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The mathematical techniques developed in a previous paper for basic constituent reactions are now ex-
tended to composite reactions involving four particles of arbitrary spins and parities. The nondynamical
description of the various ways to couple the spins is considered in detail. The coupling together of the
initial spins, on the one hand, and of the final spins, on the other, permits one to develop the partial-wave
expansion of the resulting nondynamical form factors. The Appendices include many specific examples of

commonly occurring reactions.

I. INTRODUCTION

N this paper we shall consider the various non-
dynamical ways to analyze in spin space a ‘‘com-

posite” reaction
(1.1)

of particles with arbitrary values of the spins sy, s3,
51/, so’. This will not only give us insight into the under-
lying spin space structure of composite reactions, but
will enable us to develop logically the partial wave
expansions of the form factors occurring in such
reactions.

One technique presented in previous papers'™* (we
shall use essentially the same notation as in Ref. 1) is
that of factorization:

5140 5140,
0+s2 ad 0+Szl ,

sitse—> s+

1.2)
(1.3)

where fermions always appear pairwise in the con-
stituents. Each constituent reaction [Egs. (1.2) and
(1.3)]is a “basic” reaction of the form

05— 0+, (1.4)

which can be readily analyzed for arbitrary values of
s and s’.! The basic constituent for bosons is even
simpler and includes only one particle with nonzero spin.
The M matrix for these general basic reactions can be
written in spin space as a sum of products of energy- and
angular-dependent form factors e, (whose energy and
angular dependence we shall delete for clarity), and
spin-momentum rotation scalars T'(s1(p7):Sw(s',s) (J
integer). Thus we have

(s'| M ls)=JZ arTin(p):Swn(s’s),  (1.5)

* This work was performed under the auspices of the U. S.
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where J=|s'—s|, -+ (s'+s). The Ts(p") is an irre-
ducible momentum tensor of rank J, while p” is some
set of basis momentum vectors (see Appendix 1), and
Str(s’,s) is the rank J, irreducible, rectangular, spin
matrix tensor. The notation (s’| 3 |s) will mean that M
is a matrixin a (2s'+1) X (2s+1) dimensional spin space
with matrix elements (s"| M |s)ara=(s’A’| M | sA), A’ and
A being the spin projections of s’ and s along any 2 axis
in the rest frames of each particle. All physical ob-
servables of this basic reaction Eq. (1.4) can then be
expressed as bilinear combinations of these form factors
ay multiplied by “9-j symbols” which depend! on the
relevant spins and the nonphysical angular momentum
type quantity J.

The M matrix (and observables) for the composite
reaction can then be factorized into two direct product
spin spaces,

(s1'se' | M | s155) = (s1' | M | s)) Qs | M | 52)

or more explicitly as

(s/'sd | M |s159)= 2 2 Corry™ (Lo (p™): St (s1',51))

J1J2 rire

QT 1ra(p™):Stom(se,s2)). (1.7)

This “factorized” expansion is the natural one with
which to calculate the composite reaction observables as
bilinear combinations of the Cy,,’s.! However the partial
wave expansion of these Cy,s, form factors is indeed
difficult to find because angular momentum expansions
demand that the fofal angular momentum be conserved.
That is, we first must recouple® s; with s, to form s, s,/
with sy’ to form s’ and then couple the initial orbital
angular momentum  with s to form jr, and the final
orbital angular momentum /' with s’ to form jr and
finally make jr= jr. Moreover, if two fermions appear
on one side of Eq. (1.1) and two bosons on the other,
then the factorization technique breaks down unless we
first use a “reshuffling theorem’’® to ‘“‘cross” one fermion
and one boson in spin space.

(1.6)

5 We shall henceforth use the word “couple” to mean initial
to final spin space couplings and the word ‘“recouple” to mean
initial to initial and final to final spin-space couplings.

6 See, for example, R. Stora, University of Maryland, Technical
Report No. 250, 1962 (unpublished).
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In Sec. II we will consider an “irreducible” spin-space
expansion of Eq. (1.1) in analogy to Eq. (1.5) by com-
bining the two spin-momentum scalars in Eq. (1.7) into
one “compound” spin-momentum scalar. We can then
express the “factorized” form factors Cy,s, in terms of
the new ““irreducible” form factors 4 7,7, In Sec. IIT
we make a Clebsch-Gordan expansion of the composite
amplitude to ‘“recouple” the initial and final spins
together and write the irreducible form factors 4,7,
in terms of now new “recoupled” form factors as(s',s).
Then in Secs. IV and V we proceed with the analysis
of partial-wave expansions of the form factors as(s’,s).
Examples are worked out in the Appendices forall values
of 7<3, where |[s—s'|<T<s+5'.

II. COMPOUND SPIN MATRIX TENSORS

Given the spin matrix tensors Sps;(s1,s1) and
S1ry(s’,s2), we can form a compound spin matrix
tensor S(r;7,7,1(51,51; $2's2) in much the same way as
combining two momentum tensors 7'(s,; and 7'z, into
a compound momentum tensor 7'(s, 7,7, (see Ref. 1).
Formally, we define such objects with Cartesian indices
by their spherical counterparts

Q™ (51,515 82's2) = 2 (JoJoM M| TM)
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Just as?
(S1(8 ) pieeenr= B (s',5))112
X Apre o pg | TM)Qon(s'ys),  (2.3)
M
with ui---us being spherical vector indices, and

(1-+-1ps- - -pg|JM) being the parallel coupling coeffi-
cient discussed in Ref. 1, and

"+ T =)W s+T—s)(s"+s+T+1)!
Bs(s'ys)= , (2.4)
2727+ D) I(s"+s—T)!

SO now
LS 10 717a1(s1,15 897,89) Jneeens=[B(81,51)Bura(s2,52) 112

X Apre - ps | TM)Q, 5105 (51,515 52',52) . (2.5)
M

Note that Ss;7,7, and @y, 7,7, are matrices in the direct
product spin spaces (s1,s1) and (s2/,52).

In analogy with momentum tensors,! Cartesian spin
matrix tensors can be found directly by contracting over
the appropriate number of indices of Sys,; and Sys,; as

MM,
' S (51,515 $2's2)
Qran,(s1,51)Q si)sa), (21) PSS,
with st =y, 5[ S11(51,5)QS 171 (s2,52) Ty, (2.6)
(Qua(sSaa= (=)"Ms'sA'—A|TM).  (2.2) with
274+1)1(2T1) (2T )} 1/2
aJ112J=(—)(Jl+J2“J)/2I: @7+ 1D12T)2/2) ] @27
(1T THDIT+T1—=T) T+ Ta— T ) I(J1+ T~ J)!
and a — a/V2 for J1+J2+J odd. and
LS (51,508 1721 (s2',52) J 1y TS 10, 1,091 (51'51; $9"59)S 17 7y 71 (517515 5253)
=ﬁ-’l(sllysl)ﬁ-fz(s2l,s2)6.11'.]‘6]2'JztsJ'JG)J, (212)

is the tensor-traceless, symmetric tensor of rank J
formed from Sis,; and Ss,; by the process of symme-
trization and contraction. For example, if Ji=J,=1,
then

1
Sto11= —\735 3(s1,51) - Spui(s2’,52) (2.8)
7
Siu= \/_is (51,51 XS a3 (s2/,52) (2.9)

(Stziu1)i7=3[Si(s1',51)Si(s2’,52) +Si(s1,51)Si(s52',52) ]
—3Su1(s1',51) - Sy (s7/,52)845.  (2.10)

In general, the trace properties of such spin-matrix
tensors are

TrQr; 0,0 7y a9 ™M =801 5,050 5850 50000 (2.11)

®s being the projection operator explained in Ref. 1.

