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Field-Theoretic Formulation of the Optical Model at High Energies*
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Two approximation schemes are studied within the framework of the quantum electrodynamics of massive
photons L'Q.E.D. (W)g, motivated by the semiclassical approximation in potential theory (i.e., the optical
model) rather than Regge pole or cut expectations. In the first scheme we select a series of Feynman graphs
(generalized ladder graphs) that form a natural extension of potential scattering at high energies s and
6nite momentum transfer t. (They moreover incorporate the effects of crossing symmetry in the s and I
channels). In the second scheme we make a semiclassical approximation, without the use of conventional
perturbation theory, involving classical currents in the T-product formula for the 5 matrix. After certain
vertex-renormalization and self-energy effects are taken into account, in a general way, we Gnd an 8 matrix
that is identical with that of an optical model whose potential is a superposition of Yukawa potentials.
Thus we fmd a sufhcient (and perhaps necessary) condition for covariance of an optical model. Without
taking any vertex and self-energy effects into account in either scheme, we have found agreement between
the two schemes so far up to fourth order. To study the effect of spin in our models we introduce a spin-zero
object "H" and a spin-~ object "S."Because of the yq invariance of the Y„vertex, the heHcity-conserving
ampHtudes for the reactions II+X~ I+Ã and E'+E~g+E' are the same as for 0+D.~ II+II, namely,

3 (t)s+B(t)s lns

We have verified that It(t) —=0 up to sixth order. Taken by itself, this form violates umtarity unless 8(t) =0—
to all orders. We also study other ways to save unitarity in the whole of Q.E.D. (W). Such unitarity con-
siderations are strongly indicative of the importance of an optical term sf(t) with nonzero real and imaginary
parts even when many other series of graphs are taken into account (although other contributions may
compete with it near t =0). The optical contribution, taken alone, provides a natural qualitative explanation
for the experimentally suggested constant behavior in the ratio of the real to imaginary part of the forward

pp scattering amplitude above 8 BeV/e. Although a similar result is predicted for Ep scattering, it does not

apply to harp.

I. INTRODUCTION

'HE concept of a complex energy-dependent po-
tential has been used recently" to describe the

elastic diffraction scattering of elementary particles in
the high-energy region. Despite the fact that such
theories are derived usually in a very noncovariant way,
such methods have met with some success in describing
actual high-energy elastic' and inelastic' scattering
data. Of special note is the fact that while the optical
model leads naturally to a nonshrinking diAraction peak
as observed in srp scattering, ' such behavior apparently
leads to complications in Regge theory. '

It seems important, then, to attempt to derive the
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optical model5 in a more rigorous way. %bile formal
studies indicate that scattering amplitudes arising-from

complex, energy-dependent potentials are consistent
with the Mandelstam representation, ' ~ we have under-
taken a more constructive approach. In this paper we

seek to replace the optical-potential considerations with
a particular field-theoretic model, incorporating, as
much as possible, features that are expected of a correct
theory: namely, covariance, retardation, recoil, the
existence of crossing relations, etc.

We approximate the quantum electrodynamics of
massive photons, Q.E.D.(W), in two ways. In the first
approach, we select a series of planar and nonplanar
ladder graphs that seem to be the natural generaliza-
tion of potential scattering in the high-energy, Axed
nlornenturn-transfer limit (see Figs. 1 and 2). The
second approach, which does not rely on perturbation
theory, is a semiclassical approximation in the T-product
formula for the 5 matrix.

The selection of graphs for the perturbation-theoretic
model occurs in Sec. II after a brief outline of the
optical-model formalism.

' The word "optical model" has been applied to a variety of
related concepts. For the purposes of this paper, "optical model"
will mean a certain semiclassical approximation in potential
theory (see Sec. II) whether or not orie assumes a complex,
energy-dependent potential.
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In Sec. III we study the reaction

II+II~ II+II,
where II is a spin-zero particle in the perturbation
model. We make extensive use of the methods and
terminology of Tiktopoulos' in his two papers on the
XP' theory. ' In contrast to his case, we have nontrivial
numerators in our Feynman integrals. Naturally, the
terms in the numerator which do not contain internal
momenta (we call them trivial terms) may be easily
studied by his methods. The nontrivial terms, as it
turns out, are unimportant asymptotically. This is
proved in Appendix B. Here we use the Mellin trans-
formation method of Bjorken and Wu, ' generalized in
Appendix A, to incorporate the effects of internal mo-
menta in the numerator. The over-all amplitude is of
the form

A(t)s+B(t)s lns,

where B(t)—=0 has been verified in our model up to and
including sixth order. This amplitude, as it stands,
violates unitarity unless B(t)=—0. This might mean that
B(t)—=0 to all orders; however, we cannot exclude the
possibility that unitarity may be satisfied in the whole

Q.E.D.(W) in some other way. This other possibility,
which is discussed in Sec. VII, also suggests the im-
portance of an optical term sf(t) even when many other
important graphs are taken into account. Besides this
it forms another "out" for our s lns problem.

In Sec. IV we introduce an object Ã with spin —,', and
consldel

1I+1V—+ II+X,

E+cV~%+X.
The key to reducing the algebraic complexities to a
manageable level in these reactions consists of rewriting
the Feynman rules in such a way as to emphasize the
helicity-conserving aspects. The result of Sec. III is re-
produced in Sec. IV by the helicity-conserving ampli-
tudes. The helicity Qip amplitudes are negligible in this
model. This is due to the y5 invariance of our vertices.
If one introduces an anomalous magnetic moment term
into our vertex one obtains important helicity Rip
amplitudes. "

' 6.Tiktopoulos, Phys. Rev. 131,480 (1963};131,2373 (1963).
We shall call these Papers I and II, respectively. The earlier
literature may be traced from these papers and that of Polking-
horne, Ref. 10. The basic technique for evaluating the asymptotic
behavior of Feynman integrals is from J. C. Polkinghorne, J.
Math. Phys. 4, 503 (1963).

'We have made one small change in terminology. Where
Tiktopoulos uses either "essentially planar" or "crossed planar"
we use the word "planar. "

"J.D. Bjorken and T. T. W'u, Phys. Rev. 13P, 2566 (1963).
See also T. L. Trueman and T. Yao, ibM. 132, 2741 (1963};and
J. C. Poltunghorne, J. Math. Phys. 5, 431 (1964)."The results of Secs. III and IV were reported at the December
1964 American Physical Society Meeting, except for the last two
paragraphs of each section. See R. Torgerson, Bull. Am. Phys.
Soc. 9, 738 (1964).Note the misprint in the results in our abstract
Lcf. Eqs. (181 and (201$.

In Sec. V, we derive the scattering amplitude of a
specific optical model for purposes of comparison with
Secs. III and IV as well as VI.

In Sec. VI we undertake the semiclassical approxima-
tion to the 8 matrix mentioned above. The basic ap-
proximation consists of regarding the source currents of
the massive photons as classical currents. Assuming that
the two particles move in undeflected straight-line

paths, one finds an S matrix identical with the optical-
model result of Sec. V. In this way we find a covariant
optical model. Moreover these results agree with our
perturbation-theoretic model up to and including
fourth order.

The concluding Sec. VII, is divided into three parts.
In part A we discuss the possible e6ects of other graphs
in Q.E.D.(W) on our results. These considerations indi-
cate that an optical term sf(t), with both real and imagi-
nary parts nonzero, is an important (if not dominant)
term asymptotically. In part B we note that this term
could explain the constant behavior of the real to imagi-
nary part ratio of the forward pp scattering amplitude
derived from small angle scattering data above 8 Bev/c
and the assumption of a single spin-independent ampli-
tude. In fact the negative sign of the observed constant
ratio may be explained in the context of the covariant
optical model. The same results should apply to Ep
scattering but not harp. In part C we formulate the princi-
ples of strong and weak asymptotic ys iniiariance (i.e.,
the asymptotic helicity conservation of our models).
Unfortunately it is impossible to predict theoretically
whether this symmetry will be obeyed in nature or not,
although we actually assume strong p5 invariance in our
discussion of part B.We discuss it, nevertheless, since:
(I) strong yq invariance gives some content to the often
used ad hoc assumption that, even in the presence of
spin, high-energy scattering may, in some limiting sense,
be well represented by one complex amplitude; (2) the
symmetry should be testable in the near future.

There is yet one more Appendix —Appendix C. Here
we derive some results concerning the asymptotic limits
of amplitudes satisfying dispersion relations that we
have found useful throughout this work.

II. THE GENERALIZATION OF THE
OPTICAL MODEL

The optical model proceeds from the assumption
that high-energy scattering can be described by an
effective complex energy-dependent potential. "I.et us
consider scattering in the center-of-mass system of two
particles of mass m. One writes the Schrodinger equation

Assuming that U varies slowly (in a distance 1/p) we

"For a detailed discussion of the optical model, see R. J.
Glauber, Lectures il Theoreticat Physics (Interscience Publishers,
Inc., New York, 1958), Vol. J., p. 315. See this reference for the
early original literature.
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expect a wave function of the form e's*p, where p is
also a slowly varying function. One obtains

&'$ may be regarded as negligible in comparison to the
erst term. Equation (2), then, is easily integrated.

y= exp U(b+slr)ds
-2j

b=
( b ) is called the impact parameter since it is essen-

tlRlly thc impact pRlRIIlctcx' of thc classlcRl two"body
problem. Although @is expected. to be a good approxima-
tion only inside the range of U, this is Rll that is needed
in the usual formula for the scattering amplitude. One
indeed obtains

tion and a nonshrinking diffraction peak. Usually one
uses a purely imaginary potential which results in R

purely imaginary scattering amplitude. ' It is unclear if
this is what one wants because of thc evidence for the
existence of a signincant real part in high-energy elastic
SCRttcI'lng. This point wi0 bc discussed IIlole fully ln
Sec. VII.

One obvious way to approach Lorentz covariance is
to replace Eq. (1) by the Kleln-Gordonr' equation
Then ps would stand for Es—ms, U would be inter-
preted Rs R Lorcntz scalax; RQd the RQRIysls would pI'o-
ceed as before. A better way would bc to regard the
lQtcI'Rctlon Rs duc to R foux'-vcctol 6eld emitted by thc
other particle (particle number 2). Let us go into the lab
frame and regard particle 2 as Qxcd so that wc do not
have to worry about retardation. FOI' laI'gc cQcI'glcs E
we hRvc

f= deb si(s—s') &(era(&) 1)
2xj

(4)

U(b+ sir) ds. U'(b+sk) ds and T sf(t),

In deriving (4) one needs to assume that y—y'= 4, the
momentum transfer, is small. ~2 '~ Indeed this approxi-
mation is already contained in (3) since we integrate
over a straight-line path —not the "true" classical path.
The straight-line approximation is valid only for large
b and therefore for small momentum. transfer. In study-
ing the comparison with the Geld-theoretic case we may
formally introduce into Eq. (4) the Lorents-invariant
amplitude T=Ss (s)'"f, where (s)'ls is the total center-
of-Inass cnexgy expressed in relativistic kinematics.

