PHYSICAL REVIEW

VOLUME 143,

NUMBER 2 MARCH 1966
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The effect of a constant external electric field on the transverse dielectric constant of a semiconductor is
calculated. The field produces a sharp decrease in the dielectric constant close to the threshold for an inter-
band transition. Above the edge, the behavior is oscillatory. Numerical results have been obtained for

gallium arsenide.

I. INTRODUCTION

HE effect of a constant electric field on the optical
absorption of a semiconductor has been studied
fairly extensively, both theoretically’% and experi-
mentally.”™ ! Since the optical absorption is described
by the imaginary part of the dielectric constant, and
causality implies a connection between the real and
imaginary parts of this function through Kramers-
Kronig relations,!® it is obvious that an electric field
must have some effect on the real part of this function,
and thus on the index of refraction.!® Such effects have
been observed through measurements of the effect of
an electric field on the reflectivity of a semicon-
ductor.!™ We report here a direct calculation of the
change in the dielectric constant of a semiconductor in
an external electric field.
From a physical point of view, the effect may be
described as follows : In the absence of a field, the optical
absorption of an ideal semiconductor is zero below the
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band gap E,, and rises rapidly above it, being pro-
portional to (Aw— E,)!/2, where %w is the photon energy.
The real part of the dielectric constant, «,, also has a
discontinuous derivative at the edge. It is proportional
to the function

(Bo/ 1o)[2— (14 feo/ Eg) 12— (1—Tuo/ Eg)'*] (1)
for iw<E,, and to the function
(E,/ 1) 2— (1+700/ Eg)2] ()

above the gap, #w> E,. This function has a cusp when
hw=E,; it is shown in Fig. 1. A more complete expres-
sion is given in Eq. (32) below.

When an electric field is applied, the absorption
constant does not go to zero when Zw=E,; instead it
has an exponential tail into the gap. It becomes a
smooth function, and so does the real part of the
dielectric constant which is the Hilbert transform of
the imaginary part. Removal of the cusp of Fig. 1
produces a sharp change in the reflectivity, which is
observed. The general nature of these arguments
indicates that similar changes are to be expected at
any sort of interband edge, as has been discussed by
Phillips and Seraphin.?

II. CALCULATION

Our work is based on an expression for the frequency-
dependent transverse dielectric constant «, of a solid
which is given below.22 The electronic states of the solid
are represented by Slater determinants of one-particle
Bloch wave functions. These functions are characterized
by a band index (! or #) and a wave vector k (crystal
momentum representation or CMR). The result,
expressed in mks units, is

2 Ni(k)

mwep k.1

Jils

3hm n=t

ke=1+4

wnl(k)‘pnl(k)lz:] )
omkr—w? 1
The quantities which appear in Eq. (3) are defined as

21] C. Phillips and B. O. Seraphin, Phys. Rev. Letters 15, 104

(1
J Callaway Energy Band Theory (Academic Press Inc.,
New York, 1964), p. 296.
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follows: The (circular) frequency of the incident radi-
ation is w. N;(k) is the density of occupied states in
band /. Including the usual factor of 2 for spin, we get

Nk)=2 if
Ni(k)=0 if

|lk) is occupied,
|’k) is unoccupied. 4)

The quantity wa;(k) is given by
hwnl(k)=En(k)—"El(k) ) (5)

and the elements p;, are related to the usual momentum
matrix elements by

Pin (k)8 (k—Kk') = (k| p| nk’). (6)

The sum over # in Eq. (3) includes all values of the
band index (except for #=1), regardless of whether the
band is occupied or not.

The expression we have given above for the dielectric
constant does not involve the steady electric field.
When a field is present, we use a different set of basis
functions, as will be discussed in detail below, but in a
formal sense Eq. (3) is essentially unchanged.

