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A general quantum-mechanical formula for the low-field Hall effect is derived in the density matrix ap-
proach, thus making it possible to treat this effect in disordered systems. With some assumptions about the
one-electron matrix elements involved, the Hall and ordinary conductivities are correlated for the impurity-
band conduction in the “metallic range.” According to our results, the sign of the Hall effect depends on the

degree of filling of the impurity band.

1. INTRODUCTION

HE theory of the Hall effect is an unclarified
problem in disordered systems, such as impurity
bands and amorphous semiconductors. In these systems
the classical “scattering approach” to the transport
problem fails, because in any approximation the elec-
tronic states can not be regarded as quasifree; conse-
quently, such a basic concept as the effective mass can
not be defined. But it is not clear what other parameter
would then govern the sign of the Hall effect.

Some qualitative considerations, as yet unproved, can
be found in a paper by Mott and Twose.! A rigorous
basis for a future theoretical investigation of this prob-
lem is contained in R. Kubo’s work? concerning the
general theory of low-field Hall effect.

In this work, we derive the general formula for the
low-field Hall conductivity in a manner different from
that of Kubo, introducing adiabatically both the elec-
tric and magnetic fields (Sec. 2). Such an approach
seems to be simpler. For a system of dynamically non-
interacting electrons, using the second quantization
formalism, we express the transverse conductivity in
terms of products of certain one-electron matrix ele-
ments (involving momenta and the disordered poten-
tial), and Fermi distribution functions (Sec. 3).

The formula which has been obtained is applied to
the case of high-concentration impurity-band conduc-
tion, where some simple assumptions about the matrix
elements are possible (Sec. 4). According to our results,
the sign of the Hall effect depends on the filling of the
impurity band.

2. THE GENERAL FORMULA OF HALL
CONDUCTIVITY

Let us consider the density-matrix equation
ihdp/dt=[H+H'(t), p], (D

where H is the Hamiltonian of a dissipative system
and H'(¢) is the adiabatically turned-on external-field
Hamiltonian (electric and magnetic).

For a calculation of low-field Hall conductivity it is
sufficient to consider the terms of the density matrix
which are bilinear in the external electric and magnetic
fields.

The second iterative solution of Eq. (1), with the
initial condition

P‘c=—w=PO(H)

[po(H)=grand canonical equilibrium density matrix ] is

1 0 0
p(2) == ._._;.L; dt/ dt/es(t+t’)eth/h[H”eth’/h[H’,po:le—-th’lh]e—thlh; (S —_ _I_O) . (2)
—w Y —o0

As we had mentioned before

H'=Hy+Hz, ®3)

where, in the second quantization formalism,

Hy= f drxb*(r)(—iscxﬁﬁ
mc

2

625@002)300)

2m

(3a)

Hy= ] dr (1) (— e Sy ).

[We have chosen the dc magnetic and electric fields along Oz and Oy axes, respectively, with the potentials

o=— &y and A= (0,3¢x,0).]

1N. F. Mott and W. D. Twose, Advan. Phys. 10, 107 (1961).
2 R. Kubo, J. Phys. Soc. Japan 19, 2127 (1964).
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Thus the average current, in which we are interested is
63

QhPmic

0 0
(Godove ——— 856 f it f des O Tr [V, LM (@),po NP (— )+ 4, LY () s TIPa (=D} @

where

y= f g (Ow(); M= / dr Y (Db (); P / dr (P (®)

and Q is the volume of the system considered.
A step-by-step resolution of the commutators, using the well-known identity

A\ F(—i\)=ih / d\ F(—itiN)eH
0

—2

d\ M[F,H e M = —ihesH /

0

[F,eH]=—eH /

0

gives for the transverse (Hall) conductivity

—(it" [ A+N)

€ o 8 . \ - -
op=— 3¢ / dt / dtles ) / d)\<{i[M,Y]+i[Y,M]+h / dn(MY (—itm)+Y M (—itm))
Qm?* J_w J_w 0 0

—(it’ [a+N—B) . . .
—/ dn(M(—ihn)Y—|—Y(—ihn)M)}Pz(—t—t’+ih>\)> , (9

0

where the symbol (- - -} means the average over the grand canonical distribution, and 8=1/kT.

3. ONE-ELECTRON APPROACH

In what follows we shall make some suppositions which, of course, will restrict the generality of our results.
We shall consider that our system of electrons can be described by a Hamiltonian of following type:

pr
H= /dl‘ ‘PT(Y)(“‘Z_MVZ"I" V(l’))\b(l’) = ; €', (6)

(that is, the electrons are dynamically independent).
Then, it can be easily shown that

[V,M]= (#/m)P.; [M,Y]=0,
Y=mPy=m= Ly (B wa'as, )
M=2u,(Owaitar;  k=m=(p.py—20V (1)/3,).
Putting (7) into Eq. (5) and solving integrals over #, A, £, and ¢’ we have

