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The cross section for photon splitting in a nuclear electric Geld is derived, using the Feynman formulation
of quantum electrodynamics, A closed form for the cross section is obtained and numerical values for in-
teresting cases are calculated.

I. INTRODUCTION

'HE purpose of this paper is the calculation of the
cross section for photon splitting in a nuclear

electric field. This process occurs as a result of th' inter-
action of electromagnetic fields with the electron-
positron pair field. It is similar to two other processes,
the photon-photon scattering, and the elastic scattering
of photons in a nuclear electric 6eld (Delbruck scatter-
ing). In all these three processes electron-positron pairs
appear in the intermediate but not in the initial and
final states.

Karplus and Neuman' have developed a method for
calculating the cross sections of such processes. Their
method is based on the Feynman formulation of quan-
tum electrodynamics, ' and they applied it' to the simple
case of photon-photon scattering. The calculation of the
cross section for Delbruck scattering was carried out4

only for a very special case-forward scattering.

II. THE MATRIX ELEMENT

The incoming photon is split, under the action of the
electric field of the nucleus, into two photons, and the
momentum diBerence is taken by the recoiling nucleus.
We shall denote by' —k"' the (four-dimensional) mo-
mentum vector of the incoming photon (the minus sign
is used for symmetry reasons), and by k "& and k&'& the
momentum vectors of the two outgoing photons. The
nucleus receives a momentum g and the law of con-
servation of momentum is expressed in the symmetrical
form

k"'+k'2'+k&'&+g= 0.
We shall further assume that the rest energy of the

nucleus is much greater than the energies of the photons

involved in the process. The recoil energy of the nucleus

can then be neglected and the electric field of the nucleus
is then regarded as static. It receives a (three-dimen-

sional) momentum but not energy. It follows that the
time component of g vanishes. Equation (1) may be
decomposed into space and time components

k&"+k&'&+i&'&+q=0,

k&'&'+k &'&'+k "&'=0.
(2)

(3)

Equation (3) may also be written in the form

Mg=R2+C03 &

g, (2) I, B) I (2)

p (2)

k. (3) I (2) I, (3) I (f ) I (&l

p(2)

Fro. 1. Feynman diagrams for photon sphttlng.

The first-order splitting process is described by six

Feynman diagrams (Fig. 1).
Following Feynman rules, the corresponding matrix

element (flM li) is expressed in the following form

where cu& is the energy of the incoming photon

(ru& ———k&'&') and co~ and aoa are the energies of the out-

going photons (~2= k "&', a&3= k &'&').

Ze'
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where Z is the atomic number of the nucleus and e(k(t&), e(k "&), and e(k('&) are the polarization vectors of the three
photons. It should be here noted that we are treating the nuclear electric held in the first Born approximation. The
next, nonvanishing, term will be described by six-cornered closed-loop Feynman diagrams (the contribution from
closed-loop diagrams with an odd number of corners vanishes by Furry theorem). The expansion parameter for the
matrix element will therefore be L(e'j4n)Z)'= (Z/13'l)'

H„„o&,(k(t&k "&k(t&) is a sum of three terms corresponding to the 6rst three diagrams. The contribution of each of
the last three diagrams is respectively equal to that of each of the first three. This lead. to the factor 2 in (5).

We have
H .&,

(k"'k(2&k"') =F p.&,(k "&k"&k@&)+F, (k(2&k("k "&)+F&,„n (k&'&k('&k&t))

where

P (k(t)k(2)k(t))

ip 7 ttt— i(p —k('&)y —ttt i(p+k('&+k('&)y —t)t i(p+k('&)y t)t-
dpTr r„ Qo' (7)

"pz+m' ib—"(p k('&—)2+»t2 it'& —'(p+k(t&+k(t&)~+ttt2 —il& (p+k(t&)2+tttm if'&—

It follows from (6) and (7) that H„„,&, is a component of a covariant tensor, of the fourth order, which is a func-
tion of the three vectors k(" and m'. Therefore, the general expression of H„„,), must have the form

