(i I. Schwingsr, Phys. Rev, 79, 469 (1950).
~ G. Takeda and K. M. Vfatson, Phys. Rev. 97, 1336 (1955).
'11 A. K. Kerman, H. McManus and R. M. Thaler, Ref. 14.
~ N. C. Frands g,nd K. M. %'atson, Ref. 8.

impulse approximation implies neglect of the binding of
the o.th particle to its neighbors in the nucleus, so that

may be replaced by the free-scattering operator, t .
For the projectile energies considered, one may also
neglect initial target-nucleon momenta compared to the
incident-nucleon momentum, and hence 5 acts on the
nuclear ground state only through the spin and isospin
coordinates. A local potential results from the assump-
tion that the matrix element of I depends on the Anal
state of the scattered nucleon only thmugh q, the
momentum transfer; this neglects "08-energy-shell"
effects in 3, which arise because the projectile is actual1y
scattering off a heavy nucleus in the 5c.m. system
(kinematic differences in t are included).

The erst-order term in the potential, in coordinate
space, is then

(r'
~

V")
~
r)=—5 (r' —r) V(') (r)

5(r t)A=f0' '—g. t(g)((g) exp(iq r), (6)

where A is the nuclear mass number, F (q) is the Fourier
transform of the nuclear densify function )s(r), and
f((t) is the spin-isospin average over ts,rget nucleons.
The nucleon-nucleon scattering matrix may be written
in spin space as"

M(8,)=2 (8,)+C(B,) («I+es) n+B(8,)(«I.nes n)
+-,'G(8,)(eI m«s m+«I I,e 1)

+IB(8.)(«I.mes m —«I 1«s 1) (7)

where 8, is the scattering angle in the two-nucleon zero-
momentum system (the c.m. system), e; the spin
operators for the two nucleons, n a unit vector normal
to the scattering plane which forms, with I and 1, a
right-handed coordinate system. The erst-order spin
averages leave only A (8,) and C(8,) contributing to the
optical potential.

The second-order term requires more strenuous effort
for its evaluation in the Johnston-Watson treatment, '&

and the following approximations or assumptions are
made. Energy differences between excited and ground
states are ignored compared to 6p so that closure may bc
used in the reduction of the sum on u, p. Not only is f
replaced by t on the two-nucleon energy shell, but only
t ', the value at forward angles, is employed. This last
replacement is consistent with the assumption that the
second-order contribution will be smaller than the erst,
so the re6nement of taking the angular variation of f
into account is unnecessary for the second order. In fact
numerical evaluation conlrms that it is smaller,
justifying this assumption. The operators then depend
only on spin and isospin variables, and the spatial
intcgrals lead to a pair distribution function,

p(x', x) = (0~8{x—s )li(x' —ss) ~0).

"H. P. Stapp, T. J. Vpsilantis, and ¹ MetropoHs, Phys. Rev.
105, 302 I,'1957).
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TABLE I. Parameters of the theoretical optical potential, in the Johnston' notation. The phase parameters

of Sreit et al. and Hull et Ol.' are used for the nucleon-nucleon amplitudes.

Im Im
300 MeV

Im

Uoo {MeV)
U» (Mev)
U„(MeV)
U, (Mev F-')
U11 (MeV F ')
U12 {MeVF ')
U„(MeV F-1)
U„(Mev F-&)
U» (MeV F-&)
Woo (Mev)
g „(Mev)
W„(Mev)
g „(MeV F-1)
@11 (MeV F ')
8 „(MeV F-1)
g., (MeV F-1)
W (Mev F ')
g „(Mev F-~}

—38.12
52.76
12.23
14.09

-31.04—16.13—6.69
53.85
10.56
3.940—0.951
1.353—0.465
1.050—0.125—0.030—1.539
0.095

—30.41—23.58
25.06—

.3.21
39.91—3.59
5.83

23.07
3.48—1.134
4.765
1.689
1.122—2.259—0.464—0.290
4.615
0.713

—24.79
76.28
5.26
6.36—12.78—5.27—2.02

17.30
5.04
3.070—0354
0.896—0.310—0.848—0.047
0.009—0.970
0.088

—25.94—41.52
16.02
0.29

30.78
2.82
4.03
6.12
1.19
0.678
7.594
1.285
0.463
1.490
0,189
0.118
1.948

5.07
5.42

10.00
1.03
3.83
1,61
0.67
4.85
0.40
2.156
2.491
0.178
0.209
0.094
0.112
0.037
0.792
0.005

—25.94—29.96
10.53
2.52
8.83—2.52
1.48

11.80
1.56—0.468—0.504
0.654
0.090—0.018—0.005—0.030
0.326
0.130

1.08
28.13
13.82
0.22
6.61
2.67
0.92
2.71
1.24
2.001
1.532
0.456
0.198
0.014
0.152
0.039
0.772
0.028

—26.96—25.86
11.45
2.69
6.17—2.40
0.92

10.77
1.85—0.466

0.611
0.055
0.179
0.020—0.019
0.160
0.087

a See Ref. 15.
b See Ref. 17.
o See Ref. 18.

