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The effect of dilute magnetic impurities on the thermal properties of an ideal simple cubic spin-} Heisen-
berg ferromagnet has been investigated using the thermal-Green’s-function procedure with a simple random-
phase decoupling scheme. It is shown that for a small ratio e of impurity-host to host-host exchange, low-lying
“s-type” virtual spin-wave states result which cause a large density of states to occur at low energies. These
low-energy states lead to an accumulation of spin disorder at and near the impurity site. Consequently the
impurity magnetization decreases far more rapidly than that of the host. This effect is accompanied by a
large increase in the low-temperature spin-wave specific heat. Analytic solutions to the Green’s-function
equations are calculated for temperatures near 0 and near T, the Curie temperature. Self-consistent numeri-
cal solutions are presented for both the magnetization and the spin-wave specific heat as a function of
temperature. For small e the impurity magnetization is approximated by the Brillouin function

my=pg tanh{ugH+67'(S1?)/kT},

where J’ is host-impurity exchange and (S:?) is the thermal average for the impurity nearest-neighbor
spins. {S1?) is found to be depressed from the bulk value by an amount which increases with temperature
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and is about 0.84 of the bulk value as T'— T,.

I. INTRODUCTION

N a previous paper,! WCI, the effect of dilute im-
purities on the spin-wave spectrum of an ideal
Heisenberg ferromagnet was investigated. It was shown
that localized spin-wave states above the spin-wave
band as well as virtual states within the band could be
formed}for reasonable ratios e of impurity exchange to
host exchange. In WCT the dependence of the impurity-
state energy and lifetime on the impurity spin and
exchange were calculated at low temperatures where
simple spin-wave theory is valid. Different kinds of
impurity states were classified according to their trans-
formation properties. For the simple cubic structure
s-, p- and d-like states result for nearest-neighbor
(N.N.) coupling. The low-lying virtual s-like states are
of particular importance to the thermodynamic be-
havior of the impure ferromagnet since these states
give rise to a large density of states at low energies
where the host density of states is very small. Con-
sequently, a large spin disorder can accumulate in the
vicinity of the impurity resulting in a local decrease in
magnetization. Such an effect has been noted experi-
mentally by Jaccarino, et al.,> who proposed that the
virtual spin-wave state could be described by the simple
molecular-field model. A theoretical justification of this
proposal has been discussed by Callen et al.? They have
reported the qualitative results of a thermal Green’s
function calculation of the magnetization of a spin
impurity in a ferromagnetic host. Using a picture based
on spin-wave scattering, the effect of different impurity-
host exchanges and spin on the spectral weight function
is discussed. The results of the magnetization calculation
in the present paper are qualitatively in agreement with

1T, Wolfram and J. Callaway, Phys. Rev. 130, 2207 (1963).
2 V. Jaccarino, L. R. Walker, and G. K. Wertheim, Phys. Rev.
Letters 13, 752 (1964).
( 3%—%) Callen, D. Hone, and A. Heeger, Phys. Letters 17, 233
1965).
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these ideas. One can also expect a large increase in the
spin-wave specific heat at low temperatures. Both of
these effects can be quite dramatic when the impurity
exchange is substantially weaker than that between host
spins. Localized modes split off above the top of the
spin-wave band are of far less importance to the thermo-
dynamic properties since large thermal energies are
required to excite these states and since they cause only
a negligible perturbation on the host density of states.
In this paper we derive the effects of virtual spin-wave
impurity states on the thermal behavior of the Heisen-
berg ferromagnet in some detail. Calculations show that
the magnetization at and near an impurity site for a
spin-3 system can deviate drastically from the bulk
magnetization when €<0.5. Larger impurity spins can
be expected to display this behavior for larger e values.
Calculations also show that the total bulk spin-wave
specific heat can be increased significantly. For example,
with a 19, solution of a weakly coupled impurity
(e~0.25) the specific heat of the impure ferromagnet
can exceed that of the pure ferromagnet by 129, at
temperatures on the order of one tenth of the Curie
point. In this case the specific heat departs radically
from the usual low temperature expansion, «Z%?
+B7T%2. ... For weak exchange the impurity magnet-
ization is very closely approximated by a Brillouin
function for spin %, tanh (6J(S1%)/kT), where J’ is the
impurity exchange with the host and (S:2) is the thermal
average of the spin of the impurity N.N. The departure
of the N.N. spins from host behavior increases with
temperature and near the Curie temperature can
amount to as much as 169, depression.

In Sec. IT we formulate the problem of the thermal
behavior of a spin-; Heisenberg ferromagnet, having
a spin-} impurity whose exchange with the host
differs from the host-host exchange, in terms of the
two-time Green’s function. The Green’s function pro-
cedure itself is not discussed in this paper. (The reader
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is referred to one of the many excellent review papers*
on the topic.) A set of three simultaneous integral
equations are derived using a simple random-phase
decoupling scheme. These equations determine the
spectral intensity function (and consequently all the
thermodynamic properties) of the impurity spin, its
nearest neighbors and the more distant neighbor spins.
These equations are derived for N.N. coupling with the
assumption (which is heuristically substantiated) that
the thermal expectation value for the spins of the
second neighbors are not significantly affected by the
presence of the impurity.