So now we can make an “irreducible” spin-space
expansion of the composite reaction s;4s; — 51455’ by
first coupling s; and s, together and s, and s»’ together
to form J; and J,, respectively, and then coupling
J1 and J, together to form J:

(st [ M|s1s9)= X X AsnaTin(p?):

J,J1iJ2 r
’ . 4
St (51,515 52/,59) .

(2.13)

Since Egs. (1.7) and (2.13) are identical we can express
the Cy,7, form factors in terms of the 4 ;;,;, form fac-
tors by decomposing the compound spin matrix tensors,
Eq. (2.6). Examples of this procedure are worked out in
Appendix 2 for the composite reactions $+2% — 141,
31+0—3+1, 3+1—3+1, and 40— 342

In passing, note that the irreducible spin space expan-
sion, Eq. (2.13), also can be used instead of the re-
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shuffling discussed in Sec. I, provided we let J; and J
take on noninteger values (but J still remains integral).
The recoupling technique discussed in the next section
can also be used when fermions are in one state and
bosons in the other.

III. RECOUPLING

A third way to treat composite reactions s;-s.—
s1’+so’ is, instead of coupling s; with s1” and s, with sy,

CSONKA, MORAVCSIK, AND SCADRON
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Now the composite reaction has been reduced to a
sum of basic reactions 0-+s — 0+s’, where s=s;4-52,- * -,

|si—s2| and s'=s,'+s9,-«,|s17’—ss'|. Given the fact
that each intermediate (s’| M |s) can be expanded as

s'|M |S)=JZ a;"(s",8)Tin(p7):Sn(s8), (3.3)

we can express (s1'sy’ | M | s152) as sums over various sets

to recouple s; with s, and s,/ with s¢’ to form s and ¢/,
respectively.

(s1'so’ | MlS152)= Z,: (31'52’1S’)(SlIMIS)(Slslsz) s

of basic form factors a;7(s’,s). This can be achieved
with the help of the recoupling identity

3.1)
Z.:,‘ (sa'se’ | S"A")LS 11 (s',8) Jara(sA | s152)

where (s|s152) and (si's’|s’) are Clebsch-Gordan co- = 5 Ernn(s S rura(stss; s2's2), (3.4
J1,J2

efficients in spin space. More explicitly we can write
<81/82,A1/A2, l M I S1SzA1A2> = Z <31/.S‘2,A1’A2I I S’A/>
e AlA obtained by Racah algebra, which gives for the re-

X {s'A"| M | sA)(sA|s1s2A1A9). (3.2) coupling coefficient £;57,7,(s",5) a 9-7 symbol,

Ji J2 T
ﬁJ(s',s)<2s'+1>(2s+1)(2JI+1>(212+1>]”2 S
§1 S22 §

§r010s S',S)=[
7210 Bri(s1,51)Bra(s2’,52)

(3.5)
S1 S22 S

Putting Eqs. (3.3) and (3.4) into Eq. (3.1) and comparing to the composite amplitude irreducible expansion
Eq. (2.13), we obtain the relation between the irreducible form factors (4 ,7,") and the recoupled form factors
(as7(s",5)),

4 JJ1J2T= Z EJJ1J2(SI;S)“J'(S’)S) .

8,8

(3.6)

In Appendix IT, these relations are worked out for the composite reactions 3+3 — 3+3, 3+0—3+1,3+1— 3+1
and $+0—34-2.
As an aside we consider the relation of the composite reaction observables

L1y mora(51751; 52'52) =Tr{(s1'ss’| M | 5152)S1,(51)S1o(52) (5152 M| 552"y (51) Sa(52) } 3.7

to observables of basic reactions

Le(s',5) =Tr{(s' | M |)S:(5) (s M1 £)Se(s")} (3.8)
where S;(s)=T(s,1:S1n(s). In Refs. 1 and 2 it is shown that the factorized form of the amplitude Egs. (1.6)
and (1.7), gives Lr,z,; pyra(s1'S1; 52's2) as a sum of products of the constituent observables or “pseudo” observables.
From Eq. (3.1) we also see that Lz,1, ryr,(s1's1; $2s2) can be expressed as a sum of basic observables and “pseudo”
observables.

IV. PROJECTION OPERATORS

Consider for the moment the recoupling identity Eq. (3.4) with J=0, i.e., S(s’,5) =I(s)dss. The left-hand
side of (3.4) is then Y a(s1's2’| SA)(sA|s152) which, as is well known, is just the projection operator ®(si's1; s2's2)
in the direct product spin space (si's1), (s¢'s2), i.e., ®*=@®. Setting J=0 (and letting J; — J) in the recoupling
coefficient Eq. (3.5) yields

®y(s1's1; s2's2)= (5152’ | SA)(sA | 5152)
A
s s sl

= (—)storter (2s+ I)ZJ: [Bs(st',51)Bu(se,52) 7112 { j Stnlss1):Swlse'ss). (4.1

So S1

This formula can also be used for isotopic spin projection operators or even for spin-orbital angular momentum
projection operators. Consider the latter possibility with 51—/, s2— 5, sii— U, s’ =5’y s— j. We then have,
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in terms of Cartesian or spherical rectangular spin matrix tensors,

OsVE; ') =S| Vs’ jmiis jms|

= (P QDT [mz',l)m(s',s)J-lﬂ{s

ll
=<—w+s'<2j+1>z{
J

S

where Li;;(7',l) and Qgu(V,0) are the irreducible rec-
tangular orbital angular momentum tensor operators
of rank J.

At this point we wish to stress that the operators
Ly y(V,l) and S1si(s,s) are in general reciangular (for
U's#1 or s’#s5). Such rectangular projection operators
have not been used before, as the properties of rec-
tangular matrix tensors have been thought to be un-
determined. Only sguare matrix tensors have previously
been considered, being constructed with the help of
eigenvalues /(I4+1) and s(s+1) (which do not exist for
rectangular operators), where

(sA’|S?|sA)=s(s+1)daa (4.4)

and
Im' | L2 | lm)y=10+1)6m'm. (4.5)

Recall the (square) projections operators for 0+ —
0+4% scattering,” @, for j=I+43%:

®+(; 3)=(+1+L-0)/(214+1), (4.6)
¢-(4;3)=(—L-0)/(21+1)- 4.7

These too can be obtained from the general rectangular
formula (4.2) using /=0, 1 and

{l ! }= —)— (4.8)
3 3 7 [2(2i4-1)]2
{l l 1}=(_ m+%[j(j+1)_l(l+l)_%], 49)
3 5 7 [6()+1)(204-1) ]2
Sm@)=I, Lig®=I,
0(3) () (4.10)
Sui)=3%0, Lu@)——iqxV,,
so that
2741 i(j+1)—1(0+4+1)—2
®i(l;3)= I {%HMH il as ]L,-‘o (4.11)
21+1 D 2U(I+1)

and using j=I41 gives @4, Eqs. (4.6) and (4.7).
Note that the space in which the L;s; tensor acts is
in momentum space, as

(Q'ILIQ)*iQXQ'd , cosb=¢"-q. (4.12)

cosf

7See, for example, J. J. Sakurai, in Lectures in Theoretical
Physics, Brandeis Summer Institute, 1961 (W. A. Benjamin and
Company, New York, 1962), Vol. 1.

