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General Nondynamical Forssialism for Reactions with Particles of Arbitrary Spin:
Composite Reactions and Partial-Wave Expansions*
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The mathematical techniques developed in a previous paper for basic constituent reactions are now ex-
tended to composite reactions involving four particles of arbitrary spins and parities. The nondynamical
description of the various ways to couple the spins is considered in detail. The coupling together of the
initial spins, on the one hand, and of the 6nal spins, on the other, permits one to develop the partial-wave
expansion of the resulting nondynamical form factors. The Appendices include many speci6c examples of
commonly occurring reactions.

of particles with arbitrary values of the spins s&, s2,
sI', s~'. This will not only give us insight into the under-
lying spin space structure of composite reactions, but
will enable us to develop logically the partial wave
expansions of the form factors occurring in such
reactions.

One technique presented in previous papers' ' (we
shall use essentially the same notation as in Ref. 1) is
that of factorization:

sr+0-+ sr'+0,

0+s2 ~ 0+s2',

(1.2)

(1.3)

where fermions always appear pairwise in the con-
stituents. Each constituent reaction LEqs. (1.2) and

(1.3)$ is a "basic" reaction of the form

0+s -+ 0+s',

which can be readily analyzed for arbitrary values of
s and s'. ' The basic constituent for bosons is even
simpler and includes only one particle with nonzero spin.
The M matrix for these general basic reactions can be
written in spin space as a sum of products of energy- and
angular'-dependent form factors as (whose energy and
angular dependence we shall delete for clarity), and
spin-momentum rotation scalars T]s](p'):S]s](s',s) (J
integer). Thus we have

(s'I ~l s) =& a&'2'is](p'):Sis](s' s) (1 3)
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I. INTRODUCTION
' 'N this paper we shall consider the various non-
~ - dynamical ways to analyze in spin space a "com-
posite" reaction

sr+$2 ~ $1 +$2

where 7= Is' —sl, (s'+s). The TfJ](p") is an irre-
ducible momentum tensor of rank J, while p' is some
set of basis momentum vectors (see Appendix 1), and
S[s](s',s) is the rank J, irreducible, rectangular, spin
matrix tensor. The notation (s'

I 3EI s) will mean that 3E
is a matrix in a (2$'+1)&((2s+1) dimensional spin space
with matrix elements (s'Ills)q q=(s'A. 'lcVlsA), h.' and
A being the spin projections of s' and s along any 9 axis
in the rest frames of each particle. All physical ob-
servables of this basic reaction Eq. (1.4) can then be
expressed as bilinear combinations of these form factors
aJ multiplied by "9-j symbols" which depend' on the
relevant spins and the nonphysical angular momentum

type quantity J.
The M matrix (and observables) for the composite

reaction can then be factorized into two direct product
spin spaces,

($1 $2 I ~I s]$2) = (sz'I 2'f
I
sr)Qx($2'

I ~I $2) (1.6)

or more explicitly as

(»'»'I ~
I »») = 2 2 Csis."'"'(&isa(p"'):Sisa(»', »))

Jy J2 rgr2

Qx(T,s,](p" ):S]I,] (sr', $2)). (1.7)

This "factorized" expansion is the natural one with
which to calculate the composite reaction observables as
bilinear combinations of the CJ,J,'s. ' However the partial
wave expansion of these CJ,J, form factors is indeed
dificult to 6nd because angular momentum expansions
demand that the total angular momentum be conserved.
That is, we erst must recouple' s1. with s2 to form s, sI'
with s2' to form s' and then couple the initial orbital
angular momentum / with s to form jr, and the anal
orbital angular momentum /' with s' to form j& and

6nally make jI=jp. Moreover, if two fermions appear
on one side of Eq. (1.1) and two bosons on the other,
then the factorization technique breaks down unless we

erst use a "reshu8ing theorem"' to "cross" one fermion
and one boson in spin space.

' We shall henceforth use the word "couple" to mean initial
to 6nal spin space couplings and the word "recouple" to mean
initial to initial and final to Anal spin-space couplings.

6 See, for example, R. Stora, University of Maryland, Technical
Report No. 250, 1962 (unpublished).
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In Sec. II we will consider an "irreducible" spin-space
expansion of Eq. (1.1) in analogy to Eq. (1.5) by com-
bining the two spin-momentum scalars in Eq. (1.7) into
one "compound" spin-momentum scalar. We can then
express the "factorized" form factors CJyJg in terms of
the new "irreducible" form factors A JJ1Jg In Sec. III
we make a Clebsch-Gordan expansion of the composite
amplitude to "recouple" the initial and final spins
together and write the irreducible form factors A JJ,J,
in terms of now new "recoupled" form factors 12J(s',s).
Then in Secs. IV and V we proceed with the analysis
of partial-wave expansions of the form factors 12J(s',s).
Examples are worked out in the Appendices for all values
of J&3, where Is—s'I& J&s+s'.

II. COMPOUND SPIN MATRIX TENSORS

Given the spin matrix tensors S[J,)(s1',s1) and
s[J,)(s2',s2), we can form a compound spin matrix
tensor S[J,J,J,)(s1',s1, s2's2) in much the same way as
combining two momentum tensors T[J1] and T[Jg] into
a compound momentum tensor T[J,J,J,) (se. e Ref. 1).
Formally, we define such objects with Cartesian indices
by their spherical counterparts

QJ;JiJ2 ($1',$1]$2'$2)= p (J1J2M)M2I JM)
MgMp

Just as'

(S[J]($$$))l 1 ~ ~ I J= (PJ($ is))

xg(1 ~ 1)11 )2J I
JM}QJSJ(s',s) ) (2 3)

with p, ~ pJ being spherical vector indices, and
(1 1)11 )iJI JM} being the parallel coupling coefli-
cient discussed in Ref. 1, and

(s'+J—s)!(s+J—s')!(s'+s+ J+1)!
PJ($',$)= (2.4)

2J(2J+1)!(s'+s—J)!
so now

LS)J;J J.)(»',»' »',»)j.- .J= LPJ (»',»)PJ2(»'») j"'
xp(1 ' ' ' 1)il' ' ) J I JM}QJ;J1J2 ($1 y$1] $2 p2) ~ (2.&)

Note that StJ;J1J ] and 0J.J,J, are matrices in the direct
product spin spaces (s1',s1) and (s2',s2).

In analogy with momentum tensors, ' Cartesian spin
matrix tensors can be found directly by contracting over
the appropriate number of indices of S~J,] and StJ,] as

with
Q (

p
)Q (

p ) (2 1) S[J,J1J2]($1&$1] $2 $2)

=i2J, J2JI S[J,)($1 )$1)OXS[J2]($2~$2)j[J) ~ (2 6)
(QJsr(s', $))2,.][=(—)~s(s'SA' —A.

I JM) . (2.2) with

( ) ( 1+JRJJ)I2
(2J+1)!(2J1)!(2J2)! —I/2

(J1+J2+J+1)!(J+J1—J2) )(J+J2—J1)!(J1+J2—J)!-
(2.7)

and e —+n/v2 for J1+J2+J odd.