2$
T(s,t) — d'b s'a's(e'«'& —1)

4sss b db Je(hb)(1 —e'«'&).

IQ a typical optical-model study one could assume a
potential whose asymptotic behavior in s is gs times a
function of the space coordinate. ' This leads evi-

dently to

This is the kind of optical-model behavior that wc wish

to duplicate since it leads to a constant total cross scc-

u One may define x(b) for large s by 28~, the i-wave phase shift,
(1+-',=bp}.Hovrever, here, one has to make a small-angle approxi-
mation. See, for example, P. T. Mathews and A. Salam, Nuovo
Cimento 21, 126 (1961}.As they emphasize, their Eq. (2.12}
makes no use of a potential. See also Ref. 12, pp. 349, 3SO. For an
even more general definition, see . N. Cottingham and Ronald
F. Peierls, Phys. Rev. 137, 8147 (1965}.They show that if one
de6nes k(b} as the Hankel transform of the scattering amplitude,
then (e si'& —1}/2j~h(l+$}/p for large s. This de6nes y, in general,
since their formula (2.2) is the same as our (fi) with the identifica-
tion: h(b) = (s'&&"&—t)/2j,

although we assume no s dependence in O'. Kc shall
call this optical model thc K.G.-V. optical model.

Although we have thc benc6t of relativistic kine-
matics for particle number I, this last version of the
optical model is apparently also unacceptable, since there
is no retardation or recoil. Thus onc has no guarantee
that the calculation is consistent with relativity. Onc
shouM try to formulate the K.G.-V. optical model in
the center-of-mass system but the CGect of xetardation
which cannot bc neglected makes things very de.cult

Cornwall and Rudcrman~ explain the encrgy-depend-
ent potential in terms of the Fouricr transform of the
retarded interaction with respect to time. In fact,
CRusallty ls satlsGcd lf thc energy-dependent potcQtlRl
satisdcs a dispersion xelation of the usual kind. However,
thc retarded interaction they discuss is thc CKect of the
wave function at a, prior time on thc present wave func-
tion. They do not discuss the retarded CGcct of the wave
function of another particle. The form of such CGects

is often su%cicntly different so that their simple demon-

stration cannot be appHed. This is espcciRHy in evidence
in the K..G.-V. case. Since we are mostly interested in

the two-body aspects of the problem handled as exactly
as possible we are led to an entirely diferent approach.

Naively one would expect that it is much better to
replace (8) or (1) by the Bethe-Salpeter equation, in the
ladder approxlmatlon2 since lQ lt I'ctaldatloQ RQd lccoll
between two particles, on an equal footing, are treated
in a strictly covariant way. (See Fig. 1, line 1.) In order

to obtain crossing symmetry, however, we should also

'L. I. Schi6, Phys. R,ev. I03, 443 (1956}.This vrork is more
general than the usual optical model in that he 6nds an approxi-
mation suitable for large scattering angles as vrell. Note also that
he studies a Dirac equation optical model.
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introduce the crossed ladder graphs. (See Fig. 1, line 2.)
%'e will And shortly that these series of graphs are not
enough. We must also include nonplanar ladder-like
graphs. (See Fig. 2.)

The idea is that the wavy lines in Figs. 1 and 2 re-
place the action of the potential U. Thus the model
forms a simple generalization of potential scattering.
This, in itself, suggests the fact that we should exchange
vector particles since, in Eq. (8), the effective interac-
tion was enhanced for large energies duc to the trans-
formation properties of a Lorentz four-vector, whereas in
the scalar Klein-Gordon potential we had to put in the
enhancement by hand.

We may argue also from the results of XqP theory.
According to Tiktopoulos' rules' these ladder graphs
would give (lns)/s" ' for the 22-photon exchange graph

X R
2 3 4 1

I"xo. 2. Examples of the nonplanar ladder graphs in our lnodel.
The symbols (2,1,3}, (4,3,2} etc., indicate a convenient vray to
label any graph in our theory. The graphs in Fig. j. are also so
labeled.

&=A~ 5=&—B~''
~ 5+1=~-Si

&=L(2ps+(I) (2pl —ql)3" .
&&6(2p.+~+~) (2p -e-~)j. («)

%hen this product X is multiplied out, we have
one term that is composed entirely of products of
the external momenta. Let us consider this term
6rst. Ke shall call 1t the trivial term and tll others
"nontrivial. "

Fio. i. In the 6rst line v e have the Bethe-Salpeter ladder series.
In the second vre have the associated crossed ladder graphs. The
Mandelstam variables s= —(Pq+P2)', I=—(Pi —Pi')',
(p1—p2')~ are used. W'e study these graphs in the large-s, 6xed-t
limit.

interpreting all lines as scalars. Thus we would never
gct anything like Eq. (7) by exchanging scalar particles.

The simplest way to emit a vector field is from a con-
served current. In that case, for example, the theory is
renormalizable. We are led, therefore, to use the quan-
tum electrodynamics of massive photons, which we shall
call Q.E.D.(W). fW is the mass of the vector particles
(W photons). j

~"=(4p'p.)'Hp'p. +» (p.-p)-t 'j
(—2s) I+'+0(sI) . (12)

The integral for this term is just the Xps type Feynman
integral. The Chisholm form" of this term is

(—2gss) I+II'(i+1) ' dx'b(1 —P a')CI-I
~tr~

(42r) 2I

)The transition from the Feynman integral to the
Chisholm form is actually derived in Appendix A.)

III. THE SCATTERING OF TWO
SPIN-ZERO PARTICLES

Tile simplest diagram ls tile pole tcl'1I1 (scc Flg. 1).
One easily obtains

I 2
P) q2

g (pl+pl ) ' (ps+ps ) 2g s

lV' —t 8"—t

Fxo. 3. The 3+1 photon-exchange ladder graph rvith momenta

9) labeled. The Feynman parameters aq ~ 2:I, yr. ~ yI, si ~ s&+i are
also given.

Let us consider the 3+1photon ladder (t is the number
of loops). The Feynman integral is of the form (see
Fig. 3)

g2( sg2) I

(22r) 4'

d gi' 'd )~X

In general, D may be written fs+gt+h, where f, g,
and h are multinominals of the Feynman parameters
which, incidentally, are homogeneous of degree 1+1.2 Is

Using Tiktopoulos' method to get the asymptotic form,
we make a "X transformation" an the "t paths" xj Ãg

and pg' p~
8 That 1s: Let

SI=rrsI JI=pgg' Q gg= 1 Q gI= 1.

15 R. Chisholm, Proc. Cambridge Phil. Soc. 48, 300 (1952}.
'6 R. J. Eden, Phys. Rev. t.19, 1763 (j.960};see also Ref. 8,

Paper II.
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Then one obtains

Cp '+'LnPoy+gpi+hpj'+'

( g q
'+' o'+' P(3+1) dS dg ds du dp(np)' 'b(1 —g z)b(1—p g) b(1—p 2)

Ti-41 —
1

(2~)1-1
(14)

gP= —SyS2' ' 'S)+y=gp

hp Cp~ (el+&2+' ' 'vi+1)
&

fPf is—defined by Tiktopoulos

(see Ref. 8, Paper I)j,
Now

d '-' 1 (nP)' 'I'(1+1)
( 1)1+1 (16)

da (nPa+a j2 Pro+ a j'+'

Since

and

a= (gpss+ hp)/y.

1 1 0+a
dn dP =—ln[0+a]' s a )

l 11—
—lno (—1)' 'P(l)—lno+O(1/o') (17)

&do 0'

one obtains

T1-( s) ln( —s)F1(i)yG—1(&)s, (18)

where we have inserted s= —0. and used

b(1-g Z)b(1-g y)b(1-P z)
X- (19)

Cp +'(gpt+hp)@

In fact (18) is the correct asymptotic expression for
the whole T~ since the nontrivial terms can be shown to
give rise to negligible integrals in our model. This is
proved in Appendix B.'~ "Note that our ladder graphs

"The properties of Fg(t) that we have verified are as follows:
(1) The integral )Eq. (19)j exists; (2) F&(t))0 for t&0; (3) there
is a branch point at t = (l+1) 5".Explicitly FI(t) is

8(g2y4 )2 (1—48'2t-I)» —1
FI(t) = ln-

t (1 4g72t—1)1jB (1 4g72t —I)1/2+ 1

"Notice that we do not include "seagull vertices"; that is
the 4-lined vertex with two photons and two II's. gf one "shorts
out" one or more II lines in one of our ladders, thus introducing
some seagulls, one can easily show that the resulting graph is
unimportant asymptotically.

where the zeros refer to the quantities in the "P-reduced
graph. " (See Ref. 8, Paper I.) More specifically,

k+1

Cp sls2' ' 'vi+1 2

are logarithmically divergent. The fact that the diver-
gent terms are also negligible is discussed in Appendix B.

The analysis for the crossed-ladder graphs is quite
similar. The result is

T1-1(—u) ln( —u)F1(t)+G1(t)uj( —1)'+', (20)

where u= —(p1 —pi')' is the third Mandelstam varia-
ble. The (—1)'+' factor essentially comes from the fact
that in the crossed channel the "charge" g of one of the
particles is opposite and it acts (—1)'+' times. Indeed
(—1)'+' is our crossing matrix. It is, in fact, the charge
conjugation number C in the 3 channel.

Since asymptotically I—+ s and —s=e ' s, the log
term cancels in Ti+Ti for even numbers of exchanged
photons. That is

T&+T& iirsF&(t)
1
for even 1+1 only). (21)

Here we see that we did not need to calculate the G(t)s
or G(i)u term in Eqs. (18) and (20), since they cancel in
the end.

For odd 1+1 we retain s lns terms. Thus we now con-
sider nonplanar ladder graphs (see Fig. 2), in order to
try to cancel these s lns terms.

It is a general property that the f's of planar graphs
have only one sign in the region of integration. ' LThis
region is called the "cube.")However, the f's of non-
planar graphs will take on both signs in the cube.
Therefore it is possible to have, besides the usual
"t-path" contribution, a contribution to the asymptotic
behavior from manifolds of f=0 which lie inside the
cube. These have been studied rather systematically by
Tiktopoulos in Xpp theory. ' We cannot utilize his re-
sults directly, however, since for our graphs he gives
only an upper bound Es 'ie A&3 theory. Multiplying by
our trivial numerator we get a bound Es'+' in our case.

There are two broad categories of manifolds for which

f=0. A regular manifold is one for which f=0, but its
gradient does not vanish. A singular manifold is one in
which both f and its gradient vanish. Tiktopoulos has
found the contribution due to a regular manifold (see
Ref. 8, Paper II). In our case, the regular manifold pro-
duces at most constant terms even if we include non-
trivial terms.