1 J
’ .]Z(_)MQJM(ZIJ)QJ,—M(S,)S)’
S J M

U

J
.}L[J](l’,l):S,J](S,,S) (42)
J

(4.3)

Herein lies one advantage of the rectangular formula
Eq. (4.3) even for the special “square” case (I'=1, s'=s).
Even though we cannot explicitly construct rectangular
gradient tensor operators, we can compute their effect
when taken between momentum states. Using the nota-
tion (§|Im)= ¥ (g), consider the spherical rectangular
angular momentum tensor operator Qsar(7,}) between
momentum states:

@10 D0= 2 @ Vm)
X (@) mom(lm| Q). (4.13)
But
Qi@ D)) mrm= (=)’ —m|TM)  (4.14)
implies —

@1u@ D)= (=) Y rva"@.9, (4.15)
where ¥ s,/ is a compound spherical harmonic. Our
final result is then

rorJ
@i sam=cmernz| |

N

X%(— MY 5@, 020~ (s',5) . (4.16)

V. PARTIAL-WAVE EXPANSIONS

Consider the basic reaction 0+s — 0-+s’ either as the
physical reaction of interest or as an intermediate re-
coupled reaction of s;+s3— s1/+s2’ with s;Fs.=s,
81’+s8y’=¢". Our goal is to expand the form factors
ay*(0) of

('|M|s)— (&'s'| M| gs)
=§.: a;" ()T n(p7):S1n(s,s) (5.1)

into partial waves, where ¢ is the final and ¢ the initial
c.m. momenta. Such a partial-wave expansion corre-
sponds to first coupling the spins s, s’ with the orbital
angular momenta J, / to form the total angular mo-
menta8 j=I+4s=1'~4s’. Note that /, I/, and j can take
on a countably infinite set of values. Contrast this with
the spin-space expansion Eq. (1.5), where the non-
physical angular momentum is J=s—s’=1'—1 and

8 We remark that this angular momentum decomposition, as
well as the spin-space expansions, is also valid relativistically
when the spin directions A, A’, etc., are measured in the instantane-
ous rest frames of each (massive) particle.
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takes on a finite set of integral values, |s—s'| <J < s+’
Recall the parity-conserving positive intrinsic parity
expansion’ for 0+ — 0+1%;

G| M| D) =ad+uT(h):Sm(3,3),
Lwith T(m): St (3,3) =401,

(5.2)
and

47rao<q,o>=§0 L+ 1) Mo (g) M () 1PO(cos6), (5.3)

dman(g,0)=2i z My (q)— M1 (9)]Pr(cosd),  (5.4)

where M, (q) =e®+(D sindy, (¢), and /4= means j=/+13.
We generalize these results for arbitrary values of s and
s’ by using the projection operator of the last section.
First, we may write

(@'s'| M |gs)aa=240 |Vm"Y{¥'s'm'A' | j'm’)
XS’ 7'mi | M | Us jm;)gm;|lsmA)Y(Im|q). (5.5)

We assume parity is conserved (M — M%) along with
the total angular momentum. Recall that M* means
that the product of all the intrinsic parities is =1, and

[
therefore only '+ states which are tgggn can con-

tribute, which we denote by 5[l’+l§§3n]. Then the

conservation theorems state
Us'§'mi’ | M*|ls jm;)

even )
odd

by the Wigner-Eckart theorem.® My ;#(s',s) is the re-
duced matrix element, or physically, the matrix general-
ization of the partial-wave amplitude e** sing;. That is,
the application of unitarity on the partial-wave S matrix
for fixed j, S/=1+42iM’, gives My i(s’,s) in terms of
phase shifts and mixing parameters. This step will not
be discussed here in detail, since it refers to a specific
way of describing the dynamics of the reaction, which
is not the purpose of this paper. For an example of a
simple specific case, see Ref. 10. Now putting Eq. (5.6)
into Eq. (5.5) yields

@'| M 25)
even'
- = (@lo; S'S)IQ)Mz'zj(S',S)5(l'+l ) 5.7)
1,0,7 odd

¢ See, for example, A. Edmonds, Angular Momentum in Quantum
Mechanics (Princeton University Press, Princeton, New Jersey,
1957

4 Stapp, T. Vpsilantis, and N. Metropolis, Phys. Rev. 105,
302 (1957).
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and using (4.16)
(@51 M*]25)= % TPV (@00 -n(s')

xg(—)f*"(zm){i l j}

_ even
XM z'z’(x’,8)5(l’+l ) . (5.8)
odd

Now we compare (5.8) with (5.1), but in order to do so
we must choose a basis set of momentum tensors
T(p7). To keep things quite general we relegate
Appendix I to the choice of such a basis, and here just
formally extract from the Yj,7:(¢,§) a general mo-
mentum tensor basis. We shall find it convenient to
choose the coefficients of such a basis by first letting
¢’ — &, for then

V5™ (@,9)

= ,Z Tm'm|IMYY o™ (@)Y ™(§) — c
(I—M) 12
2041)(214-1
x[( @1 (Z+M)!]

X(VIOM | TMYPM(G ) (5.9)

[where P M(cosb) is the associated Legendre function ]
and then setting J=M;

Y5 (0,9
(i J(—)"r(21'+1)(21+1)
ar L 276,0))
Hence, we may write
(—)”r(2l’+1)(21+1) 1/3
ar L 278,00 ]
X; fror(@O)T M(pr), (5.11)

1/2
] PI@-0). (5.10)

Vi@ ,9)=(—1)"

where!
TJM(pr)= Z (1. celpge- 'NJ|]M>Pu”" Ry (5_12)
Bleeopdg

is the spherical tensor counterpart to 7'(s;(p7), and
fr.vir(6) is the “angular function” which we shall
explicitly find in Appendix IV.

Finally, putting (5.11) into (5.8) and comparing with
(5.1) yields the partial-wave expansions

[ @r+1)2+1) ]”2 s (0)

wa;(6)=(—1)’ 2785 DB(s',5)
dray (0)=(—1)" 2 298,V DB (s',s)

14
U

1 J
Xg(...)i—i-l'+s’(2j+1){s v ]}

) even’
XMy ,z’(s’,s)é(l'+l > . (5.13)
odd
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In Appendix III we shall work out the partial-wave ex-
pansions for such basic reactions as 0+3— 043,
0+3 — 0+3, 043 — 043, 0+3 — 0+, 0+s5— 0+0,
0+0— 0+s’, 0+1—0+1, and 04-1— 0+2.

For composite reactions s;+s» —si’+sy’ we need
only consider a;7(8) of Eq. (5.13) as a;7(6; s',s) and
then use Appendix IT which expresses the composite form
factors Cy, 7, in terms of the basic form factors a;(s',s)
in order to obtain the partial-wave expansions of Cj,s,.
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APPENDIX I: CHOICE OF THE
TENSOR BASIS

There are many possible choices for basis sets of
momenta. In Ref. 1 we displayed the merits of using
orthogonal unit vectors defined from ¢ and ¢. For
partial-wave expansions this is almost a necessity be-
cause it transfers all the angular dependence in ob-
servables (bilinear combinations of the form factors)
into the form factors themselves. There are even then at
least three such choices for orthogonal momentum bases.

q+q
la+q'|

These are only orthogonal for equal mass, elastic

qxq
= , A
lqxq’|

q—q’

J= -,
la—q'|

I

1)

(5, ‘ MJ=0+ 15) = ao(s',s)I(s)as,, )
(S/ l Myt I .Y)= dll(;S’,S)T(WL) :Slll(s,,s) )
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scattering.
_a—q
la—q'|

(2) !

