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Hfs of F" in the Electron Paramagnetic Resonance of MgF&. Co++
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The complex hyperfine structure of the X-band EPR spectra of Co+ as a dilute substitutional impurity in
a single crystal of MgFg has been assigned. Where the x and z axes are taken along the bond direction of the
two equivalent Quorine ions and along the crystalline c axis, respectively, the values of the spin-Hamiltonian
tensors are: for the gyromagnetic ratio (6.0327, 2.2970, 4.2391) Mc/sec; for the cobalt hyperline interaction,
(637.1, 123.3, 210.0) Mc/sec; for the hfs of the two equivalent F'e nuclei along the $110jdirection, (308, 59,
76) Mc/sec; for the four equivalent F"nuclei in the L110$plane, (92, 76, 162,49) Mc/sec. In the last case the
final component is the o8-diagonal yz contribution. First-order perturbation theory for the F"superhyperfine
structure predicts splittings independent of the cobalt nuclear-spin number. However, even though the
F'~ interactions are two orders of magnitude smaller than the Zeeman effect, for some magnetic-field orienta-
tions the observed splittings vary as much as 50% across the spectrum. The effect may be traced to fourth-
order perturbations (squared in both the Co hyperfine and F'~ hyperfine interaction) between nearly degener-
ate states. A set of computer programs to relate EPR spectra to spin-Hamiltonian parameters was essential to
the analysis reported.

I. INTRODUCTION

ONG ago, Tinkham' observed the electron-para-
- & magnetic-resonance spectrum of Co++ as a dilute

substitutional impurity in ZnF2, but did not complete
the investigation because inadequate resolution made
analysis of the very complex hyperfine structure too
dB5cult. It is the purpose of this paper to show the
analysis of the hyperfine spectra of Co++ in MgF2, a
similar low-symmetry environment, and to determine
the parameters of the spin Hamiltonian for subsequent
analysis of the electronic structure and chemical
bonding.

EPR has long been considered one of the most useful
tools for the experimental study of chemical bonding.
Because the ground state of Co++ in an octahedral
field is orbitally degenerate, both the electronic spin
and the orbital motion contribute to the magnetic
moment, so that the paramagnetic resonance spectrum
of this species is of particular interest. It has been
extensively studied both in cubic' ' and in lower
symmetry' environments. Abragam and Pryce have
given a crystal-field interpretation of the gyromagnetic
and Co-hyper6ne tensors in axial symmetry. Tinkham
has extended this theory to orthorhombic symmetry.
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However, as we have shown" in the case of Ti'+,
inferences about the extent of covalent bonding based
on reductions of orbital angular momentum, of effective
spin-orbit coupling and term separations over the
values expected for free ions are tenuous at best, and
possibly quite misleading. " Fortunately, more direct
measures of electron sharing are available in the hyper-
fine interaction of nuclei remote from the ion nominally
carrying the unpaired electron(s) responsible for a
resonance spectrum. It may be argued from both
experimental and theoretical considerations that some
of the most promising physical systems for study are
transition-metal cations as dilute substitutional im-

purities in diamagnetic Auoride lattices. The hyperfine
interactions are very large. Single crystals of a number
of Auorides are relatively easily available, are stable
and characterized without difhculty. Although electron
sharing is large enough to be easily observed, it is not
so large that an ionic model is not a reasonable first
description. Theoretically, these systems are attractive
because, to a good approximation, it is valid to describe
the resonance experiments, the optical spectra, and the
static susceptibilities in terms of the orbital functions
of-a very small number of electrons acting in the
environment of many more electrons.

Most of the researches into the superhyperfine
structure (shfs) of transition-metal Quoridesrs " have
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been concerned with closed or half-closed d-electron
subshells in octahedral environments (d', d', and d'
ions). As Thornley et u/. ' point out, Co++ differs from
all these cases in that measures of both 0- and x bonding
are available. VVC antiripate that the noncubic environ-
ment of the substitution site in Mgp~ will provide
comparative information about the inequivalent bonds.
Although the spectra reported are of such complexity
as to discourage their study, wc found it possible to
account for them in detaiL The only previous analyses of
spcctlR of comparable lntl'lcacy Rrc thc plonccriQg study
by Tinkham' and more recent work on ZQF&.'Mn+" by
ClogstoQ 8$ cl. 9

Particular interest has been revived in the properties
of Mgpg. CO and Copl, through studies of the infrared
Rnd vlslblc spcctl'R ln coQncctloQ %'1th thc possibility
of lRseI' appllcatlonsq of Rntlferromagnctlc I'csonRQcc,
and of the NMR of CO593' Thc KPR information should
prove complementary to these experiments.

