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Several features of observed p-p — d-= cross sections in the BeV region suggest that a one-particle (in
this case, one-neutron) exchange mechanism may play a significantrole. We haveinvestigated this possibility.
The treatment of the dnp vertex requires some care; the Fourier transform of the deuteron wave function
plays a crucial role in the calculations. The resulting predictions for the angular distribution clearly exhibit
the forward peaking which is experimentally observed, although the calculated total cross section, as a func-
tion of energy, does not agree very well with experiment.

I. INTRODUCTION

THE reaction
p+p—dtat (1

has been of considerable interest, both theoretically'—3
and experimentally.*~7 The most conspicuous feature, a
prominent peak in the total cross section at a proton
laboratory kinetic energy of about 600 MeV, was shown
by Mandelstam! to follow by a final-state interaction
mechanism from the existence of the (3,3) resonance
N*(1238) in the pion-nucleon system. Turkot et ¢l.,* and
more recently Yao,? extended this mechanism to higher
energies, and showed that the pion-nucleon resonance
N*(1920) should produce a peak in the total cross
section for reaction (1) at a laboratory kinetic energy of
about 2.8 BeV. If the existence of this latter peak, which
the experiment of Turkot ef al.* suggests, is confirmed,
it will establish this calculational scheme, involving
one-pion exchange plus final-state interaction, as a
reasonable approximation scheme.

There is, however, another single-particle exchange
which may occur, namely neutron exchange (Fig. 1).
This process was briefly discussed by Yao?; he remarks
that the relevant diagrams are (a) difficult to calculate
because the neutron is far from its mass shell, and (b)
probably smooth functions of energy and therefore not
able to reproduce the observed peaks. We are in general

Fic. 1. Feynman
diagrams for single
neutron exchange in
the reaction p+p —
d+#t: (a) “un-
crossed’’ diagram;
(b) “crossed” dia-
gram.

(a) (b)
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agreement with both of these points, but it is still of
interest to attempt the calculation. The differential
cross section® exhibits forward (and backward) peaking,
and the forward peak approaches 0° with increasing
energy. This behavior is very suggestive of a one-
particle exchange mechanism.

In Sec. II we present the general plan of our calcula-
tion. In Sec. III we discuss the treatment of the dnp
vertex and in Sec. IV we present our numerical results
and some remarks. An Appendix contains some calcula-
tional details.

II. MATRIX ELEMENTS

The invariant matrix element T for reaction (1) may
be written, in our approximation, as

T=Te—Ts, (2)

where T, and T, are the contributions from the dia-
grams of Figs. 1(a) and 1(b), respectively.

The dnp vertex has been discussed by Blankenbecler
et al.? We shall rederive the basic result in Sec. III of
this paper, because the derivation in Ref. 8 is highly
formal and abbreviated, and because of a misprint in
the answer [Eq. (33) of Ref. 8. The result is that the
dnp vertex of Fig. 2 is

5(p) (gryutgepu(n), (3)

where # and v are particle and antiparticle spinors, re-
spectively, and the index u is to be contracted with the
polarization vector of the deuteron, which we treat as an
elementary spin-one particle. Explicit expressions for g

n F1c. 2. dnp vertex, with proton and
neutron incoming and deuteron outgoing.

8 R. Blankenbecler, M. L. Goldberger, and F. R. Halpern, Nucl.
Phys. 12, 629 (1959).
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Tasie I. Deuteron “decay” matrix elements. ¢ denotes the
common momentum of the proton and neutron. Fp n=Ep a+mp,n
where E,, , is the total energy of the proton or neutron.

Proton Neutron
spin spin Matrix element
Up Up (2F pF ) [ 2g1(F pFn+g? cos™)

+g2(Fp+Fa)g? sin®d]
Bhn DO (@R F) L2 ga(FyrFa) gt sing cosdeit

Down Up
Down Down (2F pF n)12[2g1— g2(F p+F ) Jg? sin%e?is

and g,, in terms of the deuteron wave function, will be
given in Sec. III.

