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Algebra of Currents and Low-Energy Xer Interaction~
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Using the I'ubini-Purlan-Adler-Keisberger technique, sum rules have been written down for strangeness-
changing and strangeness-preserving axial-vector coupling constants. Coupled together, these sum rules
provide information on the low-energy interactions of strongly interacting particles. Xn particular the Ex
system is studied and a case made for the existence of an 5-wave resonance near threshold in the I=tt
channel. An evaluation of the EgA. and EgZ coupling constants required by the mutual consistency of the
sum rules is also presented.

L INTRODUCTION

PO%ERFUL way of studying the algebra of
currents has recently been developed by Fubini

and Furlan. ' Coupled with the hypothesis of the
partially conserved axial-vector currents (PCAC) s this
method has led to a remarkable evaluation of the
lenorlIlahzatlon of the P-decay axial-vector coupling
constant by Adlers and Weisberger. 4 Several applica-
tions of this technique have been made by various
authors, ~

In the present paper we show how various sum rules
obtained using the Fubini-Furlan-Adler-Weisberger
technique may bc coupled to obtain information on
the low-energy interaction of strongly interacting
particles. In particular we study here the E-x system.
That the PCAC hypothesis allows weak interactions to
impose consistency requirements on reaction ampli-
tudes of strongly interacting particles has recently been
emphasized by Adler. e

We start with the equal-time commutation relations
suggested by the quark model for axial-vector charges
of the strangeness-changing and strangeness-preserving
currents. No use is made of SU(3) or any higher sym-

~Research supported in part by the U. S. Atomic Energy
Commission.

$ On leave of absence from the Centre of Advanced Studies in
Theoretical Physics and Astrophysics, University of Delhi,
India.

f, On leave of absence from Tata Institute of Fundamental
Research, Bombay, India.

' S. Fubini and G. Furlan, Physics 1, 229 (1965); G. Furlan,
R. Lannoy, C. Rossetti, and G. Segre, Nuovo Cimcnto 38, 1747
(1965); G. Furlan, F. Lannoy, C. Rossetti, and G. Segrh, Trieste,
1965 (unpublished report); S. Fubini, G. Furlan, and C. Rossetti,
Trieste, 1965 (unpublished report).

s M. Gell-Mann and M. Lsvy, Nuovo Cimento 16, 705 (1960);
Y. Nambu, Phys. Rev. Letters 4, 380 (1960).

~ S. L. Adler, Phys. Rev. Letters 14, 1051 (1965).
4%'. I. Weisberger, Phys. Rev. Letters 14, 1047 {1965).
~ L. K. Pandit and J. Schechter; Phys. Letters 19, 56 (1965);

A. Sato and S. Sasaki, Osaka, 1965 (unpublished report}; D.
Amati, C. Bouchiat, and J. Nuyts, Phys. Letters 19, 59 (1965);
S. Okubo, Rochester, 1965 (unpublished report); C. A. Levinson
and I. J. Muzinich, University of Washington, 1965 (unpubHshed
report); M. Qourdin, Phys. Letters 18, 82 (1965); P. Babu,
Bombay, 1965 (unpublished report). Wc do not agree with the
conclusions of the last two papers, for the reason also pointed
out by D. Amati eI al.

'S. L. Adler, Phys. Rev. 137, 81022 (1965); 139, 31633
(1965); 139AS2 (1965).

metry. Various sum rules are obtained when matrix
elements of these commutators are taken between
one-particle baryon or meson states. The sum rules,
which are related by thc appearance in them of either
the same coupling constants or the same cross sections,
taken together lead to rather restrictive self-consistency
requirements from which the unknown coupling
constants or cross sections may be studied. This forms
the basis of the calculations reported in this paper.

In Scc. II we state the sum rules and discuss our
method in some detail. From the structure of the sum

rules some general conclusions are drawn. In Sec. III
we make a detailed study of the Em system and present
a case for a low-energy 5-wave Em resonance with

isospin, . This prediction appears concomitantly with

some restriction on the strong-interaction coupling
constant G~yg A.