The singular manifolds are usually the most important
ones. We have not been able to characterize our singular
manifolds in a very complete way. Ke have found, how-
ever, that there is an infinite number of graphs that do
not have singular manifolds inside the cube at all. To
demonstrate this we make use of a theorem of Eden"
for differentiation of the f's: To obtain the denvative of f
with resPect to 2:; one can remove the line in which 2,
occurs in the graph. The "f"of the new graph is B„f.
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These logarithmic integrals may be integrated in terms
of squared logarithms and Spence functions. " Fortu-
nately, the Spence functions do not give rise to s lns
terms. Taking care to define the right branch by the
prescription s ~ s+ie one eventually 6nds that

(ss+ss)(st+ss)
DpCps'Fg+ ln lns,

822

T(s,0)) dt T*(s,t)T(s,t)
16xs

(26)

by dropping the positive definite inelastic contribution.
Limiting the lower limit of the integral to a fixed con-
stant —b only enhances the inequality. Inserting

the asymptotic region one obtains the following in-
equality from unitarity:

DpCps F2+~in - — lns~iz 1ns,
-(s1+ss)ss- one finds

T=Bs 1ns+As,

as s -+~. Consequently

S2 S3 Sl'
DpCps2F+ ln lns+ 2' lns,

(s,+sr) ss'

where
Pk —Pr++ 2Ps+

In calculating T+ the real part vanishes since the loga-
rithm in the s s is antisymmetric with respect to s&, and

se whereas the rest of the integrand is symmetric. Thus
we are left with a pure imaginary term for the sum

(1,2,3)+(2,1,3)+(1,3,2) which, as we see, cancels the
imaginary term from (3,2,1)+(3,1,2)+ (2,3,1)."

Thus at least to sixth order we have found the de-
sired optical-model behavior. Because of the computa-
tional difhculties involved we have not been able to sub-

ject the higher order graphs to this kind of detailed
scrutiny. The most reasonable outcome is that the s lns
terms will all cancel out. If they do not, our model will

violate unitarity. To show this, we argue after the
fashion of Freund and Oehme, "and Yamamoto. 23 In

~ The Spence function is L(s) =f0' t ' ln(1 —t)dt. See K.
Mitchell, Phil. Mag. 40, 351 (1949);J. M. Jauch and F. Rohrlich,
The Theory of Photons and Electrons (Addison-Wesley Publishing
Company, Inc., Reading, Massachusetts), p. 462."At first the author, through an algebraic error, concluded that
the sins cancellation did not occur. The author is indebted to
Professor R. Qehme for showing him his own unpublished calcu-
lations showing cancellation. Pn this way, the author's error was
found. This cancellation, apparently, was first discovered by
A. Chester (Professor P. G. Q. Freund, private communication;
see also Ref. 66). These results disagree with the results of K.
Ahmed, Phys. Rev. 138, 81470 (1965). He calculates only the
"pinch contribution" due to graphs (2,1,3) and {1,3,2) (that is, the
imaginary terms of order sins in E2 ) and, as a consequence,
actually omits the real term of order s lns in E2 . Naturally, with-
out the real term in E2, he cannot (and does not) find the cancel-
lation of the real term in Ii1 +2F~ . Moreover, he makes a sign
error in the imaginary part of the crossed graphs (3,1,2) and (2,3,1)
and thus does not find the cancellation in the imaginary part. Lest
the reader now worry that, perhaps, it was the present author who
made the sign error, he may easily verify, using the C= —1 dis-
persion relations (see Appendix C) that an imaginary part of
order sins leads to a real part of order sin's. Because of its
quasicontroversial nature we have derived this result in a somewhat
more transparent, though lengthier, fashion than the usual
technique which starts directly from (19).That is, we have taken
s ~ ~ at the very last in order to satisfy doubts concerning the
usual technique. The results are indeed the same for both methods'.

tttote added in proof Chester's work has no.w been published:
A. N, Chester, Phys. Rev. 140, 885 (1965).

~ P. G. Q. Freund and R. Qehme, Phys. Rev. Letters 10, 199,
315(E) (1963).

~ K. Yamamoto, Phys. Letters 5, 355 (1963).

s(lns ImB+ImA) & dt
16m

XP f
BJ' 1n'si 2 Red B lns+

f
A [ 'j. (27)

Thus the only way to save unitarity is to take 8=—0.
Consequently, if the s Ins terms cancel to all orders they
will not do so by accident but in conformity to unitarity.
Since Q.E.D.(W) is expected to obey unitarity, a lack of
cancellation would mean that our set of graphs is
incomplete. '4

In Sec. V it will be found that the coefFicient of the re-
maining term in sixth order, that goes like s asymptoti-
cally, will be of interest. To obtain this however much
more elaboratore ca1culations are involved. In fact
Eq. (14) involving the "P-reduced quantities" omits
some terms that go like s.25 We hope to be able to cal-
culate this coeKcient at a later time. Meanwhile we can
at least derive the fact that the remaining s term will be
real, using the restrictions implied by the dispersion
relations as outlined in Appendix C. The sum of all six
graphs is a C= —1 amplitude. If we assume that there
is a term in the imaginary part of order s one finds

(—2s/sr) lns in the real part. This contradicts the
sixth-order cancellation that we have just found. A
term of order s in the rea1 part, on the other hand, gives
no inconsistency. "

IV. THE COMPLICATIONS DUE TO SPIN

We now endow one or both of the scattered particles
with spin ~. Ordinarily this would entail a great amount
of Dirac y algebra. In desperation one might be tempted
to neglect the mass of the spin-2 particles entirely since
then one would have helicity conservation and the sim-

pler 0- algebra. This approximation might not be so
bad since in comparison to the energy the mass is small
indeed. In fact we will be able to show that this short
cut is partially justified by rewriting the Feynman rules

24 This means that these s lns terms will have to combine with
other terms in Q.E.D. (W) in such a way that the total asymptotic
result for Q.E.D. (W) will not violate unitarity. We study a rather
general example of this type of phenomena in Sec. VII part A.

'~ It is interesting to note that these terms of order s omitted by
Eq. (14) actually depend on the masses of the scattered particles
although the contributions from Eq. (14) do not.

~ We should point out that all our results concerning cancella-
tion would hold if we replaced our simple W-photon propagator
by the more general Lehmann form, provided that the spectral
density is sufficiently well behaved.



in such a way as to emphasize the helicity-conserving
aspects. Let

be ordinary Dirac spinors normalized to UtU=2E
= VtV. U represents a particle, V an antiparticle. Ke
now display~ foI' referenccq a complete sct of splnoI's

U~&~'; p is the 3-momentum and h the helicity.

U (1) (gg+p)1/2 Qp

m/(E+ p)

m/(E+ p)
U (—I) (P+p)1/2

(28)

I/' (&)—(P+p)&/2
—m/(E+ p)

I/' (—&) = (p+p))/& )8,
m/(I'+—p)

are quantized in the direction of p. Let

for the fermion propagator. These rules can be readily
verified by considering an arbitrary fermion line in a
Feynman graph expressed in terms of the usual rules.
Upon transforming to the Z's, the equivalence becomes
obvious.

We now consider the pole term for scattering a spin-
zero particle (II) with a spin-2 particle (1V). (We work
explicitly in the center-of-mass system. )

where (r„=(«,i), o„=(«, —i)."rs With these 0's one (&&'I2'II/&)=Lg'/(ll ' t)j(2P2+~)/
can form thc px'oducts X/(yr') t«„@&—()t')&t8„)t&j, (»)

A =«A =«A —Ao,

A+=a„A„=«A+Ao.

The Feynman rules are modiied as follows: We write

ig Ut—(P2)Z„U(pr) instead of gU(pr)y—„U(pr)
for the vertex (29)

/Tyim+Z(. pj-
p'+m'

p-
~

iT iy p //-m —j-
— — instead of (30)

p'+m' p'+m'
7 These covariant o matrices are similar to the ones introduced

by L.M. Brown, Phys. Rev. 111,957 (1958};IecINresin Theoretical
I'hysjcs, (gnterscience Publishers, inc. , New York, 1961},Vol. IV.
See also M. Tonin, Nuovo Cimento 14, 1108 (1959). The only
difference is that we are using a Minkowski metric and Hermitian
y matrices whereas Brown and Tonin use Feynman's y matrices
and metric. As Brown points out, there are useful identities for
the covariant o algebra analogous to the ones for the y matrices.
Since the analogy is not perfect we list some of these identities in

Ref. 28. Note that in the representation we use, y4=
"We provide here a handy list of identities satis6ed by the

covariant o matrices:

1. o„ov+oyo.~= 2
o'po'vo'X =~tzv&x ~t/(M'y+~4o p+&pAao'av
'tz&vO'X =~yy&X ~gAA +~Xv+ts &t/iyha&av

4. o.Q+o.„=—2A,
S. TrA+B =2A.B,
6. o tao'y o'yo'tr, = tttya po'a Fp~
'tp'. o.„A+B cr„=4A.B,
8. o„A+B C+cr„=—2C B+A,
9. TrA+B C4D = -2s //„//A, B//C Di+2(A B)(C D)—2 A C)(B D)+2(A D)(B C),

10. n„A+B C+D o„=2TrA+B C D .

where we have chosen hi=hi'=1. 8, of course, is the
scattering angle. Note that

cos(8/2)e'= e—"~'I2n=
sin(8/2)

~(—I)'" t3( t)'"—
+- a+0(s '/'), -

pi ~ icy///Rp—
—sin(8/2)

cos(8/2)

—.(-t)"' o(- )"'
+— P+o(& '")

2P 2P

where we have used

t =—4p' sin'(8/2), I= —4p' cos'(8/2) .

Equation (31) becomes

g2

(E+P)
8"2—t

X(r' 2P2 +~ —
~

(2pm+i6+) u.
Q+p

where Qr means pr, /„ for short and p2' ——pm+6. Let pr
dehne the positive s axis and let the scattering occur in
the xz plane. Consulting (28), we have

(g+p) 1/2& @
& (g+p) 1/r&—io y(//9&
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Now

therefore

0 p+E (33)

6+= —2p s&n(e/2)o "~ &&t' o

&1 I
2'I1&-—2sg2/(W2 —t),

The helicity flip amplitude is negligible.
For XiV —+ EE one gets

&1,1I2'I 1,»-I.g'/(ll"-t)]
sno „o&Po.g = —2g's/(8'2 —t),

&
—1,1I T'I —»I&-Lg'/(ll" —t)]

XP( .,)PP.—,P= 2g"/(-I4" t)—
Similarly with a little patience one may verify that all

helicity-conserving amplitudes give the same result, and
that all helicity Qip amplitudes are negligible. "
'„.'"", Encouraged by our success with the pole terms
we study the general ladder graph in the case
II+1K~ II+X. T is the same as before

I Eq. (10)]ex-
cept that K is different. Effectively (take t&&

——h&' ——1)

the same as the result for the pole term in IIII ~ IIII!
Trying h~' ———1; one obtains

g' 2mg'( —t)'t'
(—112'I 1)= 2mB'(p2 p~+—)~-—

TV2—3

obliged to put in the complete 4 spinors and 4X4
matrices. Here, in any term, one is faced with the choice
of having one or more y4m terms or to mix a large and
small spinor. Either choice degrades the asymptotic
behavior by 1/gs at least. "

One may do the same thing for EA scattering. Here
the 0- algebra is a bit more complicated" but the answer
is the same as before. The helicity-conserving ampli-
tudes, which again dominate, are given by (18) and
(2(j) 3&

In the IIII case the interaction took place via the
charge g alone. Since the answers are the same for the
other two cases we see that eRectively only the charge is
involved in the asymptotic limit for the IIX and ÃE
cases as well. " 1Vlore precisely, it is the Dirac type
"charge" that is involved since the presence of the nor-
mal magnetic moment is absolutely necessary for this
result. Thus, in particular, our conclusion of Sec. III
that the resulting sixth-order term, that goes as s, will be
real applies as well when spin is introduced. Moreover
the simple crossing symmetry found in Sec. III applies
here also.