, M=

Now these vectors are always orthogonal, but their
dependence on 6 (cosf=¢’-§) becomes complicated for
all but equal-mass elastic scattering. This choice is
used in Ref. 1.

- 1
3 I= =— @-1),

|g—4'| 2 sin(6/2)

gxq
th=————=—(gX{),

[gXq'| sin

o+ 1

A=IXm= +4').

/A
= ] q
lg+4'| 2 cos(8/2)

That is, we use all unit vectors ¢, ¢’. This is a new choice.
Now the angular dependence is the same for elastic and
inelastic scattering. Instead, all of the effects of inelastic
scattering are now embedded in the complex part of
the energy dependent phase shift

27:Ml' lf(s'q',sq) = ezi Red (2, q)e“? Imdi(e’,q) — 1.

Now we write

M= S (1Mls),

J=|8'—s|

and separating the positive and negative intrinsic parity
amplitudes M+ and M~ we use the property of our
orthogonal basis [(!,s#,8) — (—1, ##, —#)] under space
inversion to write

(" | M| 8)=[a®(s",$)T(D) +a:(s",9) T(#) 1: Sy (5',9)

(' M5t |5)=[as'(s',) T (W) +as*(s ,5) T(AA)+as*(s',$) T (I) ]: S (5',9) ,

(' | M r=57|8) =L as!(s",) T (i) +as*(s',$) T (i) ]: Sy (s'5) ,

(' | M st | 5)=[as'(s,8) T(Ulrr)+as*(s’,5) T (Afirir) +as¥(s’,s) T (Pri) ]: S sy (s',5) , etc.

So our choice for the basis set Tsy(p7) will be 1, T'(r2), T(I), T(4), T(lhn), T (), T(Hm), etc., for M+ ampli-
tudes and T'([), T'(#), T(ln), T(I4), etc., for M~ amplitudes.

APPENDIX II: COMPOSITE_REACTION FORM/FACTORS

Using the tensor basis defined in Appendix I, we list the relations between the factorized (Cy,s,), irreducible
(477,7,) and recoupled (as(s",s)) form factors for M+ (parity conserved with the product of the intrinsic parities
equal to +1) for the composite reactions 3+% — 3+3, 3+0— i+1, 2+1—1+1, 14+0— 242, 04+1— 0+ 1,
and 0+1— 0+2. (Note that we abbreviate Cy,s, by C; and 44,5, by A for clarity.) Similarly, analogous

relations can be worked out for M—,
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i
We factorize into 40 — 340 and 0+% — 041 with Spy(s/’=%,51 =3)=

3+

30=S, Sp(s'=3, 2=3)=5"

G 3| M+|3 3)=C1+Coair-S+Cagir- S'+Cyir- Stir- S'+-Csl-SI-S'+Cef - S - S'+Cil- SA - S'4+-Cep - S1- S’
=Ao*S10,000F+402S 10,11+ A1 T (7) : S 1,100+ A 2T (072) : S 11,01+ A 2T (72) : S

= (3 3(0){2:(0,0)} (0|3 $)+(

33 D{a(1,00T(m): S111(1,0)} 0[5

+ AT+ AT (AR)+APT(A) ]: S 121ny

#0){a:(0,)T(2): S (0,0} (1]
%)—I—(% %ll){ao(l,l)-l-dl(l,l)T(’lﬁ) 'S[1](171)

+[a' (L) T (D) +a:2 (1,0 T(A) 40> (LD TEA) 1: S (1,1} (113 3
Now using S+S’=1-SI-S'+-Siin-S'+#-SA-S and 1S x S'=#-81-8'—1- S-S’ we find

Ci=4,,
Co=A44!,
C3=A12,
R L YER VRS VES
Next, Egs. (3.5) and (3.6) yield
Ao'=%a0(0,0)+Fa(1,1),
A¢?2=V340(0,0)—V3a,(1,1),

All: —%01(0,1)+%_dl(1,0)+01(1,1) )
so that
C1=%a0(0,0)+%a9(1,1) )

C2= —%01(0,1)+%a1(1,0)+01(1,1) )
C3=%01(0,1 —%01(1,0)-{-(1«1(1,1) s

Ca=—a0(0,0)+ao(1,1)—Fa:'(1,1)—Fa2*(1,1),,

s=—(1/V3)4*+3 42—
Ca=—(1/¥8)4,*—34 21-;-2A2 :

Cr=—(i/V2)A’+345°,
Cs=(i/V2)A3+34:8.

A12= %al(oyl)_%01(1:0)+a1(1’1) )
A13=\/fdl<0,1)+\/2_dl(1,0) )
A= 2(12'(1,1) r=1,2,3,

5= —a0(0,0)+ao(1,1)+4a2'(1,1) — 2a:2(1,1),
Cs=—0a0(0,0)+ao(1,1) —Zas'(1,1)+4a22(1,1),
Cr=—1a:1(0,1)—4a:1(1,0)+a23(1,1),
Cs=+ia1(0,1)+Fiar(1,0)+ab(1,1) .

Note that for elastic scattering, time reversal invariance implies [ — +1, i — —m, #— —#, S— —S so that
Ci=Cs=0, 4:3=A:3=0 and ,(0,1) = —a1(1,0), a2*(1,1)=0.

3+0— 341
We factorize into 240 — 140 and 040 — 041 with Si;3(3,3)=S, Su(1,0)=5":
(—%1[M+l%0)=C1n‘z-S’+C2m~Sm-S'—{-CgZ-SZ-S'—f—Cm'Sﬁ-S'+C5l~Sﬁ~S’+C6ﬂ-Sl-S'
=AeSt0,111+ 411 T(7) : Sp,on+A32T(07) : S, w1 +[A2T I+ A2T(AR)+ AT (4) ] S 121y

=G1I{e3,)+aG,H)T0R):Sm(,3)} G130+ G1H{a(E,2)T01): SmG)
+[02' G T +02(3,3T(AA)+a* 3, D) T(IA) ]: S (3,3)} G130) ,

with
C1=A11,
Co=—(1/V3)4'—342'—342°,
Cs=—(1/V3) A +2A41—%A4:2,
and
=—200(%)%);
A= (1/2V3)as(3,5)+(2/V3)ax(3,3)
so that

V3Ci=}a:1(3,3)+2a:(3,3),
V3Ca=2a4(3,3)—$0'(3,3) —3a°(5,%),

V3Cy=2a0(3,3)+302'(3,3) —30°(3,3) »

C4=—(1/\/3—)A01—%A21+§A22,
Cs=—(i/V2)A2+-348,
Co=(i/V2)Ar*+345°,
A2=(2/V3)ar(3,3)— (V2/V3)a:(3,2) »
::(1/\/—)a2"(2’2), 7’=1, 2737