Ls [J,)(»',$1)Oxs [J,)(s2',s2)j[J)

S[o,11]=——S[1)(s1',s1) 8[1]($2~$2) ~

V3
(2.8)

is the tensor-traceless, symmetric tensor of rank J
formed from S~J,] and S~J,] by the process of symme-
trization and contraction. For example, if J~=J2=1,
then

i . J / I ~T1S[J;J1J2]($1$1 $2 $2)S[J',Ji'J2']($1 $1 $2 $2)
—

PJ&($1 &$1)PJ2($2 &$2)8J1rJib J2,J28J,J[PJ
& (2 12)

(PJ being the projection operator explained in Ref. 1.
So now we can make an "irreducible" spin-space

expansion of the composite reaction s1+s2-+ s1'+s2' by
first coupling sl and s~' together and s2 and s2' together
to form J& and J2, respectively, and then coupling
J~ and J2 together to form J:

z
S[1,11)=—S [1)($1',$1)XS [1)($2')$2),

v2
(2.g)

($1 $2 I M I
$1S2)= ZrZ 2 JJl J2 T[J](p ):

J,J1J2

S[J;JyJ2]($1 $1', $2,$2) . (2.13)

(S[2;11])ij= 2 LSi(S1 ~$1)Sj($2 ~$2)+Si($1 qsl)Si($2 q$2)j
——',S[1)(s1',s1) S[1)(s2',s2)&;;. (2.10)

In general, the trace properties of such spin-matrix
tensors are

TrQJ,.J,J, QJ., J,.J, )~'=&J,.JA2 J28J Jb][r~])r (2.11)

Since Eqs. (1.7) and (2.13) are identical we can express
the CJJ,J, form factors in terms of the A JJ,J, form fac-
tors by decomposing the compound spin matrix tensors,
Eq. (2.6). Examples of this procedure are worked out in
Appendix 2 for the composite reactions —,'+-,'-+ —,'+2,
—,'+0 ~ —,'+1, —,'+1~ —,'+1, and -,'+0 ~ —,'+2.

In passing, note that the irreducible spin space expan-
sion, Eq. (2.13), also can be used instead of the re-
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shuRing discussed in Sec. I, provided we let Jq and J~
take on noninteger values (but J still remains integral).
The recoupling technique discussed in the next section
can also be used when fermions are in one state and
bosons in the other.

III. RECOUPLING

Now the composite reaction has been reduced to a
surII of basic reactions 0+s~0+s', where s=sl+s2,
(sl —s2( and s'=sl'+s2', , (sl' —s2'(. Given the fact
that each intermediate (s'(M(s) can be expanded as

(s'(M'(s)=P a$"(s',$)T[$[(p"):S[$[(s',s), (3.3)

we can express (sl's2'(M (sls2) as sums over various sets
of basic form factors az'(s', s). This can be achieved
with the help of the recoupling identity

(3.1)
P($1'$2'(s'A )( S[$[(s'«$)]I[I[(sA(sls2)«8

A third way to treat composite reactions sl+s2~
sl'+s2' is, instead of coupling sl with sl' and s2 with s2',
to recouple s~ with s2 and s~' with s2' to form s and s',
respectively.

(s, 's, '(M(sls2) = P(sl's2'(s')(s'(M(s)(s(s, s,),

where (s(sls2) and (sl's2'(s') are Clebsch-Gordan co-
eKcients in spin space. More explicitly we can write

($1$2i4A.2 (M($1$2I4A2)= Q ($1$2AlA2 (SA)
e', e, A', 4

&&(s'A'(M(sA)(sA($1$2AIA2) (3 2)

t$$1Jg($ «$)S[$;$1$2]($1sl«$2 $2) «(3.4)

obtained by Racah algebra, which gives for the re-
coupling coeKcient $$$1$2(s',s) a 9-j symbol,

Jl
P$(s'«s) (2s'+ 1)(2s+ 1)(2Jl+ 1)(2J2+1)

by«$2(s', s) = s1
&z ($

' $ )P ($
' $ )

J2 J
$2 S (3.5)

~sy $2 S~

AO'Z«$2 = Q tZZI$2($ «$)a$"($ «$) . (3.6)
s', e

Putting Eqs. (3.3) and (3.4) into Eq. (3.1) and comparing to the composite amplitude irreducible expansion

Eq. (2.13), we obtain the relation between the irreducible form factors (A$$1$2") and the recoupled form factors

(az"(s',s)),

In Appendix II, these relations are worked out for the composite reactions 2+2 —& —,'+-,', —,'+0 ~ 2+1, 2+1-+—,'+ 1

and —,'+0 ~ —,'+2.
As an aside we consider the relation of the composite reaction observables

LzIzp;1««I«2($1 sl, s2's2) =T'r(($1'$2 (M (
$1$2)Szi(sl)Szp($2)($1$2(Mf (

$1 $2 )SI«I($1 )SI«2($2 )j (3.7)

to observables of basic reactions

Lz$(s', s) =Tr f (s'(M(s)Sz(s)(s(M&(s')Sr(s')), (3.8)

where Sz(s)= T[zz~. S[$z~(s). I—n Refs. 1 and 2 it is shown that the factorized form of the amplitude Eqs. (1.6)
and (1.7), gives I z,z, z,r2($1'$1, sl's2) as a sum of products of the constituent observables or "pseudo" observables.

From Eq. (3.1) we also see that Lz,z, z,z,(sl'sl, s2's, ) can be expressed as a suri2 of basic observables and "pseudo"

ohservables.
IV. PROJECTION OPERATORS

Consider for the moment the recoupling identity Eq. (3.4) with J=O, i.e., S[p[(s',s) =I(s)8, , The left-hand

side of (3.4) is then QI[($1'$2'(sh)(sA(sls2) which, as is well known, is just the projection operator [P.(sl'sl,. s2 $2)

in the direct product spin space (sl'sl), (s2's2), i.e., [P2=[P. Setting J=O (and letting Jl ~ J) in the recoupling

coefFicient Eq. (3.5) yields

[P,(sl'sl, s2's2) —=g(si'$2'($A)(sA (sls2)

Sg $2 S/

= (—)' "+"(2$+1)z rA(sl' »)P$($2' $2)] "'
I S[$[($1SI):S[$[($2 $2) .

J $2 sg Jj
(4.1)

This formula can also be used for isotopic spin projection operators or even for spin-orbital angular momentum

projection operators. Consider the latter possibility with s& ~ l, s2 —+ s, sj,
' —+ l', s2'-+ s', s —+ j. %e then have,
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in terms of Cartesian or spherical rectangular spin matrix tensors,

6';(l'l; s's) =Pll's'j m;)(lsjm; l

= (—)~'+"(2j+1)Z [Pz(l', l)Pz(~', ~)] "' L, , (l', l):S, , ( ', )
s s' j (4.2)

=(—)~'+"(2j+1)Z . Z(—) fl~~(l' l)0~,-~(~' ~)
J g g j M

(43)

where Ll~l(l', i) and Qqjr(l', l) are the irreducible rec-
tangular orbital angular momentum tensor operators
of rank. J.

At this point we wish to- stress that the' operators
Llql(l', l) and Slgl(s', s) are in general rectengllar (for
L'Nl or s'Ns). Such rectangular projection operators
have not been used before, as the properties of rec-
tangular matrix tensors have been thought to be un-
determined. Only sqgere matrix tensors have previously
been considered, being constructed with the help of
eigenvalues l(l+1) and s(s+1) (which do not exist for
rectangular operators), where

and
(sh. '

l

S'
l sA) =s(s+1)8g.a (4 4)

0 —( )i+i+)

j l
2(2l+1)]»'

(4.8)

l j(j+1)—l(l+1)—-'3—( )&l+$ (4.9)
2 2 j L6(l)(l+1)(2l+1)j'"

(lm'l L'l lm) =l(l+1)b ~ . (4.5)

Recall the (square) projections operators for 0+-,'-+
0+—,

' scattering, r (p+ for j=l&2r:

6,(t; —,')=(l+1+L )/(2l+1), (4.6)

(p (l; —,')= (l—L rr)/(2l+1) . (4.7)

These too can be obtained from the general rectangular
formula (4.2) using I=O, 1 and

But

implies

X (Qg, ~(l', l))„„{lml j). (4.13)

(& (l' l)) ~ = (—)'-"(l'lm' —m
l IM) (4.14)

(f l~li~(l', l) l q) = (—)'1'~., ~,P(f,g), (4.15)

where FJ,~. ~~ is a compound spherical harmonic. Our
final result is then

J
(j'l6'j(l'l; ~'~)

l j)=(—)~"(2j+1)P
s s

XQ(—) &z;~~ ~(f,j)ng, ~(s',s). (4.16)

V. PARTIAL-WAVE EXPANSIONS

Consider the basic reaction 0+s -+ 0+s' either as the
physical reaction of interest or as an intermediate re-
coupled reaction of sr+s2~sr'+s2' with sr+s2 ——s,
sr'+s2' ——s'. Our goal is to expand the form factors
eg"(9) of