It is well to consider briefly what would happen if we
allowed vertex renormalization effects in our model.
If we did, we would naturally find an anomalous mag-
netic moment. This anomalous term is capable of giv-
ing a significant helicity Qip amplitude. For example, in
IIX scattering, one would obtain the following helicity
Rip amplitudes from the pole graph.

X= (s) o! (2p2+ tl+&+) (pl gl)

X (2p2+&tl+&tl &) —(pi —. &I&.)+(2pi+&I~) o' (34)

W 2sg'[( t) "'/2m—]K
Jjfj 2

(33)

Note that we have truncated X already. For a factor like

(pq —&I&)+ we should really have y4m+Zt(p& —
&Iq); for

(2p2+q&) we should have Z(2p2+&I&). We may omit all
&4m's since they cannot compete with a pz+ which gives
rise to a gs. Hence, each matrix in the K is reduced to
the direct sum of 2&(2 matrices. The spinors we use have
large upper components; thus the form (34) dominates.
As in the IIII case we need to retain only the trivial
part (see Appendix 3).

%4,= (s) 'I 'o.(2p2+ &I)
—

p g+(2pg)
—

p g+(2p, )
—

n .

Using (33) and an analogous expression for pq one ob-
tains K4, (—2s)'+', the same as Eq. (12)!The helicity-
conserving amplitude is thus given by Eq. (18).
Similarly the crossed graph yields the result given in

Eq. (20).
Furthermore, one can easily see that if we took a

helicity fhp amplitude instead of (34) we would be

"In such calculations, one may cut down the labor by utilizing
rotational invariance and time-reversal invariance. In general,

(h4', h&' [T!h4)h&) = (—1) & "~+"~'+"~+"~'&"(—h ', —h& !T!—hg) —hi)

from rotational invariance;

(k2 k& !r [h4 h&)4 (k2 h& ! r!k2 h& )—44)

from time-reversal invariance.

where E is the anomalous magnetic moment of

particles.
In the EE case, double Rip becomes possible as well.

Obviously it would be extremely difficult to include ver-
tex renormalization corrections in closed loop dia-
grams. Although we shall, in general, forget about the
possibility of scattering via the anomalous magnetic
moment, in our perturbation theory, we shall have more
to say about it in Secs. VI and VII. We note, by the

way, that the anomalous magnetic moment term does
not contribute significantly to helicity-conserving
amplitudes.

3 In every special case that we have worked out, the "degrada-
tion" was 1/s at least.

3' To minimize possible confusion, we point out that the asymp-
totic helicity conservation is valid to order s as well as s lns. This
even applies to the terms omitted by Eq. (14) (see Ref. 25).
We note, however, that it is possible for G(t) to depend on the
masses of the scattering particles."These results are independent of the statistics of the scattered
particles, since the exchange graphs of the ones in our model may
actually be neglected. For example, the exchange pole graph has
a pole in I now —not t. Thus the pole amplitude ~ e constant,
instead of s, as s ~ ~. Using the methods of Appendix 8, it is
easy to generalize this result to the exchange graphs corresponding
to our ladders. The crucial point here is that under exchange both
t paths {Ref.8) increase by one unit so that the s Ins contribution
from the "trivial term" becomes lns.
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V. A CLOSER COMPARISON WITH
THE OPTICAL MODEL

into Eq. (5), one obtains

g2
x=

(2n)'Pr,

giq b

—g' 1 "qdqJo(bq) —g'
E'0(bW), (37)

2n Pz 0 q'+W' 2nPz

where Pz is the laboratory velocity of the particle 1.
(Particle 2 is at rest. ) Expanding Eq. (6) to first order in
X, inserting (37), a,nd using the Fourier integral theorem,
one Gnds the usual Born term which is identical to our
pole result [Eq. (9)].

Having found a potential that duplicates the pole
term, we may test it again by finding the fourth-order
term in (6). We find (using Pz, ~ 1 as s ~~)

(g')' 1
Ti "&-4isl —

I
d'q

(q2+W2) (q+~)'+W2

Introducing I"eynman parameters and integrating
over d'q, one obtains

tg'~» 1

T,~'&=4~is =i F,n(t)s, (38)Et~i, [W2—tx(1—x)]

where Fi(t) is defined in Eq. (19)."Comparison with
(21) shows that this is precisely our fourth-order
perturbation-theoretical result.

Similarly the (1+1)st term in the Born series can be
written

ig2) l+I 1
T("&= Sn.isl

k 4~ ) r(i+1)
ds dht+i(1 —P s)

(39)
(got+ho)

where gp and hp can be defined in terms of the "P-reduced
graph" of the /+1 photon exchange ladder. [They are

"See p. 386 of Ref. 12; see also R. Omnes, Ref. 6.

It is well known that the expression (5) may be in-
verted to give the potential from T.33 However, since
we cannot write down the complete A(t), this fact is of
little use to us. Instead, we compare our results with
the Born series of the optical model. Let us study in par-
ticular the IQein-Gordon version of the optical model
with a four-vector interaction [see Eq. (8)]. If one in-
serts the effective potential

g' e n'~ (2E)g' e'~'~
U= 2EU'= (2E)— = d'q (36)

(2n)~ q2+W2

explicitly defined in Eq. (15).]The resemblance to Eq.
(19) is quite striking.

It would be very exciting if our perturbation results
would, agree with (39) to all orders. This would mean
that the effects of retardation, recoil, and crossing sym-
metry actually all cancel out in the end. However, this
may be rather much to hope for in view of the fact that
some terms of order s contain the masses of the scat-
tered particles whereas (39) does not. (See Sec. III and
Ref. 25.) This is why the sixth-order calculation of order
s is of interest. If there is a disagreement in sixth order,
one could easily modify the potential U given in (36)
by adding a sixth-order contribution to it (in order to
match T at least up to sixth-order). This will not lead to
an unreasonable potential since the expression (39) has
a threshold at t= 9'' as do the graphs corresponding to
that order. Thus whatever sixth-order potential is
needed, it will be reasonable in that it will be of Gnite
range. It is possible that this process may be carried out
to higher orders but this is dificult to ascertain.

With the assumption that the higher order sins
terms cancel, one can at least show that the alternation
of reality properties as displayed in (39) will also be
manifested in the perturbation-theory results. This
follows, for the C= —1 graphs, from the same dispersion-
theoretic argument given in Sec. III with reference to
the sixth-order graphs. For the 6=+1 terms, one may
make a very similar argument by interchanging the
roles of the real and imaginary parts. [See Eqs. (C-3)
to (C-6).) This will show that only an imaginary term
of order s is possible for C=+1.A real term of order s
would lead to an imaginary term of order s lns.

VI. A SEMICLASSICAL DEMVATION OF THE
OPTICAL MODEL FROM FIELD THEORY

At high momenta one expects particles to behave
somewhat classically in wave mechanics since the de
Broglie wavelength is small. In fact, the optical model
(briefiy reviewed in Sec. I) proceeds from this view and
is, in fact, a semiclassical approximation. One wonders,
indeed, if such a semiclassical view is ever appropriate
in high-energy processes as described by a Geld theory.
Obviously one would have to seek circumstances in
which the many-body aspects of the process are ignora-
ble. We may have such a case at hand. (For definiteness,
let us consider ÃE scattering in the center-of-mass
system. )

Before the two particles come into the mutual range
of interaction 1/W, a classical, single-particle de-
scription of each of the two E's individually should be
legitimate, provided that one uses their renormalized
masses. When they are in the interaction region, they
exchange any number of massive photons. Since we
work at 6nite momentum transfer, the average or
effective momentum transfer involved with the emis-
sion (absorption) of any single "photon" will be rather
small in comparison with the average energy of the Ã
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respect to i converges. Replacing s=/3T,

g'(1+P') " expi(y, b+p,s)-
S=exp i — ds d'p

2(2s.)'P „y'+W'
g' 1+P' exp(iyi, b)-

=exp —i d p
(2s.)' 2P y, '+W'

(48)

s' R.P. Feynman, Phys. Rev. SO, 440 (19SO);see also Bogoliubov
and Shirkov, Ref. 35, Chap. VII. The author is deeply indebted
to Professor Y. Nambu who erst noticed that the results of Secs.
II—IV should be related to Feynman's path integral formulation.
This suggestion, in fact, led the author to Gnd the simple relation-
ship discussed in this section.

It is well known in the context of the optical model
that as s ~~

g(b) —six(b) (49)

In fact, this relationship may be de6ned in a manner
independent of the concept of a potential. " Conse-
quently, we 6nd

g2 (1+Ps) sip b

d'p
(2s.)'k 2P ) y'+Ws

g' /'1+~'l
its(bW) . (50)

2~& 2P )
This is identical to (3/) since Pl, ——2P/(1+P'). Thus,

although one might have actually violated Lorentz
covariance in the K.G.-V. optical model due to the
neglect of recoil and retardation, we 6nd this not to be
the case since we obtain precisely the same result in our
covariant formalism. This present formalism serves to
replace the K.G.-V. optical model when one does not
work in the lab system. This is fortunate since the
K.G.-V. optical model presents formidable difhculties
in the center-of-mass system. In fact, we have a simple
means to improve the calculation; namely, by using a
better approximation to the true classical path. We
hope to study this problem in a future publication. In
this connection, the reader may have already noticed
that this formulation bears a strong resemblance to
Feynman's functional integral formulation of quantum
mechanics and quantum electrodynamics. "Indeed, we
have estimated the S matrix S(b) by considering only
one path rather than an average over all possible paths.
Note however when we insert S(b) into Eq. (6) we a,re
effectively integrating over a continuous set of paths,
although each one is a straight line.