(1.2 F), with E~ the miclear radius. The relation be-
tween the forms in Eqs. (9), (20) and Kq. (13) may be
obtained by straightforward comparison. " The plus
sign in Eq. (13) refers to incident protons, the minus

sign to incident neutrons, respectively. Table I contains
values of the coeKcients U;; and S',; and may be com-
pared to the table of Johnston. "Only the first terms of
the first-order coefIicients are similar; Bethe" has
pointed out that this is to be expected from any sets of
phase parameters which generally 6t the total cross
section in nucleon-nucleon scattering.

Nucleon distributions have been used which yield
analytic forms for the form factors. This is a matter of
convenience in evaluation of the erst-order potentials
and is justified by the electron scattering experiments,
which a,re insensitive to reasonable distribution func-

tions so long as the radial and surface parameters E@

and t, are the same. 5 Specifically, the result of Khren-

berg et u/. ' was used for carbon, and the Gaussian-

uniform shape introduced by Helm" for Al, Fe, Cu, Pb,
with constants adjusted to the Eq, t, values for specific
nuclei given by Hofstadters or interpolated among his
values. The calculation of the 6rst-order potential then

involves a numerical evaluation of Eq. (9). The inte-

grals over g welc cut off a,t g= 2k„since this is the limit
of momentum transfer in the free two-nucleon case, and

the input scattering amplitudes are not defined beyond

this point. Apart from the assumption that nothing
drastic happens to the scattering amplitude in the non-

physical region of the free two-nucleon case to give

sizable contributions to the integrals for g'&2k„ it was

clearly necessary to check that the decrease of P(q) was

me F p McDonald, thesis, gale University, 1965 (unpublished).
3o H. F. Ehrenberg, R. Hofstadter, U. Meyer-Berkout, D. G.

Ravenhall, and S. K. Sobottka, Phys. Rev. 1l3, 666 (1959).
"R.H. Helm, Phys. Rev. 104, 1466 (1956).

sufficiently rapid so that use of the integrals was reason-
able. A test of this point was made by numerical evalu-
ation of the integrals assuming constant amplitudes to
see whether the integral when cut o6 at 2k, mould
closely reproduce p(r) and dp/dr. The Hill-Ford distri-
bution" fails this test, due to its having no exponentially
declcasing part, so that lt was not used cvcn though lt
has an analytic form factor, The distribution chosen is
satisfactory, although some errors occur in the potential
at small distances. The small-angle scattering of interest
here is caused predominantly by the long-range part of
the potential, and it has been confirmed by direct
calculation that the errors in the potential do not affect
the observables in the angular range studied.

The parameters entering the calculation may now be
summarized: the phase parameters used to calculate the
elements of the two-nucleon scattering matrix are from
the Yale study' ' with one-pion phase parameters
included; the nucleon distribution function is taken
from electron scattering experiments' " and the initial
values of the correlation lengths from specihc models of
nuclear matter. "None of these was derived from the
phenomenon to be studied. Since the real and imaginary
parts of the scattering matrix do not have the same
dependence on q, the first-order potential, Kq. (9), will
have diGerent radial and thickness parameters for the
real and imaginary parts, and each may be different
from p(r) itself. The second-order central potential at
any energy is of the form constXp(r), so its principal
effect is to change the potential depth, although clearly
not simply by a multiplicative factor.

The most straightforward comparison with phenom-
enological results can be made in terms of volume
lIitcglals of thc potcntlalsp since difrclcnccs in choolcc

'~ D. L. Hill and K. W. Ford, Phys. Rev. 84, 1617 (1954)-.
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agreement with theoretical ones but scatter too much
for useful presentation. The refinement of tak.ing into
account neutron excess as well as CGects of second-order
potentials could easily be included theoretically, but the
scatter of phenomcnological values makes this unfruit-
ful. The general trend of the phenomenological values
is reproduced theoretically, as has been the experience

'th 1' r analyses'4 but the detailed variations are
'

ll fornot given. That deviations from theory, especla y or
VSIq arc essential 1Il flttlng some dRtR will bc dlscusscd
later.

The CGect of including the q dependence of the two-
nucleon scattering matrix in the 6rst-order potential is
illustrated in Figs. 2 and 3, for the case of protons
lnci en o'd t on aluminum. For the imaginary centra

-350po en laotential over the whole energy range ( 100—
MeV), and for the real central potential at the lower
energies, the depth at r =0 is reduced and the potential
tail is extended, compared to the values for the forward-
angle approximation. The depth at »=0 of the (re a-
tively small) real central potential at 300 MeV is

0
~ 0 l00 200

EL (IHeVj 28—

p AI, 156 MeV

I'10. i. Volume integrals of the 6rst-order theoretical optical
potential, as denned in Eq. (j.4), compared with phenomenological
values taken from Hodgson. 4 The values shown are for nuclei with
E=S such as carbon. Note that the negative of %'SI is shown.

