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in the outer regions of the 3d shell,® therefore overlap
integrals (and (¢|H|A) matrix elements essential to
the evaluation of 10Dgq) are relatively severely affected
while the repercussions on {, are comparatively slight.
Given the expanded (or otherwise modified) basis
orbitals, the analysis developed in this paper can be
reapplied.** Such an effort is beyond the scope of the
present paper.

One of the great achievements of the transferred
hyperfine investigations! was, despite uncertainties, the
contact made with covalent mixing. The present effort
has attempted to provide similar contact between the

9 See Fig. 4 of R. E. Watson, Phys. Rev. 118, 1036 (1960) for
an indication of how an iron series 3d shell varies radially with
ionic charge.

4 When doing this, one should not assume a simple one-electron
spin-orbit operator of the form of terms in Eq. (3), when evalu-
ating {m and {1, but should use the full ionic spin-orbit operators
including two-electron terms (see Ref. 9).
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g shift and covalency. We leave it to the reader to
decide for himself how successful this has been. In our
opinion it is as, or almost as, effective as the transferred
byperfine data reduction process. The resulting v, has
proven to be of the same magnitude as vy, contrary to
common expectation concerning chemical bonding.
Introduction of such factors as 3d orbital expansion is
not expected to radically alter this tendency, i.e., it will
similarly reduce both vy, and ~,.
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The method of Green’s functions is used to derive an expression for the susceptibility of an ionic crystal
with defects in a homogeneous electric field in a harmonic approximation. For the sake of simplicity, the
polarizability of the ions is not considered and the general expression is specialized for the case of iso-
valent substitutional impurities. Using the temperature dependence of an anomalously low frequency
[w?=~(T—T¢)] of one transverse optic mode of vibration of long wavelength in ferroelectric crystals, it is
shown that the influence of such defects on the static dielectric constant is seen as the shift of the Curie
temperature, as is known experimentally. The Curie-temperature shift is expressed by means of the force
constants between ions, and in the crystal model in question it depends linearly on the concentration of
impurities in a broad range of concentrations. The Curie-temperature shift is used to estimate the magnitude
of the relative change in frequency of the anomalous optic (“ferroelectric’’) mode in the (Ba,Sr)TiOj; crystal,
which could be determined by the inelastic scattering of neutrons.

I. INTRODUCTION

ECENTLY Vinogradov! (see also Ref. 2) dealt
with the theory of dielectric losses at microwave
frequencies in ionic crystals with a nonideal lattice and,
for example, for SrTiO,, he qualitatively explained the
frequency dependence of the losses.® In the present
paper we shall deal with the opposite case, i.e., the in-
fluence of defects on the real part of the dielectric con-
stant at low frequencies far enough from resonance.
This problem is particularly interesting in ferroelectric
substances in which, as is described comprehensively

1V. S. Vinogradov, in Proceedings of the International Conference
on Latiice Dynamics, Copenhagen, 1963 (Pergamon Press, Inc.,
New York, 1964).

2 B. D. Silverman, Phys. Rev. 125, 1921 (1962).

3 G. Rupprecht and R. O. Bell, Phys. Rev. 125, 1915 (1962).

in Ref. 4, crystal lattice defects (particularly different
mixtures of impurity ions) greatly influence the static
dielectric constant. This influence can usually be ex-
pressed by a change only in the Curie temperature 7'¢
while the character of the temperature dependence of
the dielectric constant remains practically unchanged.
For this reason, it is enough for our purposes to start,
out from the Hamiltonjan similar to the one in Ref. 1,
in which the potential energy contains terms up to the
second power in the components of the ionic displace-
ments from their equilibrium positions in the defect
lattice.

Various impurities influence the Curie temperature
T¢ of the same material in a very different way. Thus,

4F. Jona and G. Shirane, Ferroeleciric Crystals (Pergamon
Press, Ltd., London, 1962).
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for example, when substituting Sr or Pb ions for Ba ions
in BaTiO;, T'¢ decreases or increases, respectively, the
change of 7'¢ reaching several hundred degrees Kelvin
(at 1009, substitution). On the other hand the change
of T'¢ when Ca ions are substituted for Ba ions is neg-
ligible.* The impurities present in the crystal lead also to
changes in the lattice parameters. At the same time it is
well known that with BaTiOj; the Curie temperature can
be decreased by hydrostatic pressure, revealing thus
that T'¢ depends on the lattice constant. So the question
arises whether the changes in T'¢ connected with the
presence of impurities cannot be explained simply as a
consequence of the change in the lattice constant. The
case mentioned above shows, however, that this conclu-
sion is not valid generally. The presence of Sr or Pb ions
in BaTiO; leads to a decrease in the lattice constant.
While Sr ions, in agreement with an influence of the
hydrostatic pressure, decrease T'¢, Pb ions, on the other
hand, increase it.4 It can be shown by similar considera-
tion that one cannot find the direct connection between
the changes of T'¢ and values of polarizability or radii
of impurity ions.