In Sec. III the weakly coupled impurity is discussed.
The reduced spectral function for the impurity is
obtained and found to become sharper as the tempera-
ture increases. Asymptotic solutions of the set of equa-
tions are obtained for temperatures near the Curie
point T'.. These results indicate that the ratio oy of
the thermal average of the impurity N.N. spin to the
host thermal average deviates at most about 169 from
unity. For small e the ratio oo of the impurity spin to
the host spin is shown to tend to $es; as T'— T..
Approximate solutions are derived for low temperatures.
It is shown that the magnetization and specific heat of
the weakly coupled impurity contains an exponential
term in addition to the usual 7%2 term. Numerical
results for the entire temperature domain are pre-
sented. Both magnetization and specific heat calcu-
lations are presented.

Section IV contains a discussion of the experimental
results obtained by Jaccarino et al.2 for Mn in Fe. It
is suggested that the thermal properties of the spin-
wave impurity states of rare-earth ions in transition
ferromagnets could be conveniently studied making
use of the Mdssbauer effect.

In Appendix A the normalization of the reduced
spectral functions is discussed. It is shown that the
decoupling and approximations used in the derivation
of the integral equations for the thermal behavior of
the system does not destroy the normalization of the
spectral function. Appendix B contains a highly
simplified derivation of the low-temperature behavior
of the impurity magnetization and internal energy.

II. GREEN’S FUNCTIONS FOR THE IMPURE
FERROMAGNET

In this section we develop a set of self-consistent
Green’s function equations which describe the tem-
perature dependence of the magnetization of the
impurity and its nearest neighbors and the unperturbed
more distant spins.

We consider a ferromagnetic lattice of N spins
described by the Heisenberg exchange Hamiltonian 3¢

309=—pgH Zf) Sr—3% fo: J(fi—=f)Sn%Sp®, (2.1)
1f2a

* See, for example, D. N. Zubarev, Usp. Fiz. Nauk. 71, 71 (1960)
[English transl.: Soviet Phys.—Usp. 3, 320 (1960)].
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where S;* is the & component of the spin localized at
the lattice site f, J(fi—f») is the exchange integral
(assumed >0) which describes the interactions of spins
at fiand f,, H is the external magnetic field (parallel to
the z axis), and up is the Bohr magneton. The con-
vention J(0)=0 is adopted so that the double sum over
fi1and f; need not be restricted. If an “impurity” spin
is substituted at the f=0 site with exchange J'(f) with
the host spins, then the spin Hamiltonian for the
perturbed system is

3C=3C°—§: AT(f)Se%Ss*,

AT=T(f)—=J(f).

Throughout this paper we shall make the simplifying
assumptions that we are dealing with a spin-} simple-
cubic system (the impurity also has spin 1) and that
only the nearest-neighbor exchange integral is nonzero.
These assumptions greatly simplify the mathematics
without destroying the qualitative features we wish to
study. The Hamiltonian (2.2) may be written in terms
of the usual spin-deviation operators &; and ;' which
destroy and create, respectively, a unit of spin disorder
at the lattice site f,

3e=3"—AJ > [(1—2n,)(1—2n)
+2 (baTbO'l' bOTba)] ’
3= —N (ugH~+3J)+ (2usH+-127) 3 b0,
7

(2.2)

=27 2 bstbpg—2J 3 mympy,.  (2.3)
fo fo

The symbol g in (2.2) and elsewhere in this paper refers
to the 6 simple cubic nearest-neighbors vectors and
J=J(g), AJ=AJ(g). The spin-deviation operators are
defined by
Sre=bs+bs,
Spr=i(bs'—b),
Syr=1—2b70;,

(2.4)

and satisfy the commutation relations
[osu05 1= (1— 211,)81152,

ny=bs"y,

[b.fubfzj = [bflf’bsz] =0,
b/ = (b5)=0.

(2.5)

The temperature dependence of the magnetization is
determined by the (thermal) average number of spin
deviations (ns) for the grand canonical ensemble. This
function is conveniently obtained from the two-time
Green’s function procedure. Since this method has been
reviewed by numerous authors* we shall not include
detailed discussion in this paper. The essential features
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necessary for our calculation are simply listed below

(ns)= / Js(w)dos (2.6a)
J (@)= 13_!}01 {G .12 (w0t1€)
—Gpip(w—i€)}/e*—1, (2.6b)
Griss(@) =G5y (@) Imw>0, (260)
=Gnp*(@) Imw<o0,
th(r,a) (t) = Gfxfz(r'a) (w)e_iwtdw ) (2-6d)
G ()= {bs, (1) 5 512(0))) )
=TFi(£1){[bs,(£),b5,7(0)]), (2.6¢)

where the upper sign goes with 7 and the lower with a,
Imw is the imaginary part of w, (f) is the unit step
function,

6@)=1 >0

=0 ¢<0
a/dio(5)=05().
and we use units such that #=1. The bracket (O) indi-

cates an average of the operator O over the grand
canonical ensemble,

(0)=Tr{exp(—3¢/kT)0}/Tr{exp(—3c/kT)}. (2.8)

The Green’s functions Gy,s, are obtained from their
equations of motion,

i(d/d)Gr1, () =8O {[61,(9),62.(0) )
+(@@ (d/dr)bs, ()5 by, (O)» ’
i(d/dt)bs=[bs3C].
1t is also convenient to define the function 4;(w),
As(w)=2G1(w)/{[04,0,1]). (2.10)

The imaginary part of 4;(w) is a reduced spectral func-
tion whose integral is normalized to unity

2.7

(2.9)

f " o Tmd J@)=1. (2.11)

In the above [4,B] is the commutator A B— BA.