Herein lies one advantage of the rectangular formula
Eq. (4.3) even for the special "square" case (l'= l, s' =s).
Even though we cannot explicitly construct rectangular
gradient tensor operators, we can compute their effect
when taken between momentum states. . Using the nota-
tion (glim) = I'p(j), consider the spherical rectangular
angular momentum tensor operator Dq~(l', l) between
momentum states:

(f I
~1~~(l',l)10)= 2 (Ill'm'&

tts', tn

so that

S,o, (-,') =I, L,o, (l) =I,
(4.10)

Slrl(k) = arr . Llrl(l)~ —&rl" 7e ~

(s'lMls) ~ (fs'lÃlqs)
=P ag (t )T[g](p"):S[g](s',s) (5.1)

2j+1, Lj(j+1)—l(l+ 1)—43
6', (l; -', )= ,'I+ —Le (4.11)

21+1 2l(l+1)

and using j=l~', gives (p+, Eqs. (4.6) and (4.7).
Note that the space in which the L~J~ tensor acts is

in momentum space, as

(f l Ll j)—& ij)&j', cos8=f j. (4.12)
d cose

'See, for example, J. J. Sakurai, in Lectures in Theoretical
Ihysics, Brandeis Summer Institute, 1961 (%. A. Benjamin and
Company, New York, 1962), Vol. 1.

into partial waves, where j'. is the 6nal and j the initial
c.m. momenta. Such a partial-wave expansion corre-
sponds to first coupling the spins s, s' with the orbital
angular momenta 1, l' to form the total angular mo-
menta' j=l+s=l'+s'. Note that l, l', and j can take
on a countably infinite set of values. Contrast this with
the spin-space expansion Eq. (1.5), where the non-
physical angular momentum is J=s—s'=1' —1 and

8%'e remark that this angular momentum decomposition, as
well as the spin-space expansions, is also valid relativistically
when the spin directions A., A.', etc., are measured in the instantane-
ous rest frames of each (massive) particle.
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takes on a fmite set of integral values, l s—s'
l
&J&s+s'. and using (4.16)

Recall the parity-conserving positive intrinsic parity &-I 1 l~~I - i m ~r x~y ~r I xg rsvp si
expansion' for 0+-' -+ 0+-'2 2) J,l'l M

and

(s l~l s) =asI+a, T(m):Sit, (-;„),
l with T(m):Siti(s', —,') =-,'m tr7,

(5.2)

47rao(q, 8)= P L(3+1)Has+(q)+ME (q)7P~'(cos8), (5.3)
L=O

4srat(q, 8) = 2i Q l Ms+(q) —M( (q)7P('(cos8),
i-o

(5.4)

where3fs~(q)=e's s«e& sinbs~(q), andi+ means j=l+s
We generalize these results for arbitrary values of s and
s' by using the projection operator of the last section.
First, we may write

J
XP(—~" 2 '+1) (s )

s s' j
even)

XM ~ '(s', s)8l J'+J
l
. (5.8)

odd

Now we compare (5.8) with (5.1), but in order to do so
we must choose a basis set of momentum tensors
Tiki(p'&. To keep things quite general we relegate
Appendix I to the choice of such a basis, and here just
formally extract from the Fz, ps(f, q) a general mo-
mentum tensor basis. We shall Gnd it convenient to
choose the coeKcients of such a basis by erst letting
j'~83, for then

(fs'lMlqs)p p=p(q'll'm'&(Ps'm'h. 'l j'm
&

X(l's'j'm lMllsjm;)(jm;llsmh)(lmlq&. (5.5)

We assume parity is conserved (M-+ M+) along with
the total angular momentum. Recall that M+ means
that the product of all the intrinsic parities is ~ j., and

!even'
therefore only /'+l states which are odd can con-

even
tribute, which we denote by 8 l'+f

dd . Then the
~I

conservation theorems state

l's'j'm lM+lls jm;)
even)=8;;8„;;bl 1'+l leap, E'(s',s) (5.6)
odd )

by the Wigner-Eckart theorem. ' Mp, ss(s', s) is the re-
duced matrix element, or physically, the matrix general-
ization of the partial-wave amplitude e"& sinb~. That is,
the application of unitarity on the partial-wave Smatrix
for axed j, Ss=1+2i3IIs, gives 3fp&s(s, s) in , terms of
phase shifts and mixing parameters. This step will not
be discussed here in detail, since it refers to a specific
way of describing the dynamics of the reaction, which
is not the purpose of this paper. For an example of a
simple specific case, see Ref. 10. Now putting Eq. (5.6)
into Eq. (5.5) yields

( even)= Z (q'ltP (i'i; s's) ly&~ps'(s', s)8l f'+E l, (5 &)

(/ —Ã)! 'I'
X (2K+1)(21+1)

(i+3II)!
X(l'le l J3f&Ps~(q' q) (5.9)

Lwhere P P(cos8) is the associated Legendre function7
and then setting J=3f;
J'z;v~ (q' q)

(—)' (2l'+1)(2l+1) '"
=(—i)', , P~'(q' 0) (5 1o)

4sr 2' g(l', l)

Hence, we may write

(—)'-(2l'+1)(2l+1) 'I'
(q', q) = (—')'

4sr 2~Pg(l', 1)

XZ fz;i ~"(8)Tz~(P"), (5 11)

where'

Tgsr(P')= Q (1 1pt isglDI&P s'. P„ I's (5.12)
go ~ ~ isa

is the spherical tensor counterpart to Tiki(p"), and

fq, pp(8) is the "angular function" which we shall

explicitly Qnd in Appendix IV.
Finally, putting (5.11) into (5.8) and comparing with

(5.1) yields the partial-wave expansions

— (21'+1)(21+1)
4srag"(8) =( i)s Q — fz;vs"(8)

2'P~(l', i)Pz(s', s)

J
9 See, for example, A. Edmonds, Artgllur 3IIomentumin Quuetene

iVsshawsss (Princeton University Press, Princeton, New Jersey,
1957).

~ H. Stapp, T. Ypsilantis, and N. Metropolis, Phys. Rev. 105,
302 (195').

s s' j
even)

XMp, P(s', s)bl l'+l
l
. (5.13)

odd
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In Appendix III we shall work out the partial-wave ex-
pansions for such basic reactions as 0+'p—&0+-,',
0+-,' —& 0+-,', 0+-', ~ 0+-', , 0+-,' ~ 0+-,', 0+s~ 0+0,
0+0~0+s', 0+1~0+1,and 0+1~0+2.

For composite reactions s~+sp ~s~'+sp' we need
only consider as'(8) of Kq. (5.13) as us"(8; s', s) and
then use Appendix IIwhich expresses the composite form
factors Cs,s, in terms of the basic form factors as(s', s)
in order to obtain the partial-wave expansions of CJ Jp.

scattering.

(2)
q —q' q xq'

, m—= , @=&Xm.
q—q'I

'
lq xq'

Now these vectors are always orthogonal, but their
dependence on 8 (cos8=q' q) becomes complicated for
all but equal-mass elastic scattering. This choice is
used in Ref. 1.
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(3)
1

(q—q'),
2 sin(8/2)

jXj' 1
m—= = (qxq'),

I qxq'I sin8

q+q' 1
8—=lxm= = (q+q') .

I y+q'I 2 cos(8/2)

i= q—q' q+q

qxq'I
'

lq+q'

q&q

These are only orthogonal for equal mass, elastic

APPENDIX I' CHOICE OF THE
TENSOR BASIS

There are many possible choices for basis sets of
momenta. In Ref. 1 we displayed the merits of using
orthogonal unit vectors defined from q' and q. For
partial-wave expansions this is almost a necessity be-
cause it transfers all the angular dependence in ob-
servables (bilinear combinations of the form factors)
into the form factors themselves. There are even then at
least three such choices for orthogonal momentum bases.