24—

of form of tz(») are eliminated, dependence on A is
minimized. In Fig. 1 is shown the volume integral of the
first-order potential as a function of incident-nucleon
energy, with

VI+iWI = —— V,&'& (»)d'»

4n-
=—(1.2)zUpp

3

=—7.23Uoo,

'1

VSI+ zWSI= — V,&'&'(»)d»

0 I l l

32—
~~

24—

20—

p Al, l 56 MeV

C
-rm V"'

CO----

QVoo, (14)

I''"'(») =-—I'."'(») .
t' dt'

Here T3=0, i.e., the nucleus has S=Z. The final rela-
tions of Eq. (14) are zzot dependent on using the forward-
angle approximation for V,oi(») and V, &"(»). Phe-
nomenological results, tabulated by Hodgson, 4 are
shown for comparison except for the imaginary spin-
orbit part, where phenomenological values are small in

l l l l l l0
p A l, 5I0 MeV

-Re V
( l1

~ 0
C

ll~~~~ -Re V co
l l l l V -4=~% l

0 2 4 6 8 l 0 l 2 l4 l 6 l 8 20 22
P

F . 2. The Grst-order central potential for protons incident on
aluminum, comparing the integrated potentia V,

*
le.

&') with the
potential V,o('&, which employs the forward-angle approximation.
Curves J6 and J9 are phenomenological potentials of Johansson
et al. (Ref. 33).The negative of the potential is shown in each case.
The quantity p =kr.
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p —Al, i56 MeV

-Re Y . ——~
(I)

(I)
V so.

Target nucleus C
Ei,b (MeV)

(protons incident) 156 310 156 310 156 310

T&ax.z II. Shape parameters for the first-order potential.
Phenomenological values are taken from Refs. 5 and 6. Quantities
given are defined and discussed in the text.

p A I, 3(0 MGV

-Re V
(i)

s ~~ ~

-Re V (~)
so

p Ai, l56 MeV

1m V
())

S
'0 ~

(I)
V so

~~r ~o~
.6—

r

t t I I I i l . i I

Shape
Potential parameters

Phenom a

ReV, and EI,
ImV,
Phenon. b Eg
ReV,

EIs
ImV,
Re V„&» E& 2.30
Im V,0&') t, 2.05
ReV,&') Eg 2.27

2.86
Imv. &» E& 2.21

3.07
Re V, &') E~, F 1.03
Re V,o&') E, F 1.80

(Rev. &»/Rev„&»), 0 0.82
(Im Vc&x)/Im V.0&')), 0 0.78

(Rev. &») /
(Rev.,&») 0.88

values of shape parameters (F)

3.75 3.75 4.79
2.86 2.86 2.86
3.3
2.9
4.2
2.9

2.30 2.95 2.95
2.05 2.70 2.70
1.48 2.79 2.39
3.15 3.43 3.51
2.15 2.80 2.85
2.85 3.54 3.24
1.51 2.17 2.17
1.80 2.50 2.50
1.32 0.94 1.24
0.92 0.88 0.93

4.06 4,06
2.48 2.48
3.82 3.75
3.55 3.06
3.83 3.92
3.63 3.24

3.60 3.62
3.80 3.80

1.00 1.09
0.95 0.98

0.85 0.92 0.89 0.87 0.85

0 i t

0 2 4 6 8 i0 i2 i4 i6 l8 20

FIG. 3. The erst-order spin-orbit potential, for protons incident
on aluminum, comparing the integrated potential V,&» with the
potential V,o&'), which employs the forward-angle approximation.
Curves J6 and J9 are phenomenological potentials of Johansson
g g, (Ref. 33). The negative of the real potential is shown. Note
the enlarged scale on the ordinate for Im V,&».

increased slightly. Also shown are phenomeno]. ogical
potentials obtained by Johansson et a/. "for a range of
moderate-mass nuclei, with radial dependence given by
the Woods-Saxon shape. A potcntlal having a volume
integral given in Fig. I, but with the same Woods-Saxon
shape as J6 and J9, would have depths at r=o of
—16,7 and —17.4 MCV, for real and imaginary central
potentials, respectively. The peak of the real spin-
dependent potential is reduced and shifted from that in
forwa rd-angle appI'oxllTiatlon. The llTiaglnary splQ-

dependent potential is negligib1e in all cases.
Effects of further modifications may be sampled ln

Fig. 4. The theoretical potentials are for neutrons on
copper at 156 MCV. The contribution of the second-
order potential, with both choices of correlation lengths,
is shown, and the CBect of radically varying the phase
parameters is shown by computing potentials with the
Gammel-Thaler (GT) values. Only the Brueckner-
Cammcl correlation lengths are used for the second-
order contribution with the. Gammel-Thaler phase
parameters. The imaginary first-order central potentials

33 A. Johansson, G. Tibell, K.. Parker, and P. K. Hodgson, Nucl.
Phys. 2j, 383 (1960).

Reference S.
b Reference 6.

for the two sets of phase parameters are quite similar,
refIecting the fact that the total nucleon-nudeon cross
section strongly inQuences the part of the scattering
matrix contribUtlllg to ImV & ~.