If we use the dnp vertex (3), the matrix elements T,
and T of (2) are

To=0(p) @rvtgops) M—ma)"V2gvau(), 4
To=0(p") (grvutgepu’) (' —ma)V2gysu(p)

where g is the conventional pion-nucleon coupling con-
stant; (g%/4r)=~14.7. The p+p— d+=t differential
cross section is then

do 1 ¢ 1 =7 )
i 256x2 g3 W? '

q1, 2, and W are the initial momentum, final momentum,
and total energy in the c.m. system, respectively, and 3,
denotes the usual sum over proton and deuteron
polarizations. The squaring and summing are performed
by standard techniques; details are presented in the
Appendix.

III. THE dnp VERTEX

Let us begin by imagining that m4>m,~+m, so that
the deuteron is unstable and decays into p-+#x. The
matrix element describing the decay will be taken to be
(3), or more precisely the Hermitian conjugate of (3),
since the roles of incoming and outgoing particles have
been interchanged.

We first wish to relate the coupling constants g; and
g to the s- and d-wave decay amplitudes. A straight-
forward way to do this is to imagine the deuteron to be
“spin up”;i.e., the polarization vectoris — (3v2) (£+49).
By inserting explicit expressions for the spinors in (3),
we obtain decay matrix elements to the various nucleon
spin states. These are given in Table I. Note that we
assume the constants g; and g, to be real throughout.

If a typical matrix element of Table I is denoted by T,
the decay rate to that spin state is

q 2
32mm e / | T[40 ©

I'=

We may alternatively describe the ‘“decay” of the
deuteron by giving the amplitudes f, and f4 for s- and
d-wave decay, respectively. Reference to tables of
Clebsch-Gordan coefficients and spherical harmonics
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TasLE II. Deuteron ‘“decay” matrix elements, in terms of s- and
d-wave decay amplitudes.

Proton spin  Neutron spin Matrix element

Up Up Fot (v/3) fa(3 costa—1)
ggwn ggwn} (9/8)12£; sinf cosfeis
Down Down (9/8)12f, sin?geie

gives then the decay matrix elements of Table II; again
we assume that the initial deuteron is spin up. We fix the
normalization of f, and f4 by defining formula (6) also
to hold for the matrix elements of Table II.

A comparison of Tables I and II now yields the
relations

g1=(F,;Fn)”2 F,.Fi+qz( a g) ’

2= 2F n, V2 7
B O Pyt ) @
fa 3F Futg?
X(fs V8 ¢ )

We now consider the effect of the deuteron mass
moving to its correct value, below the sum m,~+m,. The
deuteron wave function at large distances changes from
the form

Y~ (e*7/r)[as+aasX (d-state angular function)], (8)
to

Y~ (e7*/r)[as+aaX (d-state angular function)]. (9)

The @, and a4 of (8) are clearly proportional to the fs
and f; of Table IT; the precise relation follows from the
observation that the wave function (8) implies a decay
rate

I'= (4wgma/E,En) (| as]?+|aal?). (10)

A comparison of (6) and (10), using the matrix elements
of Table II, shows that

fa.a= 32w*m s/ EpEn) 0, 4. (11)

We shall assume that the deuteron mass may be
moved to its correct value without doing violence to the
above relations. We thus obtain the coupling constants
g1 and g in terms of the constants ¢, and a4 of the
asymptotic deuteron wave function (9), by combining
relations (7) and (11):

F,F ,.m,i‘)llz 1 ( dd)

g1=47f(

EE. ) Fote\ i)
F P um\ 12 1
82=8"r(
EE> ot P E ot ) 2

X (as—\a/ds —————SFPI;‘—I-QZ) .
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Fic. 3. Calculated c.m. differential cross sections for 7o=0.3, 0.4,
and 0.5 F. The crosses are experimental points from Ref. 4.