That is, we use all unit vectors j, j'.This is a new choice.
Now the angular dependence is the same for elastic and
inelastic scattering. Instead, all of the effects of inelastic
scattering are now embedded in the complex part of
the energy dependent phase shift

2iMpj(s'q', sq)=e""eP'«' "e "I"«' P& —1.
Now we write

(s'
I
~

I s) = g (s'
I
~s I s),

J )s'—e)

and separating the positive and negative intrinsic parity
amplitudes M+ and M we use the property of our
orthogonal basis [(l,m,6) ~ (—l, m, —8)) under space
inversion to write

(s'IMs p+Is) =up(s', s)I(s)8,.„
(s'I3Is q@Is)=aq'(s', s)T(m):Su~(s', s),

(s'I Ms ], Is) = [a~'(s', s)T(l)+a~'(s', s)T(8)]:S~&t(s',s),

(s I Hats p+
I s) = [ap'(s', s) T(ll)+up'(s', s)T(H)+up'(s', s)T(k)j:Sp~(s', s),

(s IMs p ls)=[ap'(s', s)T(lm)+ap'(s', s)T(s1m)]:S~p~(s,s),
(s'

I
Ms=p+

I s) = [ap'(s', s)T(Jim)+app(s', s)T(68m)+ app(s', s) T(lcm) $:Sp~(s', s), etc.

So our choice for the basis set T s~(p") will be 1, T(m), T(ll), T(hk), T(llm), T(8Am), T(/&is), etc., for cV+ ampli-
tudes and T(l), T(8), T(lm), T( 8), etc., for M amplitudes.

APPENDIX II: COMPOSITE REACTION FORMilFACTORS

Using the tensor basis de6ned in Appendix I, we list the relations between the factorized (Cs,s,), irreducible
(Ass, s,) and recoupled (as(s,s)) form factors for M+ (parity conserved with the product of the intrinsic parities
equal to +1) for the composite reactions p'+-,' ~ p'+p', -', +0-+ p'+1, ~p+1-+ —,'+1, —,'+0-+ p'+2, 0+1—+ 0+1,
and 0+1-+0+2. (Note that we abbreviate Cs,s, by C; and A&s, s, by As for clarity. ) Similarly, analogous
relations can be worked out for 3f .
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We factorjze lllto 0+0~ 0+0 and 0+0 & 0+0 with S[lj(~l =pal =0) k4r=S) S[lj(~0 k~ ~0 4)

(-,'-, I&V+~-, ,)=—C,+Cpm S+C,m S'+C4m Sm S'+Cp& SE S'+Cp@ 86 S'+Col S6 S'+Cps Sl S'

0 S[0,00]+Ap S[0,11]+Al T(m) S[1,10]+Al T(m) S[1,01]+A1 T(m) S[l,l ]

+LA&'T(ll)+A00T(«)+Ap'T(l8) j:S[0,11]

=(1 PO) {a,(0,0)}(Oil l)+(1 kl 0){a,(0,1)T(m):S„](0,1))(1I-', —,')
+(-'-'I 1){al(1,0)T(m):S[1](1,0))(OI-'-')+(-' l I 1){ap(»1)+al(11)T(m):S[1](11)

+Lap'(1, 1)T(ll)+ap'(1, 1)T(«)+ap'(1)1)T(ln) j:s[0](1)1))(1l0 k)

Now using S S'=l SE.S'+m Sm S'+8 S8 S' and m S xS'=8 SE S'—l S8 S'we find

Cg ——Ao',

Cg=Ag',

C3=Ag',

C4 ———(1/V3)A 0'——,'A 0'—-,'A 0'

Next, Eqs. (3.5) and (3.6) yield

Ap' ——4ap(0, 0)+4ap(1,1),
A,0=VS«(0,0)—%3a,(1,1),
A 1'————,'al(0, 1)+-,' al(1,0)+al(1,1),

Ci ———,'ap(0, 0)+-,'a, (1,1),
C = ——;a(0,1)+-,'a (1,0)+a (1,1),

Cp =-,'al(0, 1)——,'al(1,0)+al(1,1),

Cp ———(1/v3) A 0'+-,'A 0'——',A 0',

Cp ———(1/V3)A '—-0'A0'+-0A 0',

Cl = —(i/~2A 10+-,' A 00,

Cp (i/——V2)Alp+ ,'A00-

A 10=—,'al(0, 1)——,'al(1,0)+al(1,1),
A, =mfa, (0,1)+42a, (1,0),
Ap" ——2ap"(1,1) r =1, 2, 3,

C, = —a,(0,0)+«(1,1)+-'a,l(1 1) 'app(—1 1)

Cp= —a (0 0)+a (1 1)—-'ap'(1, 1)+-',ap'(1, 1),
Cq = —ial(0, 1)—4al(1,0)+a00 (1,1),

C4= —ap(0,0)+ap(1,1)——;ap'(1,1)——,'apl(1, 1), Cp ——+pal(0, 1)+ial(1,0)+a00(1,1) .

Note that for elastic scattering, time reversal invariance implies l —& +l, m~ m, n~ n, S~———S so that
Cl=C0=0, Alp=A00=0 and al(0, 1)= —al(1,0), app(1, 1)=0.

—,'+0 —+ —,'+1
We factorize into 1010-4 0+0 and 0+0~0+1 with S[1](0,—,')=—S, S[1](1,0)—=S'.

(-,'1~2'+~-,'0)=Clm S'+Cpm. Sm S'+Cj Sl S'+C4n Sn S'+Cpl Sn S'+Cpn. Sl S'

=A0S[0,11]+Al T(m):S[1,01]+A1 T(m):S[1,11]+/A 0 T(E7)+A 0 T(«)+A 0 T(ER)j:S[0,11]

=(01lk){ap(k8)+al(l, p)T(m):S[»(g,k3)(0 IkO)+(41 I 0){al(p,k)T(m):S[»(p, k)

+L" (-;,—:)T(ll)+"(-:,—;T(«)+"(-:,—;)T(l~)j:S[.j(-:,—:)&(-:I-:0),

so that

Cg ——Ag',

C = —(1/V3)A '—-'A '—-'Ap'

Cp ———(1/%3)A 0'+-;A 0'——',A 0',

A, = —2ap(-,',—,'),
A '=(1/2~@ (-', l)+(2+~)

(l, l)+2 (l,-'),

~~C0= 2«(l, k) pap'(0, 0)—pap'($, 0)—,

~~C0=2ap(k, k)+pap'(k, k) pap'(4 0),—

C4 ———(1/%3)A '—~A0'+-'0A0',

C,= —(i/V2) Alp+-,'A 0',

Cp ——(j/~2A 10+-,'A 0'

A '= (~2/~~)al(-', l)—(~2/~~)ai(p, k),
Ap" ——(1/43)ap"(00, —,'), r = 1, 2, 3,

~~C4= 2«(k, k) pap'(0 l)—+pap'(0, 0),
~3C.=-';(-:,—:)+2'"(-:,—:)+-:.(-:,—:),

~~C0=~al(p, k) 24'ai(p, k)+—hap'($, 0)
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l+1 —:+1

We factorize into —s'+0-s —,'+0 and 0+1-+0+1 with Sp)(s', —s')=—S, Sp[(1,1)—=S'

(-,'1 (
M+ P)=Cg+Csm S+Csm 8'+Cpm Sm. 8'+CsT(ll): S[s)'+CsT(88):S[s['+CpT(hi) S[s['+Csm ST(l/): S[s['

+Csm ST(88):S[s['+Clm ST(18):S[s]'+Cgyl Sl 8'+Cygne 88 S'+Cysl SB S'+Cg48 Sl S'

+Cgsl ST(lm):S[s]'+Cps@' ST(@m):S[s['+Cgyl ST(8m):S[s]'+Cysts ST(A@):S[s['
=As S[s,sp]+As S[s,gy~+Ay T(m):S[g,ps[+APT(m):Sp, sy)+Ay T(m):S[g,gq+Ag T(m):S[y,ps[