V3Cs=2a.(3 ;2)-%021(2;2)"‘ 3“22(2;%) ’
V3Cs= ".‘Wl(zyé)’f‘zwl(z,%)‘i‘zaz (2’2):
V3Co=1a1(},3)—2ia1(3,3)+302°(3:,2) -
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3+1—3+1
We factorize into 4+0— 240 and 041 — 041 with Si;y(3,3)=S, Sy(1,1)=S5"
(31| M+|3)=C1+Cain- S+Cair- S'+Caiv- St S'+CsT(1) : S 1o/ +CoT (AA) : S 2y +CT (1) - S 12y + Cari- ST () : S 121/
+Coriv- ST(AR):.S 1oy +Crotit- ST(IA) : S o +Cral - SI- S+ Craft- S-S’ +Cyl - SA-S'+Crit - SI- S’
+Cisl- ST (i) : S 1oy +Cirofh ST (Ari) : Sy +Cual - ST (i) :. S oy +Cight - ST(Ii2) : S 12
=A40'S10,00+ 402 10,101+ A1 T(#7) : S 1,100+ AL2T(07) : S 1,00+ A 12T (072) 1 S 11y + A 14T (#72) : S 11,121
F[AAT)+ALT(AR)+AST(A) ]: S 2,111+ [A LTI+ A ST AA)+AST(A) ]: S 12,0
+ AT )+ ASTAR)+ALT (R)]: S g +[ AT i)+ A2 T (Ahri)+ AT (i) 12 S 13,121
=(31 l 2){‘10(2,2)+‘11(2,2)T(m) Sm(3))G l 31)
+G1 (a3 T0): S 3,3+ [0 G T+ 0023, 5 T(A) + 023D T(A) 1: S (3,1} G131
+@31 I NHei(33)T(0): Slll(z:2)+[a21(2y2)T(ZZ)+022(2,2)T(ﬁﬁ)+a2a 2:2)T(M)] S3,3)1G I 31)
+(%1[%){00(2’2)+al(2,2)T(m) Sm3,3)+ et 2,2)T(zz)+a22(g; )T(ﬂﬁ)‘l‘@s(z,z)T(Zﬁ)] S1(3,3
with +[as! 2,2)T(sz)+a32(2:2)T(ﬁﬁm)+aa3(2;%)T(lﬁﬁ)] Sw(3,:3)}E130),
1
Ci=4¢, Cs=(V3/2/5)A1*—(i/2)(V2/V3) A 22+ (7/15) A 31+ (2/15) A 52,
Cy=A4,", Co=(V3/2/5)A1*+(1/2)(V2/V3) A2+ (2/15) A5+ (7/15) 4 52,
Ciy=4.2, Cro=1(VZ/V3)A"—i(V2/V3) A8+ %A 53,
i=(—=1/3)A*—342'—34:*, Cu=—(1/V3)AP+34:—%
Cs=A4.", Cro=—(1/V3)4*—34,'+3422,
Ce=A45, Cia=—(1/V2)AP+34.2,
Cr=4,5, Cu=(i/V2) 43 +3423,
Crs=—(V3//5) 41+ (3/2) (VZ/V3) 422+ (8/15) 451~ (2/15) 42,
Cro=—(V3/4/5)41*— (i/2)(V2/V3) 45"~ (2/15) A5+ (8/15) 44,
Cu=i(V2/V3)A*+344%,
Crs=—i(V2/V3)42"+344,

and
Aot= 3%(2;2)"‘ 2a0(3,3),
Aoz“ $V3au(3:3)—$3a0(3,3),
i'=—3a1(3,5)— (8/9)a1(3,3)+ (8/9)as(3,5)+(10/9)a:(3,3) ,
Alz— ta(3:3)+30G.3) 306G, +iaG) )
A*=0a1(3,3)+V20:(3,3)+V2a; $,3)+0a:(3,3),
Ar*=(2/9W/15)a1(3,3)— (2/9)(V/15)ar(3,3)+(2/9)(V/15)a1(3,3)— (2/9 (W 15)ar(3,3) ,
Ayr=—30r(3,3)+3a7(3,3)+207(3,3), r=1, 2: 3,
A7 =30s"(3,3)—3%02"(3,5)+ 22" %3, 7'—4 5,6, r=1,2,3,
As7= (\/3/‘/2)“2'(2’2)+(\/—/\/2_)a2'(2;2)+002' 33), 7=17,8,9, r=1,2,3,
Asr=305"(3,3), r=1,2,3,
so that

Ci=3a0(3,3)+3a0(3,3),

Co=—%a1(3,3)— (8/9)a1(3,3)+(8/9)as $,3)+(10/9)a:(3,3),

Cy=3a:1(3,3)+30:(3,3 )—301(3,3)+8a(3,3),

Ci=—%a0(3,3)+3 a0(3,3)+%02'(3,3) —§a! 2:2)—5021(2;2)"'6022(2,2)_‘6022(2:2)—3‘022(2;2 ’
C5——2021(2,2)—7021(2,2)-}-@ %3,

CG—2022(2;2)“'%‘122(272)""022(2,2 ’

Cr=30*(3,3)—302*(3,3) +0*(3,3),
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Cs=301(3,3)—301(3,3)+301(3,3) —30:(3,3) — (4/2)a*(3,3) — (i/2)a2*(3,5)+ (7/5)as' (3,3)+2a:2(3,3)
Co=3a1(3,3)—30(3,3)+30:(3,3) — 30.(3,3) + (1/2)a*(3,8) + (3/2)a:*(3,3) + 2as' 3,3) + (7/5)as*(3,3)
Cro=1as"(},3)+1a2'(},3) —ia:*(3,9) —ia2*(3,3) + 0 (3.3),
Cu——‘%(z,z)'f‘sdo(z,z —3021(2,z)+3021(z,2)+3021(2,2)4-%022(% $)—3a(3,3)—3a’(3,3
Crp=—3 00(5,%)+3do(3, 3021 (3,3) —502'(3,3) — 302" (3,3) — 302°(3,3) +302°(3,3) +502° (33
Cuy=—iax(},3 —wl(z,z)" 102°(3,3)+10:*(3,3)+0*3.3),
Cu=ia(3,3)+ia1(3,3) 10"}, 9+ 103, 3)+0*(3.3),
Cis=—3u(3,3)+303.3)—30u(,3)+303,3)+6/2)ad (3,9 +(/2)a*(3,3)+(8/5)as' (3,3) — 2as*(3,3),
Cro=—3u(}3 )+ia(33) ~ 303, D) +30(3.D) — (/2)ar*(3,3) — (5/2)ar 3, 3) — Bas' 3,3+ (8/5)as’(3.3) »
C17—1422(2,2)+w22(2,z)+aa3(2,z),
Cis=—1a2' (3,3 —1021(212)4'033(2,2

For elastic scattering, time-reversal invariance implies

Cr=C1=C13=Cry=Cn1=C1z=0, AP=A¥=A4:=4,"=A4:8=48=0,
and

al(%,%)=_al(2:2); a®(3,3)= a*(3,3) , 0'23(2:2) 433(2,2) 0, a! 3,3)=—as 3,3), a*G,3)=—a %3,3).