In order to determine the new Green’s function which
appears on the right-hand side of (2.9), one must
calculate its time rate of change and consequently a
system of simultaneous differential equations result.
The system, in general, does not close on itself and one
must “decouple” the set by approximating higher order
Green’s functions. A number of decoupling schemes
have been suggested ; however, in this paper we use the
simple procedure outlined in Ref. 4, namely,

«nf; (t)bfz(t) H bfaT (0)» - (”.flx(bfz(t) 5 bfa.f (0)» ’ (2-12)
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where the arrow means ‘“replaced by.” This procedure,
while crude, leads to a qualitatively good description
of the ferromagnetic state over the entire temperature
range. The procedure outlined above gives the following
Green’s functions for the impure ferromagnet

oG pp= (27")_1<S 15005t 2usHG 1, 1,(w)
—-2J Z <Sflz>Gf1+a,f2(“’)
g

+27 3 AS51409)Gr112(@)FFpi50(w),  (2.13)
g

where
(f1#0), Fp,(0)=—2AT 3 [(S1*)Gosy(w)
—(S 0’ 1f2 19
)G 1112(w0) 101 2.14)
(f1=0), Foz,(0)=2AT X [(S;*)Gos ()
—(S 02>Gaf 2 (‘-")] .

In the absence of the impurity, (Sy?) is independent of
f since 3C° is translationally invariant. This property is
destroyed by the impurity perturbation and one expects
physically that the magnetization at and near the
impurity will deviate from that of the “perfect” ferro-
magnet. More distant sites should, however, be un-
affected by the perturbation. Calculations to be dis-
cussed later in this paper suggest that in the case of
the strong perturbation [J’(g)=0] the second nearest
neighbors of the impurity deviate from host behavior
only very slightly even at the Curie temperature. We
therefore assume that (S;) will be independent of f
whenever | f| > | g|. If we write (Sy*)=(S?) for | f| > |g|
then we must determine the quantities (S¢?), (S,?) and
{S?). Because of symmetry (S,%)=(S51#) will be the same
for all nearest neighbors so that there are only three
functions to determine: (S¢?), (Si?), and (S?). The
system of Green’s function equations (2.13) may be
written as the matrix equation

—4J(SHM+AM)Gy,= G+ (27) gy, (2.15)
where the matrix M is defined by

M ;y=[12J(S*)+2usH J/[—4T(S*)],
My p10= -3,

and all other matrix elements are zero. AM contains
the induced perturbation in nearest-neighbor magnet-
ization as well as the direct impurity perturbation. It
also contains the effect of nearest-neighbor deviations
on the remainder of the host. If we assume that only
the impurity and its nearest neighbors are perturbed
and that more distant neighbors are unperturbed then
AM has only a 7X7 block of nonvanishing elements

— 4(S*)AM 00=12J"(AS 1)+ 12AT(S%),
—_— 4J<S’>AM00= - 2]’(ASoz>— 2AJ(S’> ,
— 4J(S*YAM yo= — 2T {AS))— 2AT(S?),
— AT(S*AM 3= 2T (ASQ)+2AT(S%),

(2.16)
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where (AS#)=(S:*—S?) is the deviation from host
behavior. The source vector gy, is a column vector of
zeros except for the f, row which has value (Sy,?). The
vector Gy, has components Gy,z,(w) and we adopt the
convention that the first seven rows correspond to the
impurity and its 6 neighbors in the order (1,0,0),
(—' 1’ 0, 0), (07110); (07 _—13 0)) (070’1) and (0, 0) —1)'
Equation (2.15) is easily solved to give

—4J(S%)Gsy= (M—¢+AM) 07,/ 2m

=—(I—g"(8AM)G(E)es/ 2w, (2.17)
where
§‘=w/—4J<Sz>,
8=¢—M;;=§+3+ugH/2J(S?),
and

(&)= (—M).

The spin-wave Green’s function G°(8) has been dis-
cussed in WCI and its elements are given by

exp[iq- (f1—£5)]
(8—é&q)
8q=% 2gcos(q-9).

The numerical values of the matrix elements of G are
tabulated in WCIL. The matrix given in (2.17) is most
easily constructed by first transforming to s, » and
d-like symmetry coordinates and transforming back
after construction of the inverse. The transformation
is also given in WCI. The results are

—4J(S8%)G=Gy;(8)= (2m)US*)Goo(8),

1
[go(g)]fl,.fz:- >

23 (2.18)

with
(2.19)

[ fI>1gl, (2:20)
—4J(S*)Go=Goo(8) = (2m)(Ss*){So0o(8)
—2AM 44G01(8)} /det4 (2.21)

—4J(S7)Gy=Ge(8) = (2m)~X(Sr?)
X %901(8) (8— AMoo)/detA

1 [S00(8)—G0s(8)]
2 1—AM 3,[Goo(8)—Gos(8)]

3(1—=S1*)
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where
Goo(8)=[5"(8)J10,0,07,0,0,0) »
Gu(8)=[g"(8)J0,0,07,c1.0,07 »
G02(8)=[g"(8)J10,0.07, 1,1, » (2.23)
Gos(8)=[g"(8)J0,0,0),2.0,0) »

and

detd =1—6Gu(8) (AM gor+ Al oy)

—2AM ,,8G0.(8)— Goo(§)AMwo.  (2.24)

When J'=J, (2.21) and (2.22) become identical with
(2.20). This fact is easily verified using the identities
derived in WCI:

G0(8)=%(8G0—1), (2.25)
and

G00(8)+G0s(8)+4G0n(8)=28Gu(8).