+LA s'T(ll)+A ssT(48)+A ssT(hi) j:S[s,gg[+ LA s'T(N)+A ssT(88)1A ssT(l@)]:S[s,ss[

+LAs'T(l))+As'T(@tt)+As'T(l@) j:S[s „[+)As T(lcm)+As'T(@am)+As'T(lcm)):S[s, ps[

=(!1I-:){"(-:,—:)+"(:-,—:)T( ):S[[(-:,!)&(-:I-:1)
+(s1I s){«(s as) T(m):Su[(s as)+E~s'(Ls) T(&&)+«'(k s)T(@&)+«'(s as) T(&@)j:S[s[(k as) }(sI s1)
+(s1I s){«(s.s)T(m): Sn[('*- s)+L«'(s, s)T(&&)+~s'(as s)T(@@)+«'('s)T(&@)j:S[s[(s s)) (s I s1)
+(s114){«(s s)+~i(as s)T(m):S[s[(s8)+L«'(s8)T(&&)+«'(H)T(&&)+«'(s, s) T(&@)j:S[s[(s s)

+L '(l, l)T(&& )+ '(l-')T(&&tts)+ '(l8)T(&@@)j:Sw[(-'-')/(ll-'1)*

Cs= (V3/v'5)Ag' (s/—

2)(V2/VS)Ass+�

(7/15)As'+(2/15)A s',

Cs= (~/V'5)Ai'+(s/2)(~2/~)As'+{2/15)As'+(&/15)As',
Cps =s(v2/VS)A s' s{42—/v3)A ss+ ~s A ss,

'—-', As' ——',As', Cgg= —(1/VS)As'+s'As' —iAss

Cps= —(1/V3) As' —-,'As'+-;As',
Cps= (s/v—2)AP+ssAss,

Cgg = (s/V2) A P+-s'A s',
Cxs =—(V3/V'S)A j'+(s/2) (V2'/v3')A ss+ (8/15)A, '—(2/15)A s',
Cxs = (~/—v 5)A g' (s/2)—(v2/A)Ass (2/1—5)As'+ (8/15)A s',
Cgv —s(v2/v3)Ass+ ,'A—ss, -
Cg s= —s(V2/V3)Ast+ ssA ss,

Ao'=' o(-'-')+-' o(a-),
Ao'= s«o(-';s) —5~«{sP),
A"=—:"(-:,—:)-(8/9)"(-:,—:)+(8/9)"(H)+(10/9)"(-:,—,*),

A '=o (l,l)+~ (l8)+~2 (l l)+0 (-'-')
A ~'=(2/9)(V'15)~x(s, s)—(2/9)(v'15) ~s(sA)+(2/9)(V'15) ~i(s s)—(2/9)(v'15) o~(s s)
As"= k[ss"{s 5—)+swiss"(l, s)+2«'8, $),
As"=-;«"(-,',&)—,'«"($,—,')+«(a, -;), r-=4, 5, 6, r=1, 2,3,
As"= (~3/~)«"(s P)+Y~/N«"(s, s)+0«"(s s),
As"=3«"{s,—,s), r=1, 2, 3,

so that

Ci= s«(k, k)+s«(s8),
Cs= —s~~(k, k) —(8/9)«(s, k)+(8/9)o~(Ls)+{10/9)«(s8)
Cs= s~i(k, s)+s~i(s s)—~s«(s s)+s«(as s)
C4= ——:«(l,-')+s«(s, -')+l«'(-' s)—s«'{s,-')—x~s'(0, l)+s~s'(-', -')-los'(s, l)—'«'(l, s),
Cs= sos'(l, s)—k«'(s, s)+«'(s, s),
Cs=k«'(s s)—k«'(Ls)+~s'(s s),
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Cg= 8«(kk) —gal(k 2)+ sal(s, k) —sal(2, 2)—(z/2)as'(k, s)—(z/2)as'(s, k)+(7/5)as'(2&2)+ sag'(2 2),
co=

8 al(k&k) —
8 al(k& 2')+8'al(2&&k) —

8 al(2'& 2)+ (2/2) as'(k&2)+ (2/2) as'(2&k)+gas'(2
&
2')+ (7/5) as'(-,',—,'),

Clo=zag (k& 2)+zas. (2,2) —.' za2 (2,2)—zas (2&2)+a3 (2&2) &

cll sao(k&k)+sag(2&2) sa2 (k&2)+ka2 (2&k)+sa2 (2&2)+gas (k&2) ][a2 (2,2) sa2 (2&2) &

C18 .sao(2&2)+sag(2&2)+oa2 (k&2) oa2 (2&k) sa2 (2&2) ga2 (k&2)+ga2 (2&2)+sa2 (2&2) &

Clg zal(2 &2) -zal(2&2) 4a2 (2&2)+ga2 (2&2)+a2 (2&2) &'

C14=zal(k&2)+zal(2&k) 4a2 (2&2)+4a2 (2&2)+a2 (2&2) &

Cls= gal(2 k)+gal(k 2) —. sal(2 ')+gal(2 2)+(z/2)as'(k 2)+(z/2)as'(2 k)+(8/5)as'(2 2) 5as (2 2)
!

Clo= —]'-al(k, k)+ sal(k, s)—sal(2, 2)+gal(2, 2)—(z/2)as'(k, s)—(z/2)as'(2 2)—sas'(Ls)+(8/5)as'(2 2)

Cjz = ia21 (k; 2)+alas'(-'„k)+a&8'(2, —28),

Clg ———zas'(-,',—,')—zas'(2, —,')+as'(2, 2) .
For elastic scattering, time-reversal invariance implies

C7=C10 CI3=C14=C17=C18 0 p Al A2 A2 =32 =32 =c43 =0,
and

al(2&2) al(2&k) &
ag (k&2): a2 (2&k) & ao (2&2) a8 (2&2)=0& a2 (2&2) a2 (2&2) & a2 (2&2) a2 (2&k) ~

—,'+0~—,'+2
We factorize into k+0-+ —,'+0 and 0+0 & 0+2 with S[1I(-',,—',)=—S, S[2](2,0)—=S[2]'.

(-,'2
~

N+
~

—,'0) =C1T(ll):S[2] +C2T(zizz): 5[2]'+C8T(lzi):S[2]'+C4m ST(ll):S[2]'+Corn. ST(zizz): S[2]'

+Corn ST(F1):S[2]'+Czl ST(lm):S[2]'+Cs]1 ST(Zim):S[2]'+Col ST(]1m):S[2]'+C10Z1 ST(lm):S[2]'
=A1T(m): S[1,12]+LA 2'T(ll)+As'T(88)+As'T(l&) j:S[2,os]

+[A24T(ll)+A25T(zizz)+A28T(i]i) j:s[2,12]+pA8'T(llm)+As'T(zizim)+As'T(Qm)]:s[8 12J

= (k2 I 2){al(s,k) T(m): S[1](Lk)+Lag'(2&k)T(ll)+as'(Lk)T(&zi)+as'(s, k)T(l&)j:S[2](s,k)) (k Ik0)

+(-.2l 2)(l as'(-', k)T(«)+as'(Lk)T(&&)+ a(sks)T(l&)l:S[2](s,k)
+Las'(-', ,-') T(elm)+ag'(-', l)T(&&m)+as (2 2)T(«m) j:s[s](2 k) ) (P 20),

with
CI——A2'

C2 ——222,

CO=32',

C,= (K3/+5) A 1—(i/2) (K2/v 3)A 28+ (7/15)A 8'+ (2/15) A 3'
&

Cg= (K3/+5) A 1+(i/2) (K2/V3) A 2'+ (2/15) A 8'+ (7/15) A 3',

Co =i (%2/v3) A 24 i (V2/v 3)A 2'+-', A—8'
&

C,= —(K3/+5) A 1+(i/2) (V2/V3) A 2'+ (8/15) A g' —(2/15)A 82,

Cg ——(v3/+5)A, —(i/2) (V2/VS) A 2' —(2/15) A g'+ (8/15) A g',

Co ——z(%2/V3)A25+18A g',

Clo —— z(42/%3)—A 24+ ',A, ', -
and

A, = —(2/K3) al(-,',-,'),
A 2' ——(1/2/5) as"(-,',—,')+ (3/+5) as"(-,',—,'), r = 1, 2, 3,
As~= (v3/+10)as'(g, k) —(4v3/+10)as'(s, k), t=4, 5, 6, r= 1.2, 3,