Thus, to explain a change in the Curie temperature
caused by defects, it is undoubtedly necessary to ap-
proach the more detailed characteristics of the defect
on the basis of the interaction between the ions in the
crystal, which is the aim of this paper. As has been
stated, the polarizability of impurity ions is not a deci-
sive factor governing the change in Curie temperature
and we shall therefore regard crystal ions as nonpolariza-
ble, which greatly simplifies our calculations. In the
first part of this paper the method of time-dependent
Green’s functions® is used to derive a general expression
for the susceptibility of an ionic crystal with defects.
In the second part the result is specialized for the case
of isovalent substitutional impurities in ferroelectric
substances.

II. SUSCEPTIBILITY OF IONIC CRYSTAL
WITH DEFECTS

We shall start with the Hamiltonian constructed
similarly to the one in the paper by Vinogradov.! We
shall, however, take into account the effect of the homo-
geneous deformation of the crystal. The influence of
defects upon anharmonic coefficients will be neglected
and therefore anharmonic terms in the expansion of the
potential energy (in the displacements of the ions from
their equilibrium positions in the defect crystal) will not
be considered explicitly. In the first approximation, we
shall express their contribution by the temperature de-
pendence of harmonic coefficients of the ideal crystal
and by its thermal expansion. In this way of course we
cannot obtain the changes in the character of the tem-
perature dependence of the dielectric constant. Par-
ticularly, we cannot obtain the slight change in the

8 D. N. Zubarev, Usp. Fiz. Nauk 71, 71 (1960) [English transl.:
Soviet Phys.—Usp. 3, 320 (1960)].
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Curie constant of a defect ferroelectric crystal. This
effect, however, is of less interest in comparison with
the change of Curie temperature.

As follows from the Appendix, the Hamiltonian H
equals

H=const+2_ fw(y )at(y )a(ys)

FGAN)Z @ (05)d (s (— —07)uasA (05)

afj

+3h 22 B(yiyiNAGHAWYS). (1)

yiiy'i’

The creation and annihilation phonon operators satisfy
the commutation relation

La(y),al(y’5") 1= 5;i6yy:.
All the operators 4 defined as
A(yf)=alyj)+al(—yj)=A(~yj)

commute among themselves.

In the model of nonpolarizable ions the operator of
the ath component of the dipole moment of the crystal
M, is

Mﬁ% e(le)us(lk)= (31 X Caly)A(y5), (2)

where e(l) is the charge of the kth ion in the Ith unit
cell and

Calys)=[Na(yj) ]
Xk mi= Peq(k|y )L e(l)erwiv- = . (3)

The interaction energy of the crystal with the external
homogeneous electric field E= E e~i«? is

Hiy=—3 a MoE,.
Then, as is known from Ref. 5, the susceptibility
Xq8(w) is given by the expression
Xap(w)=—(21/Novh)Gr(w), )
where v is the volume of the unit cell and where G(w) is

the w Fourier component of the retarded Green’s func-
tion Gr(1—1t') defined by the relation

+o0
GR(J——t')=/- Grlw)e—iw(t—t) gy

=—iO=V)[Ma(1),Ms(t')])o. (5)

M (1) is the Heisenberg operator for the ath com-
ponent of the dipole moment, @(t—#)=1 for t>¢ and
O(t—1')=01for t<¢. The symbol { ), denotes the statis-
cal mean value for E=0. We now introduce the re-
tarded Green’s function Gj;¥7'(¢—#) by the relation

GV (1=1) = —iO— ) (A ),A¥ 7)o (6)
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We then get from (4) using (2), (5), and (6)

Xag(@)=—(m/Nv) 3 Cao(y/)Co(y'j)Gis¥' (). (7)

yy'; i’
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The following equations can easily be derived for the
function G;;7¥'(¢—¢') from the equations of motion for
Heisenberg operators using the commutation relations
for the operators ¢ and 4:

10G 7V (t1=1)/ 9= —w(y/)i®(t— 1 ){[a(yf,)—a (=4, 0,A( 7' ¥) o
— GV (1=1) /00 =26(y J)0(t— )81 Sy F(y]) 22 [2B(=y3,¥" 5" )+ (v7)8s50 0392 1Gy o7V (1= 1') .
yllj/ ’

Using the Fourier transforms we obtain from (8)

Z ]jj,,yy”Gj”j,y”y'(w) = —W_Iw(yj)ajjlayl_y' s (9)

y’/jll
where
Ji7¥ =2w(y ) B(—y3, ¥ )+ [w(y) —w?]6jdyy .

We shall now regard the pair of indices y, j as one index
and denote the inverse matrix to J by H=J~. The solu-
tion of the system of equations for Gj;¥¥'(w) then has
the form

GV (w)=—n"l(y j ) Hjp "V (0). (10)

Note that, owing to the simple form of the Hamil-
tonian (1) (without anharmonic terms), we were able
to find an exact expression for the Fourier transforms of
the retarded Green’s functions defining X.s(w). The
final expression for X s(w) is obtained from relations (7)

From Eq. (9) we obtain for G;;%0(w)

[w?—*(05)—2(0)B(07,0) 1G;,°= (=(07)/m)[1+ 2

®)

and (10):
Xap(w)=(Nv)"" 3 Ca(yf)Cs(y's")
yy’sis’
Xo(y' 7)) H;pv¥' (w).  (11)

In the model of nonpolarizable ions formula (11) ex-
presses the susceptibility of the crystal with defects of a
different type (e.g., substitutional ions of equal or dif-
ferent valence) in a homogeneous electric field.

The formula derived is exact but is of no practical
significance since it assumes the solution generally of a
system of 3NVs equations (s=number of ions in unit
cell). We shall deal below only with the case of isovalent
defects, when to express X,g(w) it is enough to know only
the Fourier transform of the retarded one-phonon
Green’s function G;;%(w). In this case, as follows from
relations (2) and (3), only the optic modes (07) inter-
act directly with the external electric field and deter-
mine the induced polarization. Let us therefore find an
approximative expression for G;%°(w).

2 Bjyj)Gr "]

(y'3")#(05)

(12)

In the first approximation we neglect the real scattering of the phonon (05) on defects, i.e., we put all B(04,y’7")
equal to zero for (y'5")5%4(04) and from relation (12) we obtain

«w(07)

G,90(w)= —

7 02(0)+20(07)B(0,0/)—w?

(13)

The influence of defects thus appears in this approximation only as a change in energy of the phenon. From (9)

we now find an equation for G; ;7' in the form

[w—w(y'§")—2u(y'§") B(—Y 7', ¥ §) JGir"

=20(y' j)B(=Y'f’, 05)Gi**+2u(y'j")

! 2 11 217 1t
B(=y'7,¥"§")Gjn'"°.
(y"3"")#05),(y'3")

(14)

In the next approximation we take into consideration only the scattering on defects of the phonon (07), which
interacts directly with the external field, and neglect the scattering of the other phonons, which in our case only
indirectly influence the dielectric properties. Thus only the coefficients B(—y’s’, 07) will be nonzero. Using (14)
and (12), we obtain

w(07)a(y' 7)) | B0,y 5)|? ]—1 (15)
(73009 W (y' )+ 2(y' i) B(—=y'§, ¥ ) —w?d

0G;9(w)= —vr—lw<0j>[w2<0j>+2w<0j>B<0j,0f>—w2—4

The determination of the poles of expression (15) in this case represents a very complicated problem and in general
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we can say that in this approximation we obtain a further change in energy of the phonon (07) and its finite life-
time. Note that the energy shift is due to the virtual scattering of phonons, whereas their finite lifetime arises from

real scattering.

By rewriting (10) it can easily be shown that the exact solution of G;;%(w) has the form

w(05)

1
G;?(w)=—~

C r o (0)+200)BO0) et T 050 @)/ T 0w

(v3") #(04)

where J;;:% denotes the complement of the element J;;»%Y of the matrix J.
When calculating X,g(w) we shall content ourselves below with approximative expression (15) and rewrite it in
the form (note that w has a small positive imaginary part)

w(07)
DG 0) = — = —, (16)
7 w%(0)+2(07)[B(05,05) —v1(w) ]—w+iw(07)y2(w)
where
w(y'j)| BO7y'7)|* 1 1
’)’1((,0): . +P . ’
('3 #(05) Ma(y’5") Oy’ i)+o Doy ) —w
(16')
w(y'7)| BOj,y'5)|* , :
vo(w)=2r 3. , {8(Wa(y'j)+w)—8(Waly' j)—w)},
(¥ 3= Dy(y’5")
and is possible with crystals of the NaCl type and par-

Wy j)=wX(y'j)+20(y' 7)B(—Y 7, V7).