The ideas involved in this semiclassical approach are
very much the same as our perturbation-theoretic
model. In fact, the perturbation theory served to moti-
vate the classical current approximation. In both cases
closed fermion loops are forbidden. The open fermion
lines were retained, however, in the perturbation theory
and apparently they are somehow effectively retained

in the semiclassical approach. The fact that statistics
is not relevant is found in both models. "'4 In this
model we neglected the internal structure including the
spin of the scattered particles, treating them as point-
like charges. This corresponds to the fact that in our
perturbation-theory model we were able to show that
we were scattering by means of the charge alone. This
indicates that the two models might be different ver-
versions of the same thing; so far, as we see from the
last section, this has been tested up to fourth order in
the coupling constant.

It is easy to generalize these results. We may re-
place G(x) by

G'(x) = G(x,W') p(Ws)dWs. (51a)

G'(x, s) =
w'p'

G(x W') p(Ws, s)d(W') . (51b)

This automatically retains manifest covariance, some-
thing that would become dubious if we insisted on an s
dependence in G(x,W') itself.

Such a form (51) accommodates only the vertex cor-
rections corresponding to the Dirac form factor. (It is
also suitable for ss scattering. ) In the presence of spin,

In this way we will be able to represent covariantly a
superposition of Vukawa potentials in the ordinary
optical model. The form (51a) looks very much like
the Lehmann spectral form for the exact propagator.
However, p(W') may account for certain vertex re-
normalization effects as well as photon self-energy
effects, which have been neglected entirely up to now.
As we mentioned in Sec. V, we may need to modify the
potential taken in the optical model to establish a con-
nection between it and our perturbation-theory model.
The form (51a) may also incorporate such effects.

Generalizing further, it is interesting to speculate
upon the possibility of allowing G'(x) to depend on s.
In potential scattering one understands the s depend-
ence in the potential in terms of a retarded interaction
of a particle on itself. (See Sec. II.) In the present
formulation this may not seem necessary since we have
already included retardation in Eq. (51a).However, the
retardation, so accounted for, is essentially the retarded
interaction of one particle with another. In the above
discussion we assumed that the retarded self-interaction
could be accounted for by simply using the renormalized
mass. Thus it would seem that an s dependence in 6'
should allow, in some degree, for off-the-mass-shell
self-energy effects. Another way to view this is that
Xq(Ns) travels through an inhomogeneous W-photon
Geld produced by Es(Xq); thus its propagation char-
acteristic (mass) is subject to dispersion. Clearly, the
natural place to introduce the s dependence is in the dis-
tribution p(Ws); to wit



vertex renormalization should lead as well to an anoma-
lous magnetic moment. It is possible to study the e6'ect
of the anomalous magnetic moment and therefore
helicity Qip in the context of the formalism of this sec-
tion although to attempt this in perturbation theory
would be quite complicated (see Sec. IV). This may
be done by simply adding a magnetization term in-
volving the 0 matrices to the classical current j„.W'e
will discuss this point at another time. For our present
purposes it is sufhcient merely to note that it is pos-
sible to write down such a formalism. The result
should qualitatively be the same as the result in the
nonexplicitly covariant optical model. 38

VII. DISCUSSION OF THE RESULTS

A. The Qytical Term an(i Trajectories in Q.E.D. (W)

The present study may be viewed as a theoretical
"experiment" in the context of Q.E.D.(W) as advocated
by Gell-Mann et ul.""Usually one tests Regge-type
ideas whereas, here, we have tested an optical-model
idea. For example the 1V in Q.K.D.(8") was found to
Reggeize" —4' while the 1I (regarded as a spinless
nucleon) does not. " Furthermore the vector Ineson
does not Reggeize, Indicative evidence for this is given

by the cancellation in s lns of the 6 sixth-order graphs
(see Sec. IV)." A more general argument given

by Mandelstam apparently demonstrates this more
completely. "

As of yet there is little information concerning the
supposed Pomeranchuk trajectory which might come
about from graphs such as (1,2), (2,1) and those planar
and nonplanar ladders made by inserting internal
Fermion loops (see Fig. 6). Such graphs are important
even from our point of view since they can give an indi-
cation of the corrections to our optical term $f(t).

Such graphs are expected to go as s ln"s where n may
be quite large for long ladders. One can perform this
estimate by methods similar to the discussion in Appen-
dix 8, or else by considering the Xp' result for the planar
ladder' and multiplying by our usual trivial numerator.
There may be a 1'-pole enhancement (see Appendix 8)
or the possibility of cancellations. Thus one cannot tell
what e is exactly without explicit calculations. We
should point out that the same sin"s behavior will

apply to many other graphs (see, e.g. , Fig. 7).

Fxo. 6.Eighth-order graphs involved in the Pomeranchuk problem.

There may be some concern, here, lest the Froissart
bound s ln's be exceeded. However one expects that
various groups of diagrams will somehow be summed
together to form contributions of the form g(1)$ "I
&((in$)~(o as happened in XQ' theory [for P(t) =0j.' "
(We shall call such contributions "trajectories. ") Some-
thing of the sort must happen to the sin"s terms
(e&~1) in order that unitarity be satisfted. Thus, for
example, if the s lns terms in our perturbation-theoretic
model of Secs. II—V do not cancel, apparently, they will
have to be absorbed into some such sum. Ke could call
this summation process the process of "absorption into
trajectories" even if the results are not exactly of the
form g(t)$ (o(ln$)p(" and call the results of such sum-
mation trajectories. These considerations, however,
lead one to worry also about the prospect that s terms
as well may be "absorbed into trajectories. ""Ke note
immediately, however, that due to the fact that the
vector meson does not Reggeize, not all real C= —1 s
terms may be absorbed. The question really is, what
about the imaginary C=+1 terms? Let us assume for
simplicity that one "trajectory" is more important
than all the others at 1=0. Then we may write

T~$f(t)+g(])$~(o(in$}P(&)

If Rll the lmag1nary $ tel'IIls Rle absorbed Imf(1)—=0.
This case has been investigated by Freund and Oehme, "
and Vamamoto23 using inequalities based on unitarity.
Yamamoto's inequality is more powerful and yields
the restriction that rr(0) =1 and P(0)=1, implying a
logarithmically increasing total cross section. One

may avoid this unphysical possibility if one takes
Imf(0)40. In this case Yamamoto's condition states

I
(&

~ 0 0

» Ref. 12, pp. 360, 361. See also G. Alexander, A. Bar, and
U. Ksrshon, Phys. Rev. Letters 14, 918 (1965) for a recent nse
of the black-sphere model incorporating the eftects of spin.

"M. Gell-Mann and M. L. Goldberger, Phys. Rev. Letters 9,
275 (1962); 10, 39(Z) (1963).

40 M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx, and
F. Zachariasen, Phys. Rev. 133, 3145 (1964).

41 J. C. Polkinghorne, J. Math. Phys. 5, 1491 (1964).
~ S. Mandelstam, Phys. Rev. 137, 8949 (1964).
48 M. Gell-Mann, M. L. Goldberger, F. E. Low, and F.

Zachariasen, Phys. Letters 4, 264 (1963); M. Gell-Mann, M. L.
Goldberger, F. E. Low, V. Singh, and F. Zachariasen, Phys. Rev.
138, 8161 (1964).

Fxo. 7. Another series of important graphs, possibly also
involved in the Pomeranchuk problem.

4' One may also worry about cancellations of the graphs in our
model with others. We have studied all second- and fourth-order
graphs and found no cancellations. In fact as far as skeleton graphs
are concerned, the graphs in our model dominate up to fourth
order.
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that maxLs ', s~&'& '(lns)s& ' '] is not to be dominated
by max| s ',s'"&'& '(lns)'s&'& ']. Thus under these cir-
cumstances one may only conclude that: I) either
&r(0) & 1 and P(0) may be anything at all, or II) &r(0) = 1
and p(0) &1.In case II, naturally, one may wish to re-
quire P(0)&0 so that the total cross section will not
grow as s —+. 4'

Another possible objection is that an imaginary term
of order s violates the well-known theorem of Oehme
that poles in the complex angular momentum plane
should not be constant functions of t."The observa-
tion that such behavior is not rigorously excluded has
been made more than once." ' It is interesting to note
that our expression (52) when projected into the com-
plex angular momentum plane is a special case of the
counter example of Gribov" provided that we choose
&r(t) and P(t) appropriately. In any event the analyticity
properties in the complex angular momentum plane
must be investigated rather thoroughly Lin Q.E.D.(W)]
before one can establish a contradiction. In fact we
could even use our results as an indication that some-
how this theorem does not apply Dn Q.E.D.(W)] to
our optical term. "

We conclude, then, that the existence of an optical
term sf(t) in the asymptotic scattering amplitude is not
at all in contradiction to Geld theory. In fact af ter find-
ing such terms in perturbation theory we show, with
some reasonable assumptions4' that they should not dis-
appear by "absorption into trajectories" but will be a
"persistent" eGect. Probably the most important of
these assumptions is the strong but physical assumption
that o;„,&~const in Q.E.D.(W). Our arguments how-
ever give little or no indication as to the importance of
the leading trajectory, i.e., the actual values of &r(0)

and P(0).

B. Actual High-Energy Elastic Scattering
and Our Models

A characteristic aspect of the optical term sf(t) that
we have found in either in perturbation theory or in the
semiclassical approximation of Sec. VI is the presence of
a real part (with C= —1).This is interesting because of
the recent evidence for the existence of significant real

"This argument can be generalized to include a more com-
plicated leading trajectory

g (t)s~&'& (Ins) s&'& (In lns) 7'&'& X (In ln ins) ~'(')

without changing the conclusions. Ke wish to mention that we
are assuming e'(0) &0 in (52).

4' R. Oehme, Phys. Rev. Letters 9, 358 (1962). See also P. G.0. Freund and R. Oehme, ibid. 10, 450 (1963).
7Masao Sugawara and Yoichiro Nambu, Phys. Rev. 131,

2335 {1963).
se V. N. Gribov, Zh. El&sperim. i Teor. Fiz., 41, 1962 t'English

transl: Soviet Phys. —JETP 14, 1395 (1961)j.'
4' P. S.Jin, Institute for Advanced Study report (unpublished), ,~'T. Kinoshita, private comlnunication and Lectures in Theo-

retical Physics (University of Colorado Press, Boulder, Colorado,
1965},Vol. VII B, pp. 144-171.

terms for I=O and p&,b) 8 BeV/c in pp and &rp elastic
scattering. "In particular, if one assumes that only one
amplitude describes pp elastic scattering one 6nds from
the data" that &r+ Lwhich is ReT(pp)/ImT(pp) for t, =0]
looks very much like a negative constant over the
range from 8 to 24 BeV/c. This is, in fact, the behavior
that we predict asymptotically, that is, inserting (50)
into (6) one obtains

x dh sin(g'/2~)Es(x)

0

x&ExL1—cos(g'/2&r)It&&(x)]. (53)

%2T(rr p ~ m'st) = T(rr+p) —T(&r-p), (54)

our real C= —1 term contributes whereas the C=+1
imaginary term cancels out. However, the data from 6
to 20 BeV/c may be represented by a Regge-like ampli-
tude of the form F(t)sr&t& where y is about 0.5 or 0.6 at
]=0 and probably less for 1&0.""This excludes our
C= —1 s term to a relatively high degree of accuracy. "
This result excluding a C= —1 term of order s is appar-

"For the latest small-angle mp results, see K. J. Foley et al. ,
Phys. Rev. Letters 14, 862 (1965). For pp see Bellettini et al. ,
Phys. Letters 14, 164 (1965).See also S. J. Lindenbaum, Ref. 65."I.Mannelli et al. , Phys. Rev. Letters 14 408 (1965).