Our analysis of the EPR is presented in several
sections below. In Sec. II, the form and symmetry of
thc spin Hamiltonian 18 glvcn from R description of thc
crystal symmetry and crystal-6eld theory. Following
a brief description of the experimental methods and
the over-Rll appearance of the spectra in Sec. III, the
detailed analysis of the Zeeman CGcct Rnd the cobalt-
hyper6ne interaction in Sec. IV serves as the back-
gl'oUnd fol the measurement Rnd calculatloQ of the P
shfs in Sec. V. The calculations performed are direct
diagonalizations of the spin Hamiltonian for a model
problem. The relationship of the model to the full
HRIQlltonlRQ and an cxplanatloQ of thc RnonlRllcs of
the shfs by high-order perturbation theory are relegated
to an Appendix. The spin-Hamiltonian parameters are
reported in the concluding section, which also includes
some very simple comments on the electronic structure
of orthorhombic Co++ systems. Detailed theory is of
necessity deferred to a later paper.

Magnesium Quoride is a crystal of the rutile structure
(Fig. 1), with two metal ions per unit cell, each with
only rhombic symmetry and equivalent to the other
under R 90 1otRtlon about thc CI'ystal 0 axis. Each
cation is surrounded by R distorted octahedron of
fluoride ions: two (axial) anions are displaced along a
110 crystal axis; four (equatorial) anions lie in the
perpendicular plane in a rectangle with one side parallel
to the c axis. The axial anions are shghtly farther from

& A. M. Clogston, J. P. Gordon, V. Jaccarino, M. Peter, andI .R. Waiker, Phys. Rev. 117, 1222 (1960).
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(&963); M. E.Lines, Phys. Rev. Ui, A982 (1965)."V. Jaccsrino, Phys. Rev. Letters 3, 163 (1959).

Pn. 1. Schematic
of Mgp~, shouting
the two nonequiv-
alent cation sites.
The Cartesian axes
used in trolls paper
are identified. Dark
balls represent ca-
tlons and YFhlte
aDlons.

the cation than the equatorial ions." It is convenient
to label directions relative to the cation sites as: s axis
along the crystal c axis, x axis along the j.j.0 line joining
the two axial Quoridcs and y axis to complete the
orthogonal triad. Cobaltous ions enter the lattice
substitutionally for magnesium ions. The symmetry
of the ions is such that any tensor quantity assoriated
either with thc cation or'%'1th thc RxlRl Rnlons ncccssRI'lly
has its principal directions along the labeled axes.
TcnsoI'8 RssoclRtcd with the cquRtorlR1 Quorldcs IlRvc
onc pr'lnclpRl dlI'cctloQ pRI'Rllcl to the s Rxls, but thc
othels Rrc Qot dctermlncd by symmetry.

In an octahedral Beld, the ground 'F state of the
cobaltous ion produces an orbitally degenerate 4I"4

ground manifold which is further split by the spin-orbit
interaction to give a lowest Kramers doublet. This state
is, of course, not further spht in tetragonal or ortho-
rhombic symmetry. Since the lowest exrited state is
more than 100 cm ' above the ground state, ~ ~ only
transitions between components of the ground doublet
can be seen in the electron-spin-resonance spectrum.
But, the low exrited states lie so close that the EPR may
be observed only at very low temperatures. Since thc
only stable lsotopc of cobRlt has nuclear splQ y, the
resonance spectrum may be described by an elective
HamlltonlRQ

3*.=PSXgXH+SX Ao XIo, (1)
with effective spill )S( = s and nuclear spm
Here, nuclear Zecman interactions are omitted because
transitions changing the nuclear spin have very low
intensity and because the shifts in the allowed (DI.=O),
lines induced by these terms are negligible. Also,
nuclear-quadrupole interactions Rr'c ncgllglblc, 9 Rnd,
therefore, are omitted. Each of the eight lines expected
from Eq. (1) is further split by the hyperfme interactions
of the electron spin with the magnetic moments of the

~'The lattice parameters of all the Quorides isomorphous to
rutile are given by %'. H. Bauer, Acta Cryst. 9, 515 (1956); 11,
488 (1958).

~4R. oman and R. M. Chrenko, Phys. Rev. 118, 1147
(1959).
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Fyo. 2. (a) Experimental X-band KPR spectrum of Co++:MgF2 with Hill 110~. This i
a s (b) Co tedspe t co es ondin to (a) Th "t'ckdo a . e stoic iagram" in the lower portion indicates the line positions and intensities.

neighboring Quorine nuclei (spin ~).For the ith neighbor-

ing Quorine nucleus, an additional term

3'.hg,
'——s&( A'y I'

must be added to the Hamiltonian Eq. (1).The inter-
action of any particular P' nucleus is equal to that of
the nucleus at the inversion point about the cation. "
Not even the relative signs of the hyperfine parameters
can be derived from our resonance experiments. This
has been shown in perturbation formulas, " but is also

'~ Below the hyper6ne tensor for the equatorial Suorides is
denoted A4~; that for the axial, A~~.