III. INFLUENCE OF ISOVALENT IMPURITIES
ON CURIE TEMPERATURE

The calculation of X,s(w), of course, requires a knowl-
edge of the forces between the ions in an ideal as well
as a nonideal crystal. In this paper we shall not deal with
the numerical calculations but shall confine ourselves to
a qualitative discussion of the result in the special case
of crystal defects, i.e., at the substitution of some ions
by impurity ions of the same valency. In such a case,
as follows from definition (3), only the coefficients
C«(07) are nonzero, while j relates to the optic modes
of the phonon spectrum. We shall consider only one
transverse optic branch (denoted by the index 7), which

ticularly with ferroelectric crystals in the paraelectric
phase where the dielectric properties are determined
mainly by one optic transverse mode with an anoma-
lously low frequency in the neighborhood of the Curie
temperature. At the same time it is known* that, for
example in BaTiO; single crystals at the substitution of
Ba ions by isovalent Sr or Pb ions, or Ti ions by Sn
ions etc. (or similar substitution in PbTiO;), the magni-
tude of the Curie temperature changes considerably
without essentially changing the character of the tem-
perature dependence of the dielectric constant, that is
the Curie-Weiss law is valid with practically the same
Curie constant.

Since the paraelectric phase of BaTiO; has cubic sym-
metry, we get in the above special case of crystal defects
the following expression for the scalar quantity x(w)
using relations (7) and (16)

M207)

1
X(w) =Xqa(w)=—

where

v @(07)420(0/)[B07,07) —y1(e) ] w*+ico(0 /)y2(w)

Ma(07)=[w(0)/N Cal07) =20 ms~enealk 105).

After substituting for B(07,07) from definition (AS5) and using the fact that for centrosymmetrical crystals the
coefficients ¢(04,04/,05"’) vanish, we finally obtain for the static susceptibility x

1

M 2(07)

X=- .
v w2(0]')—l—5¢(0]',0j)+2}3 bap)(— =07, 07)sas—2(0)1(0)

a7
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The static dielectric constant e, of ferroelectric crys-
tals satisfies the Curie-Weiss law at temperatures higher
than the Curie temperature 7T'¢

&=C/(T—T¢).

Asis known,® this law is the consequence of the tempera-
ture dependence of the frequency of the “ferroelectric”
mode w(07):

W (0)=y(T'—T¢).

Similarly as in papers,”® such a temperature de-
pendence would be obtained if the anharmonic terms in
the potential-energy expansion (in ionic displacements)
were accounted for explicitly. Entirely neglecting the
changes of anharmonic coefficients due to defects (as
well as other terms of the same order), v and T'¢ will
obviously have the same values as in an ideal crystal.
Note that in this temperature dependence the contribu-
tion from the thermal expansion is already included; in
the following #.s will denote deformations due to ex-
ternal forces or defects only. According to (17) the Curie
constant C of an ideal crystal in our model equals

C=47M2(07)/yv

and e, of a nonideal crystal can thus, also using (17),
be written in the form

e=C/(T—T¢), where T¢=Tc¢+AT¢

and
AT e=—y"{56(04,05)
: +Zﬂ ¢aﬂ<_ _O]; 0])“«15_2“’(0])71(0)} . (18)

[Note that the last term in (18) does not in reality de-
pend on the temperature-dependent frequency w(0;)
as follows from (16”) and (AS).]

It is thus seen that the influence of defects on e, of
a ferroelectric crystal in the paraelectric phase in our
model and in approximation (15) is apparent only as a
change in Curie temperature T'¢ of AT ¢. In our approxi-
mation as it follows from (18) the shift of 7'¢ is due to
the change in the harmonic forces between ions when im-
purities are present. In fact only changes in short-range
forces occur because the impurity ions are considered
to be isovalent and nonpolarizable. Roughly speaking,
at T¢ the short-range restoring forces and the long-
range Coulomb forces in the ferroelectric mode are
nearly cancelled. Then a slight change in the short-
range forces caused by defects leads to the shift of T'¢.
In the first approximation this shift is expressed through
the first two terms in (18). The second one is in fact

6 W. Cochran, Advan. Phys. 9, 387 (1960). A. S. Barker and M.
Tinkham, Phys. Rev. 125, 1527 (1962). R. A. Cowley, Phys. Rev.
Letters 9, 159 (1962).