H (k(t)k(2)k(8)) — P g&jtm(k(1}k(2)k(to)k (t}k (j)k (t)k (m)

s, j, l,m=1

l, m=lj', m=1 j,m=1
+ Q B An(k(t}k(2)k(8))k (s)k (m)g + p B t'm(k(t)k(2)k(3))k (j)k (tn)g + Q B tm(k(t)k(2)k(t))k (t)k (m}g

+ g B4"(k&'&k"&k"&)k (*&k„"&g&„+g Bt;"(k"&k(2&k(@)k "'k&,"&g,.+ P B6"(k "&k('&k('&)k„('&k»,"gn,

+Ci(k&'&0&'&0&'&)g„„g&,.+C2(k(t&k('&k('&)gnyg„, +C8(k "&0&'&i&'&)g„.g„y, (8)

where the A'&'m 81,...,6'& and C1,2, 3 are functions of the scalar products k('&. k") k('& k(3) k(') k('&, and of m' only
Lit must be remembered that (k&'&)'= (k'2&)'= (k@&)2=01.

The terms A'&'m(k('&k('&k('&)k„"&k, "&k&,(t&k,™will henceforth be referred to as leading terms
Each polarization vector e(k) is perpendicular to its k, c(k) k=0 and its time component eo(k) is zero. It follows

that terms in (8) for which at least one of the following conditions

p, =O, v=O,

holds do not contribute to cn(k(t&)e(k('&)e"(k(8&)H og(k(t&k(2&k"&) in (5) Let H t(k(t&k('&k('&)(r s 3=1 2 3)
denote that part of (8) (with 0=0) where i=2, 3; j=1,3; /=1, 2; &it=1, 2, 3. We have

H (k&'&ko&k&'&) = g A™(k('&k(')k('&)k&')k "&k &')k ™+
0 —2t 3
J=i 3
/=1, 2

ng=i 2 3

i=2.3
ye=i 2 3

Bt™(k&"&k&'&k&'&)k,&'&ko& &g, t

+ Q B2t'm(k(t)k(2}k(t))k (j)k (m)g + p B tm(k(t)k(2)k(t))k (t)k (m)g (9)j=1,3
m =1,2, 3

/=1, 2
et ~1,2, 3

and the following equation holds'.

en(k&'))e(k('&)e'(k "&)H (k "&k&'&k "&)=~ (k())6 (k('&)e'(k('&)H (k&'&0&'&k&'&) (10)

This equation shows that for determining (f ~
3f

~
i) in (5), H„.t can replace H„„o&,.

Each of the B"appearing in (9) can be written as a linear combination of some of the 2 it'tm. This is seen by the
following consideration. H„„,&, (k "&k"&i&'&) is a gauge-invariant tensor and the identities

k "&"H„,.&, (k "&k"&k"&)=0,
k &'&"H„,.&, (k(t&k "&k"&)=0,
k "&"H„,.&, (k"'k"'k "&)=0,

(lia)

(11b)

(11c)
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hold. Inserting (8) in (11) we obtain three tensors of the third order that vanish identically. It can then be shown
that their 108 coeKcients, which are combinations of the A@', 8'&' and C are zero. This gives 108 equations which
are not independent. Nevertheless, the desired 18 8'& can be obtained as linear combinations of the A@' . The
combinations are