~eW I.ow, I'aramagnetsc Resonance in SoLids (Academic Press
Inc. , New York, 1960),p. 60.

an easily demonstrated, exact theorem for the Hamil-

tonian (1)."
Because MgF2 has two substitution sites, the principal

tensor directions, x and y (Fig. 1), may be assigned

only by detailed analysis of the equatorial Buorine

hyperfine interactions. If the external magnetic field

is in the ys plane, these are not in general equivalent

so that the spectra are expected to have splittings not
otherwise explicable. Also, each P' hyperfine tensor

»H. C. Heller, J. Chem. Phys. 42, 2611 (1965), shows that
re ative signs for difFerent magnetic nuclei may be found b
zero-6eM resonance.

ay e oun y
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FiG. 3. (a) Experimental X-band EPR spectrum of Co~'. MgF2 with H 001
(hl Computed spectrum corresp dlu t

should be approximately an ellipsoid of revolution
about the bond direction"

III. EXPERIMENTAL METHOD

our sample was a single, uncolored crystal of optical
quality MgFs, nominally doPed to 0.1%%uo.

ss As well as
the KPR spectrum of cobalt, which is easily recognized

y its temperature dependence large -tge g- ensor anisot-

the
ropy and characteristic eightfold hype Gn typer e structure,

e sample showed a weak spectrum of M ++
do ~

id not interfere with the analysis. The s ectr

spectrometer with 400-cyc1%ec phase-sensitive detec-
ion." Sample orientation was achievedve very con-

, ( ), p

~ The crystal was obtained from Optovac I
30 J. P. Goldsborou h an

p ovac, nc.
o s oroug sud T. R. Koehler, Phys. Rev. 133, A135

veniently and precisely (~0.2 ) h y mounting the crystal
a ro ating platform on the narrow side of a TE

ro a ion axis of the cr stal wa
then perpendicular to th f '

-in.o at o the rotating 12-in.
electromagnet. The platform was driven b a r'-.'d. h. l:d-h.l- De-".""'n' '"'"'""'

IV. ANALYSIS OF THE SPECTROSCOPIC
SPLITTING AND COBALT hfs

The regularity of the x spectrum (Fi . 2
and intensit

ig. in spacing
si y is remarkably reminiscent of the s

of organic free rradicals in liquid solution, which is
unusual because the h er

' '
no

small, but induce a 600-6 wide s ectrum
e regularity occurs because the lar est

contributions of the cobalt h fia yper ne tensor lie on the
tagona (in a strong-Geld representation). The off-

e uniformity of the spacin of th 3f „,'
go e co,0,0)
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I xo. 4. Angular variation of the cobalt hfs magnetic GeM in the
gy plane. The curves are calculated from the principal direction
measurements listed in Table I. The circles represent measured
line positions. To eliminate the large shift, of each pattern because
of the large anisotropy of the g tensor, we have plotted the diBer-
ence of the resonance Geld and II=h~/gP, where g'=g, ~ sin'8 cos~@
+g„' sin'8 sin'@+I,' cos'8. To eliminate the effects of angle errors
{to which the Zeeman eeet is much more sensitive than the
hyperjne sphtting), we have 6tted the (s, o,o) hnes to the theo-
retical curves. Cobalt spin labels designate the lines.

lines3' This spacing ranges from 74.2 G between

(+ 7s, 0, 0) and (+ ss, 0, 0) to 76.8 between (——',, 0, 0)
and (—s, 0, 0). Because sA, c'=A s~&3A 4~, any over-

lap of lines occurs in a regularly constructive fashion,
so that the assignment of the spectrum is obvious.
The peak-to-peak line intensities are within 10%%u~ of
the statistical weights expected.

Unfortunately, the spectra are not always so simple.
Since the cobalt hyperfine splitting is not uniform for
most directions of the static magnetic field, and since
the fluorine hyperfine interactions are of the same

» Because nuclear spins are conserved in the EPR transitions,
we can unambiguously designate lines with the labels {Mo„
3f„M,), in terms of components along the effective Geld direction
of the cobalt nuclear spin, of the effective total spin of the axial
Quorines, and of the effective total spin of the equatorial Ruorines.
The labels are valid even when Grst-order perturbation theory
is not.

order of magnitude as the cobalt splitting, many of
the spectra are irregular and diKcult to assign. For
instance, in the s spectrum (Fig. 3) the cobalt hyper6ne
spacing varies from 24 6 at the low-field end of the
spectrum to 46 6 at the high-field end. This is compli-
cated by the fact that the hyperfine interaction A,4~

has the same order of magnitude as A,~'.
Three machine programs, brieQy described in

Appendix A, have been invaluable in the assignment
of the spectra and the precise determination of the
Hamiltonian parameters. zI'R diagonalizes Eq. (1) to
predict the resonance fields; PARA adjusts the param-
eters of the spin Hamiltonian to fit observed resonances,
and Hvp calculates and plots on digital-to-analog
equipment spectra of Lorentzian lines calculated from
estimates of the positions of the (Mo„0,0) lines and the
fluoride hyperfine spacings. ""zpR and PARA were not
only convenient, but essential to the analysis reported.
For arbitrary field directions, perturbation formulas
for Eq. (1) are not available, and, if developed, would
be tedious to apply and not sufficiently accurate.