The question arises as to the proper values of Ej s,
F,.» and ¢ to use in (12). For the values of g; and g
when all three particles of Fig. 2 are on the mass shell
(“at the pole,” for the diagrams of Fig. 1), the prescrip-
tion is clear. We simply use the same relations that hold
for m 4> my~+my, namely,

Ep= (ma+mp*—ma?)/2ma,
E.= (m@+mild—my?)/2mq,
Fp=[(matmp)*—ma*]/2ma,
Fn= [("zd+mn)2_m1>2]/2md )

@ =[mat—2m g (mp2+ma2)+ (m2—m2)?]/dma.
However, if we use these values, together with a
reasonable asymptotic deuteron wave function, we ob-
tain coupling constants g; and g, which lead to ridicu-

lously large cross sections for reaction (1). There are at
least two reasons for this:

(13)

(a) The value of ¢* is anomalously small at the pole,
because the deuteron binding energy is so small. This
small value of ¢ in (12) causes the d-state contribution
(i.e., the contribution from a4) to be unusually large at

W =25 BeV
03 F prot

1 ! 1 1 1 1 ! !
10 20 30 40 50 €0 70 80 90

8;.m.(deg)

Fic. 4. Effect of varying the d-state parameter p on calculated
cross sections.
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the pole. It seems unphysical to expect this effect to
persist away from the pole.

(b) It is well known? that the Fourier transform of a
wave function is closely related to the corresponding
three-particle Green’s function. In other words, the
Fourier transform of the deuteron wave function pro-
vides a rapidly decreasing form factor which should be
used to reduce our mass shell estimates.

Specifically, we have modified Egs. (12) as follows:

(a) ¢*is computed from (13), but with m.,? replaced by
#2. Thus, on the mass shell (n?=m,?), —¢? has its very
small value o2,"but it increases rapidly as n? departs
from m,2. The remaining kinematic variables in (12),
namely E,,, and F, ., we have given their mass-shell
values. We are not certain what the correct treatment of
these variables is, but in any case they are relatively
slowly varying.

(b) From (9) it follows that
Qs,d= }lm 2[(q2+a2)/47r]¢a.d(q2) )

g“>—a

(14)

where ¢, 4 is the Fourier transform of the s-wave
(d-wave) radial function of the deuteron. We have re-
placed relation (14) by

a0,a(¢) =[(@+a?) /47 Jpe,a(¢") - (15)

That is, for a given #? ¢* is computed from (13), with
w2 replaced by 7% Then a,,4 are computed from (15)
and inserted into (12) to obtain the appropriate values
of g1 and go.

Finally, we must choose some reasonable deuteron

50
40 -
30

381,.050)

20

2.8 . 3.6
W (BeV)

FIG. 5. Zero-degree differential cross sections, as functions of
total c.m. energy W. The crosses are experimental points taken
from Ref. 2.

9 R. Blankenbecler and L. F. Cook, Phys. Rev. 119, 1745 (1960) ;
R. Blankenbecler, Nucl. Phys. 14, 97 (1960); M. T. Vaughn,
R. Aaron, and R. D. Amado, Phys. Rev. 124, 1258 (1961); R. D.
Amado, Phys. Rev. 127, 261 (1962).
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wave function. We have taken for the s-wave function

V)= (/) [eetr—m0—
=0,

(r>r0)

(r<ro). (16)

This function has the Fourier transform

6.(9)= / P Yo ()i

drN (F—d®) T B¢
= cosqro
(¢*+a?) (8L g(a+B)

The constants N and 3 were evaluated from the normal-
ization condition and the effective range . Neglecting
the small (~59%,) d-state probability, we obtain

a B(B+a)
N?=— = .
2r (B—a)? 27 1—ar.

sinqro:l .an

o e—2aro

For the effective range, we have taken!
7.=1.82 F=9.22 BeV~1.

After making modification (a) above, the d-state part
of the deuteron wave function turns out to have very
little influence on the final results. We have therefore
taken for the d-state function simply a constant p times
the s-state function. In order to fit the observed
quadrupole moment of the deuteron, p must be chosen
near 0.0219; on the other hand, the d-state probability
requires a much larger value of p. The discrepancy, of
course, simply reflects the inaccuracy of our d-state wave
function.