H. MSCUSSION

Denoting the octets of vector and pseudovector
currents in a quark model by (Vso)„and (Eso)„, we

de6ne the corresponding "charges" by

A se(t) =s tpa(Vse(x, t))s, (1a)

ore) if''x(rr(xi})i= (1b)

A se, Bp satisfy the equal-time commutation relations

LAs' Ae' j=he As' hs'Ae-
LAs Be'j=he'Bs' 3s'Be'—
LBs' Be'j=3e'A s' 3s'A e'—

(2a)

(2b)

(2c)

Taking the matrix elements of suitable commutation

relations of type (2) between single-particle states and

following the procedure of Fubini-Furlan-Adler-Weis-

berger, one may easily write down a set of sum rules.

The commutators we exploit in the present work are
the following:

est, Bts)=A ss A tt =2Is, —

$8st,Btsj=Ass —Art =F+Q.
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Taking the matrix element of (Ba) between one-
proton states, we obtain the well-known Adler- Weis-
berger" sum rule:

4ilfyP 1

(g~")' Ax'(E'er (o))' s

x t. ."(W,o)- ..-(W,o)3, (4 )
jr„+~,W2 —MN'

where 0~ +(W,o) denotes the s+-P total cross section
for a zero-mass ploD at thc cclltcr-of-Inass energy F~
and g~~ is the renormalized strangeness-preserving
axial-vector coupling constant.

Again, taking the matrix elements of (Ba) between
one x+ state and one K+ state, we obtain, respectively,

2 4M'' 1 " 8'DV

(g~")' Gx,v.'(Exx.(0))' ~

Lo + (W 0)—0 + '(W 0)j' (4b)

4M~' 1 " 8'DV

(gg~)' G~~.'(E~~ (0))'s u.+mx W' —3fz'

XL0 + (W,o)— + +(W,o)j. (4c)

Similarly, on taking the matrix element of (Bb) between
one-proton states, the sum rule studied by Pandit and
Schechter' is obtained, namely,

(g,&')2 2(m~+iV, )~

(g ~)' ~g ) G N '(E (0))'

X (0~x (W,o)—O„x+(W,o)), (Sa)
~~+~ W' —~x

where now gg~ and gg~' are the strangeness-changing
axial-vector renormalized coupling constants for A. and
Zo leptonic decays. In the same manner, using m+ and
E+ states for taking the matrix elements, we obtain

2(MN+Mg)' 1 " WdW

(g& )' Gxx~'(Exes(0))' s' ss y~x W' —M' ~

XL:&-(W,O) —:x'(W,O)q; (Sb)

2 2(3f~+Mg) 1 WdW'

(g& )' Gzx~'(Emr~(0))' s m W' —N x~

XPax+x (W 0)—ox+x+(W 0). (Sc)

Before vre make any specific computation using these
sum rules, we should like to make a few comments
based on their general structure.

It is clear that these sum rules provide, in principle,
a determination of the strong and weak coupling

constants independently in terms of total cross
sections of strongly interacting particles. The coupling
among the strong-interaction attributes alone obtained
from the behavior of weak current is, of course, due to
the hypothesis of partially conserved axial-vector
current (PCAC). This is completely in the spirit of the
work of Adler. ' As an example, consider the sum rules
(4a) and (4b), from which we may eliminate the weak
coupling constant g~~, obtaining

G~N 2 —2~ R(I a+21 w)

where

1I
(E~N.(0))' s.

(6)
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8dS
—E~~"(W 0)—~n (W,o)3, (7)

~„+~ 8"2—3E~'

and I " is similarly de6ned. Since we do not have
experimental information on mx total cross sections
entering Kq. (6) through I,we may now regard that
equation as providing information on xx interactions.
The situation is particularly gratifying, since the other
quantities (G~N and. n„~) occurring in Eq. (6) are
very well determined experimentally. Of course, a
suitable correction has to be applied for the fact that
the incident pion in 0„(W,O) and 0 "(W',0) is off the
mass shell. This point will be taken up in the application
treated in the next section.