Equation (2.20) is just the Green’s function for an
unperturbed host ferromagnet. The self-consistent
equation for the spin as a function of temperature is
found using (2.6) to be

1(1=5%) 1 ~=ImGo(8)d8 [+ dEN(8)
2 (5% _;/ —/

(2.26)

, (2.27)

eB3—8) —1 eBs—8) —1

+o0 -3

since the spin-wave band extends from 3 to —3 in §
space. It is also important to note that in this form the
renormalization of the spin-wave energy is apparent
only in the temperature factor 8. Thus in (2.27) the
spin-wave band (| §| <3) remains fixed and the factor
B varies with temperature. The thermal behavior of
the impurity spin is determined by (2.21) which gives

31=S¢) B d8ooeeNo(8)
= : , (2.28)
(So*) —3 (c+DbRo)*H (wbNy)? e8G—1
with

c=3[(8—3)— (8—3)eoo+3e01],
b=—%(8-3)[(8—3)— Beaot3ea1],
e=J'/T,

70=(S0)/(S5%),

(S1%) —3

a1=(S1%)/(5%), (2.29)
3[G00(8)+Gos(8) —2G02(8)] B=4J(S*)/kT,
] 1—AM 4, [Goo(8)+Gos(8) —2G2(8) ’ N,=7"1ImGo,(8) for Im(8)>0,
(2.22) R,=ReGo:(8).
/-+3 dgll [6N1+b(RoN1+NoR1)](5'—AMoo) . 2 (No—N3)
3 (c+BRo)*+ (wbN ) " [1—AM 1y (Ro— R T+[xAM 4, (No— N3 T2
3(No+N3—2N5)
+ } . (2.30)
[1—AM ;y(Ro+Rs—2R2) P+H[wAM ;o (N o+ N3—2N5) ) ef6-8)—1
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Equations (2.27), (2.28), and (2.30) are self-consistent,
simultaneous integral equations. In WCI it was shown
that the vanishing of ¢+b&R, corresponds to the occur-
rence of an s-like spin-wave impurity continuum
resonance state whose width is proportional to N,.
Similarly, the vanishing of 1—AM,(Ry—R3) - or
1—AM ;4(Ro+R3—2R,), [Eq. (2.30)], corresponds to
p and d-like resonances. It is clear that the thermal
behavior of the impurity spin is governed principally
by the s-state resonance, while the nearest-neighbor
spins have contributions from all three types of states.
However, since (So?) is coupled to (Sy*) the impurity
will have a weak dependence on the p and d resonances
as well. It should also be noted that in the case that
true localized modes occur above the top of the spin-
wave band (i.e., when any of the above mentioned
factors vanish for §<—3) we must add additional
terms of the form {exp[4J(S?)(3— &1)/kT]—1} to
(2.28) and (2.30) for each localized mode with energy
&z. In this paper we are principally interested in con-
tinuum resonance states. For ¢e<1 no localized modes
can occur. The energy and width of the various types
of spin-wave impurity states at 7'=0 as a function of
¢ and spin mismatch are discussed in WCL

III. SOLUTIONS OF THE COUPLED
EQUATIONS

A. Weak-Coupling Limit (e<1)

The reduced spectral function for the impurity
ImAo(8) gives the effective density of states per
impurity spin. It is easily seen to tend to No(8) as
e¢— 1. In the other limit, as ¢ — 0, ImA4,(8) approxi-
mates a Dirac § function with its peak near 3— §=23es1.

T. WOLFRAM AND W. HALL
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This limit is most conveniently obtained from the
Green’s function. From (2.21) and (2.16) we have

z

(So
Go(g)=
2

™

) (3501— (3—8)

€2(8G00— 1)a 001 —1
i V' o
3G — 8)+ 11+ (e0o/3) (8G00—1)

For sufficiently small e this gives Imd¢(8) — [ (3— &)
—3e01]. One must exercise some care, however, in
using this result. It is in fact qualitatively incorrect
to use this at very low temperatures because the exact
behavior of the Green’s function at the bottom of the
spin-wave band (8=3) must be preserved. For very
small but finite e (3.1) gives approximately

S 2
Go(8)= (So?)
2w
1
X )
3eo1— (3— 8)—3€%0001(3G00— 1)+ 0(€)
(So*)
ImAq(8)= 3.2)
T
r(é)

X ’
[Beor— (3—8)—P(8) +[T(8)F
I'(8)=97es001No(8),
P(8)=3we’roo1[3Ro(8)—1].

Thus the reduced spectral function is in the form of a
Breit-Wigner shape with width proportional to No(8),
the host density of states. The peak at (3— §)=3¢0,
(or w=12J'(Sy)) is displaced slightly according to

0

F1G6. 2. The thermal behavior of the impurity spin {S¢?) for
€=0.25 as a function of the reduced temperature r=T/T¢. The
unperturbed host thermal average (S?) is also shown. The dashed
curve, a plot of the Brillouin function for spin 4, compares quite
well with the calculated impurity spin.
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[Ro(8)—1]. Since Ro<1 the shift is to lower energy.
The §-function approximation gives

(So*y=tanh (6J'(S1)/%T)
(weak coupling, € small). (3.3)

Equation (3.3) is valid for 6J//kTS 1 (but is not valid
when 6J//kT>>1) and shows that the impurity mag-
netization decreases according to the Brillouin function
with an effective field equal to the impurity-exchange
field with the nearest neighbors. A similar expression
has been suggested by Jaccarino et al.? for dilute
concentrations of Mn in ferromagnetic iron (see Sec.
1V), and the validity of this result has been stressed
by Callen et al3 The approach of ImA4,(8) to the &
function as e is decreased is shown in Fig. 1. One also
notes from (3.2) that the effective width I' is propor-
tional to oo and oy and that consequently the peak
width narrowsand peak height grows as the temperature
increases. This feature persists for finite e as can be seen
in Fig. 5. The shift in the peak is also evident. In
general, the set of Egs. (2.27), (2.28), and (2.30) can
only be solved numerically. However, asymptotic
solutions can be obtained near 7'=0 and near the Curie
temperature. The numerical solutions of (2.27), (2.28),
and (2.30) as a function of temperature are shown in
Figs. 2, 3, and 4.