As'=(+5)ag"(s, k), r=1, 2, 3,
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so that
(+5)Ci——-'us'( -')+3us'(-,' -', )
(V'5)C,=-;, (-;,—,')+3, (-;,—,'),
(V'5)Cs= sus'(s, s)+3us'(s, s),
(v'5)Cs= —2ui(s, s)—(s/2)us'{s, s)+2sus'(s s)+(7/3)us'(s k)+sus'(s s)
(V'5)Cs= —2ui(k, l)+(s/2)us'(s, s)—2sus'( s,-'s)+sus'(s, s)+(&!3)us'(s,s)
(v'5)Cs= sus'(as, s)—4sus'(s, s)—'us'(as, s)+4sus'(s k)+(5/3)us'(s s)
(v'5)C =—2 (l,l)+(/2) '(-' -')—2' '(8 l)+(g/3) '(l l)—:'(-' l)
(+5)Cs ———2u, (s,—,')—(i/2)us'{s', —s')+2ius'(L s') ——;us'(-,',—,')+(8/3)us'(-', ,—,'),
t~'5)Cs= sus'(s s)—«us'(s, s)+(5/3)us'(Ls)
(V'5)Cio= —sus'(s, s)+4sus'(s, s)+(5/3)us'(k, s)

For such boson reactions as 0+$~ 0+$', which may be taken as either basic or composite (with constituents
0+0~0+$' and 0+$~ 0+0), it is clear that the composite form factors (C;} are most convenient for the
calculation of observables, whereas the recoupled, basic form factors (uq($', $)) are most convenient for,.partial-wave
expansions. Moreover, for the compound spin matrix tensors, Eqs. (2.1)—(2.5), we have

(fl&ssrs{$ 8))]['.s ~I', &a~&', sr& ~ ( &sjrs(0~$))s, & ( ) ~~,$s &. srs ~—
(Q&.,&„P($',0; 0,$))& += (—) -'($'$X', —X~ m)S...„~„„

= (0$$$($',$))g. ,~b",$,8.,$„

P"($',0)P.(o,$) "'
S[J'z&zs]($ &Oj 0&$) S[z]($ &$)8~', J&8~,zs ~

P$($', $)

We factorize into 0+0-+ 0+1 and 0+1~ 0+0 with S[i](1,0)=—S, S[i](0,1)=—S'

(01~jf'+j01)=Cim Sm S'+Csl Sl S'+CD S& 8'+C4l SB S'+Cs@ Sl S'
~sS[0,11]+~[T(m) ~ S[l,li]+L~2 T(~~)++2 T(&'&)++2 T(M)] ~ S[s,ii]

=uo(1,1)+u (1',1)T(m):S, (1,1)+Pu '(1,1)T(ll)+ '(1,1)T(88)+ s'(1,1)T(l@)j:S, , (1,1),
with As ——vous(1, 1)) Ai ——v2ui(1, 1) and As"——us'(1)1) r=1, 2, 3 w'hich gives

Ci ———up(1, 1)—-,'us'(1, 1)—-', uss(1, 1),
Cs ———us(1, 1)+-,'us'(1, 1)—-', uss(1, 1),
Cs= —«(»1)—sus'(1, 1)+sus'(1, 1),
Cs= —sui(1, 1)+-,'uss(1, 1),
Cs ——sus(1, 1)+s'us'(1, 1).

For elastic scattering, time-reversal invariance implies S~ —S, and hence Cs ———C, and us (1,1)=0.

0+1—+0+2
We factorize into 0+0~0+2 and 0+1~ 0+0 with S[i](0,1)=—S and S[s](2,0)—=S[s,'..

(02~a+~01)=C,m ST(d):S[s]'+Csm ST(W):S[s]'+Csm ST(l&):S[s]'+C,) ST(im):S[s]'
+Csl ST(8m):S[s]'+Cj ST(8m):S[s]'+Cr]1 ST(5&):S[s]'

=AiT(m):S[i,si]+i As T(l7)+As T(68)+AssT(l&) 1:S[s,si]

+Pa, 'T(i)m)+a, 'T(&as&)+a, T(lan) j:S„,„,
=ui(2, 1}T(m): S[i](2,1)+Lus'{2,1)T(ll)+ us'(2, 1)T(s1[[i)+us'(2, 1)T(EB)j:5[s](2)1)

+Lus'(2, 1)T(/lm)+uss(2, 1)T(8Am)+uss(2, 1)T(l]1m)7:S[s](2,1),
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with Az=(/5/43)ai(2, 1), A2"——(V3/VZ)a2'(2, 1), A2"——a2"(2,1) r=1, 2, 3 which gives

Cl = al(2) 1)+(i/2) a2'(2, 1)+(7/15) a2'(2, 1)+(2/15) a2'(2, 1),
C2 ——al(2, 1)—(i/2) a2'(2, 1)+(2/15) a2'(2, 1)+(7/15) a22(2, 1),
C2 —— i—a2'(2, 1)+ia22(2,1)+-',a2'(2, 1),
C4= a—l(2, 1) (—i/2) a2'(2&1)+ (8/15) a2'(2, 1) (—2/15) a2'(2, 1),
C4 ———al(2)1)+ (i/2)a2'(2, 1)—(2/15)a2'(2, 1)+(8/15) as'(2, 1),
C2 ———za22(2, 1)+'22a22(2, 1),

I

C7——ia2'(2, 1)+-',a22(2, 1) .

APPENDIX III: PARTIAL-WAVE EXPANSIONS OF as(s', s)

Now we work out Eq. (5.13) for the basic reactions 0+2 -+ 0+2', 0+2 -+ 0+2, 0+2 -+ 0+2, 0+2 -+ 0+-,',
0+s ~0+0, 0+0~ 0+s', 0+I -+ 0+1 and 0+1 ~ 0+2. Since all of the angular dependence of aq(8; s', s) is
embedded in the' angular functions fs, ll"(/t). these expansions are valid for any choice of the momentum tensor
basis. For our choice of tensor basis (Appendix I) the fJ l l" s (again we omit the angular dependence) are worked
out in Appendix IV. Recall the definition of Ml, l'(s, s),

Ml ll'(s', s) = (/'s'j2/2; lMl/sjr/4;).

Consider first the positive-intrinsic-parity amplitudes M+ where l +l is even:

o+-', ~ o+-',

J=O: 4 a,(-,',—,')=Q f, l, lL(/+1)Ml, l'+&(-', ,—,')+/Ml, l' ~(-,',—,')j.