In Table II are shown the range and surface param-
eters for V, &'& and V,o&'& for sample cases to show the
effect of q dependence of the two-nucleon scattering
matrix, together with phenomenological results for
comparison. The summary of Hofstadters supplied the
phenomenological shape parameters in which .real and
imaginary parts of the potential have the same values,
and. the analysis of Hodgson' the results for aluminum
at medium energies (actually about 160 MeV) in which
thc posslblllty of having different langcs foI' thc ical
and imaginary parts was examined. The latter refine-
ment allowed behavior at diffraction minima for the
cross section to be more faithfully reproduced. While
the present approximation would not be expected to
hold at larger angles where higher order multiple
scatterings could contribute, the inhuence of the q
dependence of the two nucleon scattering matrix is to
give difIerent shape parameters for the real and imagin-
ary potentials. Included also in Table II are values of
the radius E„, at which the real spin-orbit potential
reaches maximum, for both V, &'& and V,o&'&, ratios of
depths of the central potentials V,&') and V,00& at, r=o,
and ratios of maximum values of the real spin-orbit
potentials.

The trends of the shape parameters with energy and
mass number as shown in Table II are typical of all the

. Calculations of this study p especially ln the' strlklng
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60—
~ ~ ~ ~ ~ ~ ~ ~ ~ ~

50—

n Cu, l56 MeV

Real Central Potential

V( I)

V(l)
0

v")(GT)
v(t. )

B
v(R)

F
V(2)B(G T)

et e/. 35 is exhibited in several cases by the integrated
potentials, but by nothing like the phenomenological
amount. No difference in t, was found necessary by
these investigators (the possibility of varying t„as well
as E& on an equal footing was apparently not thoroughly
explored).

Although the 6rst- and second-order potentials have
somewhat different radial dependence, the principal
effect of the second-order potential may be seen by
comparing the potential depths at r=0. This is shown
for neutrons on copper for a few energies in Table III

30— TABLE III. Ratio of second-order potential to Grst-order
potential at r=0, for neutrons incident on copper. The labels B
and F indicate that correlation lengths are taken from Brueckner-
Gammel and Fermi-gas models of the nucleus, respectively.

~ ~~
l

50—

ev

entral Potential
Elab

(MeV) (ReV.&'&/ReV. &»), p

B F
(ImV, "&/ImV, &'&)„0

B F

20—

95
156
300
350

0.50
0.33
0.30
0.60

0.25
0.10

—0.15
—0.50

—0.15
0.10

—0.20
0.20

—0.30
—0.25
—0.07
—0.03

to—

l l I l t l l l'~
l i

0 2 4 6 8 l0 l2 14 l6 l8 20
P

FH:. 4. The theoretical central potential for neutrons incident
on copper, showing all potential approximations: V('), the inte-
grated 6rst-order potential, Eq. (9); Vo('), the Grst-order potential
in forward-angle approximation; Vg(') and Vg(~), the senz of V(')
and the. second-order potentials of Kq. (10), with Brueckner-
Gammel (Ref. 27) and Fermi gas correlation lengths, respectively.
The designation GT denotes use of Gammel-Thaler (Ref. 19)
phase parameters in place of those of the Yale group (Refs. 17, 18).
The negative of the potential is shown.

point illustrated by the entries: the surface thickness
t. is much more strongly eGected by inclusion of the
angular variation of the two nucleon scattering matrix
than is RI„ the radius at half-maximum. Compared to
the val'ue of Eq for the nucleon distribution itself; i.e.,
for V,()(", the value for the integrated potential is
always smaller, though by amounts ranging only from
a few to 10% (except for carbon at 310 MeV). On the
other hand, t, is larger for the integrated potential by as
much as 50%.An rms radius for V, &" would exceed that
for the nucleon distribution, therefore, but because of
an increase in t, rather than Rq. Schenter and Downsa
have noted the importance of the surface eGect, while
Kerman et al.23 assumed that the radial parameter was
most important —a conclusion not supported by these
calculations. The increased radial parameter for the
imaginary part required by Hodgson' and Johannson

"R.E. Schenter and B. Downs, Phys. Rev. 129, 2292 (1963).

for the central potentials. The labels 3 and F indicate
that the Brueckner-Gammel or Fermi gas models of
nuclei have been used for the correlation lengths R,
which enter Eq. (10).Although the percentage changes
in the real part of V,(" are quite large at high energies,
the size of the potential is small compared to the
imaginary part, so that effects on observables are not
large.