Partly to make possible and to verify the assignment
of the (Mo„0,0) lines, and partly to investigate a-
nomalies in the Quoride hyperfine interaction, we
studied the angular variations in the 110 and 001
planes. The measured positions agree with the calcu-
lated ones within the small errors expected to be
generated by overlapping lines. The largest variations
with angle occur in the xy plane (Fig. 4), where the
spectrum ranges from 660 G wide along (90',0') to
950 G along (90',74') to 420 6 along (90',90').'4 At
least to terms of second order, the width of the spectrum
is determined by the first-order hyperfine interaction.
The observed behavior then is easily accounted for by
the angular dependence of the first-order term. The
details of the spacing for an axial Hamiltonian have
been discussed by Sleaney and Ingram. ' They are,
however, somewhat ambiguous in their description.

"It has been our experience that it is essential to verify the
assignments and the spin-Hamiltonian parameters by comparison
of calculated with observed spectra. Errors in the estimates of
fluorine hyperfine spacings of only a quarter of the line halfwidth
signiGcantly distort the calculated spectra. On more than one
occasion an incorrect assignment with a "stick diagram" has been
exposed by unsuccessful attempts to reproduce the spectrum in
calculation. When there are many overlaps of lines and groups
of lines, small discrepancies between a "stick diagram" and the
observed spectrum are hard to detect but may indicate qualitative
errors which accompany a complete misinterpretation. In particu-
lar, observed line intensities may be quite diferent from statistical
weights when many lines interfere either constructively or destruc-
tively. It is usually possible to plot a calculated spectrum which
reproduces each bump and shoulder of the observed spectrum.
SmaH errors in line positions or width occasionally separate
shoulders of lines a bit too much; such discrepancies do not
indicate major errors, but any larger disagreements, such as a
single missing or extra line, almost certainly indicate a mis-
assignment even though the over-all appearance may be satis-
factory."J.D. Swalen and H. M. Gladney, IBM J.Res. Develop. 8, 515
(1964), list many programs for EPR data reduction.

'4 We designate the magnetic Geld orientation for some spectra
using the polar angles {8,&). The principal axes are, respectively:
x(90',0'); y(90',90'); and s(0',0').
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Although with the 6eld along the principal directions,
the large separations occur always towards high 6elds,
it is possible that in intermediate directions the second-
order perturbation term proportional to sin'8 cos'8
causes the largest splittings to appear at the low-field
end of the spectrum.

Near the (90',90') orientation the spacings at the
high-6eld end of the spectrum are insensitive to small
changes of orientation. But at the low-field end, the
spacing between (-,',0,0) and (—'„0,0) varies from 13.2
to 34.6 to 47.5 6 at (90',90'), (90',89'), and (90',88'),
respectively. For this reason, the values g„and A„'
quoted below were derived by fitting the 6ve groups of
lines of the high-6eld end of the y spectrum only.
The data for the xs and ys planes are quite similar to
those in the xy plane except that the variations are
much smaller.

One or two conclusions based on the analysis of the
Co hyperhne spectrum are relevant to the following
discussion of the fluorine shfs. Although the off-diagonal
elements of SX A 'XI ' produce large shifts of lines
from their erst-order positions, in some respects the
wave functions are surprisingly similar to the Grst-order
functions. For instance, transitions with simultaneous
cobalt nuclear spin flips, forbidden in erst-order
perturbation theory, still have less than 10—' of the
intensity of the allowed transitions. Therefore, the
complexity of the spectra presented is to be explained
in terms of fluorine hyper6ne interactions. Also, the
electron spin along the usual quantization direction"
is almost a good quantum number; the mixing of the
m, = —-,'state into the m, = ~ state is always less than
1%, so that to convert fluorine hyperfine spacings /f, H,
observed in oersteds, to energy units the simple formula
A ff pg ffhH is adequate.

V. FLUORINE HYPERFINE STRUCTURE

For a general direction of the external magnetic
field (and hence a general direction of the electron-spin
quantization) each of the eight lines from the Hamil-
tonian Eq. (1a) can be split by the nearest-neighbor
superhyper&ne interactions LEq. (1b)] into 27 com-
ponents with intensities determined simply by the
statistical weights of the nuclear-spin states. If, on the
other hand, the magnetic field lies either in the xy
plane, or in the xs plane, the quantization of the electron
spin lies in the same plane, and the hyper6ne inter-
actions of the four equatorial fluorides become equal
so that each of the eight lines split at most into 15
components.