For an application of the kind outlined above, it is of
particular importance to note that the integrals
occurring in the sum rules are domina, ted by the low-
energy region. This is beca,use the di6crcnce of the
cross sections contained in the integrand decreases with
increasing energy as it approaches the zero Pomeranchuk
value. ~ Thus a simple approximation scheme can be
set up where the low-energy x~ amplitude may be
represented in terms of resonances or c6ective-range
parametrizations chosen to saturate the sum rule of
type (6). Adler' has used a similar approach recently
to suggest a large low-energy 5-wave interaction in the
~m system. One can similarly investigate the sum rule
(Sc) to study the EE system. In the present paper we
condne our attention only to the Em interaction problem
along the lines discussed here.

The Em problem possesses a specially attractive
feature. This arises because the sum rules (4c) and
(Sb) involve identical cross sections on account of the
CI'T theorem, ignoring OB-mass-shell corrections for
the moment. Thus, to obtain information on the low-
energy Em interaction, a self-consistency requirement
can be set up by demanding that both (4c) and (Sb)
be satisfied. .
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~(W) =Q ~~,r(W),
lM

(8)

ar, &(W) =4m(21+1).&r, t(+sr, i"/&r, &")h(s sr, t)'—, (9)

where we put

s= 8"
v= (4s) '(Mx' —M '+s)' —MKP; (10)

Fy, g and sy, ~" are the width and position of the resonance
in the channel with isospin J and angular momentum /.

To make oB-mass-shell corrections to the cross
sections we employ the prescription used by Adler,
that is, we take

L x (W,O)jr, ~=(E~~,(0))'( o/ )' r, (W), (11)

where vo is the value of v for a "zero-mass" pion. A
similar correction is made for 0 (W,O). Equation (11)
provides only a kinematical oG-mass-shell correction
due to the threshold behavior of the cross section. In
the absence of a properly founded technique, this may
be taken as a rough recipe.

Since no resonance states are known in the I=-,'
channel of the Em system, we simply neglect the I= —,

'
contribution. Then substituting (9) and (11) in the sum
rules (4c) and (5b), we get

(gg~) P= (4M+P/G~~ P)Irr~,

(g~') '= L&(MN+M~)'/Gz~d jI x, (12b)

where, suppressing the isospin index (I=-',), we have

Ix =-', g(2l+1) (s~"—Mx')"-'

XL(M~ —M P+s~")'—4s~"Mx') '

&«i(v's~')/~l", (13a)

I x=4pp(21+1)(s)' —M', ')" '
lM

XP(M~' —Mrs+ sP)' —4s("M 'j-'

X1,(~., )/. , (13b)
9 Adler (Ref. 8) has shown that a zero-width approxiination

does not make an appreciable difference in the result.

III. Em SYSTEM

Here we study the low-energy Ex interaction along
the lines indicated in the previous section making a
simultaneous use of the sum rules (4c) and (5b).

As has already been mentioned, the sum rules are
dominated by cross sections at low energies. Ke now
make the simplifying assumption that these cross
sections may be approximated by low-energy resonances
in the Ex channel. In a zero-width resonance approxi-
mation' we may write the total Ew cross section for a
particular isospin as

TAsx.E I. S-wave resonance parameters.

Gxzd/s~ (g~')'

13
10
8
7.5
7

gs " (MeV)

2.2X10'
870
690
667
644

r (Mey~

58.2X10'
1120
115
55

~0

Since for the present case

sp') (M +Mezz)',

we obtain the inequality

(15)

Irr (1=0))I x(l=-0)
)Ix~(1=0)(M '+2MxM, )/(Mrr'+2M Mx). (16)

Thus in order that both the sum rules (12a) and (12b)
be simultaneously satisfied, we must have

6.8 (Gx~qs/Ss (gg~)'(13.5 (17)

where the experimental values of g~ ——1.18 and

(G~N '/4')=14. 6, have been used, and also the E*
contribution has been included. For each value of
Gz&~'/Ss (g~p)p consistent with the limits (17) we may
now obtain the required S-wave resonance parameters,
so" and I'0. These are displayed in Table I. From this
table we see that for the larger values of Gx~q /Svr (gz )
we get absurd values for I'0 and so". Clearly a resonance
nearer threshold only can be reasonable. In view of the
approximations involved in our model, the resonance
parameters found can at best be considered as rough
estimates. Experimentally there does seem to be some
indication of an S-wave resonance at 725 MeV, but
with a width much smaller than required by our calcu-