HI. COMPARXSON WITH DATA

A. Differential Cross Section

The differential cross section and polarization in
nucleon-nucleus scattering are now calculated from the
potential discussed in Sec. II. Phase shifts are obtained
by numerical integration of the Schrodinger equation
on a digital computer; a portion of the s(:AT4 program"
was used here. The data used for comparison in the
present work are indicated in Table IV. Only tabulated
data were used, and the energy given is that at which
the calculations were made; the experimental energies
may differ by one or two MeV. For comparison with
data for protons incident, a Coulomb potential was
added to the nuclear potential of Eqs. (9) and (10).
Since the 1/r tail of this potential is the dominant
feature, the potential corresponding to a uniform charge
distribution was employed. A Coulomb spin-orbit term
caused by the magnetic moment interaction" was also

» A. Johansson, U. Swanberg, and R. E. Hodgson, Ref. 14.
36 M. A. MelkanoB, D. S.Saxon, J.S.Nodvik, and D. G. Cantor,3 Fortral Program for E/astic Scattering Analyses with the Nuclear

Optmal j/lode (University of California Press, Los Angeles, 1961).
3~ Ql. Heckrotte, Phys. Rev. 101, 1406 (1956).



F. A. McDONALD AND M. H. HULL, JR.
TABLE IV. Sources of data used for comparison with theory.

Some comparisons have been omitted from presentation here
(in Figs. 5-16), where no new information would have been
illustrated.

~ y ~ ~
~ ~

n C, l56 Mey

2.0

I.O
Energy
(MeV)

84
95

137
156
300
350
350

95
137
156
156
180
200
300

Targets

Elastic neutron

Al, Cu, Pb
C, Al, Cu, Pb
C, Al, Cu, Pb
C, Al, CQ, Pb
C, Al, Cu, Pb
C, A1, Cu, Pb
C, Al, Cu, Pb

scattering

o'

o, P

b
c
d
e
f
g

Elastic proton

C
C

C, Fe
Al

C, Al, Fe
C

C, A1, Fe

scattering

cr, P
o-, P
P

o, P

tr) P
o, P

h
i

k
1

m
n

Data type Reference

IO—
o {ON)

.y(l)
y(l)

0
~ ~ ~ ~ y(' ')

(GT)
y(2)

B
~ ~ y(2)

F
~ "...~..y (GT)

(2)

~ 2

CJ

La
A

Ll

a A. Bratenahl, S. Fernbach, R. H. Hildebrand, C. E. Leith, and B.T.
Moyer, Phys. Rev. 77, 597 (1950).

b G. L. Salmon, Nucl. Phys. 21, 15 (1960).
& C. P. Van Zyl, R. G. P. Voss, and R. Wilson, Phil. Mag. I, 1003 (1956).
d R. S, Harding, Phys. Rev. 111.1164 (1958).
& W. P. Ball, UCRL-1938 (unpublished).
&A. Ashmore, D. S. Mather, and S. K. Sen, Proc. Phys. Soc. (London)

71, 552 (1958).
I R. T. Siegel, Phys. Rev. 100, 437 (1955).
h J. M. Dickson and D. C. Salter, Nuovo Cimento 6, 235 (1957).
& J. M. Dickson and D. C. Salter, Ref. h, above.
I R. Alphonce, A. Johansson, and G. Tibell, Nucl. Phys. 4, 672 and 643

(1957').
"A. Johansson, G. Tibell, K. Parker, and R. E. Hodgson, Nucl. Phys. 21,

383 (1960).
& A. Johansson, U. Swanberg, and P. E. Hodgson, Arkiv Fysik 19, 541

(1961).
m T. T. Thwaites, Ann. Phys. (N. Y.) 12, 56 (1961).
n O. Chamberlain, E. Segre, R. D. Tripp, C. Wiegand, and T. J. Ypsilan-

tis, Phys. Rev. 102, 1659 (1956).

used, but its contribution to the polarization is numer-
ically insignificant.

The scattering of neutrons provides the clearest test
of the theory, since Coulomb scattering does not ob-
scure the effects of potential variations at small angles.
Figures 5 and 6 show the results for all potential types
in four sample cases, and Figs. 7—ii give a more nearly
complete survey. The extension of the potential tail and
change in depth of the integrated 6rst order potentials
compared to those calculated in forward-angle approxi-
mation (for the two-nucleon matrix) result in a narrower
diffraction pattern and increased small-angle cross
section, i.e., a "rotation" of the calculated cross-section
curve. This rotation gives an improvement in fitting the
angular dependence of 0 (8) in every instance, although
not always as great as required by the data. The addi-
tion of the second-order potential shows up principally
as a shift in level of the cross section. Use of Brueckner-
Gammel correlation lengths usually results in improved
agreement with data, since the second-order potential
computed with them raises the cross section. Although
at the higher energies, this shift leaves the theoretical
result still low, the curves labeled V~&2), meaning that
all refinements discussed here have been included and
Brueckner-Gammel (BG) correlation lengths used for

e IO

8+ (degrees)
I2 14

Fro. 5. Differential cross-section data for neutrons incident on
C and Cu at 156 MeV, compared with theoretical predictions. 8N
is the scattering angle in the nucleon-nucleus center-of-mass
(Nc.m. ) system. Curves are labeled by the potential designation;
see caption of Fig. 4. See also the potentials in Fig. 4.