IV. NUMERICAL RESULTS AND DISCUSSION

We have calculated numerical values for the differ-
ential cross section of reaction (1), using the formulas of

500 - -1

p=0.02

300
o(ub)

200

100

2.0 2.4 28 3.2 3.6
W (BeV)
F1G. 6. Total cross sections for various values of 7,. The crosses
are experimental points from Ref. 4.

W R. Wilson, The Nucleon-Nucleon Inleraction (Interscience
Publishers, Inc., New York, 1963).
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Fic. 7. Calculated differential cross sections for various energies,
showing increasing forward peaking with increasing energy.
70=0.3 F; p=0.02.

Sec. II and the Appendix, and the modifications dis-
cussed in Sec. III. The numerical calculations were
performed on the IBM 1620 computer of the Indian
Institute of Technology, Kanpur.

In Fig. 3 we show the c.m. differential cross section at
a total c.m. energy W=2.5 BeV (proton lab kinetic
energy =1.46 BeV). The three curves show the effect of
varying the hard-core radius 7o from 0.3 F to 0.5 F,
while holding the d-state parameter p fixed at 0.02. The
crosses are experimental points, taken from Ref. 5. It is
apparent that we cannot fit simultaneously the observed
magnitude of the differential cross section and the ob-
served amount of its forward peaking.

In Fig. 4 we show the effect of varying p. The cutoff
radius is held fixed at 7o=0.3 F, and W=2.5 BeV.

In Figs. 5 and 6 we show the zero-degree differential
cross section and the total cross section, respectively, as
functions of W, for o=0.3, 0.4, and 0.5 F. In no case is
there good agreement with the experimental data which
we have taken from Refs. 2 and 5.

W=2.8 BeV .
W=30 BeV

0.5

$q(a?) W=358eV.
(ARBITRARY)
UNITS

-osf-

—tse 1 1 1 1 L 1 1]
1.0 0.5 0 -0.5 -0 -5 -20 -2.5

n?(Bev?)

F16. 8. Fourier transform (17) of our assumed deuteron wave
function (16) as a function of #?, the squared four-momentum of
the virtual neutron. The horizontal bars denote the range of #? in
the uncrossed diagram, corresponding to angles ;.. from 0° to
90°; 0° is at the left.
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On the other hand, one characteristic feature of the
experimental results,® namely the increasing sharpness
of forward peaking with increasing energy, appears
quite clearly in our model. In Fig. 7 we show differential
cross sections calculated for various values of W, with
r0=0.3 F, p=0.02. For 7o=0.5 F, the effect is even more
pronounced; at W=3.5 BeV, the maximum in the
angular distribution is at 0°.

The reason for this forward peaking is of some in-
terest. Although such angular distributions are typical
in one-pion-exchange calculations, we are here dealing
with nucleon exchange, and a simple calculation of the
momentum transfer involved will show one that such
sharp peaking is not expected.

In fact, the reason for these angular distributions is
our Eq. (15). The a,;,¢ and therefore the effective
coupling constants gi,» are proportional to the Fourier
transforms of the deuteron wave function. As we vary
the angle 8, and therefore the momentum transfer #?, the
variations in do/dQ to a considerable degree simply
reflect the variations in the Fourier transform ¢,(g?).

To illustrate this point, we have drawn Fig. 8. This
shows the Fourier transform ¢;(g?) for 7o0=0.3 F. Above
the Fourier transform we have drawn horizontal bars
indicating the range of values assumed by #»? for the
uncrossed diagram, as 8 goes from 0° to 90°. It is clear
from this figure that the presence of the maxima in
Fig. 7, moving to smaller and smaller angles as W in-
creases, simply follows from the presence of the maxi-
mum in |¢,(g?) |2 near #2=0. The behavior of curve 1 in
Fig. 7, showing a minimum in do/dQ for W=2.2 BeV,
can also be understood from Fig. 8. For W=2.2 BeV,
the zero of ¢,(¢?) near #*=0.45 BeV? occurs for a
real scattering angle between 0° and 90°. The fact that
angular distributions calculated for r=0.5 F exhibit
sharper forward peaking is also easily read off from
Fig. 8.