'8 A. V. Stirling et al , Phys. Rev. L. etters i4, 763 (1965).
"Robert K. Logan, Phys. Rev. Letters 14, 414 (1965) has

Gtted the data of Manelli et al. (Ref. 52) with a p Regge pole.
The very similar data (with better statistics) of Stirling et al. ,(Ref. 53) may be similarly Gtted. However, Stirling et al. (Ref. 53)
warn that the shrinkage is within their present experimental
errors. On the other hand, the "distorted Born approximation, "
although very successful in a variety of inelastic reactions, notably
fails in this reaction, H. Hogaasen and J. Hogaasen, CERN
report, 1965 (unpublished). A more detailed experiment study of
this reaction is clearly indicated, not to mention theoretical eQort.

~~ W. Galbraith et al. , Phys. Rev. 138, B913 (1965).
~'Note also that one may argue against the existence of aC=+1 real amplitude of order s as well. If present, it leads via

the dispersion relations (see Appendix C) to an s lns term in the
imaginary part, i.e., a logarithmically. increasing cross sectiorl„
See also Ref. 57.

While it is obvious that the denominator is positive it
takes some work to show that the numerator is nega-
tive. We have verified numerically that the numerator is
negative for 0&g'/4&r&100. LIt probably holds for
even larger couplings. ] Naturally, we predict that &r

(for pp) = o&+ W—e h.ave the same conclusions for Xp
scattering.

The case of srp scattering, however, is a different
story. In this case the evidence for a real part rests on
much Grmer ground. The data indicates that 0.+ —+0,
indicating that our real term of order s is absent. "
More convincing evidence for the absence of this term
comes from the study of &r +p~sr'+st. Since by
isospin invariance
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ently unobtainable on general theoretical grounds. '~

One must either learn it from the data or, hopefully,
derive it from some specjL6c model.

This gross discrepency with our results may be un-
derstood once we realize that of all the known vector
mesons only the po may couple to the m.x vertex be-
cause of G parity. Thus one badly violates isospin
independence by not including p+ and p . That is, for
the sp or mrs- scattering problem we really should use
the Yang-Mills theory" which is much more complicated
than Q.E.D.(W). In such a theory we can no longer
guarantee the s lns cancellation in the low-order graphs.
Thus this theory may explain the Regge form F(t)s&&'&

for the charge exchange amplitude as well as an imagi-
nary term of order s with C= —1 (at least at t =0).

Since the p and ~ couple to the pp and EE vertices,
our Q.E.D.(W) results should apply to pp and Ep elastic
scattering even though the eGect of the p meson is still
present. Presuming that the Yang-Mills part of the
theory supplies a Reggeized p and perhaps a C=+1
term of order s, the dominant asymptotic features may
qualitatively be given by the Q.E.D.(W) theory alone.
The C=+1 term would be only changed numerically
and the p pole would be dominated by the optical term.
Certainly the study of the Yang-Mills theory would be
very interesting if one wouM find out that it predicts a
Reggeized p. However, the theory is marred by the un-

pleasant circumstance that it is unrenormalizable owing
to the presence of the "bad" term in the propagator for
the vector particle, i.e., iq„q,/[—Ws(q'+W') j which

may be avoided in Q.E.D.(W).
One may wonder if such a view is consistent with

SU(3) Lspeci6cally the "eightfold way"j since we are

suggesting that one part of the vector-meson octet
Reggeizes (the p) while another part (mostly the p)»
does not. To satisfy SU(3) one should replace the iso-

spin symmetry of the Yang-Mills theory with unitary
symmetry. "However it still would be consistent to
treat the unitary singlet (mostly the g) as we did in

Q.E.D.(W) and have a theory in which the singlet vector
meson does not Reggeize whereas the octet of vector
mesons does. One should study both generalizations of

Q.E.D.(W) in order to see if one (or both) of these two

models may be ruled out on experimental grounds.

We may call the above considerations a literal inter-

» N. N. Khnri and T. Kinoshita, Phys. Rev. 137, B 720 (1965)
have given an argument from analyticity properties and physical
assumptions that an elementary vector meson is impossible. This
does not follow from their work, however, since a vector meson
has C= —1; the theory that they develop is only valid for C=+1
amplitudes. Such a behavior, T~s, could come, for example, from
the subtraction term in a C= —1 dispersion relation with two
subtractions. See Appendix C. Simdarly the C= —1 term of
order s does not contribute to the C=+1 sum rule of the above
authors, Phys. Rev. Letters 14, 84 (1965). See also A. Martin,
CERN report, 1964 (unpublished).

ss C. N. Yang and R. L. Mills, Phys. Rev. 96, 191(1954).
See S.L. Glashow and M. Gell-Mann, Ann, Phys. (N. Y.) 15, 437
(1961) for the generalization of the Yang-Mills theory; see also
V. I. Ogievetskij and I. V. Polubarinov, ibid. 25, 538 (1963).

+ J. Saknrai, Phys. Rev. Letters 9, 472 (1962) Phys. Rev,
132, 434 (1963);S. L. Glashow, Phys. Rev. Letters il, 48 (1963).

pretation of our theory. We may also interpret it
Pggratisely. That is, instead of associating the massive
photons in our theory with real vector mesons, one could
regard our massive photons as merely a convenient de-
vice for developing a covariant phenomenological opti-
cal model. In this second view we explain rather little.
We are only able to conclude that covariance is con-
nected with a superposition of Yukawa potentials in
the usual optical model. One merely inserts various
trial p(W', s) in Eq. (51b) to fit the data. This second
figurative interpretation would become relevant if it is
found that neither of the Yang-Mills+Q. E.D.(W)
studies suggested above agrees with the data. Since
this proposal may take some time to carr'y out and be-
sides, is made somewhat ambiguous through nonre-
normalizability, it may be well to proceed in the mean-
time by making various ansatze about p(W', s) Lsee
Eq. (51b)]. This second approach isn't necessarily in-
consistent with the 6rst. However there is obviously
considerably more freedom in the Ggurative approach.
For example one need not associate the G'(z, s) or co-
variant generalized potential with single-particle ex-
change. The recent work of Arnold" may actually be
viewed this way. Although he deanes X in the optical
model as the Fourier-Bessel transform of a sum of
Regge poles, these Regge poles are regarded by him as
an approximation to the Chew-Frautschi potential
which is indeed more complicated than single-particle
exchange.

Such a theory may in principle be capable of compre-
hending the quasi-asymptotic elastic scattering data that
we are now confronted with. In this connection we
should mention an older idea that may be the natural
extension of the optical model, that is, the statistical
approach. "—"We are impressed by the fact that statis-
tical models seem to give rise to a variety of phenomena
for example: expanding, shrinking, or stationary dif-
fraction peaks ""'4

It is clear moreover, that some such extension is neces-
sary. A pure optical term sf(t) is obviously inadequate.
It is also clear that a pure Regge-pole theory is incom-
plete since it cannot Gt the present data. Even if it
would be augmented by the addition of an optical term
with the usual Regge poles it would not be able to ex-
plain the expansion of the pp diffraction peak, " al-

~ Richard C. Arnold, private communication and Phys. Rev.
140, B1022 (1965).' A. Baiquni, Phys. Rev. 137, B 1009 (1965)."L. Van Hove, Rev. Mod. Phys. 36, 655 (1964). See this
reference for previous work.

6' Allan D. Krish, Phys. Rev. Letters 11, 217 (1963).
6 There is a dilemma involved in Baiquni's impressive Gt to the

data (see Ref. 61). He 6nds it a necessity to use a "negative
threshold" in order to explain expansion. See also L. Van Hove,
Nuovo Cimento 28, 798 (1963)for expanding and stationary peaks.

O' K. J. Foley et al., Phys. Rev. Letters 15, 45 (1965). See also
S. J. Lindenbaum, Symmetry PrAsciples ut High Energy (%'. H.
Freeman and Company, San Francisco, 1965), p. 287. The eBect
of expansion is signi6cantly larger than the experimental error.
In the earlier report of K. J. Foley et al. Phys. Rev. L'etters.
ll, 503 (1963), the e8eet was only shghtly larger than the error.
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though it could describe the nonshrinking srp peak. This
behavior is strictly prohibited in a pure Regge-pole
theory. "Even a simple branch-cut contribution like
s &'& inc&'ls with P(t)) 0 will not do, although it could
describe a lnlns expansion, since crossing symmetry
would require an expansion of pp also which is contrary
to fact.

C. Asymptotic ys Invariance

So far in this section we have largely ignored the
question of the importance of spin in high-energy scat-
tering. Such an attitude is often taken without apology
in discussions of high-energy scattering (both experi-
rnental and theoretical) for no other reason than the
simplification of the analysis. In our case we have some
reason for this since we have a model that manifests an
asymptotic helicity conservation which can be traced
back to the ys invariance of our vertices. This asymptotic

y5 Zevariuece forms a natural basis for the usual ad hoc
assumption of a single scalar spin-independent ampli-
tude to describe the high-energy scattering of particles
with spin. We will abstract what seem to be the physi-
cally relevant features of asymptotic ys irteariance from
our models. We believe that this is of interest, since,
then, we shall be able to indicate the limitations of this
sort of assumption.

In the case of ILV scattering, the scattering matrix is
given by

(55)T= a+ be" n )

where n is the normal to the scattering plane. '~ From
this expression one may easily compute the form of the
helicity-conserving and helicity Qip amplitude using
2-spinors. Our perturbation-theoretic optical model
indicates that T(nonQip) s and that T(flip)&E(t)s
where 0.(-,'. From this we may easily infer that

(a) b&E(t)s
and

(b) a E'(t)s, for fixed t as s~~ . (56)

We should not take the condition 0.&-,' too seriously
since nonoptical terms which we have not explicitly
studied may give rise to signihcant helicity Rip con-
tributions. We shall only insist that 0,&1 since other-
wise the symmetry would not mean anything. There is
presently no convincing theoretical reason for a more
definite bound on 0..We may have to learn o. from experi-
ment itself.