I j I

~n C, 300 Mey

—0.5

os

Ch

0.2

I 0.0— O. t

5.0— 300 Mey

2.0—

~I.O—
Xk

0.5—

0.2—

O. I 6 e
eN (degrees)

IO I 2

Fio. 6. Differential cross-section data for neutrons incident on
C and Cu at 300 MeV, compared with theoretical predictions.
Notation is that of Fig. 5.
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regard, it should be noted that Gerstein et ul." report
results 25—35 percent greater at 95 MeV. Also, com-
parison with data for neutrons incident (see Fig. 8)
shows that Coulomb e6ects have accounted for only
half the experimental differences; the nuclear potentials
are identical for neutrons and protons incident, since
T3=0 for carbon. It is possible, therefore, that the
experimental normalization of the cross-section data
shown is in error. Comparison of theoretical and
experimental values for the other cases again supports
the superiority of the V&('& potential, although Coulomb
effects obscure the di6erences. The curves marked J6,
J9 in Fig. 12 are predictions from the phenomenological
potentials of Johansson et aV', which were shown in
Figs. 2 and 3. Although J6 and J9 give poorer fits than
the other curves, it should be pointed out that they were
determined" by fitting data for a range of nuclei, not
just aluminum, and the treatment of Coulomb eff'ects
may have differed.

B. Polarization

6 8
8N (degrees)

I

IO
I

l2

Nucleon-nucleus pola. rization provides the severest
test of the theory, and emphasizes the importance of
having data over a range of energies and targets.

FzG. 11.Differential cross-section data for neutrons incident on
C, Cu, and Pb at 350 MeV, compared with theoretical predictions.
Notation is that of Fig. 5.

R, ,„give the best of the theoretical fits. Cross secti. ons
predicted from potentials using Fermi gas correlation
lengths are consistently low in this range. At lower
energies the preference for BG correlation lengths is not
so clear; the predictions from the Vp('& potentials are
too low for light nuclei, but are larger than those for
V&&" for heavy targets, and provide at least an equally
good fit to data. One should emphasize at this point the
over-all good quality of the data fits illustrated in Figs.
5—11 (and subsequently), despite the fact that no
arbitrary parameters have been used in the calculation.

It may also be noted that the use of Gammel-Thaler
(GT) phase parameters for the two-nucleon scattering
matrix provides in the V~(" approximation, a fit to
data of reasonable character, although the regularities
noted above do not appear: the theoretical cross sections
are sometimes larger, sometimes smaller than the
experimental ones (see Figs. 5 and 6). These calcula-
tions, therefore, are relatively insensitive to the two-
nucleon phase-parameters. While on the basis of the
whole survey they tend to rule out the GT fit, they
could not be used to select among several good fits to
nucleon-nucleon data.

Proton-nucleus scattering is illustrated in Figs. 12
and 13. The treatment of the Coulomb interaction
appears adequate, as the lowest angle data are well
fitted in all approximations. At 95 and 137 MeV, the
proton-carbon theoretical cross sections are all large
compared to experiment, '8 the only such cases. In this

2.0

4lz I.O-
LQ
Ql

u 0.5—
Oi

0.2—

I I I I

&& p C, 95 MeV

~ N~
0 ~ ~ ~

Q Q

o p C, I57 Mey

+Q+~0

lO—I.O z
tO—0.5
O

—0.2
-(8.)

I

.5

.2

8 IO
eN (degrees)

14 l6
I

I8

FIG. 12. Differential cross-section data for protons incident on
C at 95 and 137 MeV, and on Al at 156 MeV, compared with
theoretical predictions. Notation is that of Fig. 5. The curves J6
and J9 correspond to phenomenological results of Johansson et gl.
(Ref. 33). Compare also the potentials in Figs. 2 and 3.

"J.M. Dickson and D. C. Salter, Nuovo Cimento 6, 235 (1957).
3 G. Gerstein, J. Niederer, and K. Strauch, Phys. Rev. 108, 427

(1957);see also G. L. Salmon, Nucl. Phys. 21, 15 (1960) for results
with neutrons at this energy.
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Comparisons with data in Figs. 14-16 show a major
discrepancy: although the small-angle polarization is
consistent throughout, at lower energies the theoretical
polarization does, not reach the experimental maximum,
while at higher energies the maximum theoretical values
are too large by about the same amount. The recent
work of Jarvis and Rose, 4' which shows that the polari-
zation results of Dickson and Salter" presented in
Fig. 14 should be reduced by 15%, causes a decrease in
the discrepancy at 137 MeV for p-C polarization, but
does not remove it.