B. Solutions Near the Curie Temperature

In this section we obtain solutions for (2.27), (2.28),
and (2.30) as T— T.. The above equations all have
integrals of the form

—00

d8TmA;(8)/ePo—1,
+o0

1()= (3.4)

where ImA4;(8), the reduced spectral function, is the
imaginary part of an analytic function of complex §

o] 0.5 1.0

T

F1c. 3. The thermal behavior of the nearest-neighbor spins
{(S¥?) (for ¢=0) as a function of 7, the reduced temperature T/,
aéo;xg with the host (S#). The upper curve is the ratio o1 ={S¢?)/
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F1c. 4. The thermal behavior of the impurity spin (S¢*) for
e=0.1 as a function of the reduced temperature r=T/T, along
with the host spin (S%). The ratio oo={(S¢*)/(S?) is also shown.

and vanishes outside of the spin-wave band. As T — T,
B—0 (since Ba(S?)) and it is convenient to expand
1() as,

zos)=% Red(6=3)—}

B d8ImA;(8)(3—8)+0(8?). (3.5)

B
4
12 +o0

In obtaining (3.5) we have made use of the dispersion
relation

1 —00
- / 48 TmA;(8)/(8'— 8)=Red,(8), (3.6)
+o0

T

as well as the normalization condition,

/ a8 Imd;(8)=1. (3.7)
+0

[The fact that (3.7) holds for the approximate 4;(8)
calculated here is discussed in Appendix A.]
Using (3.5) one obtains from (2.27),

3=kTRe@3)/4T+T/RT[(S*)F+O([(S")]),

for the unperturbed spins. In obtaining (3.8) we have
used the fact that S'd88N(8) vanishes since No(8)
is an even function of 8. Setting (S%)=0 we obtain for
the Curie temperature

(3.8)

T.=2J/kR.(3) 3.9
and for small (S#)
(§9=[3r(1—(v/7) ],
r=kT/6J. (3.10)

It is worth noting that the solution corresponding to
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F1c. 5. The reduced spectral function ImA,(8) for ¢=0.25.
The heavy curve is for T near zero and the light curve is for T
near T.. The peak height increases with temperature and is
%ig(ht)ly shifted. The dashed curve is the host density of states

0(8).

(3.10) in Ref. 4 is a mistranscription (see Ref. 5).
Applying the same procedure to (2.28) and (2.30)
yields the coupled equations

{ Roeoy }
Go= | ———————— .
Roéo’o+% (1 - eao) 8=3
3(Ro—Ry)
1—3(1—e00) (Ro—R3)
%(Ro-l-Rg— 2R2) }"'1

" 1—1(1—eo0) (Ro+Rs—2Rs)

(T-T,).

01=Ro{—§-(3Ro—1) }

&=3 :
(3.11)

The strongest perturbation on the nearest-neighbor
spins (for 0<e<1) occurs when the impurity-exchange
vanishes (e=0). In this case one obtains a value of
01=0.84. Thus, in this case the thermal average for
nearest-neighbor spins is about 169, lower than the
very distant host spins as the Curie temperature is
approached. One can expect that the effect of the first
neighbors on the second neighbors would be to include

5V. L. Bronch-Bruevich and S. V. Tyablikov, The Green’s
Function Method in Statistical Mechanics (North-Holland Pub-
lishing Company, Amsterdam, 1962), p. 185.
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a deviation of about (0.16)? or 239, from host behavior
near the Curie temperature. oy clearly tends to one as
€ increases from zero. As one can see in Fig. 3, the
deviation of oy decreases as the temperature is lowered.
It therefore appears to be a good approximation to
ignore the second-neighbor deviations. Solving for o
in terms of o, gives

1 vz 1
0'o=<—;+301) -,

€ €

(3.12)

which for small e gives the result that the o approaches
the Curie temperature as ($)es;=1.26¢ using the value
of 0.84 for oy, (The values of the R’s and N’s are given
in WCI) and Ro(3)=1%. For e near 1, e=1—3§, o;=1

UO(T_) Tc)= 1_%6.
The exact dependence of o and ¢ on € can be obtained
from (3.11) but will not be calculated here.
C. Low-Temperature Solutions

In this section we investigate the solutions of (2.27),
(2.28), and (2.30) in the limit of small temperatures.

We consider first the host behavior, (2.28), as 8 — .
Using (2.19) we can expand No(8) about =3 and find

No(8)= (V2r1)1(3— 8)12+-0[ 3— 8)**]. (3.13)

For sufficiently large 8 only the region near =3
contributes to the integral

31-5% 1 [d8(3—8"
S5y VIr /_3

£86-8) 1

1 3/2
g(—) @), (3.14)
2

where { is the Riemann zeta function. Equation (3.14)
leads to the well-known result that the saturation
magnetization, M/M,, behaves like 1—aT3?2 a=(k/
8w )% (3).