8 "=—k('} k(3)A2"' —k('} k(3)3282'

g 22 — k (1),k {'3)g 2812 k (2),k (8)g 2822

g 31 k(l), k(2}+3121 k(2) .k(8)+3821

8 "=—k"'k(2}33123—k('} k(8)23328

8 "=k(') k(3)23128—k(2). k(»32828

g 11 k(2},k(8}+8121 k(1),k(8)+8111

g 12 k(2), k (8)+3122 k (1) .k(8)g 8112

g 32 — k(l) .k(2}+2812 k(1),k(3)+3812

g 88— k(1) .k(2)+2818 k(1) .k(8)+3818

P 18 k(2), k(8)+2313 k(1) .k(8)+8113

g 31 k(1) .k(2)+3121 k(l) .k(3)+8811

83"———k('} k(3}223"—k") k(2)22"'

gg 18 k(2) .k(8)+2818 k(1) .k(2}+2118

g 23 k (1),k (3)+8128 k (1) .k(2)+2123

g 12 k(2) .k(3)+8122 k (1) .k(2)+2112

8821=k(') .k(3)3231'—k('} k(2}2212'.

In addition, six relations between 12 of the 2'1'm of (9) are obtained;

k (1) .k (2}Q8118+k (2) .k (8)g 8318 0 k {1).k (2)

COMM+

k (1) .k (3)g 38M 0 k (2) .k (3)g3811+k (1) .k (2)g 8111 O

k (1}.k (8)+2112+k (2) .k (8)+2122 0 k (2) .k (8)+2121+k {1).k (3)+2111—0 k (1) .k (8)+8822+k (1) .k {2)+2322—0

Inserting (12) and (13) in (9) we get

k( } k( )

k{') k&'} k&'} k&')k&') k{')
~g'-. (P

) )$ & )$,).)$, ) & , . $ ) &3 ) &$, ) &$,) & $„i & 8,) &$„).&$,) &$„~ . $„),&$, ),&& , ~k(1}.k{8) ko). k(8) j
k(2) .k(8} k"} k("k(') k('}

+g""(8 i')f i )3) )8„)')— 8 $) )8i i)&1 ) ) 8) ).3) )8 i )$pQ)&, y 8 ) )1 i )3 )k(1) .k(2) k(1) .k(2)

( k(1}.k(8) k{1) k{2)k(1) k(8)

(
3, ) )3 ) )$, & &$,) ) $„& )$, ) &$, ) )$, ) ) 3) &. $& )$, ) )$,) )$„,+ $, ) &$, ) )$ )k(') k(» k(» k(s)

k(2). k(8) k(1), k(2)k(2) k(3)
+g""$ $(') .$)i,$) i$)'I — $,)')$.)'&$,)')8 i') —$)') 3)')3 i')$ i &) .+ 3 i &1)) )3 )k"'k") k&') k"'

fj (k(l)k(2)k(3)) —+2128(k (2)k (1)k (2)k (8) k(l}.k(2)k (2)k (3)g )++2118(k (2)k (l)k (l)k (8) k(1}.k(2)k (l)k (8)g )
++2821(k (2)k (8)k (2)k (1) k(2) .k(8}k (2)k {1)g )++8312(k (8)k (8)k (1)k (2) k(1) .k(8)k (8)k (2)g )

++3321(k (8)k (8)k (2)k (1) k{2) .k(8)k {8)k (1)g )++8112(k (3)k (1)k (l}k (2) k(1) .k(8)k (1}k (2}g )

+ A "{8(k,(2}k,{8}ks{1}ks{8}—k&') k{8}k${'}k{){8}g„,yk") k(8}k,{'}ks{8}g,
g
—k&" k(2}k.{8}ks(8}g,$)

++8128(k (8)k (l)k (2)k (8} k(l) .k(8)k (2)k {3)g +k(l) .k{8)k (2)k (3)g k{1).k{2)k (8)k {8)g )
++3121(k (8)k {1)k (2)k (1) k(1) .k(2)k (8)k (1)g +k(1) .k(2)k (8)k (1)g k(2}.k(8}k (l)k (1)g )
++8122(k (8)k (l)k (2)k (2) k(2). k(8)k (1)k (2}g +k(2) .k{3)k (1)k (2)g k(1).k(3)k (2)k (2)g )
++2811(k (2)k (3)k (1)k (1) k(1) .k(8)k (2)k {l)g +k(l) .k(8)k (2}k (1)g k(2) .k(8}k (1)k (1}g )
++2812(k (2)k (8)k {1)k (2) k(1) .k(2)k (8)k (2)g +k(1}.k{2)k (8)k {2)g k(1) .k(8)k (2)k (2}g )

k(l) .k(2) k(') k(')k('} k('}
yg " ($„))$,))$,))$ i)— 8 i')8 ))3,)')8 )') —,$)U.,si)$, &&$ i')g„y

k(2) .k(3)