The dielectric function as given by Eq. (3) appears
to vary as w2 for small w. This dependence actually
occurs for metals, but not in semiconductors and
insulators. In order to transform Eq. (3) into a more
convenient form, we use the identity

Wnl 1 w?
=— (7

- )
Onf—w? wn Wnr(@Wnl—o?)

and the “f” sum rule®:

2 . Ipw(@®)?

m
— —1——V2E(k). 8
3wt wom(K) AL ®

Then we get
m
e O e
3moleq ik 72
20? | pia (k) |2

o wn;(k)(w,,f—wz)]' ©

The term in Eq. (9) involving V2E; gives rise to the
usual plasma contribution in the case of a metal;
however for a semiconductor in which all bands 7 which
contain any electrons at 7=0°K are also full, we can
write

2
N OVER—— [ PR
e

(2m)?
% E. N. Adams, Phys. Rev. 85, 41 (1952).

VE;-dS=0. (10)
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F16. 1. Zero-field dielectric constant. The contribution to the
dielectric constant from a pair of simple parabolic bands with no
external electric field is shown as a function of &=/hw/E,, where o
is the circular frequency of the incident light, and E, is the
minimum band gap. The quantity B in Eq. (32) has been set equal
to unity.

In the last step in Eq. (10), we have used Gauss’
theorem to obtain an integral over a surface of constant
energy in band / which surrounds all the occupied states.
For a full band, however, there is no such surface, so
that the sum gives zero. Thus, for a semiconductor the
expression for the dielectric constant simplifies to

2¢? (k) |2
SNk S M

3mPheo 1 171 W1 (Walf—0?)

ke=1+ (11)

We are now ready to consider the effect of a steady
electric field, F=e¢E. We suppose the field to be along
the “x” axis, and also that this axis coincides with some
reciprocal lattice vector. Instead of using Bloch func-
tions, we use the functions introduced by Kane* as a
basis. These functions are eigenfunctions in the presence
of an electric field if tunneling is neglected, and have
been used in calculations of tunneling?+?5 and of optical
absorption.? They are characterized by discrete quan-
tum numbers, », # (where » designates a Wannier
level,?® # is still the band index), and by the wave
vector k; which refers to the components of the usual
crystal momentum in directions perpendicular to the
electric field. It then can be shown by a straightforward
calculation that Eq. (11) remains valid for a semi-
conductor in which all the states characterized by
different values of k, for fixed values of » and » are
either completely full or completely empty (with
tunneling neglected) provided that the quantities
Ni(k), win(k) which appear in Eq. (11) as defined in
the CMR are replaced by the analogous objects com-

% E. O. Kane, J. Phys. Chem. Solids 12, 181 (1959).
2 P, N. Argyres, Phys. Rev. 126, 1386 (1962).
26 Reference 22, p. 281.
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puted on the basis of Kane functions. Thus we have

232 vi,v'n kl 2
> Wty ¥ 2

3hm2€0 vk

Ke= 1+

(12)

v n#Evl Wapyr lv(wnv’ ,lv2_'w2)

The matrix elements and energy denominators may be
obtained from Ref. 3. We have

2rF (' —v)
hwnv’.lv=Wv’,n(k1)—W1‘l(kl)=—————
K
1 /2
+- LE.(k)—E;(k)Jdk,, (13)
K J—k/2
/2
Potv (k)= A5, % (K)pin(k) 4, n(k)dko (14)
—K/2
with
i ke
A,.,z(k)=x_”2exp{—/- W,k
F Jo
—E(ky,k,) dk, (15)

In Egs. (13)-(15), « is the length of the Brillouin zone
in the “&.” direction.

The expressions for the dielectric constant involve
all bands. For this reason, Egs. (11) and (12) are too
complicated to be computed completely. Our interest
here is principally the change in the dielectric constant
produced by an external field. The arguments of the
Introduction, which are supported by the calculation
which follows, indicate that this change is largest at a
frequency which corresponds to the onset of some
inter-band transition (or more generally at some Van
Hove singularity in the joint density of states). We will
obtain the most important features of the effects in
which we are interested if we use a band model appro-
priate to the region near a minimum gap.