Figure 2 illustrates particularly clearly the shfs.
Each (cVo„0,0) line is split by the pair of axial fluorides
into three evenly spaced patterns with intensities
1:2:1,and each of these groups is split by the four
equatorial fluorides into Gve evenly spaced lines with

3' See, W. Low, Ref. 26, p. $6.
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FIG. 5. Shfs of the equatorial fluorines for magnetic fields in the
ys plane. The experimental data are taken from the 3IIc,= ——,

'
group of lines. That they are not very complete or particularly
precise reflects the problem of overlapping lines. The curve is
drawn from a first-order perturbation calculation with A,4F

=0.1617, A 4F =0.0756, A,4F =0.0491 kMc/sec. The lower
portion occurs for the colatitude 8 positive and the upper portion
for 8 negative. Since the effective colatitude for one pair of equa-
torial Quorines is the negative of that for the other pair, both
splittings occur in each spectrum so that the curve is folded into
one 90' range.

intensities 1:4:6:4:1.The spectra with the magnetic
field in the xs plane or the xy plane may all be assigned
with this structure, and become complicated mainly
because different groups of lines overlap. The fluorine
hyper6ne parameters, with the exception of the off-
diagonal part of A4~, may be measured from the
principal-axis spectra. In the ys plane, we observe
additional splitting because the equatorial fluorides are
no longer all equivalent. This observation unambigu-
ously identi6es the smallest principal value of the g
tensor with the y axis, and the largest with the x axis.
The measured angular variation of the hyperhne inter-
actions of the two pairs of equatorial fluorines is 6t
with a first-order calculation" in Fig. 5, which indicates
one more potential ambiguity. The experiment does
not show whether the minimum or the maximum
principal value of A4~ is to be associated with the
bond direction. The analogy with the axial fluorides
seems to indicate that the tensor approximates a
prolate ellipsoid of revolution about the bond direction.

The fluorine hyperfine interactions are small com-
pared with the spectroscopic splitting, so that one

"Where the angle between the principal s axis of the hyperfine
tensor and the crystal c axis is &, it is easily shown that the
principal components are related to the components in the crystal-
axis system by

A,p4F =A, cos~g+2A„, cosg sing+A „sin2&
and

A„~4F=A, sin'( —2A „,cosf sing+A 1, cos'$,
with

g=-,' arctan(2A„, /(A, —A„)g.
If the magnetic Geld is oriented along (ff,90') the Grat-order
hyperfine interaction E is given by

E = (A,p ) cos o'+ (A „I ) sin o',

n'=a+) 0 =tan 'I (tan8)g„/g, g.
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TAm E I. Spin-Hamiltonian parameters.

g~
gu
gz

A,«
Co

A co

2F

A %F

A RF

A~4~
A„4F .

A 47
4F

MgF2'. Co++'

6.0327a0.0007
2.2970~0.0004
4.2391~0.0005

657.1 &0.4 Mc/sec
123.3 w0.8
210.0 +0.4
308.0 ~5.0
59.4 ~0.9
75.8 w2.0
92.0 a3.0
76.0 ~6.0b

162.0 a4.0b
49.0 a6.0"

ZnF2'. Co++'~

6.05~0.01
(2.6)
4.1 &0.1

651.0 +6.0 Mc/sec
C'129.0}
(201'.0)

96.0 a3.0
1 ~ ~

163 0 a6 Oe

TjO» Co++f

5.88~0.02
2.19a0.005
3.75w0.01

450.0 +6.0 Mc/sec
120.0 a6.0

78.0 &3.0

NaF' Co++

5.7
3.3
4.3

750.0 Mc/sec
250.0

a This paper. The precisions of g and A«are determined by the internal errors of 6tting eight lines in each principal direction. Those of A~ andA~ are limited by errors of spacings introduced by overlapping lines.
b The expectations of this splitting when the field is along the s and y axes are more precise than these values. They are 169~3and 90.2 ~1 Mcjsec,

respectively.
e M. Tinkham, Ref. i. The bracketed values were estimated with a simple theory. Our assignment of the directions differs from Tjnkham's.
& Kamimura (Ref. 2) quotes unpublished measurements by D. Shaltiel for Znps. Co++ with g» =6.09, gy =2.33, gz =4.25. Hyperfine data are not, available.

More recently, Lines (Ref. 21) quotes unpublished measurements by J. C. Hensel which have Az« =217 Mc/sec,
~ Tinkham does not assign these spacings to one or the other class of Buorides. His Az~ is the first-order splitting on the I axis, and includes a contribution

from Air» F.
& References 6 and 7.

Reference 3.

same as those for MgF2. It would be interesting to
repeat our measurements with ZnF2 as host to complete
the comparison. If, as we suspect, the details of the
geometry in the neighborhood of Co~ are dominated,
not by the host lattice parameters, but by the bonding
propensities of the impurity ion, the spin-Hamiltonian
parameters should be almost identical for the two
hosts. "We have made preliminary measurements of the
EPR of Mn++ in MgF2 which indicate that while the
shfs is very similar to that reported in ZnF~, " the fine
structure constants diB'er by as much as 25%.