(13)

k(1) .k(8) k(2) .k(8)k(1) .k(8)

(8 i)$ i)$)»» i) 8 i)8 i&$)&$ i& $)).$))$ ilsq))$ y 1 i&$ i)$
~

{&4)
k (1}.k (2) k (1}.k (2)

Since H $(k{'}k{2}k(8))is symmetric with respect to the simultaneous permutation of }8, 8 X and k") k&') k{8}

the following relations between 18 A'&'m, whose indices are identical to those which appear in (14), hold:

+2128(k{1}k{2)k{8))—+2118(k{2)k{1)k{3})—+2821(k{8)k(2}k{1))—+3812(k{1)k(8)k(2)) +8821(k(2)k{3)k{1}) +8112(k(8)k{1)k{2))

Q 2813 (k (1)k (2)k {8))—+8123 (k (2}k {1)k (8}) —+8121 (k {8)k {2)k {1)) —+8122 (k (1}k (8}k {2)}—+2811 (k {2)k (8)k {1))—+2812 (k {8)k (1)k (2))
g 3118(k (1)k (2)k (8)) —g 2823 (k (2}k (1)k (8)) —g 8811(k (8)k (2)k (1}) —g 2112(k (1)k {8)k (2)) —g 2121 (k {2)k (8)k (1))—g 3822 (k (3)k (1)k (2))

(15)
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The p integration gives
ir2 1

(P'+{8)' 6 {8'

From {23)—(26) it follows that A1"'~(k(')k")k")) is of the form

1 x y Dsjlm
1m&(k(1)k(2)k( }8) 42&2

0 0 0
2

(26)

(27)

where D'&' is a polynomial of the fourth degree in x, y, s and is the coefficient of k„(')k„'j)kz{')k,{ ' in the right-hand
side of (25) when the/ are replaced by the k according to (23).

Each of the three A"'" which are to be calculated is a sum of three A1'1'~ (contributions from three Feynmsn

diagrams) and the following relations hold:

A2128(k(1)k(2)k(8)) —A 2128(k(1)k(2)k(8))+A 2118(k(2)k(1)k(3))+A 2821(k(8)k(2)k(1))

A2818(k(1)k{2)k(3)) A 2318(k(l)k(2)k(8))+A 8128(k(2)k(1)k{3))+A 3121(k(3)k(2)k(1))

A3113(k(1)k(2)k(8))—A 3118(k(1)k(2)k(8))+A 2828(k(2)k(1)k(3))+A 8311(k(8)k(2)k(1))

(28)

It is necessary therefore to calculate 9 A 1'" (k{'&k&'&k{'&) and to perform the necessary pennutations of the k in
them. The corresponding 9 D"' are derived from the right-hand side of (25);

D'"'= 2(y —s)[2(x—y) {y—z)(1—2y) —{2y—2s—1)(1—x)j,
D""=4y(y—«) (1—y) (2x—2y —1)—2y(x —s)+2{y—s)
D""=2(y—s) [2(x—y) (y—s) (1—2y)+x—1],
D'"'= 2(x—y) (y—s) [4y(x—y)+2y —1j,
D""= —2 (x—y) [2 (y—s) (1—y) (2x—2y —1)—y3,
D""=2(y —«) (1—y) [4y(x—y) —2(*-y)+1j,
D""= —4y(x —y) (1—y) (2x—2y —1),
D""=4(x—y) (y—s)'(2x —2y —1),
D'"= —4y(x —y)'(1—2y) .