+H0—3+2
We factorize into +0 — 240 and 040 — 04-2 with S[l](z;z) S, S21(2, 0)=S:
(%2 I M+ [ %0) = ClT(ZZ) :S[zll'f-CzT(ﬁﬂ) 25[2]’+C3T(Zﬂ) : S[2]’—|—C4m . ST(ZZ) :S[21’+C5m- ST(ﬂﬂ) : S[z]l
+C6WL' ST(Zﬂ):S[2]'+C7Z' ST(ZM)IS[z]'—I—Csﬁ' ST(ﬁn‘z) :S[z]’+C9Z' ST(ﬂ’}ﬁ):Sm]'—i—Cloﬂ' ST(Zm):S[zll
= A, T(#): S 10+ [A T+ ART(AA)+AFT (A)]: S 12.0m )
+[A24T(ZZ)+A25T(ﬂﬁ)+A 26T(Zﬁ)] S, 12]—|—|:A31T(ZZH"L)+A32T(ﬂﬂm)+A ST (UAm) ]: S (5,12
=$2|D{@a@HT07):S (3,3 + [0 GH T+ a2 GHT(A)+ a2 3,HT(A)1: S (3,3)} G 130)
+(%2|%){[021(2;2)T(ZZ)+022(2;2)T(’272)+a23(2;2)T(m)] S(33
+[as (2;2)T(sz)+432(2:2)T(ﬂﬁm)+a33(z;2)T(zﬁm)] S1(3,5)}(3130),
with
Ci=4,',

Co=422,

Cs=42*,

Ca=(V3/\/5) 41— (i/2) (V2/V3) A28+ (7/15) A5+ (2/15) 44,
Cs=(V3/+/5) A1+ (i/2) (V2/V3) A"+ (2/15) 45"+ (7/15) A,
Ce=1(V2/V3)A2*—i(V2/V3) A 2*+544°,
Cr=—(V3//5)A1+(i/2) (V2/V3) A2+ (8/15)A5'— (2/15) 43,
Cs=—(V3/+/5)A1— (i/2)(VZ/V3) 455 — (2/15)A5'+(8/15) 44,
Cy=1(V2/V3)A5+344°,
Cro=—1i(V2/V3) A4 +3A4 33,

A1=—(2/V3)a:(3,3),
Asr=1/24/5)ay(3,3)+@/V/5)axr(3,3), r=1,2,3,
Ag*=(V3/4/10)a2"(3,3)— (4V3/4/10)a2"(3,3), 7=4,5,6, r=1,2,3,
Ayr=0(/5as(3:3), =123,

and
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so that
W5)C1=3%0:'(3,3)+3a2'(5,3),

(V/5)Ce=1a2"(3,3) +3a2*(3,3),
(V/5)Cs=3%0a:*(3,3)+3a:(5,3),
(W5)Ca=—2a1(3,3)— (1/2)as*(3,3) +2ias*(§,5)+(7/3)as'(3,3) +305°(3,3) ,
(W5)Cs=—2a:(3,3)+(i/2)a:*(3,5) — 2ia:*(3,3) + 3a4'(5,3)+ (7/3)as*(3,3)
(V/5)Co=1a:2'(3,3)—4ia:'(5,3) —ia2*(3,3) +4i02*(3,3)+(5/3)as*(3,3)
W3)Cr=—2a1(3,3)+(1/2)as*(3,3) — 2i0a2%(3,5)+(8/3)as*(3,3) — 3as*(3,3) ,
(V'5)Cs=—2a:(3,3)— (1/2)as*(3,3)+2ias*(3,5) —3as*(3,3)+ (8/3)as'(3,3),
'5)Co=1a2*(3,3)—4ias? 5,3)+(5/3)as*(3,3),
(v/5)Cro= —1a2'(3,3) +4ia2'(3,3)+(5/3)as*(3,3) .
For such boson reactions as 045 — 0-+s’, which may be taken as either basic or composite (with constituents
0+0— 045" and 0+s— 0+40), it is clear that the composite form factors (C;) are most convenient for the

calculation of observables, whereas the recoupled basic form factors (a.(s",s)) are most convenient for partial-wave
expansions. Moreover, for the compound spin matrix tensors, Egs. (2.1)-(2.5), we have

Q1 (5"0))ar,0= 80 10 211, (Qra205(0,8))o,0= (=) 484, 7,08 -2tz

Q75,0505 0,5))ara= (=) *4(s'sA’, —A[TM )55 ,7,s,7,
=(Qru(s’,5))ar 48 ,5165,7,

2 (s7,0)85(0,
Str;5172(5',0;5 0,5) = (w
BJ(S 13)

so that

and

1/2
) [J](S :S)Bs’ J1 s,J2

0+1—0+1
We factorize into 040 — 0+1 and 041 — 04-0 with S1;(1,0)=S, S;(0,1)=S5"
(01| M+]01)= Cyi-Stiv- §'+Cyl- Sl §'+-Cyfh- $#i- S'+Cul - $4-§'+Cit- SI- 8
=AoS 10,1+ 41T 0#%): Spay+[4 21T(ZZ)+A22T(ﬁﬁ)+Az3T(Zﬁ)]:S[z,n]
=ao(1,1)4a1(1,1)T(#): S 111 (1,1) +[a2*(1,1) T () +a22(1,1) T(AA) + a2 (1,1) T(1A) ]: S 21 (1,1)
with 4¢=V3a,(1,1), A1=V2a:(1,1) and 4,"=a,"(1,1) r=1, 2, 3 which gives

C1=“do(1 1)—3a2'(1,1)—3a:2(1,1),
= —a(1,)+3a:(1,)—dax2(1,1),

Ca-—-—ao(l 1)—%a21(1,1)+2a22(1,1),

Ci=—1ia:(1,1)+3as%(1,1),
=ia,(1,1)+3a:%(1,1).

For elastic scattering, time-reversal invariance implies S — —.5’, and hence C4=—Cj and a,%(1,1)=0.

0+1— 042
We factorize into 040 — 04-2 and 041 — 04-0 with S1;(0,1)=3S and S2(2,0)=S2,":

(02| M+|01)=Cuyin- ST(l}): S 2/ +Cair- ST(AR) : S 2}/ +Capir- ST(IA) : S 12y +Cal- ST (i) : S 12y’
+Cst- ST (firir) : S oy’ +Cel - ST (fiain) : S o)+ Crte- ST (i) : S 12y’
=A1T (1) : S0+ [A2 T )+ A 2T (AA)+ARPT(4) 1: S 12,01)
+ A5\ T (hin)+ A 2T (Adai)+ A ST (i) 1: S ps.0m
=012, T () : S 11(2,1)+[a21(2,1) T (1) +a22(2,1) T (AA) +as*(2,1) T(14) ]: S 12 (2,1)
+[as'(2,1) T(thi)+a:2(2,1) T (fdirin)+a5*(2,0) T (k) ]: Sy (2,1) ,
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with A1=(\/5/V3)a1(2,1), Aor=(V3/V2)as(2,1), As*=as"(2,1) r=1, 2, 3 which gives
Ci=a1(2,1)+(3/2)a:*(2,1)+(7/15)as'(2,1)+(2/15)as*(2,1),
Ca=a1(2,1)— (i/2)a¥(2, 1)+ (2/15)as (2, 1)+ (7/15)as*(2,1) ,
Ca= —ias'(2,1)+ia?(2,1)+3a(2,1),
Ci=—a1(2,1)—(i/2)a:*(2,1)+(8/15)as'(2,1)— (2/15)as*(2,1),
Cs=—01(2,1)+(i/2)as*(2,1)— (2/15)as'(2,1)+(8/15)as%(2,1),
Co=—1a22(2,1)+%a5*(2,1),
Cr=ias'(2,1)+3a%(2,1).