Next we consider the low-temperature behavior of
the impurity magnetization. Equation (2.28) can be
written as

11—Sy) [ ( a8
o(So) _/_s eB<H>—1>

&No(8)
X ((C+dR)2+ (7rdNo)2> - (19)

The second factor tends to No(8) as §— 3. If e is
small the second term is also highly peaked about
8=3—3e01. In fact, as e— 0 the second factor was
shown to tend to §(3— —3es1). For finite ¢, however,
the behavior near the origin (& near 3) cannot be
ignored as far as the low-temperature limit is con-
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cerned. To get the qualitative behavior for <1 one
approximates the second factor by (see Appendix B)

&No(8)/ (c+dR)>+ (xbNo)?

z]\7()(8)-1-6(3'-' 5—360‘1) ) (3.16)
(for large 8). One then obtains
1{1—So)
() —,  (3.17)

oo{Se?)  (2m)32 fef—1

(where for large B, o1 — 1). A slightly more sophisti-
cated treatment is given in Appendix B which shows
that (3.17) is qualitatively correct whenever the width
T of the resonance is small compared to 3¢ and I'3/2«1.
T'= (37Nob) | s=3—3e= (1/V27) (3€)?2, the width is small
compared to 3¢ whenever 3e1. In the extreme low-
temperature limit the first term in (3.17) will dominate
and the magnetization in this limit is identical to that
of the host ferromagnet. On the other hand, for 8~10
(about 0.1T;) and e~0.2, the two terms are approxi-
mately equal and for e~0.1 the exponential term is
larger by a factor of about 20. Thus a 19, concentration
of impurities with e~0.1 for example, could cause a
209, deviation in the bulk magnetization of temperature
on the order of 0.17,. (Numerical calculations verify
the qualitative behavior but give different numerical
factors.)

The presence of a low-lying s-state virtual state does
not contribute significantly to the nearest-neighbor
low-temperature behavior because the factor (§— AM o)
in (2.30) vanishes as the resonance §=3—3e¢ is ap-
proached. Consequently (Si?) is only very slightly
depressed from the host value at low temperatures.

D. Internal Energy and Specific Heat
at Low Temperatures

The internal energy E of the host spins may be
calculated from the expression

+3
E/47(S%)=

-3

(3—8)No(8)d8/ef+D—1. (3.18)

Following the procedure used in the previous sections
leads to the low-temperature result

3 ﬂ—5l2

5 3.19
47 2 (2r)H? (3.19)

and the low-temperature specific heat per host spin ¢,”

15 7kN\N¥? ¢(3
th_)_}g(_) B3 o2
4 (2x)3i2

B— . (3.20)

)

The spin-wave specific heat of the impurity may be
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calculated from the reduced spectral function®
¢! d 8 d8(3— 8) ImAo(8)
—=——{——<S’/ .(3.21)
4J 4T _3 B8 —1

Using (3.16) we find the approximate low-temperature
specific heat for the weakly coupled impurity to be

(3e)2(J/RT)
M
sinh?(6J'/kT)

cl=c, for (4J/kT>1). (3.22)

Equation (3.22) is valid for the same conditions for
which (3.17) holds. The impurity term in (3.22) domi-
nates ¢,* very rapidly as T increases from zero. For
example for e~0.1 at 7/T.~0.1 (3=10) the second
term is roughly a factor of 20 times as large as ¢, As
a result the specific heat departs radically from the
T3 Jaw. Numerical calculations of the exact expression
given by (3.21) show that for the ¢ and T suggested
above, the impurity contribution is actually S0 times
larger than the host specific heat. This means that a
19, concentration of such impurities would give a 509,
increase in the spin-wave specific heat of the bulk
sample! This situation is analogous to the lattice
specific heat anomaly due to a heavy mass virtual
phonon state.” The phonon specific heat anomaly has
been observed experimentally with Pb in Mg.®

E. Numerical Solutions

Equations (2.27), (2.28), and (2.30) were solved
numerically by an iterative procedure as a function of
temperature. The results are shown in Figs. 2, 3, and 4.
In Fig. 2 we have compared the behavior of the Bril-

6 In terms of the total crystal density of states
n=(Im/x) Tr(H'+H'—E)
one can write the crystal internal energy at temperature T as

_ [ dEn(E)
] eERT 1,

w where, of course, ¢,=oW/oT.

In the lattice site representation, #(E) is simply related to the
diagonal elements of {{as,; as,)) via Eq. (2.17):

n(E)=2Z; 2 ImGys(E)/{Ss*))=Z; ImA;(E).

For the assumed separation into bulk, nearest neighbors, and
impurity sites, one obtains, neglecting impurity mutual inter-
action,

n(E) =N{(1—Tc)No(E)+6¢ ImA ,(E)+¢c ImAo(E)},

¢ being the concentration of impurity atoms. Thus, the three con-
tributions to the specific heat can be computed separately. In the
text, we have taken nearest neighbors identical to host, giving

n=N{No(E)+c[ImAo(E)—No(E)]}.

Note that the concentration-dependent term is dominated by the
impurity contribution in the neighborhood of a resonance in
ImAo(E). Further, if the resonance occurs at low energy, where
N, is small, N¢ ImA4, can dominate #n(E).

7G. W. Lehman and R. E. DeWames, Phys. Rev. 131, 1008
(1963). Also Yu. Kagan and Ya. Iosilevskii, Zh. Eksperim. i Teor.
?iz.éi)sj 819 (1963) [English transl.: Soviet Phys.—JETP 18, 562

1964) 1.
8 G. W. Lehman ef al., Bull. Am. Phys. Soc. 9, 251 (1964).
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F16. 6. The change in the specific heat due to a 19, spin-impurity
concentration for various values of e as a function of the reduced
temperature T'=T/T, (assuming additivity).

louin function for spin %, tanh(6J’(S1?)) to the calcu-
lated values for (S¢?) for e=0.25. The curves are
obviously quite similar. A plot of the change in specific
heat due to impurities divided by the host specific heat
as a function of temperature is shown in Fig. 6 for
several values of e.