In order to integrate it is convenient to introduce the three parameters

2 2
k(2) .k(8) — ( ($2{03+.k(2) .k(8))

m2 m2

(29)

2 2
P=—k&'& k&'& =—(M1(a2+k{') k&'&)

el2 m2
(30)

2 2
y=—k&'& k&'&=—(&01(o8+k{') k&'&).

m2 m2

Because the incoming photon is —k "& and the outgoing photons are k "& and k "&, &2&~ 0 and p, y~&0. It can be
shown also that u+P+y)~0.
(k('}+k{')+k(3)~'= ~k(') ~2+(k(') ~'+ ~k{') (2+2k{') k&'&+2k&') k"&+2k"& k&'&

= (k3('))'+(k3"))2+(k3{'))'+2k(') k(')+2k{') k(')+2k(') k{')
= (k (1)+k8{2)+k (8))2—2k8{1)k3{2)—2k8(1)k8(8) 2k8(2)k (8)+2k(1).k(2)+2k(1).k(8)+2k(2). k(8)

=2832(u+P+y) .

The last equality holds because k8{')+k8{2}+k{}{3)= —co1+&d2+338= 0.
The results of the integration are written with the help of rational polynomials in n, P, & snd three transcen-

dental functions A (I), 8(28), S(28,s,2&}) (see Appendix I).
The expressions for the three A'3'" are given in Appendix II. The other 15 A"', which appear in (14), can be
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found, according to (15), by appropriate permutations of k~'& k"' and k"'. The function A'"&s(k"&k~s&k "&), for
example, is derived from As&ss(k&'&k "&k&s&) by the permutation

p(2) ~ p(~) $0) ~ p(2) p(3) ~ p(3)

which is equivalent to the permutation
~~V, P~P, V~o.

IV. THE CROSS SECTION

The differential cross section do- for splitting is given by'

I(f1~Is) Is~(~s —~;)»sd~~ssd 4flsdf4. (32)

&' and Er are, respectively, the initial and final energies of the system. The integration in (32) is to be carried out
over all the states of the system upon which do does not depend. If, for example, one is interested in the cross
section for splitting of a photon with polarization direction s(ko&), into two photons, with polarization directions
s(k"&) and e(k&s&), which emerge into angle elements dQs and df4, we obtain from (32)

d'0 1 (es)s e' ~s T
zsI —

I

dt's sdDsd~s (2zr)' (4zr& 4zrz&z& (n+P+y)s z&zs(o&

GOD) 3dG02

where
2'= (1/&r4)

I
s"(ko&)s*(k"&)s'(k&'&)H (k"'k "&k"&)I'.

= (2zr)sI (flMlz) Iso&ss~ss

dQsdQsds&s

where ~s=co& —». Inserting (5) into (33) and using (10) and (31), we have

(33)

(34)

(35)

If one is interested in the cross section for splitting of unpolarized photons into photons of any directions of
polarization, it is necessary to make a polarization sum. T' is then replaced by 7, where

7=-,'P T.
pal

The result of this polarization sum is

2"=—(8/~Pe){ I»I'+ I»I'+ I»l'+ III'+z(lxsl'+ lysi'+ I»l'+ l~l')).

The different functions in (37) are defined in Appendix III.
It should be noted that T is symmetric under each of the following three operations:

(1) interchange at the same time of n and y and of » and —&oz,

(2) interchange at the same time of n and I9 and of a&s and —a&s,

(3) interchange at the same time of P and y and of » and».