There are many reviews of Regge theory. The Benjamin
series has many books on the subject. One such is E. J. Squires,
Complex Aregtstar Momerstlm and Particle Physics, (W. A. Benja-
min, Inc. , New York, 1963).Other reviews are found in R. Oehme,
Strong Interactions end Bi'gh Energy Physics, (Oliver and Boyd,
London, 1964), pp. 129-222; P. G. O. Freund, Lectures in Theo-
retical Physics (University of Colorado Press, Boulder, Colorado,
1964), Vol. 6, pp. 459-512."Please note that we use an unusual normalization for e+bo n
(from the phenomenological point of view). The 2 matrix nor-
malization corresponds to the amplitude T that we have used
consistently throughout the paper. We will do the same in the
Sg case.

(a) 8, C, C', D, E(E(t)s,
(b) A E'(t)s (59)

The situation described by (59) might be called strong
y~ ievuriuece, whereas the more general situation de-
scribed by (58) could be called taeal't ys irteariance. LThis
distinction disappears in the IIX case.)

We wish to point out that we have merely displayed a
form of asymptotic y5 invariance connected with an
optical model of a "vector type, " corresponding to the
neglect of the anomalous magnetic moment. It is im-
possible, presently, to decide theoretically whether
asymptotic p5 invariance should be obeyed in nature,
or not. Even the considerations of Sec. VI give no clue

es The presence of a strong helicity Qip term could explain the
dip I the x +p~m +n differential cross section near t=0,
although that is not the only way. Such a strong helicity fhp term
is required by the Regge-pole model of Phillips and Rarita (see
Ref. 76) to explain "crossover" in the m p, x+p diGraction peaks.
See also Robert K. Logan, Phys. Rev. 14, 921 (1965).

~' L. Puzikov, R. Ryndin, and. Ia. Smordinskii, Zh. Eksperim.
i Tear. Fix. 51, 592 (1957) LEnglish transl. Soviet Phys. —JEYP,
5, 489 (1957)j.See also L. Wolfenstein and J. Ashkin, Phys. Rev.
S5, 947 (1952).

We may also attempt to apply this symmetry to harp

using the fsgurative interpretation of our theory or else
by presuming that the Yang-Mills theory can accommo-
date a helicity-conserving subtheory analogous to the
role of our optical model in Q.E.D.(W). For example
Eq. (56) may apply to sr +P-+ vrs+n with E'(t) =0
as we have indicated above. This may be a way of 6nd-
ing out what o. really is in one case at least, since there
may be a significant helicity 1I.ip amplitude in this re-
action. "We may already condude from experiment" "
that et=0.6 or less for the srp charge-exchange scatter-
ing amplitude and hence for the C= —1 part of the harp

elastic scattering amplitude.
The same considerations may be applied to the scat-

tering of two spin--', objects.

T=A+8(el'n)(es'n)+C(et+es) 'n+C (el es) 'n
+D(et m)(es m)+E(er l)(e I), (5/)

I is dered as before.

m=(itt —ut')/ll t—itt'I &=(ut+f t')/ll t+pt'[ "
In this case the condition that the helicity-conserving
amplitudes dominate leads to

(a) 8, C, C', D&E(t)s,
(b) A or E-E'(t)s.

However the asymptotic dependence that we found in
our model also shows that as s ~~

(1,1[T[ 1,f) (—1, 1[T[—1, 1).
This is more than mere helicity conservation, it is
helicity independence. To ensure this result we must
insist that E is negligible as well. That is, 6nally
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since one may be able to eventually derive a covariant
optical-model formalism with helicity Rip included.
(See also Sec. VI).

It is clear for example, that even the success of y5 in-
variance as exemplified by the conserved-vector-current
hypothesis and the almost conserved-axial-vector-
current hypothesis" is not necessarily an indication of
the y5 invariance of the asymptotic scattering ampli-
tude. Owing to the fact that it is a symmetry concern-
ing vector or axial-vector currents, it comes as no sur-
prise that it is apparently impossible to derive such a re-
sult, with respect to the scattering amplitude, on general
grounds. In order to draw such conclusions one must
have at hand a rather specific model. The conclusion is
obviously extremely model-dependent, since if we

allowed for vertex renormalization sects one may
arrive at significant helicity Rip amplitudes via the
anomalous magnetic moment. (See Secs. IV and VI).

We think it is very important to decide the question
of spin dependence. There is no other way except by
experiment. Perhaps the most fruitful beginning would

be to study the elastic scattering of pi'ons o6 of polarized
protons at say 10, 12, 14, 16, BeV/c. The energy de-
pendence of the spin dependence should either vindicate
or discredit the above conjecture of asymptotic y5
invariance. If no spin dependence is found within ex-
perimental errors, we suggest that the charge-exchange
reaction: zr +p -+ n'+zz (same energies and with
polarized protons), has the best chance of showing the
presence of spin dependence. "
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technique. We define a standard Feynman integral by

1
I(zz, l,O) =

(2zr)"

X d'qz d'q( g [q +m;z i—s;j (A1)
i=1

-g; is the energy-momentum ftowing through the ith
internal line (m; is the mass of that particle). q; is the
"loop momentum" of the jth loop. [See, for example,
Fig. 3.j We have n internal lines and i loops. Using the
well-known formula

q'+m' —is
dx exp) —ix(q'+m' —is)$,

we obtain

I(zz, l,O)

where

1tL o0

dry ~ dx d4gq d4q~ e '& A2
(2zr) &'

x;(q;z+m —zsz)

=Q Q A e.q;q;+2 P b;q;+E —z g x,'s;

reduces g to
l

P=Z Az's~'+Q,

(A3)

where Q=E bA 'b. Now usi—ng C=g; A;=detA and"'

=qAq+2bq+E i+ x;s;. —

Let E be the real orthogonal matrix that diagonalizes3:RAN. =A'. Then the substitution

APPENDIX A: FEYNMAN INTEGRALS WITH
NONTRIVIAL NUMERATORS

Let us first discuss a well-known special case which
will serve to describe the notation and the general

we get
(z) m l s—z~' ~

'—go—
I(zz, l,O) = dx

(4~)zt Cs
7oR. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193

(1958); C. S. Wu, Rev. Mod. Phys. 86, 618 (1964).
» Y. Nambu, Phys. Rev. Letters 4, 380 (1960);, M. Gell-Mann

and M. Levy, Nuovo Cimento 16, 705 (1960); W. I. Weisberger,
Phys. Rev. Letters. 14, 1047 (1965); S. L. Adler, ibid. 14,

'
I051

(1965).See the last two references for work since 1960.
» If no helicity Qip amplitude is found this apparently wiQ be

another serious dBBculty with Regge-pole models. See Ref. 68.
Note that the Brookhaven group intends to do such experiments;
see Ref. 65.

C is recognized as one of the Chisholm discriminan'ts
the other one, D, is CQ.'""It is well known that C
and D are homogeneous of degree l and 3+1, respec-
tively, in the x's.""sThus Q is homogeneous of degree
1. Therefore, the substitution: x;=px; g; x =1 leads

~' See Sogoliubov and Shirkov, Ref. 35, p. 288, Eq. (24.13).
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onc caslly to Thus we conclude that

I'(22—Z) 1 b(1—Q *')
I(28,l,O) = (2)

' dx' C" " ', (A6)
(421-)21 Dn 21—

E.'»2»E."»S»E. 3»S»R 4"S '4
CL3 CLQ

leads to the extra factor

the usual Chisholm form.
The general Peynman integral differs from (A1) by

the presence of a numerator X which is a multinominal
in the external momenta and loop rnomenta q;. Equa-
tions (AS) and (A6) are of use only for those terms in K
which are independent of the q s (trivial terms).

We now study the nontrivial case. Let Es=r. X can be
written as a multinorninal in the r; whose coe%cients are
multinominals involving A 'b's and external momenta.
The odd-order rnultinominals in r; will vanish upon d q
integration. The even-order terms in general may be
studied using the expressions

I(22, l,d) =
(22r)4'

dg . dS d g1. d g'~

The subscripts in the r's are the four-momentum indices,
the superscripts are matrix indices.

Let d= I. Ke have

aa —gaI &I~ »ga2&2&»
A'I tx2 1 A'p

(summing over repeated b's). If b1/b2, then we get
zero; if b1——b2 one gets the result (A5) with an extra
factor in the integrand due to the presence of the s Is

2i
'R 85gg1~2

» A p,
'

2[8(A ) 27] 2 8~1~2

= (-', )(—2)a-1...,~..., .

or else like s„,'s, 's, 's, ' The average of the latter over
4 space is

For d =2 we have either terms like s~, 's~, 's~, 'x~4',

which yield

~OIe2 ~agcy

(—2)'(4)

(—2)'

22 d1stlnct
permu tations
of 1, 2, 3, 4

3122& a2a8&u1a2&n2a4 ~ (A9)

The pattern now is obvious. The term

ag. . .p amp
Cl]

leads to the extra factor

(—2)'
rf —1

adam&nIe2' '
distinct

permutations
of (1,2, ~ ~,2d)

in (A5) or (A6).
For d= 2 we had two di6erent kinds of terms, those

in which four s's were equal and those which had two
s"s and two s"s, where s'Ns'. These cases can be char-
acterized by the partitions of 0=2, i.e., [2,0j and [1,1j
respectively. It turned out that [2,0j terms and [1,1j
terms had the same numer1cal coeKC1ent: 8(—2)
In the [1,1j case, the factor from averaging over all
four directions, (1/24), was cancelled partially by the
factor due to the radial integration, (—8)26, to give

(—2)2(4). If for larger d this kind of cancellation per-
sists, so that the numerical factor is the same for al].
partitions of d, then the variety of E. terms are just
appropriate to make up 2 '„„product terms. The
general proof of (A10) consists, then, in showing that
for each d that the numerical factor is independent of the
partition, and is in fact ( 2)~/2" The—factor d. ue to the
radial integration is (—8)"g; 1" I'(2+g;), where 22

is the number of times s' occurs in the product of the
s's. Let F(u,p) be the factor due to the averaging over
the directions of a term with 2d s's in the partition
p=[g1g2 .g2~j. (In the case of d=2, p=[2,0j, this
factor was 1/24.) We notice that F(d,p) =g;=1"F(g;),
where F(g;) is an abbreviation for the averaging factor
when there are g; identical s's and no others. Our
problem simplifies to fmding F(g;) In general, the
average is given by

[b~1~2~&3N4+b~1~8b~2N4+bN1N4~&2&8j(s )
24

glvlng after integration thc factol

~~1 ~~my

=F(~)(s')"
all distinct

permutations
of 1~ 2, ~ ~

~1 242a4. 423-,~23 ~ (A11)

Q ( 2) [41A2blx8%8+'41IR3bcK2R8+ btf1&4~ct2&3j ~

(A2')2 To g«F(g) we use four-dimensional spherical co
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ordinates.

s, =r sin8coV "n"'
„=&sin»»~am

~
x

Sa cos8 sinx
~

~ =g cosX
p

2%

f3'' si» dd4s{ )=

(B1)f ( )
—a—ldo = 5(&)

0

. . . „allbe4.Q2yplest thing t
F (A11) ~e g

1p) 1nspectlonthe usag~ 'nformity ~i"
h ll need to ~nof Eq, ) revea

(2~)!
j-(~), cos'~x Sin

(p (B2)=(f) 1'(

A&& ~in(2g))y2w~! is thc n~b '
~e 6nd

. TIP ]WEGLIGIgZI IT~ D&pppmgQIX '
gUMERA+ON

ll pe nma»nt g,
ho+ever~ to

to the fu ey
It is necessary,Io See Kq- '.