IV. DISCUSSION AND CONCLUSIONS

In the previous sections we have investigated the
effect of an impurity spin on the spin-wave spectrum
of an ideal simple cubic spin-3 Heisenberg ferromagnet.
It was shown that for a weakened impurity-host ex-
change low-lying s-type virtual spin-wave states result
which cause a large density of states to occur at low
energies. These low-energy states are excited at low
temperatures and lead to an accumulation of spin
disorder at and near the impurity site. Consequently,
the thermal average of the impurity spin decreases far
more rapidly than that of the host. This effect is
accompanied by a large increase in the spin wave
specific heat. In detail, a set of three simultaneous
integral equations were obtained by means of the two-
time Green’s function procedure which determines the
thermal averages (So?), (S1%) and (S#) for the impurity,
its N.N. (nearest neighbor) and the host spin. In
obtaining these equations it was assumed that the
perturbation was localized to the impurity and N.N.
spins. Asymptotic solutions were obtained for tem-
peratures near the Curie point. It was shown that the
N.N. spins deviate from the unperturbed spins by
about 169, for the strongest perturbation (i.e., J’=0)
as T'— T'.. The impurity magnetization was shown to
approach the Curie point according to $eo; for small e.
Approximate solutions to the equations were obtained
for small temperatures. In the limit as 77— 0 the
impurity and N.N. spins approach the host behavior
but for small but finite temperatures an exponential
contribution due to the s-like virtual resonance appears.
This latter term begins to dominate the impurity
response in the temperature range where I'~ el for
small ¢ and leads to a magnetization which follows the
Brillouin function with an effective field equal to the
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N.N. exchange field. A concomitant anomaly in the
spin-wave specific heat occurs which for e~0.1 amounts
to a 509, increase in bulk spin-wave specific heat. The
magnetization of the impurity and the change in
specific heat were calculated numerically as a function
of temperature for several values of .

In this paper the effect of the impurity having a spin
different from that of the host has not been calculated.
It is clear, however, from WCI that an impurity spin
larger than that of the host will have an effect similar
to a decrease in e resulting in a lower virtual state
energy. This effect is also true for the Brillouin function
(see, for example, Fig. 2 of Ref. 2). Thus the effects we
have discussed here can be important for larger ¢ when
the impurity spin is larger than that of the host.

We have considered only the simple cubic structure.
The qualitative low-temperature features regarding
the effect of the low-lying s-type states will be unaffected
by the details of the structure. This is true because the
results depend only upon the low-energy host spin-wave
density of states being proportional to &'/2. This result,
except for multiplicative factors, is the same for all
cubic structures.

Recently Jaccarino ef al.? reported the results of a
nuclear-magnetic-resonance experiment on manganese
in ferromagnetic iron. They observed that the NMR
frequency of the Mn decreased with temperature much
more rapidly than the magnetization of the bulk sample.
A plot of the Brillouin function labeled »/v, given by
Jaccarino ef al. is shown in Fig. 7. The experimental
data which cover the temperature range up to about
0.6T; fall on the Brillouin curve. The curve M}, is for
the magnetization of the host. (1.59% Mn in ferro-
magnetic Fe.) These results were interpreted as evidence
for the existence of a low-lying virtual spin-wave state.
With the assumption that the NMR frequency is
proportional to the thermal average of the manganese
electronic spin ({S¢®) in our notation) and that the
Mn-Fe exchange was substantially weaker than the
host Fe-Fe exchange (e<1) they deduced that (Sy*)
should vary according to the Brillouin function with
an effective field equal to the Mn-Fe exchange field
which they assumed proportional to the bulk mag-
netization. By appropriate choice of € and the Mn spin
they were able to fit the experimental data quite well.
A similar interpretation has been given for Fe in Ni by
Howard et al® The experimental data of Jaccarino
et al? is qualitatively similar to the numerical results
we have obtained for ¢ between 0.25 and 0.35 for spin
%. A numerical comparison cannot be made since our
calculations are based on spin %, whereas the Brillouin
function in Fig. 7 is for spin 2. The results of our
calculations are highly suggestive of the interpretation
given by Jaccarino et al. for Mn in Fe; however, it
should be noted that this model is in disagreement with

9D. G. Howard, B. D. Dunlap, and J. G. Dash, Phys. Rev.
Letters 15, 628 (1965).
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Fi1G. 7. A reproduction of a figure given by Jaccarino ef al. (Ref.
3). The M curve is the bulk magnetization of a 1.5%, Mn in Fe
sample as a function of the reduced temperature T'=T/T,. The
v/ curve is a Brillouin function which best fitted the Jaccarino
et al. NMR data.

the interpretation of the elastic neutron-scattering
experiments by Collins and Low! which indicate that
for Mn in Fe the Mn site has a negligible magnetic
moment.

One might expect that the Mn in Fe system would
show an increase in the spin-wave specific heat if the
present interpretation is correct. Unfortunately, even
though the change in spin-wave specific heat may be
large, the large lattice contribution would tend to mask
the effect.