(36)

(37)

For small incoming photon energy, &os/m(&1, we can use the expansion formulas of Appendices I and III. The
resulting T is then

)11 '
, ("s'&

2(+&+» ' —+8 —I+~'I —I+l » -(~+ ~+~»'
&90 z&z kz&z& kz&z)

1 2 ~s ~s'& ~&»»&s ~acus

+ — 2( +0+v) ' —I+I' —+v' —
I
+ v + P Pv —'( P+ v+P—v)-' (38)

15 m) ~ ~) ~s ms ms

The cross section was computed, for some experimentally interesting cases, on the 1604 Control Data Computer.
The results are given in Figs. 2, 3, and 4. The scatterer was taken to be lead (Z= 82). It should be noted that the
Born approximation expansion parameter here is (Z/137)s = (82/137)'=0.36.

In Figs. 2 and 3, ~2= era= ~~~ and both of the outgoing photons are perpendicular to the incoming one. In Fig. 2

6 J.M. Jauch and F.Rohrlich, The Theory ofPhotons and E/ectrons (Addison-Wesley Publishing Company, New York, 1955),pp. 163-167.
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FIG. 2. DiGerential cross section for photons on lead (cms jsrsmes)
as a function of incoming photon energy. Both outgoing photons
are perpendicular to the incoming photon and the angle between
them is 180 deg. Both outgoing photons have the same energy
C02=G03= g(OI.
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0
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FzG. 4. Differential cross section for photons on lead {cm'/sr'mc')
as a function of the energy of one of the outgoing photons. The
incoming photon energy is 2.1m''. Both outgoing photons are
perpendicular to the incoming photon and the angle between them
is 180 deg.

" 30E
~ Al

8
O

6
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the angle between +2 and era is 180 deg. In Fig. 3 this

angle is 90 deg. In both figures the cross section is shown

as a function of &~.

In Fig. 4, ~~=2.1m, the angle between or& and co3 is 180

deg, and the angles between w~ and A&2 and between ~~

and co3 are 90 deg. The cross section is shown as a
function of co2.
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APPENDIX I

The three transcendental functions which appear in the calculations are

1 ~+4 1/s ~ 1/s

A (I)= ln/1 —ill+Nx(1 —x)]Ch=2 — arc sinh — —1
0 I

B(N) =

= 2 arc cosh —— —1—&zm

1 It2 2

lnL1 —i8+4x(1—x)jdx=4 arc sinh-
p x(1—x)

1/2 2

= —4 arc stn~ ——

(A1)

It2 2 u '~2

=4 arc cosh —— —~2—4' arc cosh ——,u~& —4 A2



PHOTON SPLITTING IN NUCLEAR ELECTRIC FIELD 951

1 1

S(u, v, w) =—
2 0

vw [1 —z(')+vx(1 —x)5[1 —zI)+wx(1 —x)]
ln dS ~

u —vwx(1 —x) 1+(u+ v+w) x (1—x)
(A3)

The last function S(u,v, w) is symmetric in v and w. u, v, w is a perTnutation of ()/, P, y. When u&0 (u=a), S(u,v,w)
is real and can be written in terms of the dilogarithmic functions R(x).

'1
—ln(1 —)4)dt.

We give here the explicit form of S(u,v,w) for the case u&0, u+v) 0, u+w)0

/' 4u "'
l

1—— S(u, v,w)
vw

(1—4u/vw)"'+1 (1 4u/v—w) '/' 1—
—R(+R.

(1—4w/tw)"' —(1+4/w)"' (1—4tt/tw)'" —(1+4/w)"')

(1—4u/vw)'" —1 (1—4u/vw) "+1
—E +R.

(1—4tt/»)"'+[1+4/(w+t+w)j't' (1—4tt/»}'"+[1+4/(w+t+w)]'t')

(1—4u/vw) '/' —1 (1—4u/vw)'/'+1 (1—4u/vzv)"'+1
=Rl —R —R

((1—4w/tw)'"+(1+4/t)"' (1—«/») t'+()+4/t)'t' (1—4w/tw)'t' —()+4/t)'t')

+R—(
(1—4u/vw) "'—1 (1—4u/vw) '"—1 (1—4zz/vw) '"+1

+R —E. —
()—4w/tw)'" —(1+4/t)"' (1—4w/tw)'"+(1+4/w)'" (1 4w/»)"'+()+4//w—)")