63 1 2 1_6—3(5;;3“'5")
=— L {6 6,,,,( ) (D) w1 (P2) nyvs{ @it 005t @,
OH Qe “:;”:;';'; uzpu1Yvery (—1/h) (6,43“ e.,,)-}-s R 2t 1(P )us 3( w1 Unlpg a>0
L((’e)mu (ﬁﬂ)mn‘}" ('z)nzvz (ﬁv)mn) (ﬁx)uavz I_ 1 / 1 1—egBleuerteus—er)
i .
(—i/1) (eus—€35)+s Leuz" 5#2\ (—3/7) (esa— €rat€uy— €3) +5 € €t €€y
1 1— -ﬂ(en—eva)> 1 / eBlep1—er1) 1 — e Blept—enrtens—eny)
(—i/h) (enz—eva)-l—s €z €3 em—evl\("'i/h) (em_‘ 5v1+€m“‘€va)+3 e,.,—-e,l-i—e,,,—e,,,
]_ l—e—ﬁ(em“ﬁr;)

1 U t
(_i/h) (Eua - evu) +S €ug— €y )](al‘l riGus Gralys a">0 : (8)

For the equilibrium average over the products of creation and annihilation operators we may use the formula
<a“n1'. : 'amTav;' ) 'ap">0=f(€“) ot ‘f(éy") detlaﬂivk| 5 (ix k= 17 Tty ’}’L) ’ (9)

where f(e) is the Fermi distribution function.
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Taking into account that the equilibrium average of any of the involved one-electron operators p,, p,, & vanishes,
we need retain in Eg. (8) only the terms in which all the matrix indices are coupled. After a somewhat cumbersome
regrouping of terms the calculation gives

e’ 1 2
=— 3¢ Spgul — ) A P pins|?

T e { . (e,,,—e,u-l-ihs) ful @l

((")uzna(?u)mua‘i' (R) u1pe (o) paus) (Pm)usmr 1 / Afs Afa )

—€u+ihs Le,,,— e,,l\e,,s—e,.z-l—zhs €3 — €y H1hs
1 A A
'l / fz S )j” 10
em—e,,,\e,.z—-—e,,,-l-ihs €us— €10

where

Afi= [f(elli)_f(ellj)]/[elli_eﬂj] .
We mention that the same result may be obtained without the use of the second quantization formalism, by
introducing into Eq. (4) a one-electron Hamiltonian and a Fermi-Dirac one-electron density matrix.
If we put into the Liouville equation (1) a term 4%(p— po)/7, which represents an ideal relaxation law, we obtain
instead of Eq. (10) a similar expression, in which the adiabatic parameter s is changed to 7~. To verify our for-
mula, it is easy to calculate oy for such an ideally relaxing free-electron system. Such a calculation gives the

classical formula
og= (Ne3/Qm2c)3C2. (11)

Returning to our Eq. (10) for infinitesimal e=7s, and using the identity
1 Afw Afri ) AfatAfpn—Af
(ex—ej+i€) (ex— €;+1¢€) ’

€— ei\ek— €j-+ie ex—eitie
we have

e3h2 2
JC N ) {6;‘2"1[ (ﬁz)nms‘zAfw

Qm3c m.uz.ua(e,,s—em-l-le

OH= —

AfistAfas—Afie Afist+Afia—Afas
]} . (12)
€u3— €ugtte€ €up— €y 1€

(By interchanging the indices 1 and 3, it may be seen that this expression is real.)
With the notations

”(51)7‘(52)14 (51: e2) = Z | (ﬁx)nmz l 2 ’ (13)
(eu1 =I::: ’::2 =e¢2)
”(el)”(eﬁz)”(%‘)B(eb62,63) = Z ( (’e)nwz@y)uzus"l‘ (’E)uznz (ﬁu)uwz) (ﬁm)nam )

B, p2, pa
(eu1 =e1, ey = €2, €3 =€3)

(D B () s B ) (zs»ml[

and #(e) for the density-of-states function, Eq. (12) reads

3h2
{/d€1/d€2—< )n(el)n(eg)AfmA (61,62)
Qm (4 d61 €y— €1+’L€

e3—extie e2— €111

4. IMPURITY CONDUCTION

In disordered systems, of course, this expression must be averaged also over all the possible arrangements of the
atoms. In the following, we shall assume, as is usually done in such problems, that after averaging, in Eq. (14),
n(e), 4 (e1,€2), and B(ey,ez,€3) Will appear with their mean values.

If the energy dependence of the averaged 4 and B is sufficiently smooth, they may be taken outside the inte-
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grals. Such a case probably occurs in impurity-band conduction, at least in the so-called “metallic range,” as is
shown in Kasuya’s approach.? Thus, in the case considered, using the well-known identity

(x4-ie)'=Px'—imd(x), e— 40
we have o
og=— ($12/Qmdc)3C[AI+B(Jo+J1)], (15)
where
/de1/dez ( )n(€1)n(€z)Af12,
o— €1
dn(e) df(e)
]o=27rz/de n2(e) / R (15a)
de de
1 1
J1—- /delfdéz ( )n(el)n(eg)Afm/desn(eg)(P +P )
— €1. €1 €3 €2— €3
Let us consider a density of states in the impurity band, of the type
n(e)= (N/x8)[14 (/AP T, (16)

where NV is the total number of impurity states. With such a resonance-type function, the integrals (15) can be
easily solved in the complex plane. For the integrals involving the symbol d(Px')/dx we used the artifice

/ dx ¢(x)d< ) lim / dx ¢(x)1>—

The result is -
N24

eh?