Observation of the off-diagonal part of A,4F con6rms
our assignment from less conclusive evidence of spin-
Hamiltonian directions to bond directions of the crystal.
The principal values of the equatorial F" hyperfine
tensor are (92, 53, 184) Mc/sec. By analogy with the
axial F"tensor, the large component may be assigned to
the direction closest to the bond. However, to our
surprise, the maximal principal axis is not along the
bond, but is tilted 24.4+1' from the c axis; the bond
direction makes an angle of 40.2' with the c axis in
MgFs (in CoFs it is 39'). In contrast, for ZnF, :Mn++,
the principal axis lies 38' from the c axis"—which is
indistinguishable from the bond direction. Presumably
the altered direction for Co++ is related to the large
g-tensor anisotropy.

The reported spectra arc quite similar to previous
ones in rhombohedral environments, and are suggestive
of solutions to some unresolved problems in the litera-
ture. In Table I we have included for comparison two

' The shfs parameters are especially sensitive to the bond
distance, since they are roughly proportional to (S+y)~, and
since the orbital overlap integrals and the covalent mixing
parameter y should vary roughly exponentially in the bond length
(Ref. 19).

of the most similar spectra. For Ti02.CO++ the am-
biguity of the directions is not resolved by experimental
data. Our assignment, based on the analysis of A4F

and the analogy of similar Zeeman and Co-hyper6ne
tensors, conhrms the opinion of Zverev and Prokhorov, 6

but is at odds with that of Yamaka and Barnes, 7 who
base their decision on inconclusive arguments from
crystal-6eld theory. The partially analyzed spectrum
of the low-symmetry site of NaF:Co++' is closely
lelated to that of Co~ ln the MgF2 substitution site.
With xpR and PARA, the analysis could readily be
completed to describe the well-resolved F" shfs.

The theory of the shfs required for (CoFs)= involves
a number of complications over any similar case
previously treated and will, therefore, be deferred to
another paper. For the present we content ourselves
with relatively simple comments within the crude
theories OGered by Abragam and Pryce' and. by Tink-
ham. ' These comments are occasioned by our com-
pletion of the set of spin-Hamiltonian parameters, our
reassignment of the principal axes relative to the site
geometry, and the suggestions these data engender
about the interpretation of the resonance experiments
for the other rhombohedral Co~ systems. If a small
contribution from the 4I' atomic state is neglected, and
if the tetragonal and rhombic parts of the crystal 6eld
are treated in 6rst-order perturbation theory, the
spectroscopic splitting factor may be decomposed into
spin and orbital parts'

g =ga,+kgb„s= (10—Sa)/3+k(1 —2a),

g„=gs„+kgr,„s= (10+4a+4r)/3+k(1+u+r), (4)

g.=ga.+kgr = (10+4a—4r)/3+k(1+a —r).

Here, a and r arise from the axial and rhombic parts
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of the 6eld; the orbital reduction factor" (k(1) should
show spin-density transfer from the paramagnetic ion
to the ligands. In Table I we have 6t u, r, and k to
the g tensor; calculations of the hyper6ne tensor are
made with' 40

~ =&'~P(g ')'—l (g )~7 =»x
where we arbitrarily choose' P(—=HAPP~(r '))=0.0225
cm '= 6/5 Mc/sec and a= 0.325. We could treat ~ as an
adjustable parameter, but this hardly seems justi6ed
by the scanty data. For MgF~. Co++ the values of A '
correspond fairly well to the experimental values
(Table I). The orbital reduction 4= 0.86 is somewhat
less than the value assumed by Tinkham and the
Ã'&k relation seems to hold. The agreement is poorer
for the other host materials; in some cases the param-
eters are quite unreasonable. %e cite these data to show
the necessity of a careful re-examination of the theory.
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APPENDIX A' MACHINE COMPUTATIONS
IN THE SPECTRAL ANALYSIS

KPR uses the iterative Newton-Raphson method to
6nd, for a specified g tensor and cobalt hyper6ne
tensor LEq. (1a)7, 'tlM resonance magnetic 6eMS H
by solving

W;(H, H,@) W; (H,8,&)= h—v. (6)

Here W; is the ith eigenvalue of (1) for the magnetic
Geld orientation specified by the colatitude 8 and the
azimuth gk" The resonance Beld calculations include
calculations of the derivative of the resonance 6eld
with respect to the microwave frequency. The latter
datum is useful for small corrections of observed Gelds
to some standard microwave frequency and for con-
version of hyperfine spacings in GeM. units to those in
frequency units.

Given a tab1e of observed resonance 6elds at speci6ed
angles, PARA" reGnes an estimate of the spin-Hamil-

"% W. H. Stevens, Proc. Roy. Soc. (London) A219, 542
(1953l.' ~ measures the admixture of unpaired s electrons on the
central ion. N is a normahzing factor which might be diBerent
for each dIrectlon."Some of the mathematical techniques used in these programs
have been discussed in an earlier paper (Ref. 34). The programs
themselves are available from the Quantum Chemistry Program
Exchange, Chemistry Department, Indiana University, Blooming-
ton, Indiana.

tonian parameters to give a least-squares 6t of the
observations. The method used is to invert the linear
ielatlonship of 6rst-order deviations of the parameters
to 6rst-order deviations of resonance frequencies.
Estimates of parameter errors arising from internal
inconsistencies of the observations are included in the
output.