We conclude that our one-neutron exchange mech-
anism is at least partially successful in reproducing the
observed character of p+4p— d+=t cross sections,
particularly the forward peaking which increases with
energy. The agreement with experiment might very
well be improved by the inclusion of absorptive effects'*
in the present calculation. We also suggest that the
intimate relation between Fourier transforms of bound-
state wave functions and angular distributions, familiar
to nuclear physicists from stripping theory,”? may occur
in the present case, as well as others, in high-energy
particle physics.

Incidentally, a calculation'® of the cross section for
p+p— d+ vector boson by Nearing, assuming one-
neutron exchange, was made “at the pole,” and we
would therefore expect it to overestimate the actual

11 M. H. Ross and G. L. Shaw, Phys. Rev. Letters 12, 627 (1964).

2 S, T. Butler, Nuclear Stripping Reactions (John Wiley & Sons,
Inc., New York, 1957).

18 J, Nearing, Phys. Rev. 132, 2323 (1963).
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cross section enormously because of his omission of the
Fourier transform of the deuteron wave function.!

ACKNOWLEDGMENTS

One of the authors (JM) would like to acknowledge
the hospitality of the Indian Institute of Technology,
and also a valuable conversation with Professor M.
Banerjee on the subject of Fourier transforms and form
factors.

APPENDIX

We begin with the invariant matrix element for reac-
tion (1) in the form (2)

T=Ta—Tb,

with T, and T, given by (4). The squared and summed
matrix element is

CITP=Z|T*+ | To|* % T*Ts—Y T4*T,.
We write
2| Ta|*=[2g%/ (n*—m2)* 144,
T Ts|2=[2g%/ (0"*—m.2 4B,
2 TrTy=[2g/ (B*—m?) (n"*—m.2) ]AC,
X T5*T.=[2g%/ (B—m.2) (" —m,2) UD,

and further decompose 4, B, C, D into four parts each:

A= |g1{2A 1+g1*ng2+g1gz*A st |g2 | 244,

B=|g1|*B1+g1'*gs' Ba+g1'gs'*Bs+ | g2’ | 2By,

C= gl*g1'C1+gx*gz’C2+gllgz*C3+g2*g2'C4 ,

D= g"*g1D1+ g1"*ge Do+ g1g2"* D3+ go"*g2Ds.
We must remember that, following Sec. III, we are
modifying the coupling constants at the dnp vertex, so
that g1 and g, take on different values accordingly as the
four-momentum of the exchanged neutron is # or n’. We
have therefore distinguished these alternatives in Egs.
(A1) by using a prime (no prime) to denote a coupling
c??s)tant for which the virtual neutron has momentum
n' (n).

The quantities 45, - - -, D; are evaluated by the usual

trace and projection-operator techniques. For example,

Ar=5 Try,(ntma)ys(p'+my)
Xys(nt+ma)y,(b—mp)Dys,
where D,, is the spin-one projection operator
Dyy=—0b,+dd,/md.
The results of the traces are

Ay=E\(—4Z1)+Es(—2Z 1)+ Ei(ZsZ1—22125),

As=As=Ei[mp(2Z1—Z11)+mn(2Z1) ]+ Es(mpZ11),

A4=E1(2Z1Z7-—Z9Z11) 5

Bi=Ey(—2210)+ Es(—4Z5)+ Es(Z5Z12—22:2,) ,

By=Bs= Es(mpZ12)+ Es[mp(2Z3— Z12)+mn(2Z5)],
1 J, Nearing, Phys. Rev. 135, AB2 (1964).