Qmdc A3

OH=

with

Zx 3—2?)

[f( )

ey |

df(x) x(7—x2):| an

Ddr (1)

v=BN/AA (dimensionless coefficient)

and x being the energy in units of A.

If R T<<A, then f(x) may be approximated by 6(a—x) where g=u/A (u=chemical potential). Then, in the “me-
tallic range,” for low temperatures, the Hall conductivity reads explicitly

¢t NAr 5—3p

OH=— —

On the other hand, concerning v, we can observe that

m (XA V /0Y) u1us (ﬁy)nzua (P2) s

(’2)1‘1"2 (ﬁﬂ) B2u3 (ﬁx) u3pl1 = m_l (ﬁxﬁ_ﬁu)uwz(ﬁu)nzns (ﬁz) 215

50
amic wArL6(14g2)s

(—
L a( u):l (18)

(1+ 2)4

=m" {(Px)nmsl l(Pu)uznsP'i‘m_l 2 (Pz)n1V(Py)vnz(Py)u2ns(Px)uam

The first term of this expression is essentially real and
positive, but the others have no definite sign. We may
expect that their average value over a chaotic distribu-
tion of atoms will vanish. If this is correct, then

B=24%/m.

Thus

v~=2AN/mA. (18a)

But we may easily show that the ordinary con-
ductivity, with the same assumption about the aver-

3T. Kasuya, J. Phys. Soc. Japan 13, 1096 (1958).

v (%u3)

—m (%0 V/99)uine (ﬁu)nzus (ﬁw)nsm .

ages, may be expressed also in terms of A. Thus,
according to the well-known quantum theory of elec-
tric conductivity,*

wéh _ df(ew)
g=—— (Do) pine| 0 (esa—€us) . (19)
Qim? p1me de,,l l ? uwzl e
After averaging over the impurities, we obtain
et af(e)
= ———A/de n?(e€) (20)
Qm? de

4R. Kubo, J. Phys. Soc. Japan 12, 570 (1957).
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Introducing into Eq. (20) our density of states (16),
we get the following formula which is valid in the
“metallic range” for low temperatures:

o= (2h/Qm?) (N24 /7 A?) (14 52)2. (20a)

We may observe that the Hall and ordinary con-
ductivity are correlated in a simple manner, through
the phenomenological parameter A :

oo™ 5—=3@2  w(7T—@?) e|3C
= 7 o5 W= , (21
A[6(1+ﬂ2) (1+ﬁ2)2] me =
y=2mm/h)A(14+7>)?*/ (N/Q) Xo. (21a)

By inspection of Eq. (21) and by comparison of its
sign with that of the classical formula (11), we can
conclude that the first term in (21) always gives a
positive-charge contribution to the Hall effect, while
the second gives a negative one for G<0 and a positive
one for @>0. Therefore, for >0, that is for hole con-
duction in the impurity band—at least in the “metallic
range”’—we must have a positive-charge Hall effect.
For low electron concentration our formula shows that
a negative-charge Hall effect is very plausible; this
seems, indeed, to be true because an estimate of vy
[through Eq. (21a), using the data of the experiments
of Fritzsche and Cuevas®] gives ¥>>1. It is interesting
that even so, there is a slight asymmetry in favor of
the holes.

5. CONCLUSIONS

We have derived the general quantum-mechanical
formula for low-field Hall conductivity. This is neces-
sary for the discussion of the Hall effect in disordered
systems, where such concepts as “effective mass” and
“quasifree” approach are of doubtful value. Our for-
mula was put in its one-electron form for a system of

5 H. Fritzsche and M. Cuevas, Phys. Rev. 119, 1238 (1960).
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dynamically independent electrons. We think that such
a formulation is possible for the majority of transport
problems, particularly for disordered systems.

Assuming the constancy of certain matrix elements
(averaged over all the possible arrangements of the
atoms), we have correlated the Hall conductivity for
an impurity band with its ordinary conductivity [Eqs.
(17), (20)7]. (Here we neglected the possible overlap of
the impurity band with the nearest band of the host
crystal, which occurs at too high impurity concentra-
tion.) Our assumption seems to be justified for the non-
localized states, which are characteristic for the ‘“me-
tallic range” of impurity-band conduction. In this case,
for low temperatures (#7<<A), according to our formula
(18), both negative and positive Hall effects are possible
(depending on the position of the Fermi level), in con-
tradiction with Mott’s arguments.! Nevertheless, the
change of sign occurs when a symmetrical impurity
band is less than half filled.

It seems that in the impurity-band case, as in the
Bloch-band case, the sign of the Hall effect is governed
by the sign of the first derivative of the density of
states in the conduction region.

A thorough comparison of our results with the ex-
periments could not be performed because only in-
complete and uncertain experimental data are presently
available.

We intend to apply our general formulas (5) or (14)
to other interesting cases, such as the problem of the
Hall conductivity of the amorphous semiconductors
within the model used by one of the authors.¢
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