EPR and pARA have more general capabilities than are
implied by their application to the Hamiltonian, Eq.
(1). In their present version they may be applied to
any member of the class of spin Hamiltonians

i=psxgx H+DLS.'——;s(s+1)7yz(s.—s„)

+-Ls"+S,'+S.4—-',S(s+1)(3S'+3S—1)7
6

+K355*4 30S(s+1)s'+25S-'
—6S(S+1)+3S'(S+1)'7, (7)

for any symmetry and any e8ective spin up to 5= ~~.

Moreover, the programs are constructed to facilitate
extension to other forms of spin Hamiltonians by the
addition of appropriate algorithms.

APPENDIX 3: CALCULATION OF THE
ANOMALOUS SHFS

In this Appendix, we 6rst of all examine the Hamil-
tonian appropriate to CoF fEq. (3)7 in perturbation
theory to describe the interactions responsible for the
anomalous shfs, and then employ the perturbation
theory to show how calculations for CoF may be
employed in analyzing the spectra of CoF6.

Examine, for example, the eigenstates of X~ when
the magnetic 6eld is along the principal axis of the
minimal component of the g tensor, in the case when
AF=—A'F, for H=2.955 kG. Where ~m, mc,m~& is a
strong-Geld basis function appropriate to X~, the
eigenstate which has the largest mixing of basis states
has the wave function

(M, =-', , 3Eo,= '„MF=-',)-
=0.7'~-; —;—;&+0.0562~ —;;;&+O0484~;;;&

+0.0501 ~-', ——; —,'&+0.0691 ~-,
' ——,

' —,')+.". (8)
Consider the OG-diagonal parts of X~ as a perturbation
on the diagonal portions. Then the origin of the im-
portant contributions to the wave function may be
indicated. diagrammatically. ~ The Grst-order cobalt-spin
corrections, Fig. 8 (a), are smaller than the second-order
cobalt-spin correction, Fig. 8(b), because the latter
contribution includes a small energy denominator. For
the same reason the Grst-order Buorine spin correction,

~ We include in these diagrams the tensor factors of the matrix
elements.
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Fig. 8(c), is small compared with the mutual fluorine-
cobalt-spin corrections, Fig. 8(d). The 6rst of these
contributions is very large because it involves a particu-
larly small energy denominator. There are no second-
order corrections involving the Quorine hyperfine inter-
action only. The anal terms indicated in Eq. (8)
indicate that fourth-order corrections to the grave func-
tion are not negligible4'; the first is proportional
to (A '—A ')'(A '+A ')' and the second to
(A.F—A P) (A,o'—A,o')'(A o +A,o'). The corrections
corresponding to the mechanisms above are roughly
31, 23, 15, 15, 14, and 13 Mc/sec, respectively. The
6rst three contributions correspond to the uneven
spacings illustrated in Fig. 4. The fourth interaction
a8ects aB the Quoride spacings uniformly. The Gnal
interactions, vvhose xnagnitudes vary vrith the cobalt
spin number, provide mechanisms for the observed
variation of the effective Quorine splittings across the
spectrum. Of course, since the mixings are very large
in the function cited, perturbation estimates of the
energy corrections are inaccurate, but they do indicate
that large fourth-order corrections must be anticipated.

The generalization of the model problem to the
complete Hamiltonian, Eq. (1), is most easily seen
if the model Hamiltonian LEq. (3)j is broken up
diGerently for perturbation theory. Take as the zexo-
order Hamiltonian

I',0~= SXII XI+ SX Ao'X I~ +S,A,s'I,F (9a)

and as the perturbation term

X,j,~ S,A+IP+SPP I„F——. (9b)

To avoid degenerate perturbation theory the diagonal
part of the Quorine hyperGne tensor is included in the
zero-order Hamiltonian. Then, provided that the eigen-
states of (9a) are not too close in energy to each other,
the energy corrections induced by (9b) may be esti-

4~ Note that eth-order corrections to the wave function are
associated with (2e)th-order corrections to the energy.