0.02
8 IO )2

8g (degrees)
l4 )6

0

FIG. 13. Differential cross-section data for protons incident on
C and Fe at 310 MeV, compared with theoretical predictions.
Notation is that of Fig. 5.
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Fj:G. 14. Polarization data for protons incident on C at 95 and
137 MeV, compared with theoretical predictions. Notation is that
of Fig. 5. The curves labeled FBA result from using the 6rst Born
approximation for the potential V('&. In this 6gure the curve
Vo&'& is indistinguishable from V&').

~ 0
I I

0 4 8 I2 I6 20 24 28
e„(deg) (C)

Fxo. 15. Polarization data for protons incident on C and Al at
156 MeV, and for neutrons incident on Cu at 156 MeV, compared
with theoretical predictions. Notation is that of Figs. 5 and 14.
The curves J6 and J9 correspond to phenomenological results of
Johansson et ut. I'Ref. 33).Compare also the potentials in Figs. 2—4.

The theoretical results for polarization are found to
be quite insensitive to the several refinements in the
calculated potential discussed in this work, as might be
expected from the fact that a ratio of scattering ampli-
tudes is involved so that changes in magnitude of the
amplitudes tend to cancel out. For example, the curve
marked V&'&(BA) in Fig. 15 is the result of using the
first Born approximation for the nucleon-nucleus
scattering amplitude from the potential V&'& added to
the exact Coulomb amplitude. The agreement with the
exact calculation with V&" is good, although the Kohler-
Levintov' theorem does not strictly apply since the

~ 0. N. Jarvis and B. Rose, Phys. Letters 15, 271 (1965}.
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STU D Y OF NUCLEON —NUCLEUS
ELASTIC

C SCATTERI NG

given by the integrated potential and the second-order
contributions. The polarization predictions are hardly
affected by the estimated changes, and the discrepancy
in cross-section level at higher energies for heavy nuclei
is not removed.

B. Neglect of Target-Nucleon Momentum

Momenta of the target nucleons may be 35% of that
of the incident nucleon, but being isotropically dis-
tributed it is expected that in taking the average of the
t matrix their momenta may be taken as zero. A numer-
ical estimate, "drawing on work of Dabrowski et a/. ,

4'

shows that for incident energies above 100 MeV a
change in ImV&'& of less than 3% results from assuming
zero target momentum.

C. On-Energy-Shell Apyroximation

The error in using free-nucleon kinematics has been
estimated by evaluating the factors relating the t matrix
in the nucleon barycentric system to that in the nucleon-
nucleus system, assuming nucleon-nucleus kinematics. "
The correction factor is unity at forward angles and
decreases to 0.63 at the maximum momentum transfer
allowed by the free nucleon kinematics. However, in the
integrated potentials, the principal contributions to
Uo& are from forward angles, so the effect on the poten-
tials is small.

A rough estimate of the effect of evaluating the two-
nucleon scattering matrix off the energy shell was
obtained by using the first Born approximation for
scattering amplitudes calculated from the nucleon-
nucleon potentials fitting the scattering data. 4~ This
calculation was used to continue t off the energy shell:
the magnitude was fixed by making it agree with the
phase-parameter results on the energy shell. Only the
central and spin-orbit parts of the potential contribute
to A (8) and C(8) of Eq. (7), and only C(8) is affected in
these estimates. The correction obtained for. ranges of
q required by the nucleon-nucleus kinematics produces a
change of about 5% in the polarization for high energies
and heavy targets and less otherwise, and this is much
too small to remove the discrepancies in the fit to
polarization already noted.

D. Antisymmetrization Ayyroximation

The failure to antisymmetrize the wave function for
2+1 nucleons neglects target exchange, as has been
mentioned. Takeda and Watson" estimate that correct
antisymmetrization would introduce a correction of
order 3% at 100-MeV incident energy, and a smaller
one at higher energies. In a more recent calculation,

45 J. Dabrowski and J. Sawicki, Ref. 14.
C. Mpller, Kgl. Danske Videnskab. Selskab, Mat. Fys. Medd.

23, 1 (1945)."K. Lassila, M. H. Hull, Jr. , H. Ruppel, F. A. McDonald, and
G. Breit, Phys. Rev. 126, 881 (1962).

Sawicki" develops a correction for the optical potential
which includes target exchange terms. These corrections
are of order 0.5% at 80 MeV and 0.1%at 230 MeV, and
thus are smaller than others discussed above.