APPENDIX III: PARTIAL-WAVE EXPANSIONS OF a;(s/,s)

Now we work out Eq. (5.13) for the basic reactions 0+3% — 0+3%, 04+% — 0+3%, 042 — 0+35, 043 — 0+,
0+s— 040, 040 — 0+s’, 04+1— 0+1 and 041 — 042. Since all of the angular dependence of a;(6; s',s) is
embedded in the angular functions fy,r,7(f) these expansions are valid for any choice of the momentum tensor
basis. For our choice of tensor basis (Appendix I) the fs,» s (again we omit the angular dependence) are worked
out in Appendix IV, Recall the definition of My #(s,s),

My i(s',5)= (s’ jm;| M |Is jm;) .
Consider first the positive-intrinsic-parity amplitudes M+ where I’+/ is even:
0+3 5 0+4
J=0: 4mao(3,3)= Z Joad[QH1D)M 0 4(3,5)+IM0 4 (3,3) ]

J=1: 47"‘11(2,2)= —7'\/2.2 fl 4 l[Ml llﬂ(zyz) M, i %(212)]

o+15 042

J=1: 4ra,(3,3)= Z [(ZI+S>WM (3 1)+(21_1> M3, :|
=1 a1\2,2)=— S 2 1,173(3,2 2012 1,07 %(2,2

T=2: 4wa2r(2,,)——vzz{ Fatd” [(Zzl)_(z%ﬁ—33>il2M (3 3 ((_21__1_)1(2_;2_))”2 @A ]

1 1/2 1 12
. ) My G, _____> Moo 434 } .
+f 2'”“”'(3(21-%3)(21+4:)) uadH(E3) = s '(3(zz~2)(2l—1) e HEA)

0+3 5 0+5

‘ 244 " 202 2
=2 dnar (33 _%‘/gZl{f”""[((zz—1)(21)(zz+3)) niEd ((21—1)(2l+2)(2l+3)) Mu™ i(”]

s [< 2146 )1/2M oy
82 v Q)@+ R

5 1/2
/ M55
+2 ((Zl+1)(Zl+2)(21+3)(2l+4)) a7 )]

5 12
N L . M —2, i %7%
+8V2 o120 [(2l+2)((2l_2)(21_ 1)(2l)(21+1)) Ha

+((2z— 2) (Z: ;1)(21+ 1)>II2MZ'2'#_%(%’%)]} '
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V2 1 . )1/2M (31
J=3: dmoy(3,3)= z(/'gzz{fs‘” [((21—1)(2l)(21+3)(21+4) nees

1 1/2 )
— -
((21— 2)(21— 1)(2z+2)(zz+3)) MiiiGad ]

1 1 1/2
e fario " M (3,2
+ gl [((ZH—1)(2l+3)(21+4)(21+6)) Haa b

1 1/2
- (83
(5(2l+1)(Zl+2)(21+3)(21—|—4)) MisaaH53) :I

1 1 , lle wiig
+ gl [(5(21—2)(21—1)(21)(2z+1))' e

_((21—4)(21— 2)1(21— 1)(20+ 1))”2M”“l*}(%’%)]} '

0-+3 0+z
J=0: 47ao(3,3)=% 2 foraL(0+2)M 1, H(3,8)+ (DM E,8)+HIM 4 E,3) + (- DM 43,8 ].
l

I

3, caz W 6>M s
J=1: 4#01(2,2)——-1—16 Zl:fnz,z[(-zz_'—_i) i3, ((21) 1(3,3)

(- (5],

J=2: 4 f(sg__LZ{f r[(ﬂ_) l+i( (__ZH___6.~__>M z+§(§g)
T5 EERRE TR S ) 2s) P\t

—-(—K)M,,,l—*(%,%w(—z—li—)m,zl—*(%,%)]
(21—1)(214+2) \(21-1)(20)

1 1 206\ 102 20 \12
N 2‘'“”rl:(21+3)(5l:t—2> M 2’Z)Jr(zz+3)<zz~|-4) M'“"IH(%’%]

1 1 <2l+2>“2M . *( " 1 (2l—4)l/2M G, 3)]
+%f2;z—2,z [(2l-— \z_2 12074(3,3 @—D\ 2 274(3,3 } .
z, l *(2:2

J=3: 411'037(2,2)—‘2\[2—;{f‘*:l:'lr[(m) SNt (61@)

+((—21—_—1;21$)-)M L (3,3)— (m>M z.z‘“*(%,%)]

\/— 1 / 1 )lle . t+i(3 3) 1 / 1 )lle "
+ fs 42,1 [(2l+3)\(2l+2)(21+6) 2,1 212 (2l+3)\(2l)(2l+4) 2,0 (2,2 ]

. y 1 / 1 1/2 — B 1 / 1 )1/2 _
8 i [(2l~1)\(zz—2)(2z+2)> MG o\ o) il :”
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04-055 040
T=0: 47a0(0,0)=Y fo.1.:(2i+1)M1,40,0).
l

o+1% 040
1/2
=1: 47ra:(0,1)=14V2 11,1 ——! 1,14(0,1).
I=1: rnOD=HZE i (2l+1)((21)(2l+2)) MH0,1)
o+o0t 041
1 1/2
=1 dra(1,0)=—VE Y fria@41)(———) Mi1,0).
J a1(1,0) ZZlf 12(2 +1)<(21)(2H—2)) M;,4(1,0)
0+2% 040
1 1/2
: 4may(0,2)=— 21, (2041 M,,%0,2
e’ (0,2 Zz{f (+)((21—1)(21)(21+2)(zz+3)) (0,2
+1 r< 2145 )lIZM 20,2
véf I\ Q)@@
! < G )WM 1-2(0,2)
Tvcfz""z" Q-2@-0ey) T }
0+0% 042
1/2
: dray(2,0)=—3 1 farar (211 M220
4may' (20) Zz{f 2 )((ZZ—-1)(2l)(21+2)(21+3)> 14(20)
! < 2 )mM 1(2,0)
T \aeraara) M
1 23 )1/2M 0
+%f2”_” ((21—2)(21—1)(21) s }
o+15 041

4ras(1,1)=3%> foral(24+3) M (1,0)+ 24+ 10)M (4,0 + (20— DM 1 (1,1)].
1

7 20+ 3 2(21+1) 21—1
wai(l,1)=—— sl \ —— )M (L) — ——— )M (1) = —— 2, .
drar(1,1) \/Zzz f l:(ZH—Z)M L) ((2l)(2l-|—2))M 1) ( 2! >Ml i 1)]

; 4W<1,1)=—zl{ fz;z,z’li(*-l—-)Mz,z’“(l,l)—(-‘Z(—Z}E)—>Mz.z’(1,1)+<%>Mt.z"l(1,1)]

20+-2

1
He o

(2)(21+2)

1/2 1/2 l
) Mt+2.ll+l(1,1)+f2;l-2,z’<m) Mz—u"‘(l,l)].



143 COMPOSITE REACTIONS AND PARTIAL-WAVE EXPANSIONS 1337

0+15 042

b (2l+3><2l+4>1/2M H1(2,1)
1 a2 )= —i— 3 furd] () (2 (2,
d ma:(2,1) zs\/zzzf‘”[ 2a+2/\ 2 o

+—2—<~ﬁ1——)«21 1231, 1)+(2 )(Zl_ >1le 12 1)]
V3\(20)(2i+2) ” utra) OV

J=2: 4ray(2, 1)———2[ far, I:(211_2)<21i1>1/2M1,zl+1(2,1)

_M((z;é;:z»((zl—1)1(21+3)>”2M”l( )—(—zz_)cg—z)uzM"Zl—l(z’l)]

1 , 1 (2l+6)1/2M H1(2,1)+ V2 ( @n@H+1) )UzM 1(2,1)
Hafuna [(2l+2) ara) T T )\ i)/ T :I

~4fu- [(2;)(%?%%7%;)”2 e H(BT)CT2)”2Ml_2'll_1(2’1):” '

T=3: 4ray(2,1)= A { . )WM #1(2,1)
mos (2 1)=i 2 2 fs”[(zz+2)\(2z)(2z+4) neS

241 3 1 1/ 1 v
_((ZZ)(ZH-Z))((ZZ—1)(21-}—3)) M (21 (21)\(21—2)(2z+4)) i (2’1)]

+ ,I: 1 ( 1 )1/2M #1(2,1)
Jua Q+2)\@+a)@it6)) T

RS )uzM o
(2042)\2(20) (204-3) (21+4) nai' (2 )]

1 21+1 12
+f3;l—2,lr[ ( ) Mz..z’zl(z,l)

(20)\2(21— 2) (21— 1)(21+2)
1 1 1/2
—_ M_ -1 .
+(2z)((2z—4)(21—2)) o (2’1)]}

Next, we consider negative-intrinsic-parity amplitudes M~ where I’/ is odd:

043 = 043
J=1: 4may (2,2)——1\/22{f11+1z'Mz+1t’+*(2,z) —fu M1 74 (3,3)) .