4«l(l, l) = —/~2 Z f;l, ll Ml, l'+'(l l)—Ml. l' '(l l)j.
l

o+-,' ~ o+-;
- (2/+3i l/2 I/2/ —ii '/

4 al(2, 2)= —-& fl;l. l l l Ml. l't'(2, 2)+I l
Ml. l' '(2 2) ~

i 2/ i ' '"
E2/+2)

1/2

4«2"(2,2)=—v2 Z f2;l, l' l l
Ml, l'+'*(2, 2)—l

— Ml, l' '*(2,2)
k(2/)(2/+3)J k(2/ —1)(2/+2)

1 1/2 1 I/2

+f2:l+2, ll Ml+2l' '(2, 2) f2;—l 2ll-, (2)2)
(3(2/+3)(2/+4) (3(2/ —2)(2l—1)

o+-; ~ oy-,'

2l+4 2l—2
7=2: 4«2"(2,2)=—V3 Z f', l.l" l I

Ml, l'+'(ss' 2)+ l
Ml. l' '(2 2)

k(2/ —1)(2l)(2/+3) I (2/ —1)(2l+2)(2l+3)i

2/+6
+6~ 2;l+2, l M„, , ~(-;,—,')

k(2/+ 1)(2/+3) (2/+4))
5 )1/2

+2ll Ml+2, ll ~( —)—
((2/+ 1)(2l+2) (2l+3)(2/+4))

5 )1/2

+6~f2;l-2.l' (2/+2)l
k(2/ —2) (2/ —1)(2l) (2/+1))

2l—4
Ml-2, l' ~(2 2)

k(2/ —2) (2/ —1)(2l+ 1))
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v2 -( 1
4~a," -'„-', =i —,i,)" I Mi, i'+'(-'. ,-', )

V3' ~

' '
k(2/ —1)(2/)(2/+3)(2/+4)&

1 i 1I2—
I ~~.i' '(kk)

k(2/ —2)(2l—1)(2/+2) (2l+3)i'

-( 1 )1/2
+—s;i+2,r —

'

I ~~+~.~"'(k,2)'+ '
k(2/+1)(2/+3)(2/+ 4)(Z/+6))

r j. 1/2

~~+~.i' ~(4k)
(S(2/+1)(2/+2)(2/+ 3)(2/+4)J

1 -( 1
+—f., —, I

&S(2/—2)(2l—1)(2/)(2/+1))

) I/2

Mg 2, ('-~(-,',~~)

k(2/ —4)(2/ —2)(2/ —1)(2/+1))

J=o: 4mao(2, -', )=-,' Q fo;~,~L(/+2)~~. ~'+~(g8)+(/+1)Ã~. ~'+'(s 2)+/~~, i' '(4,2)+(/ —1)W.~' ~(L2j.
l

(2/-6)
4 ~ (-:,l)=- —&Z f;. I l~, '+'(-:,l)+I i~i. '+'(K-:)

1O i
' '

k2/+2)
' '

&3(2/))

( 2l+8 i (2l—2i
~' '(SPY) I

— l~~, i' '(28)
E3(2/+2)f

'
I 2/ J

2l+4 q ( 2/+6
&=2: «~2"(2,2) = —

2 Z f~;~,~"
I I~i.~"'(8,k) —I l~i.i"'(g8)
k(2/+2)(2/+3) J

' '
q2/)(2/+3))

2/ —4 i ( 2/ —2'- (-'!)+I ~ — -'-')
k(2/-1)(2/+2)) k(2/-. 1)(2/)J

1 (2/+6i'I' 1 ( 2/ q'i'
+—

2; ~+2.i' I I ~~+2.i'+'(k -')+
I I ~~+~.~'+~(2 2)

(2/+3) I 2/+2)
' '

(2/y3) E~/+4k

(2/12&'" 1 (2/ —4)'I'
+ f ~-mi'm—

I I ~i-~.~' '(%2)+-
I I ~~-~, i'-'($, 2)

VS
' '

(2/ —1) 2/ —2j
'

(2/ —1) 2/ j
(

l~ "«(-:—:)-I l~. "~(-:,—:)
k(2/+ 2)(2/+3))

'

k(2/)(2/+3))

+I l~i.~' '(4 2)—— ~i
E(2/ —1)(2/+ 2)P

'
E(2/ —1)(2/))

1~3 s;~+~.r ~~+~,i'+'(28) — ~i+~.i'+' 4 2(2/+ g) L(2/+2)(2/+6)) (2/+ 3) k(2/}(2/+4}i

(
I ~i-~.i' ~(K8)(2/-1) k(2/-2)(2/+2)) (2l-1) k(2/-4)(2/))



CSONKA, MORA VCSI K, AN D SCADRON

0+0-+0+0
S=O: 4~a, (0,0)=g f.,...(2i+1)M, ,,g(0,0).

0+1~0+0

) 1/1

7=1: 4 gag(g0, 1)=iV2 p fl,.g, l(2l+1) —,
I Mlg'(0, ,1).

(2l)(2l+2))

1=1: 41/ag(1, 0)=—6/2& fg,.g, g(21+1)~ Mg, g'(1,0) .
k(2l)(21+2)i

~
1/1

J=2: 4map"(0, 2)=—Q fp;g, g"(2l+1) Ml, l'(0,2)
(2i—1)(2i)(2l+2)(2l+3)i

1 ( 2l+5
+ f&;ig+g, g'I Mg+g, 1'+'(0,2)

k(2l+2)(2&+3)(2l+4))

1 ( 2l—3
+ f~;g-m, g~ I Ml-2. 1' '(o 2)

Q6 k(2l —2)(2l—1)(2l)i

v=2: 4~a2"(2,0)=—g f2., g, g"(21+1)~ Ml, l'(2,0)
k(2l —1)(2l) (2l+2) (2l+3))

1 ( 2l+5
+ 0; 1+9,l Mg+g, gl(2,0)'

k(21+2}(21+3)(21+4)i

(+ f1;g m, g"~
~

Ml 1,g'(2,0)'
k(2i-2)(2r-1)(2l}i

0+1~0+1
J=o: 41/a/g(1, 1)=-', Q fo, g, gt (2l+3)Mg, gg+g(1, 1}+(2l+1)Mg,gg(1,1)1(2l—1)Mg, gg '(1,1)j.

— 21+3~ 2(2l+1) i (2l—ii
4~ag(»1)= —2 fl'1 1 IMg 1"'(' »— — IMg 1'(' »—

I IMg 1' '(' ') .
(2i)(2l+2)i

'
4 2i )

( 2(21+1)
J=2: 4gg am"(1,1)=-g fu;g, g" ~Mg, gg+g(1, 1)-

~
Mg gg(1 1)+i —iMl, '-'(1 1)

2l+2i ((2l)(2l+2) E2ll

q
1/9 ( 1 ~

1/8

+fn;g+sgi M+ g,
1+gg( 1, 1) 1f+; 12g, g'~

I Ml ~,gg-'(1, 1)~ .'
k(21+2)(2&+4)i

' ' ' '

k(21-2)(2l)i



CO M POS I TE REACT I ON S AN 0 PART I A L-.Vf A VE EX PAN SIGNS

0+1-+0+2
v3 —

/
21+3 2/+4i '/'

J=i: 4mug(2, 1)=—i P fg , /, / .
i M&, /'+'(2, 1)

542 / (2/+2 2l i

2 ( 2/+1 (2/ —1i 2/
+—

I i((2/ —1)(2/+3))"'N '(2,1)+I I

—
i

~, ,'-'(2, 1)
VS((2/)(2/+2)i 4 2/ i 2/+2)

1 — 1 /2/+4q '/'
v=2: «~2"(2,1)=—z fm, ~, /"

—
I i

~/. /'+'(2, 1)
~3 /

''
(2/+2)k 2/ i

( 2l+ 1 /' 1 i/2 1 (2/ —2) i/~
—2VSi— M/ /'(2 1)— 3E/ /' ' 2 1)

k(2/) (2/+2) &(2/ —1)(2l+3) (2l) E2/+2)

/2/+6)'/' vZ
/ (2/)(2/+1) )i/2

+,'/2, / , i w, , '+'(2, 1)+
i m,+,,,/ 2,1)

(2l+2) (2/+4i (2l+2) k(2/+3)(2/+4)i

VZ ((2/+1)(2/+2) '" 1 //2/ —4 '/'
afm; l ml -, I

— &/-2, /'(2, 1)+ I ~l—&, / '(2, 1)
(2/) k(2/ —2)(2/ —1) (2l) E2/ —2

) 1/2

J=3' 4s'a "(2 1)=i p —fs. / /" M/, /'+'(2, 1)
vS /

' '

(2/+ 2) k(2/)(2/+4)i

2/+1 /' 3 I/2

i m„g1)+
k(2/)(2l+2)i E(2/ —1)(2/+3)i (2l) k(2/ —2)(2/+4)

i I/2

+ 8i /+9, / M'/+u, /'+'(2, 1)
(2/+2) k(2/+4)(2/+6)i

2l+1
- M/+2, / 2~1

(2/+2) &2(2l) (2l+3)(2/+4))
— 1 2/+1

+f//;/ a,/'- 3II/ 2, / (2,1)
gl) 2(2l—2)g/ —1)gl+2)i

1 /' 1 I/t2

(2/) k(2/-4)(2/ —2)
~/ —2, &' '(2, 1)

Next, we consider negative-intrinsic-parity amplitudes Af where l +l is odd:

4 ~i"(kh) = ~~ 2{fi./+i. /"~/+i. /'+'(2, k) fi, i,r/~ —x. /'(/2, l)}.