7R. A. Cowley, Advan. Phys. 12, 421 (1963). B. D. Silverman
and R. I. Joseph, Phys. Rev. 129, 2062 (1963). R. A. Cowley,
Phil. Mag. 11, 673 (1965).

8 M. A. Krivoglaz, Zh. Eksperim. i Teor. Iiz. 40, 567 (1961)
[English transl.: Soviet Phys.—JETP 13, 397 (1961)].
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present only when the defects cause the homogeneous
deformation (or when the external pressure is applied).
Such a situation arises in the case of perovskites with
various isovalent impurities as has already been stated.
However, thanks to the first term in (18) the change in
the lattice constant is not a decisive factor controlling
the shift of T'¢ as is established experimentally. No
change in the Curie constant is obtained as the influence
of defects upon anharmonic coefficients was not con-
sidered. For the same reason neither is the influence of
pressure upon I'¢ expressed in formula (18) by linear
terms in #,s changed.

Using relations (A6) AT¢ can be rewritten in the
form [the first two terms in (18)]

1 (k]07)eal®’|05
ATgm b f_(l ea(k’|07)

YN akk; 1 (mmy’ )12

1
X paa(le,VE) =1 3 ¢ (aar(——07,05), (19)
Y «

where # denotes the relative change of the lattice
constant.

Let us now study the dependence of AT ¢ on the num-
ber of randomly distributed defects # in a crystal. Since,
for the type of defects considered, only the short-range
forces between the ions change, it is obvious that the
first term in (19) is nonzero only for those values of
I" which denote the lattice positions in the immediate
neighborhood of the defect at the position I. At such a
concentration of defects when the range of influence of
the different defects is smaller than the average dis-
tance between them, we obtain » equal terms when
summing over 1. In such a case the first term in (19)
will be proportional to #/N i.e., the concentration of
defects. As the linear concentration dependence of # is
experimentally established, the shift of 7°¢ will be pro-
portional to the concentration of defects. Similar con-
siderations show that even the last term in expression
(18), expressing the Curie temperature shift in the next
approximation, is proportional to the concentration of
defects, if we neglect corresponding changes in “‘normal”
frequencies. Since we consider the changes in the short-
range forces only, it is clear from the above that a linear
concentration dependence of the shift of the Curie point
can be expected up to relatively high concentrations
of substituted isovalent ions. Such a dependence was
observed for example in systems such as (Ba,Sr)TiOs,
Ba(Ti,Sn)0;, (Pb,Ca)TiO; (Pb,Sr)TiO; (Ref. 4) at
least up to 30 mole%, of admixture. On the other
hand, in (Pb,Ba)TiO; and Ba(Ti,Zr)O; systems,* devia-
tions from the linear dependence of AT ¢ on the con-
centration appear even at low concentrations and it
might be necessary for their qualitative explanation to
take into consideration changes of long-range forces
caused by the different polarizability of the impurity
ions. The calculation of the Curie temperature shift
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AT ¢ using Eq. (18) requires a detailed knowledge of
the force constants between the ions and is therefore
not a very hopeful method at present. In principle, how-
ever, it should explain the different signs of A7, e.g.,
in BaTiOs, when Ba ions are substituted by Sr and Pb
ions, the negligible shift of 7¢ when Ba ions are sub-
stituted by Ca ions,* etc. Considerations of this kind
will be the subject of a later paper.

As a consequence of changes in the phonon spectrum,
the influence of defects is apparent even on inelastic
scattering of neutrons through a defect crystal. (These
questions are discussed in detail in Ref. 8.) This problem
is particularly interesting in ferroelectric materials
with an anomalously low frequency of the ferroelectric
mode, where a considerable relative change in this fre-
quency is expected as a result of defects. It must be
stressed that, strictly speaking, it is only in the first
approximation (13) that we can interpret the Curie
temperature shift as a change in frequency of the ferro-
electric mode and on the basis of this estimate its rela-
tive change Aw(0j)/w(07). Using the temperature
dependence w?(07)=+v(7—T¢), we obtain

Aw(07)/0(05)=[1—AT¢/(T—T¢)]">—1.
From the requirement that the temperature 7" corre-

spond to the paraelectric phase of an ideal and a non-
ideal crystal, we obtain the condition

T—T¢>0, T—T¢>ATq.