J=1: 4 r(3 1 zZ{f r|:<2l+4>M l+%( )+( )( 3 >II2M —3
=1: ma1'\ 2,3 14 1;141,0 2+1 1,1 2,2 (ZH—I)(ZH—Z) l+ll (2;2]

20—2\1/2
M, ll+%<272)+< ) Mb—l.ll_i('zs'y‘% :” .

4 fl,z_l,z'[(”*“”([y)—(;fl))m "
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1 1/2 1 1/2
j=2: 4 7 .3_’_1.. - _.-\/2 { : , T[(———-—) M , +3 i’l _.<_._—._.__) M -3 Q’.l :I
Ta2 (2 2) Zl f2 1,1 (2H—1)(21+4) 41,1 (2 2) 3(2H—1)(2H—2) 1,1 (2 z)

+f2;1—1.1'[<mlzl—+l—)>mM 1,4 (3,3 —(m>ll2M z—l.z"*(%,%)]} .

0+1=0+40
23\ 112 21y 112
J=1: 4mar(0,1)=—i 3 {fl; z+1,z’( ) Mz+1,z’+1(0,1)+f1;1—1,1'( ) Mz_u’”l(O,l)} .
l 2042 21

04+0—=0+1

2043\ 1/ 20— 1\ 1/2
J=1: 47ra1’(1,0)=—izl:{f1;1+1,z’(2l+2> Ml+1.z'(1,0)+f1;t~1,z’< . ) Ml—l,ll(l,o)} .

¢ 0 Z = ’ 3 R - +1, y
] 2 47102( b ) \BZ{ 2; 141,10 ( )( )( ) 41,1

. ( 2—1 "
Juss (2l—2)(21)(21+2)> - "(O’.Z)}'

04+0—= 042

Zln ( s )mM 1(2,0)
J=2: 4ra, (2,0)='—%Zl[f2;l+l,t DALDAD 1,2,

+/: ( 41 lle (2,0
2;1-1,1 ‘(ZZ;Z)(ZZ)(2l+2)> l—l,l( ) )l .

We note in passing that not all of the partial-wave amplitudes M/ are independent for elastic scattering,
because time reversal invariance implies the symmetry relation!

My,;f(s’,s) =M1,llj(S,3/) .

APPENDIX IV: ANGULAR FUNCTIONS

Given the choice of the orthogonal tensor basis of Appendix I, we now extract from the compound spherical
harmonic ¥, »,#(¢,¢) the angular functions f7;»,:(6) for the even parity cases of J=0, 1, 2, 3 which are needed
to complete the partial wave expansions of Appendix IIL. Using Eq. (5.11) we obtain f7;»,, by equating independ-
ently all values of M. For the choice §’=2; the basis vectors (J=1) are

T (o) = F1/V2, To(#)=0,
TH(#)=—(i/V2) sin(6/2), T°(A)=cos(6/2),
T+Y(])=(i/V2) cos(6/2), T°(l)=sin(6/2),
and using Eq. (5.12) we find for J=2
T,2=—1, T 2=% cosf, To?=1% sind,
T=0, T_'=—(i/2) sind, To'=(i/2) cosf,
T'=$V2/V3, T_0=3(V2/V3) cosd, To=3(VZ/V3) sind,

—_—_—

1 See, for example, M. MacGregor, M. Moravcsik, and H. Stapp, Ann. Rev. Nucl. Sci. 10, 291 (1960).
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with T M=L(TM(an)+=TM(ll)), To™=T(If) and for J=3

T,3=%V2, T_3=—(%V2) cosf, To¥=—3V2 sinb,
T.2=0, T 2=(i/6)V3 sinf, T¢=—(i/6)V3 cosf,
Tyl=—3/44/30, T_1=—(5/44/30) cosf, Tol=—(5/4v/30) sind,

with TuM=1(TM(Afi) £ TH (li)), To¥=T"(lsi). Then we can write

J=0,U=1I: 2 frvTs(p7) > fia. (r—0)

J=1,V=l: o frw 7 Ts(p7) = fial (i), (r— m)

T=2,V=01x2: T, fr 0 Ts(p") = fov M TU)+ forv P TAR)+ fosv 2T (R)= fosv, i Tt fo; v, T+ fo,r T,
with
f2; 14 ,z”= %(fz; z',z+—fz; z',z_) and fg; ratn= %(fz; I',l++f2; l',t—)
J=3,U=014+2: X, far Ti(p") = fo.r, 87T Uin)+ fs,0 1#*T (hdie) + fo, 0 22T (iniz)
= f3; v .Z+T++f3; v ,l—T_+f3; l’,llano ,
favatim= (fs,v " —far,i) and f3:l’:lmm=%(f3;l'.¢++f3-,u,[") .
With a little algebra and the basic identity
Pl+1m+2+ (l— m)(l— m-l— 1)P,+17n= Pl_1m+2+ (H_m) (l+m+ 1)PI,—1'" ,

we obtain for the even parity f’s (we omit the angular dependence of the P,’s for clarity)

with

J=0, for=P0, J=3, V2fs4eit=5[PP+(I+2)(14+3)P;],
J=1,  fyu=—V2P}, V2 fa1,it=5P7F—3(1—1)(14-2)P,
J=2, funeit=—3[Pr+(+1)(+2)P/], V2 fy1a,it=5[Pi+(1—2)(I—1)P;1],
Jait=—[3P2—I(I+1)P], V2142, =—[3Pus*~1(I+3)Pyys],
frra t=—3[P2+(—1)IP], V2 far,,im=—3[Prs’+(+1)(+2)Pryt],
feree, i =Pu®—=3041)(42)P1y®, V2 fy0,=—[3Pp P~ 5(1—2)(I+1)P, 1],
form =P 2F+I(+1)Py "= Py 1(0+1) Py, V2 fo; 140,087 =4(214-3) P1y.12,
frre,im=Pr—3(—1)IP1,°, V251, =0,
Frna,ir=—2Q214+3)Pus’, V2fs10,tmm=—4(20—1)P,_.2.
Sf1tm=0,

f2; l-—2,ll"= 2(2l—' 1)P1_11 N
For the odd-parity cases, the technique is similar and the results are for J=1, 2

J=1, ‘ — V2 fy = (Pir—=Pint), J=2 tfona,m= Pir—Pyy?
sin(6/2) ’ o sin(0/2)( PP,

V2 fyut= (Pi* 4Pyt —ifyt= P2+P 2
cos(6/2) T cos(0/2)( ! wr),

_i\/jfl;l—l,ln= . (Pll'—Pl—ll)s if; 1,0 = P2—P,; 2
sin(6/2) w g P,
V2 fy11,= (Pr+PiyY), —ifora1t= (PP4+Piy?).

cos(6/2) cos(0/2)