More specifically, we will determine the contribution
to the dielectric constant from a pair of bands which
are closest at £=0, where they are separated by a band
gap E,, and are described by an effective mass approxi-
mation. Let

Ey=E,=—1?k%/2m,, (16a)

and
Ey=E.=E,+#k* 2m,, (16b)
pl=m, 4 mt (16¢)

We will suppose that the CMR interband matrix
element p.,=pa is independent of k, corresponding to
an allowed transition. Then from Ref. 3 we have

Pr2,1= (2mBY3/k)Pa1(0)Ai(—2) , (17)
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in which Ai(z) is an Airy function defined by

1 0
Ai(z)=- / cos(sz+%s%)ds, (18)
™
and ’
B= ZMF/hZ )
2= 27 (v— ') /x+ 122/ 24uF ]. (19)

These expressions are substituted into Eq. (12). The
quantities inside the summation are functions of »'—»
only. Consequently, the sum over » and »' can be per-
formed using the Poisson summation formula as is
done in the calculations of the absorption constant.?
The result is

S e

Ke=
3 m2heok
f: 5 » p A2 (—g,)et iy 20)
X Yy,
j=0 k; J_ w21(y)[w212—w2]
in which we now have
8,= BV 2wy ik 12/ 24uF ]
2nFy ke KA 21
hwn(y): u' Ea } } .
K 2u  24u

The sum over k; can be converted to an integral in the

usual way:
o1
/ d*k; .
ky (2x)

The integral over k., can then be performed. Since the
integrand decreases as k,~® for large ki, the upper limit
on the k; integration may be made infinite without
serious error. From the derivation of the expression for
the dielectric constant in Ref. 22, we see that the
integral is to be interpreted as a Cauchy principal
value. Also, the sum over j and the integral over y
can ke transformed with the aid of the relation?’

> e ¥ bly—n). 22)
J=—00 n=—w
After a straightforward calculation, we obtain
2ue?B?| P21 (0) |2
ke=14
3xhPmPeqw?
0 ”2
X 2 Ai*(—2,) In (23)
n—0 |wtaa| |0—aa] ’

21 G. Goertzel and N. Tralli, Some Mathematical Methods of
Physécs (McGraw-Hill Book Company, Inc., New York, 1960),
p. 123.
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in which z, is obtained from Eq. (21) by replacing y by
n, and
n=N"(E,+2rnF /x4 122/ 24u) . (24)
Equation (23) is our fundamental expression for the
dielectric constant. It is worth noting that this result
can also be obtained from the expressions of Ref. 3 for
the absorption constant with the use of a Kramers-
Kronig relation in the form

2¢ * na()

do' (25)

Ke=

Tw/)o 0w

in which « is the absorption constant and # is the index
of refraction.?® A similar procedure was employed by
Seraphin and Bottka.1®

Equation (23) contains a sum over terms arising
from the discrete Wannier levels. In the low-field limit
(and also because of the smearing of these levels by
collisions), it is legitimate to replace the sum over »
by an integral. Then let

> f(zn) =2 n f[BY3(2mn/k+ 122/ 24uF) ] —

/ i 88 (o1 24 )= i F(84)dt.
— T J -

Thus,
pe?B%| pas (0) |2
3rmAheqw?
XIn[a*())/(le—a(®)||e+a®])].

In order to obtain a more convenient expression, we
introduce the variable s=Fi/E,;, and define dimen-
sionless parameters

é’=hw/E,,,
7=E95U3/F ’

Ke=

/ dt Aiz(— 43113

(26)

(27)
B 6211)21(0)!2(2#)3/2
 12nm2eh \E,/
With these substitutions Eq. (26) becomes
27 Byl/2
Ke=1+
&
0 (14s5)?
X / ds A (—rs) In . (28)
— | 6—1—s||6+1+s]|

The quantity B can be obtained from the optical
absorption in the absence of a steady field. The ab-

28 In performing the calculation leading from Eq. (25) to Eq.
(23), one should note that the constant K in Ref. 3 is too large
b)l/ a flactor of 4, and that we have replaced |€-p.1|2 by its average
1 2
31Pa|%
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F16. 2. Dielectric constant in the presence of an electric field.
The upper curve (left-hand scale) shows the contribution of a
pair of simple parabolic bands to the dielectric constant in the
presence of an electric field as a function of §=~hw/E,. The lower
curve (right-hand scale) shows the difference between curve 1
and the zero-field dielectric constant for the same pair of bands.
The curves have been calculated with parameters appropriate to
the light-hole conduction-band transition in GaAs and a field
strength of F=10% eV/cm.

sorption constant « in this case can be written as
a=ay(hw—E, )2, (29)
with
ao=2mE3*B/ (filwc) .