For example, for a concentration of 30 mole%, Sr in
BaTiO;,* AT ¢>~—100°K, and at a temperature 20°K
higher than 7'¢ of pure BaTiOj, it will hold that

do(lk)= EB: wap[ X (k) F-vs(1%)].

d(p+59)
U=const+43 ———
alk aXa(lk)

X
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Aw(07)/w(07)~1.4. On the other hand, when substi-
tuting Ba ions for Srions in SrTiO; the frequency w(0)
will decrease; for example, at a concentration of
10 mole%; Ba we have* AT ¢=>40°K and at a tempera-
ture 7'=90°K, Aw(0j)/w(0j)=—0.4. Such changes
could easily be measured.
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APPENDIX

As in Ref. 1, let us write the potential energy U of a
crystal in the form

U=¢+d9,

where ¢ is the potential energy of the ideal crystal and
6¢ its change caused by the presence of defects. The
quantity U is expanded only into terms quadratic in
the displacements u(l) of the ions from the positions
X(I%) defined as

X(Ik) =X (k) 4-v(1k)+d (%) .

Xo(l£) denotes the position vector of the kth ion in the
Ith unit cell of the ideal lattice at 7=0°K and v(l%)
its change due to defects. d(IZ) expresses the deforma-
tion due to the thermal expansion or (for example)
hydrostatic pressure and we shall write it in the form

0% (¢+00)
sk, 0X (U)aX (k) x

ue(1R)ug(I'E’). (AL

Now let us expand the derivatives in points X in a Taylor series in powers of d about X°+v and then in powers of

v about X°. Using the conditions

d(p+09)
X L(Ik)

(A2)

X%v

which determine the displacements v due to defects and by confining ourselves to the first terms of this expansion,

we obtain (see Ref. 9)

d(p+6¢)
———| =3 das(lkVE)ds(I'%’),
AX.(R) Ix sr
8%(¢+6¢)
OXo(IR)X5(IE)|x

(A3)

=ap(lk V2 )+ 0¢as(EVE )+ 2 dap, (& VE VB ) 0, (V') +d,1'E")],

'yl”k’7

where all second-order terms in ¢, v, and #,.g are neglected.

9 M. Born and K. Huang, Dynamical Theory of Crystal Laitices (Oxford University Press, London, 1954),
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By neglecting the changes in mass connected with the crystal defects which do not influence the static dielectric
constant, the kinetic energy 7 is

T=%3 muua(Ik).

alk

Expressing #.(l£) by means of the creation and annihilation photon operators as

ho\12
wt)=() i enlkl e <O Lats)al (v, (ad)

g

the Hamiltonian of the nonideal crystal will have the form

1/2 h
H=const+¥. hw(yj)af(yj)a(yj)+(—) % o 20pcn(~~0uesd 00— T Bjy HAGHAG'),

2 viy'i’

Note that in our approximation the terms linear in 4 do not influence the expression for the susceptibility. Using
(A1), (A3), and (A4) we obtain for B(yj4,y’ i),

B(yj3,y i) =3%wy ey’ ;)T *ee(ys,y i)+N2 2 A(y+y'+y")
¥

><¢(yj,Y'J",Y"J"’)Q(Y"j”)+A(y+Y’)% beapy)(— Y5, Y 7 uap}, (AS)
where

o) =N-112 5 matiza ()ea* (b y fe2eiv=),
alk

3o(y7,y 7 )=N"1 2 o¢as(lk,VE") (mump ) 2ea(k|y)es(k' |y §') exp2mily-x(D+y - x(I')],
gk
o(y7,y' 7,y j")= z,:a Gapy(ORVE V'E") (mamiomu )21 (A6)

1t

’}’1”kl'
Xea(k|yjles(k' |y 5")e, (K" |y"§") exp2mily’-x(I')+y" - x(1")],
biap(——Y5, V)= 2 bewl606VE) X s" (V) mimi )12,k |y j)es(k' |¥' ') exp[2miy’-x(I')].
I
MR
It can easily be shown that

B(yjy'i)=B('jyi)=B*(—vyj, —Y¥'j).