One might expect that a dilute solution of rare-earth
ions in a transition ferromagnet would have a small ¢
since the f electrons are quite well shielded. The ex-
change would probably be indirect f-d exchange via
the conduction electrons. If the rare-earth ion was a
Mossbauer emitter one could get the local magnetization
by a study of the Zeeman splitting of the line as a
function of temperature. (This technique has been
employed by Howard et al.® for Fe in Ni.) If one uses
a Fe host then it may be possible simultaneously to
study the nearest and next nearest-neighbor magnet-
ization from the Fe’” Mossbauer line. The feasibility of
such a study has already been established by Stearns
and Wilson.!t

APPENDIX A: NORMALIZATION OF THE
DECOUPLED SPECTRAL FUNCTIONS

In Sec. ITIB it was remarked that neither decoupling
the Green’s function equations of motion nor truncating
thel perturbation matrix AM destroyed the intrinsic
normalization of the reduced spectral intensity functions
ImA,(8) and ImA,(8) defined by

ImAj(g)——-lei_I}'}—i G;i(8+ie)—G;;(8—ie)1/([b;,b1]).

WM. F. Collins and G. G. Low, Proc. Phys. Soc. (London) 86,
535 (1965).
(1;161‘\1%' B. Stearns and S. S. Wilson, Phys. Rev. Letters 13, 313
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This result is most easily obtained from the analyticity
and asymptotic properties of Gj;j(8). First, the dis-
continuity Imd; vanishes for sufficiently large |§|;
this forces the real part of Gj; to be continuous across
the real axis (by the symmetry principle). Further, for
large arguments, each Gj; falls off at least as fast as
1/8; therefore, one may write the dispersion relation
(for real 8)

1 = d8 ImG;;(8)
ReG;(8)=- / —_—
T J 4w 8—8
) /~°° a8 Im4,(8)
w Jiw 8—8

Multiplying both sides above by & and letting & tend
to infinity leads to the relation

278 ReG;;(8)
([:,0'1)

m
g0

=lim / d8TmA; (&)
+e0

&0

—00

X3 (8/8)n= / 48 Tm4,(8).

+00

One may now readily establish that
[ d8'4;(8)=1
+

simply by examining the asymptotic form of &G;;(8)
as obtained from the solution to the decoupled
equations:

(S0 (Soo—2AM 11G01)

Goo(8)=
w(é) 2 detd
()= (S1?) (3(8— AMoo)Sm+ 3[So0—Gos ]
2 detd 1—AM 11[Goo—SGos]

3[Soo+Gos—2Go2]
l 1—AM[Goo+Gos—2Go2 ] '

The behavior of Gy; for large | 8| is easily derived from
(2.18):

1 3
Goo=—+—---,
& 28
! +
801:2 7 ,

1
) Gost—t- -+,
Goz, Gos 6

with the identity ([5;,0;'])=(S;*) one can now directly
verify that

2ré
lim

o ReG;i(8)=1,
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which shows that the decoupling procedure preserves
the requisite normalization.

APPENDIX B: APPROXIMATE MAGNETIZA-
TION AND INTERNAL ENERGY AT
LOW TEMPERATURES

When the impurity exchange is sufficiently weak
(ex1) it is possible to derive approximate expressions
for the impurity magnetization and internal energy
integrals in the region of temperature where the host
magnetization decreases as 7%/ Under these conditions
the integrand

ImAdq(8) B 1
expB(3—8)—1 expB(3—8)—1

< o0e2No(8)
[C+dRo(8)]2+ [’lrdNo(g)]z

is appreciable only for that range of & such that
0<3—8S3¢e01, since Imdo(8) approaches §(8—3
+3e0;1) for small ¢ and the temperature factor can
counteract the vanishing of Im4, only in the neighbor-
hood of &=3. This suggests immediately the replace-
ment of ImAy(8) by a function with the proper
behavior at &~3, plus a function which is sharply
peaked about the resonance §=3—3es;, with width T'
equal to wbNo(3—3eo1). The simplest choice for such
a function is

1
—u(8—3+3er—3T)],

u(x) being the unit step function. For the impurity
magnetization near I'=0 one may now write the
approximate expression (taking go=~o=~1)

( 3 d8No(8)
noﬁ'/_:s expB(3—8)—1
1 p3-8eHT
+— d8/[expB(3—&)—1].

3—3e—4T
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The first term will be immediately recognized as ()
for the host, which for low temperatures is given by

(n)y=Q2xB)~%¢(3),

¢(x) being the Riemann zeta function. The second
term can be evaluated approximately if either Be>1
or BeK1, provided only that I'/6e<1. But

I'=(3¢)5?/V2rke for €50.1,

so for e in this range one readily derives the asymptotic
forms:

3—3et+3T

d8/[expB(3—6)—1]

2 s
~ (—)e_"' 6 sinh (-——-)
IV 2

1 3—3et+3T 1
(,3e<<1)——/ d8/[expB(3—8)—1]~—.
3-3e—3T €Pe—1

mezl);— f

3—3e—4T

Thus, for the total spin deviation of the impurity one
obtains

(mo)~(2xB)~/% (3)+ (2/TB)e~*+# sinh (318),  (Be1)
+ (éf—1)71, (Bek1).

A similar set of expressions is obtained for the impurity
internal energy if one recalls that

Eo= /4](Sz)(3— &) ImA(8)d&/expB(3—8)—1

with the above approximations, one obtains for low
temperature and small e

Eo
—3r (20B8) 5% (3)
47

2 TR\ e3¢ TR
+Se(—)e“3“g sinh(——)—l——— cosh(——) , (Bex1)
I8 2 28 2

+3¢/(e246—1), (Bex1).