In the I=—,
' channel we have the well-established

p-wave resonance E*(888). We find that the contri-
bution of this resonance alone to the right-hand side of
(12a) is 0.085, whereas the left-hand side is known
experimentally to be 0.725. It is thus clear that the E*
contribution is grossly inadequate to saturate the sum
rule (12a). The essential reason for the smallness of
the E* contribution seems to be that it occurs much
above the Em threshold. Also, since low energies are
emphasized in our problem, we do not expect higher
partial waves to make any significant contribution.
Further, any I=-,' contribution, being in the wrong
direction, cannot be invoked to save the situation.
The sum rule can, therefore, be satis6ed only if a
predominant S-wave contribution exists in the I=~
channel. We investigate below two possibilities: (1)
that there exists an S-wave Xpr resonance state, (2)
that there exists an S-w'ave Ex bound state.

Let us consider 6rst the possibility of the S-wave
resonance. In this case the contributions Ix (l=0)
and I x(l=0) are in the ratio

Ix (l=0)/I x(i=0)= (sp"—M P)/(sp" —MxP). (14)
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lations. For ~g~s ~~0.79 one then expects GxNa'/4rr
=8—9. This value for the EgA. coupling constant is
much smaller than the SU(3) symmetry result for the
usually accepted F/D ratio. Our result may be taken
as a possible measure of the extent to which SU(3) is
broken. However, this value is still in reasonable accord
with the kaon photoproduction" data. The consistency
of the PCAC hypothesis applied to strangeness-
changing axial-vector currents as used by Pandit and
Schechter, ' implies a value for GxNs'/4s=1, for a
value of g~~'=0.3.

Next we consider the second possibility, that there
exists an 5-wave bound state rather than a resonance.
In this case the sum ides (4c) and (5b) have to be
modihed to take account of the single-particle bound-
state contribution. The sum rules then become

4M~'— G~xz
+Ix

(g~")' &iv.' (&ivsi. (0))' (Mir' —Mir')'
(18a)

~.xz '
+I x, {18b—)

(Kzrsrz(0))s (M» s—M s)s

where E' denotes the bound state. As before, the
requirement that

possibility. Also such a low value for Gxsra'/4s is hard
to understand in a moderately broken SU(3) symmetry
scheme.

There is a third possibility we have not discussed
here, namely, that there may be a large but non-
resonant 5-wave contribution at low energies to the
Ex cross sections. Such a possibility will acquire
special importance if a low energy resonance is delnitely
ruled out. In a general analysis involving all these
possibilities, it will be expedient to make full use of the
mutual compatibility of all the four sum rules (4a),
(4c), (Sa), and (Sb), which are intimately related.
Such an analysis will be reported elsewhere.

One last remark remains to be made. This concerns
the suggestion made in the literature" that the Cabibbo
angle may arise owing to SU(3)-breaking effects rather
than as an intrinsic parameter of the theory. We would
like to point out that our estimates of the integrals
Ix and I x occurring in Eqs. (12a) and (12b) rule out
this possibility, in agreement with the conclusions of
Pandit and Schechter' and of Sato and Sasaki. ' From
Goldberger-Treiman" relations (Ix ) '~' and (I x) 'ls

are directly the decay constant of m —+ p, v and E—+ p, v

decays, respectively. This leads to the small renormali-
zatian effect in the Cabibbo angle Hg, so that now
tan 0~ turns out to about 0.21, in place of the uri-
renormalized value 0.27 obtained by Cabibbo'~ using
SU(3) symmetry. "

ACK5'0%LEDGMENT
Ma'& (Mx+M )',

leads to the inequality

(19)
We should like to thank Professor R. E. Marshak for

useful comments.

Gxzras/«{g~')s&8 o (20)

The rather low values of Grrsis'/4s. required by (20)
will not satisfy the sum rule (Sa). Thus, mutual con-
sistency of the various sum rules seems to exclude this
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