E. Variation of Nuclear-Structure Parameters

Although the assumption that the charge and nucleon
distributions are the same, and that electron-scattering
analysis gives the charge distribution, does not allow
the parameters of p(r) to be considered free in this
calculation, the effect of variations has been investi-
gated. It was found that at 300 MeV (Fig. 6) an increase
of 10% in the range parameter produced a further
"rotation" of the theoretical curve for 0 (8), which tends
to improve the angular dependence in comparison with
experiment. Excellent agreement with the data could
be then achieved by increasing the magnitude of the
Brueckner-Gammel-type correlation lengths to E,=E,
= —2.10 F, an increase by a factor 2.5. Similar results
were obtained by increasing the surface parameter by
30% and the correlation lengths by a factor 2.75. The
polarization prediction is reduced by these changes, but
by only about one-tenth the amount necessary to
produce agreement with experiment. At higher energies
these changes would produce similar improvements in
all cases, but at lower energies only the increases in
range and surface parameters would be allowed by the
data. The polarization discrepancy would, in any case,
remain. While these calculations suggest that the
nucleon distribution might be longer ranged than the
charge distribution, and that the correlation"le'ngths
should be larger in magnitude than those given by the
Brueckner-Gammel wave functions, there is not com-
plete consistency for all data at all energies. In view of
the uncertainties in the theoretical calculations, out-
lined above, such conclusions are not justified. For
example, better treatment of off-energy-shell behavior
of the t matrix might give greater extent to the nuclear
potential with use of the original shape parameters for
the matter distribution.

F. Variation of Nucleon-Nucleon Phase Parameters

Recent improvements'0 in the phase-parameter fits to
nucleon-nucleon data have also been considered in these
calculations. The differences between these and the
older fits" "used in the bulk of the calculations is much
smaller than between the Gammel-Thaler parameters
and the older 6ts, and the changes in nucleon-nucleus
cross-section and polarization curves are at most 4%,
which is well within both experimental and theoretical
uncertainties. An arbitrary change of the magnitude of
C(8) to produce agreement with nucleon-nucleus
polarization is completely incompatible with nucleon-
nucleon data.

"J.Sawicki, Nuovo Cimento 15, 606 (1960).
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V. SUMMARY AND CONCLUSIONS

In common with earlier work'~'4 the first-order
nucleon-nucleus potential with nucleon distribution
given by electron scattering reproduces the experi-
mental cross section in order of magnitude when the
newer phase parameter analyses are used for the two-
nucleon scattering matrix. Use of the integrated
potentials, including angular dependence of the nucleon-
nucleon scattering matrix, " improves the angular
dependence of the cross section, and addition of the
second-order potential" with Brueckner-Gammel cor-
relation lengths generally improves agreement with
data in magnitude. These two corrections are of the
same order of magnitude, and must both be included
on the same footing in a consistent calculation. At higher
energies and for heavier targets, the improvements do
not succeed in producing a good fit to the cross-section
data, however.

The polarization predictions are relatively insensitive
to the corrections discussed, and the theoretical
potentials do not lead to a fit to the experimental values
near the first maximum, although at lower angles there
is general agreement with data. This disagreement is
emphasized by use of the more recent"" nucleon-
nucleon phase parameters. The importance of compar-
ing predictions with data over a range of energies and
targets is brought out in detailing this discrepancy, and
the desirability of further experiments for neutron
polarization at all energies and proton polarization
between 200 and 300 MeV for several targets is
indicated.

Estimates of the errors in the theoretical treatment
do not suggest an answer to the polarization dis-

crepancy, since all the estimates indicate sects much
too small, and none clearly has the needed energy
dependence. At the same time, the estimates are large
enough to suggest caution in drawing conclusions about
nuclear-structure parameters and in attempting to
select from among several good its to nucleon-nucleon

data by an analysis along these lines of nucleon-nucleus
scattering.

However, the generally good agreement between the

present calculation and a wide range of data as illus-
trated in Figs. 5—16 should not be overlooked. No ad koc
parameters have been introduced: the phase shifts come
from analyses of nucleon-nucleon scattering, the nuclear
charge distribution parameters from electron-nucleus
scattering, and the correlation lengths from models of
the nucleus used to discuss its static properties. While
careful calculations, going well beyond erst Born
approximation estimates, have been required, rather
strong evidence for the usefulness of the impulse
approximation in relating nucleon-nucleon to nucleon-
nucleus scattering has resulted.

EGects of third-order terms in the multiple-scattering
expansion have not been estimated. The possibility
that unusual contributions to the second-order term,
such as strongly excited low-lying collective modes, "
could change the potential in the required way has not
been investigated. The work of Clegg" which appeared
as the present paper was in preparation, gives some
information on this point. He makes a similar suggestion
to explain the same discrepancy in the polarization
prediction for 155-MeV protons scattered from C"
found in this work. Estimating the effect on the calcu-
lated polarization of excitation followed by de-excitation
of states in the target nucleus of a speci6c type such as
are identified experimentally, he makes it plausible that
an enhancement of the predicted polarization values is
possible. However, no calculations are given, and the
question of the reduction in predicted polarization
required at higher energies is not investigated.
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