Our numerical computations, which are discussed
below, are based on Eq. (28). Before considering these
in detail, it is desirable to see how Eq. (28) behaves as
the electric field becomes very small. In such a situation,
v is large, and we can introduce asymptotic expansions
for the Airy functions. Let x be a large positive number.
Then

Ai(—ax)= (x'/2x1/4)~1 sin (3a?2+%7) ,

Ai(x)= (2r'2x1/4)~1 exp(—2a3/2), (30)

From this we see that for very large v, only the portion

of the integrand coming from positive values of s
survives. We have

® ds

145y

B
e F=0 =1+_‘ i) .
r(F=0) M 6—1—s|| 8+1++]

&2 0 51/2

(1)

The integral can be performed in a straightforward
manner. We obtain

ke=1+(2n B/ &)[2— (14 &)"*— (1— §)'"],
(8<1),
(6>1).

(32)
ke=1+ (2rB/ &)[2— (1+8)v7],

The properties of this function were discussed in the
Introduction. The change in the dielectric constant
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Fic. 3. Change in dielectric constant for GaAs. The change in
the dielectric constant of gallium arsenide in an electric field of
108 eV/cm is shown as a function of photon energy in electron
volts.

produced by the field can now be computed as the
difference of Egs. (28) and (32).

Ax=k,(F)—x,(0). (33)

III. RESULTS AND DISCUSSION

The dielectric constant in the presence of an electric
field for a pair of parabolic bands is shown in Fig. 2 as
computed from Eq. (28). In this example, we also show
the change in the dielectric constant, Ak for the same
pair of bands. The quantity A« has a cusp when zw=_E,
and oscillates with decreasing amplitude when 7Zw> E,.

We have also evaluated Ax using band structure
parameters appropriate to gallium arsenide. One minor
complication arises from the complexity of the valence-
band structure. Two bands are degenerate at 2=0, and
a valence band, detached from the first two, by spin
orbit coupling lies approximately 0.33 eV below. It is,
however, not difficult to include these three bands,
since their effective masses are known. According to
Ehrenreich,? the conduction band has an effective mass
ratio m.*=0.072, while the three valence bands have
masses My1*=0.68, m,*=0.13, #m,5*=0.20. The band
gap at T=0°K is E,=1.515 eV, while from the optical
absorption measurements of Sturge,® we have ap=35.6

2 H. Ehrenreich, Phys. Rev. 120, 1951 (1960).
® M. D. Sturge, Phys. Rev. 127, 768 (1962).

X10% e eV—1/2 close to the edge. The resulting change
in the dielectric constant, including all three valence
bands, is shown in Fig. 3.

The field-induced change in the dielectric constant
has been observed through measurement of the change
in the reflectivity.!®-® The reflectivity is given by

L O
[A(F)+1P+K(F)

in which 7(F) is the index of refraction and K (F) is the
extinction coefficient, both in the presence of the field.
The index of refraction is related to dielectric constant

by
(F)=[x.(F)]"

(when the absorption is small). Close to the gap, the
extinction coefficient is negligible, and the change in
the reflectivity is dominated by the behavior of the
dielectric constant. The change in the reflectivity AR
for GaAs in a field of 10° eV/cm is shown in Fig. 4.

The change in the reflectivity of GaAs in an external
field has been observed.®! It is qualitatively in agreement
with our results (Fig. 4); however quantitative com-
parison is not possible because of lack of knowledge of
the precise electric fields existing in the material, and
of the complicating effects of impurity and surface
states.

(34)

35)

# B. O. Seraphin (to be published).