0+1~ 0+8

i 2l+4 i I/2

4~~i"(2 k) =—Z fi;/+i, /" l~/+i. /'+'(2 2)+(2/) ~/+i. /' '(8 4)4 / 2/+1i (2l+1)(2l+2)i

2l—2 '/'
+fi, /—i, /' (2/+2)I

i
l/I/ l, /'+'*(2~2)+ — ~/ —i, /' «(28)

(2/)(2/+1)i 2/+1



gi&
/ 1 ~

ggg

J=2: 4grggg"(-', ,—,')= —V2 p f2, g+g. ,g"
I ~g+g, g'+g($~2) —

I ~g+g. g' i(a,a)
I(2/+1)(2/+4)

' '"
k3(2/+ 1)(2/+2)i

-( 1 g/2 . ( 1 )g/g

+fr:g-g. g'
I

~g-g. gg+'(a 2)—I ~g-g. g' i(kg2)
(3(2/)(2/+1) k(2/-2)(2/+1))

0+1~0+0

/2/+3~ g g' ~2/ —1y
g g'

1=1: 4~at(0, 1)=—/P fg,.g, g, g"I
I

Wg+g, g'+'(o, 1)+fg., g g, g"I
I

mg g, g'-'(0, 1) .'
(2/+2i

' ' ' &2li

0+0~0+1

/2/+3y g g' /2/ —1~
g g'

&=1: «og'(1,0)= —/Z fg'g+g'"I I
~g+'"(' 0}+f"~'"I'

&2/+2i
' ' ' E2li

0+2-+0+0
2/+3

@=2 4grgg "(02)=—g fm g+g g"I 3Eg+g, g'+'(0, 2)'
k(2/)(2/+2)(2/+4)i

2/ —1
+fm;~g. g'I I. ~g-gg g.g(og2) ~

(2l-2)(2l)(2/+2)i

0+0 =+ 0+2

2l+3
&=2: 4grggg"(2, &)=——Z fg', g+g. g"I Mg+g, g (2,'0)

E(2/) (2/+2)(2/+4) i
y+fg;g-g. g'I

I ~g-g. g'(20} .
(2l-2)(2l)(2l+2)i

. .~e note jn passjng that not all Qf the partial-%'a7e RmplltUcles M), ) are independent for elastic scattering

because time reversal invariance implies the syDm~etry relation"

~g gg(s', s) =Mggg(s, s'),

the choice of the orthogonal tensor ba»s of Appendix I, ere noir extract from the compoun~ splmr~ca

h ~on,'c Ig'
g, g~(g/', g/) the angular functions f~, g g(8) for the even parity cases of &=0, 1, 2, 3 which are needed

cognp]ete the parfJ~QJ wsve expansions oi Appendix IIL Using Kq. (&.11) we obtain fr, g, g by equating independ-

tiy aii vaiues ot ~.For the choice g/'=8g the basis vectors (5= 1) are

T+'(ggg) = ~1/~2

T+g(8}=—(i/K) sin(8/2),

2'+g(l) = (i/N) cos(8/2)

and using Eq ($,12) we find for J 2

T'(g&) =0,
T'(8) =cos(8/2),

To(l) =sin(8/2),

y1 0

2'+a =—,'l2/VS,

=g cos8~

T g=-(i/2) sin8,

2' '= 4(V2/V3'} cos8,

To = g sln8~

Tag= (i/2) cos8,

Too= ', (K/~ sin8, -

» S ior exa~pie M, MacGregor, M. Moravcsik, and H. Stapp, Ann. Rev. Nncl. Sci. 10, 291 (1960).
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with T+~——-'(T~(rir1)&T (/l)), To =T~(lr1) and for J=3
T+.'= -,'V2, T '= —(a@2) cos8,

T '=0 T '= (2/6)v3 sin8,

T+g ———3/4+30, T '= —(5/4/30) cos8,

with T~ ———2'(T~(2121m)~T~(/lm))& To —T~—(km). Then we can write

To = —pe sing

To'= —(i/6) V3 cos8,
To'= —(5/4y&'30) sin8,

J=O l'=l.
J=1, l'=l:
J=2, l'=l, ta2:
with

fJ;g', l TJ(p") ~ fr, r (2 & 0)

g, fz;v, l'Tz(P") ~ fr, gT(m). (r~m)
Z fz;v, r"Tz(P')-+ fu;r&, r"T(//)+fu;v, r""T(kiri)+fu;r. , g™T(M)=fu, v—, g+T++fu, v l-T +fu, . g«To

with

fa;r, g" =2(fa;v, g+—fs;v. r ) and fs;vl"" =, 2(fa;vg++f, a;gg+). ,

With a little algebra and the basic identity

Pr+g~+'+ (l m)(—l m+—1)P~,~=P 2~+2+ (l+m) (/pm+ 1)P~g~

we obtain for the even parity f's (we omit the angular dependence of the Pg"'s for clarity)

J= 3, mfa; r+2, l+ =5[Pg +(/+ 2) (l+3)Pg ],
'&/2fa; r, r+ =5P ga 3(/ 1—)(/+—2)Pl 2,

~~f2,.~u, i+=5[pro+(/ —2)(/ —1)pgg],

'&/2fa;r+g, r = —[3pl+ga —l(l+3)pl+2'7
u/2fag;, l = —3[p~ga+(/+1)(/+2)p~g']

&

mfa, .g u, g
———[3pg ga —5(l—2)(l+1)p, ,']

v2fa; g+,
2™r"=(42 +/3) Pg+gu

~Qf2 7
ll&&&&& 0

'&/2 fa; g 2,r™"= —4(2—l—1)pg

fo;l, l Pl

fr;r, r= —~2prg

fu, l+2 l+= —3[pl'+(/+1)(/+2)pr ]&

fu; l, l+= —[3pr' —/(/+1)pr'],

fu;r u, g+= 3[Pru+(—/ 1)/Pro], —
fu, g+2 r

——Pl+22 —3(l+1)(/+2)plpgo
&

fu, l, l ——Pg 2'+l(l+1)pg 2'=Pl+2'+/(/+1)pl+2'&

fu;r—u, l =Pg-2 —3(/ —1)/Pr g,
fu; g+u, gg" = 2(2/+3)p—g+2'&

gn 0—
fu;g u, g'"=2(2/ —1)Pg 2',

J=2,

For the odd-parity cases, the technique is similar and the results are for J= $, 2

fu;v, g'g=u(fu;v, r+ fu;v—, l ) and fu;r, l""=—'(fu;v, g++fu;v, r )
J=3, l'=l, /&2: Q„ fa., g, l"Tq(p") —+ fa., vl, " T(l7m)+fa., v, g"" T(r1rim)+fa. , g, gr" T(/r1m)

=fa;l', l T++fa;r', g T +fa;v—, g™~To&

1
s~fg;l+g, g"—= (Pg' pl+2'), —

sin(8/2)
J=2, 2f2; l+ll , (Pg —Pl+2 ),

sin(8/2)

2~f1; l+l, l (Pl +Pl+1 )
cos(8/2)

ufu:g+g, l'= (Pg'+Prang'),
cos(8/2)

—2~2fg;g —g.l"= (pl' —pl—2'),
sin(8/2)

ufu;g —g, l (Pl' Pl 2')—
sin(8/2)

2"/2'; l—l. r
= (Pg'+Pg 2'), —

cos(8/2)
ufu;g —g, r'= (Pl'+P, gu).

cos(8/2)