(14)
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By=E4(2ZsZs—ZZys),
C1=D1=E1(—2Z4)+Eo(—2Z5—2Z¢)+ Es(—275)
FE(—Z1Zs—Z:ZFZ5Zs),
C2=D3=Eg[mp(Zs'—Zs—Z4)+mn(Z5—Z1—Z4)]
+Ea[m,,(Z2—Z1-—Ze)+m,,(Z2—Zs—Z5):] s
Cys=Dy=Es[my(Zs—Zs—Z10)+mu(Zs— Z1— Zy) ]
+E2[mp(Z10—Zl'—Z7)+mn(Zg—Za'—Z7)] s
Cs=Dy=Eo(ZoZr0v—Z1Z3—Z1Zs) ,
where we have made the following definitions:
E1=p,p,Dyy=—mp+ (p-d)2/ma2,
EZ:P#P/DM= —p-p'+ (Pd) (17' -d)/md,
Ey= Pnlﬁv’Duvz —mg+ (?l'd)z/mdz ’
E4=5",D,‘,= —'3 5

NEUTRON EXCHANGE IN REACTION p4+p—d+n*t

1345

and
’
Zi=p - n—momy,,

Zy=p-nt+mym,,
Zy=p-n'—mymy,
Zi=p" 0 +mgmn,,
Z5=P'P,+m1’2 )
Ze=n-w'+m,
Zi=p-n—mpMy,
Zs=1p"-n'—mgmy,
Zg=p°1>,—mp2,
Zyw=n-n'—m.2,
Z11=n2—~m,.2 5

Z12= n’”—mnz.
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Decays of Baryon Resonances of Any Spin
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(Received 15 November 1965)

General formulas are derived relating coupling constants for the strong decay interactions of a baryon
resonance B,* of any spin s to the observed decay widths, for the decay processes B,* — By+P, B.* — By*
+P, and B,* — By+V, where P is a pseudoscalar and V a vector meson. The calculations are carried
through within the framework of the Rarita-Schwinger formalism, using interaction Lagrangians incorporat-
ing derivative couplings of the pseudoscalar or vector-meson field to free spinor fields. The resulting formulas
are compared with the well-known potential-theory expressions.

INTRODUCTION

OBSERVATIONS of the strong decays of high-spin
baryon resonances afford valuable guidance in
assigning these resonances to their correct places in
various symmetry schemes. Thus the correct isotopic-
spin assignment is likely to be suggested by the ex-
perimental branching ratio into the different charge
states of particles produced by the decay, while the ex-
perimental decay widths provide a means of extracting
phenomenological coupling constants whose magnitudes
are connected in SU(3) or some higher symmetry
scheme.

The purpose of this investigation is to derive, for a
baryon resonance B,* of arbitrary spin s and mass w,
general formulas relating the coupling constants g,;p,
gs3p and gov to the widths I'(w) for their respective
decay processes

B*— By+P, 0
B*— B¥*+P: (2)
B*— By+V, @A)

where P is a pseudoscalar and V a vector meson. Ex-
amples of each of these processes already exist in nature,
reactions of the type (1) being by far the most common
mode for a given resonance because of the relatively
low masses of the product particles for such reactions.
Perturbation-theory relations for I'(w) have already
been given for the lowest spin values and are well-
known! and extension to higher spins suggested by
analogy with the resonance-theory results of Blatt and
Weisskopf.?

Lagrangians incorporating derivative couplings of the
pseudoscalar or vector-meson field to free spinor fields
are employed here, and the calculations carried through
in the framework of the Rarita-Schwinger® formalism.

1J. D. Jackson, Nuovo Cimento 34, 1644 (1964) [see especially
Appendix A].

*J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics
(John Wiley & Sons, New York, 1952), pp. 332, 361, 406-422.
The form of Eq. (49) is retained in the derivation of W. M. Layson,
Nuovo Cimento 27, 724 (1963) by means of the Klein-Gordon
equation rather than the Schrédinger equation. A useful summary
of results appears in L. D. Roper, University of California Radia-
tion Laboratory Report No. UCRL 14193, 1965 (unpublished).

8 W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941).