Mc,
I

2
5 7
2 2

MFI k

I 2f I

2

Fro. 9. Schematic indication of the largest second-order pertur-
bations from the o6-diagonal parts of the Buorine hyper6ne
interaction. In the upper portion the interactions are indicated
for a hypothetical CoF fragment; in the lower, for a Cop& frag-
ment. (The lengths of the arrows showirig the perturbations do
not indicate the magnitudes of the shifts. ) The connected states
are indicated by arrows at the same horizontal leveL

mated in second-order perturbation theory. The most
important Inodikcations to the eave functions are
small Grst-order corrections from states @which conserve

(Mo,+My). These are schematically indicated in the

upper part of Fig. 9, @which is drawn to scale for the
magnetic Geld in the y-direction. For Mc, &~~, the
perturbations decrease the observed shfs spacing; the
effect becomes larger as Mc, progresses from ——,

' to —,',
because the zero-order states come closer to each. other.
However, since the ~-', 2

—~) state lies below the

~2 —, 2) state, here the perturbations increase the ob-
served spacing.

The hypothetical fragment Copy has the Hamiltonian

LEq. (9)] augmented by the hyperfine interaction of a
second Quorine ion. If this ion is equivalent to the Grst,
the Grst-order levels and the largest second-order

perturbations take the form indicated in the lovrer
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portion of Fig. 9. If all the perturbations are small
enough, so that no large changes in the eigenvectors
are induced, the effective F" hyperfine interaction for
CoF approximates that for CoF~ as follows. Denote
the states for CoF2 in an uncoupled representation
~~sWco~Fr~rs), 44 and consider, for example, the
states with Mo, ————',. Then ~rs—s —sr —-', ) is per-
turbed both by ~

sr —gt s —rs) and by
~

sr —st —-', sr) by
the same amount as ~-', —-,'——,') is perturbed by
~-', —st —',) because the energy denominators as well as
the matrix elements are the same for CoF2 as for CoF.

44In this paragraph, eigenkets with three quantum numbers
belong to the CoF problem; those with four quantum numbers
to the CoF2 problem.

Also, since both ~-', —gs ——,
'

—,') and ~-,
' —-', —,

' —-', ) su6'er
the same perturbation from

~ s
——,

' rssr), their de-
generacy is not split, but the levels are shifted only half
as far as

~ s —s —s ——',). So the perturbations do not
disturb either statistical intensities or the relative
spacings in the group of lines for any Mz„but the
hyperfine spacing changes from the first-order pertur-
bation prediction. All the perturbations indicated in
Fig. 9, and the smaller ones not indicated, are additive.
Therefore, to a good approximation, fluorine hyperfine
separations calculated by diagonalizing the 32X32
Hamiltonian for CoF may be transferred to the spec-
trum of CoF2, and, by the same argument, to the
Hamiltonian fEq. (1)] for (CoFs)~.
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An analysis of some approximations common in the treatment of many-body systems indicates that the
inclusion of large numbers of uncancelled exclusion-principle-violating (EPV) processes leads to meaningless
results. We therefore propose as a criterion for the validity of many-body approximations that there should
be no such large-scale inclusion of KPV processes. The graphs generated in the BCS theory are analyzed
from this point of view.

INTRODUCTIOH
' "N a recent paper, Fukushima and Fukuda' attempt

to calculate the ground state of the BCS (Bardeen,
Cooper, Schrieffer) reduced Hamiltonian in the strong-
coupling limit by summing a subset of the totality of
graphs generated by this Hamiltonian. The graphs
chosen —ladder graphs —seem to dominate all others
since they are of order 0' whereas the neglected graphs
are of order 0 ' or lower. (The volume of the system
is Q.) As the ground-state energy of this system is
known, it is possible to determine that the accuracy of
their result is very poor and, what is worse, the asymp-
totic behavior of such functions as the vacuum expecta-
tion value of the U matrix is entirely incorrect. Since
the subset of connected graphs chosen is a common one,
and since its choice in their case seems particularly well
justified, it seemed worthwhile to attempt to seek out
the source of the difaiculty. We state our conclusions in
the language of the strong-coupling model although
some are valid in general.

*Supported in part by the Advanced Research Projects Agency,
the National Science Foundation, and the U. S. Atomic Energy
Commission.

f Present address: Physics Department, Norwegian Institute
of Technology, Trondheim, Norway.

f Alfred P. Sloan Reseaich Fellow.' K. Fukushima and N. Fukuda, Progr. Theoret. Phys. (Kyoto)
28, 809 (1962).

In the first part we summarize and analyze some of
the results of Fukushima and Fukuda. This leads us to
propose in Part II a criterion for the validity of many-
body approximations. The third part contains an
analysis of the BCS reduced Hamiltonian according to
the proposed criterion.

I. THE LADDER APPROXIMATION

In the strong-coupling limit the kinetic-energy
operator is replaced by its constant expectation value T.
For convenience this constant is set equal to zero by a
shift in the zero of the energy. The BCS reduced
Hamiltonian in this limit is then

H= T+Hr= VQ csttc sstC s AC& t, —
kk'

where the sums over momenta are limited to a narrow
shell around the Fermi surface. One of the authors has
analyzed such strongly coupled systems for a general
interaction'; some of the results are given below for
reference.

The vacuum expectation value of the resolvent
operator E(s), where s is a complex variable, can be

' L. N. Cooper, Phys. 'Rev. 122, 102i (1961).