Sonmmhat.

'
~0. '

htistheir consideration
ll transformed

generahse
d (A12) in the M;sh to stu y;zpx dx( ) R plane '"s
f m;s define by

say) wc
f (A5)

lli„ t,a„,form»

J'(»=
2. 1(2+.)

C)—&)1
~ .

of A12) 11'e g

I)rherc i =( .
h Mc!hn trailsfo™Thus in taking the e ierical factor isThus t eh over-all numerica

1(-')"II1(2+~'), „,a=1

iQe
T(d)dxI(n, l,d) =

jus d! Therefore (A7) becomesjust as neede .
a

(A12)

n d I+np'( —
&—)z"

(4m) "2"
—iJ'—Zaiei

T (&)dS —il, (B3)

method consistshe Mellin-transform m
o

'
Mellin-transformeoles in 0, of a e '-

(, , )
Reo.&0 lead to e

'
splane R

ia the inversionln the s plane via e
'

sQ

—1
asa4a1am e1eal 0 ~ ~

amongTcLJ~ ~ ~ 02$
all distinct

PCI ml1tRtlODS
Of 1, 2, ~ ~ ~, 2&

X amp 1ag
/+iceln's ].

F(b+1) s' 2+i
dn

(~+~)~'
4

Si
deg

(i)IF(I 2l d)— —
I(,l,d) =

&&")8(1—g g'). (B3)
CC' g),'+h

s o
' = x' as efore in (A6)e use the'A trans o
' = ~' as e

earch, then, for singulari ie

A ' is homogeneousnce — i neous
iee —dj vM ge

rlgln in "V sets
a hscanaso

f 'folds interior to
ass of singularities/ n—dx

Rl Rill etel'S
0 D

ces e a X transformation: g=d ces the laborA12) or (A13) some d ces

1' —o)
g111 calcII!Rtlllg R cyll

linear homoge

tion from (Ad bh. ....,factors don ot is ur
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(83). At d=D thby parts lnby further ln g, of r'(~——d+a), thus
l dominate gi~ g

e wl'll call the poles o —, un y

r a ladder
(1/s') lns.

I" oles.

su erimpose on thesu crlmpo 6rst I' pole:

Let us now cons

(1is') ln's.

logarithmically divergen
'

e a
ets left in

X1 X2) ' ' ')X$

lc dominates, giv' gC 0 lVlQg

a ' s) transform o = x

dp j.) thc I "po c o

pa

f

X '+dX p '+dp=

lntCg

1 100

d ds~ 1+de dxX'—'+~dX p—
0

This may be rewritten

(1i""'-').

ior cons s terms ino er- ior consider various

or sma, p,11 ) p, the only ac or

o er-all behavior, cons' s

the convergence ofuire t eco

2(&+~)

. For d) 1 we obtain a
dA 'bf to i I(l, ,have neglecte

0

e c ' a& —l. This result sug-c condl loll RcQQ —.which gives us the c 0,& —.
ests a double pole at 0.=

(85) the double X transforma

e ns- In the, ana py c
1 ft

fill the w oe

2 +&+& ) (2pi(2pm

this case t ation s

W'+(q —q; i)'

ration. Wc o

on integration by parts,which bccoIDcs) upoD 1Q

; i)+W' —tt; q; i4pi. 2+2(pi-p~) (q'+g; i

W'+(q; —
q i,)'

(l+n)'

1 P

ASPERSION RE-APPEHDiX C: THEOREM C, DI
ORHS AND THE SI

need to refer to resu s coWe shall often nee
tic behavior of lspersioasymptotic

RPCr.. The following e
cl al-value ln egrbchavlol 0

gCneralization of a t eo

ca

O. =d—1——j. d—L—2, d—l—3, ~ ~

Dl Bs an Do-d Do —1 fRctors lserm consisting of o y

l n 5+ad dg dy dgX~+-d~

0 0

BX8 The divergent terms con r

ln 83 aroundi, , an
'

tinuation of (8 )RQ Rnalytlc con ln 3
folds lnsl c

ifold inside the cube

at 0.=—/. We ca suc
V sets are theonl remaining

len th I inb t ary loop of g'"anar ir en

ar
' '

the exist o

we see that sine
all t, we derive no rfor sma

forms can onl e o
IfRCCl R

g'k T~MTfora
s ecifylng i

certain oop,
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~ ~

th following sym
etrica] variables

].214

sed in Theoremand g „,g useThe function ~{~'

s+-, ~—(mt'+m2')

„+2
t—(mt'+m2')

A. LO(n(tj
z(n, y)

y
—1+a

y
—/+a lny

y
—(+a ln&y

—1+a—cot~a{g
2 -1+a-1+a ]ng+7r CSC ~—cot

g—&+a) 1nx,+a) lnmx+2~ csc ~cot~~ g
2~ cps~~ csc ~~

etc.etc.
ll. (a=03

P(o,y) G{o,y)

C= —l. : f( )= f "
d ymf(~)=Im( —)j

(—o2)t Ref(or)

t les of mass mz and m2.For the scatteri&Q o
'

~metry is eitherp The crossmg sNote that o0

C=+~: f(~) f
d l f(~)= —lmf( —or)j r

( )LRef(or) =Ref(

y-& 1n y

etc.

1 —lg—' ln'x+g~x
2'

xx-& ]n'g+ 2~x
3'
etc.

art, ofbt ctions, R the rea PI,et N be the number

f, an d I the imagina»"t'
Case I. C=+

( ) For ~=222 (Ã even)

- J(x)d(*')
R(or)

g2n(g2 —or2)11 it theoren1 C r their usage.Woolcocir 24 We .sh '
)+II(y) 1vhere F(nry) 'T'heorem C: Let f(y. =

i t ctions listed in Tsome in ear combinat
Let

yII(y) ~ 0

(2)
~ yH(y) —

y +(y ) ~

y'

e 6xed constant If one definesfory, y gr eater than some xe

"f(y)dy
g(x) = I'—

~ R(g)dg
I(or)+

g2n(g or)

„2.+r - Z(x)d(g')
(C„)P

2n+r(g2 —or )27r —C

(b) For +=222+

I(x)d(g )
)R(or)

g2n+2(g2 —or )

or2
"+' ' R(x)dx

I'
x'"+'(x—or)7r —C

I( )+T.nen

g(x) ~G(n,y)+B(x)ix,

s ou is iven by the linear cor-s bounded and G is given y
lolitdi Tbl Irespon

at the
s

'
u Amaybego en

hat of t e o,'g

n i es ect to n. ro-

'
) y gol

= —1:
y ~

'

6d. N
8 H-"--y3

1 tha ly to group
Qy."

h d ~ o -1
R(o2)

(Cib))
2++1(g2 or2)C & X CO

N—2 f&~r(P)~r'
R(co) =E(or)—

(a) For %=222
M2n+1 ca I (x)d(g2)

2++1(g2 or2)X

or)

()( )

x'"(x'—(o2)C

two lnkinds depend g

Mod. Phys. 35, 737
R(x)dg

lton and W. S. Woolcock, Rev. Mo .
GO

—g x g

"For themet o see . . te rc q

tlr i~to val
1,1~ to ~e ~ by b'li

Ltd. Groiiigen the Ne er(P. NoordhoB, t .,tZOSS~

Chap. 4.
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(b) For 1V= 2m+1 should keep in mind the factors

o)'"+' " l(x)d(x')
R(&o) = P

x2a+1(x2 ~2)
and

(i—cot-,'~n)ra for C= +1, (C3a)

(i+tan-', s.n)co for C= —1, (C3b)

I(a))+ P
R(x)dx

x'"+'(x—~)

which give the relationship between the real and
imaginary part apart from the question of subtraction
terms. Expressions (C3) may be rewritten

where

(o'"+' " R(x)d(x')
(C2b)

x'"+'(x' —&o')

(I+C& isa)—
—C CO

sinwn
(C3c)

oaa s j!
Equations (C1), (C2) express the dispersion relations

in a form convenient for studying asymptotic properties.
In this connection, note that the asymptotic behavior
of the integrals over a 6nite range is trivial to evaluate.
For example, if ~co~ )c

Q)
2 7L R(x)dx 1 ~ 1

~2m—1

X S M 7I =0 0)~

R(x)x&' '"dx.

If C=+1, the odd terms in j vanish; for C= —1, the
even terms vanish. Thus these finite-range integrals
behave like subtraction terms except for terms of order

, m&1. Ke shall call these integrals pseudosub-
traction terms.

The point of Eqs. (C1) and (C2) is that if we know
the asymptotic behavior of I (or R) then we may evalu-
ate the asymptotic behavior of R (or I). In simple cases
one may use Theorem C for this. In general, one has to
worry about possible competition from subtraction or
pseudosubtraction terms. This is actually no problem
in our paper since the number of subtractions will be
known in advance.

Suppose, for example, that I(&o) —&&a for a C=+1
amplitude. If we insert this into Eq. (C1), subtracted
appropriately, one obtains —a& cot(s n/2) for the
asymptotic value of R(M). Similarly if C= —1, one ob-
tains &o tan(m. n/2) for R(~). Thus, as a mnemonic, one

This happens when n takes on a "physical value" in
Regge theory. Note also that (C3) is correct as it stands
whenever cot(sn/2) or tan(sn/2) vanishes.

If one happens to have information about the real
part instead of the imaginary part the useful replace-
ments for expressions (C3) and (C4) are

(—i tan-', en+1)&o for C=11,
(i cot~sn+1)(o for C= —1,

and

(C5a)

(C5b)

(C6)

when either tan(sa/2) or cot(sn/2) becomes infinite
' This result is nMntioned by Jin (Ref. 49), Logan (Ref. 68),

and by R. J. N. Philips and %'. Rarita, Phys. Rev. U9, B1336
(1965).I have not been able to trace the original source, however.

which is the "signature factor" of Regge theory. Al-
though this is not a new result" we have brought it out
since it provides a convenient mnemonic for our pur-
poses. Besides this, it helps to make one realize that the
signature factor has a meaning entirely independent of
the concept of Regge poles.

Exceptional behavior occurs in (C3) when n is an
integer. We have either an in6nite or a vanishing result
for the real part. In the in6nite case the actual result for
either signature is

(C4)