(1—4u/vw)'"+ 1 (1—4u/vw)'" —1
E (AS)

(1—4u/vw) / —L1+4/(u+v+w)] / (1—4u/vw) / —
l 1y4/(u+vyw)])/2

When u) 0, S(u,v, w) has an imaginary part if u& —4. n is in this case either v or w. Let n= v. The imaginary
part is then

p+g
Im(S(u, n,w)) =—ln, p= 1—,g= 1+—l, n& —4.

p p g— (A6)

The real part can again be written in terms of the dilogarithmic function R(x).
For small values of the arguments, the three functions A, 8, and S have the following expansions:

1 1 1
A (u) =—u ——u'+—u'—

6 60 420
u', lul«1

2520
(A7)

1 1
8 (u) =u- —u'+ —u' ——u4,

12 90 560

1 1 3
S(w, t,w) = —', w ——w—(t+w)+—w'+ (t'+w')+ w(t+w)+ tw),

6 60 30 420 140 140 280

(AS)

APPENDIX II

lul«1, lvl«1, lwl«1. (A9)

The three 3"', from which all 18 A"' which appear in (14) can be derived by appropriate permutations, are
given here.

& K. Mitchell, Phil. Mag. 40, 351 (1949).
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+2)28 (P (1))j, (2)P (8))4''
4(p+v) 42 1) 4v (2 1q

C~( )—~( +P+vG ————IC~(P) ~—( +P+v)3 —
I

——IC~(v) ~—( +P+v)3
BP'v Bu n 3nP(n P&

(2v 1 2 2q (4v 1 2 2q (4v 1 2v 1 2
+—+ — l~(n)+I +—+ lfl(p)+I +——+ ~h)

EBP8 PR BVR nPR& (Bn8 nR BVR aPR& EBn8 nR BPR PR uPR

4v 1 2 2v 1 2 ~ 4 Sy 2 4 16 4 4 16
+—— —+ l~(+p+v) — + +——— + + — &(,p,v)

Ba' n' BV' BP' P' nPR& BuP 3n' n' nPV 3aRP nPR PRV BnP'V

(4v 2 20 4 4 16 y j 4 8 4 16'
+—— — + + ls{p,n v) —

I

— + + l~h u») («o)
EBPR P2 3nPR nPV n2V 3u2PV& (BVR 3aPV nRP 3n2P2&

22818 (k(') k(2) k &'))
4''

28 1q 2 4P SP n v — 2P=———l[~ (u) ~(u—+0+v)j ———,—— +,IP (P)—~ (a+p+v) j
Bvv P& 3 v Bv' v(+v) (+v)'&

241' (SP 1 1 4 y (4P SP 1 4(n+2v)——-+- IP h) —~( +p+»3 —
I +—— — lfl( )+I + ~(p)

3n a p& &Bv' v' BP' nv'& &Bu' Bv' v' v'(n+v)'

(4P 1 ~ 4P SP 1 1 4(u+2»q 8 4 8 p 2 2

+I + l~(v)- — —+ +,Ifl(+P+»+ — + ~( up, )v
(3n8 3P'& 3u' BV' V' BP' V'(n+V)'& 3av n(n+v) 3u n' av pv'

j 2 4 4 16' j16P 2 56 4 4 16'
+ — Is(p,u v) —

I +—— — — + lsh, u,p); (A11)
&BPR 3nPV n'V BnRVR& &BVR V' BnV' nPV u'P 3n'PV&

28118
(jt8

(')k(2) k(8) )4''
Sn 4n ( 2P P ) 2 2nP n 4 1

L~(n) ~—(n+P+—v)j+, I 1+—+ IC~(p) ~(n+P+—v)j +—————l&(u)
v (.+v) ( v +v& v'v' vvp&

t'4np 2u 8 2 4 221
+ l[~(p)-~(-+P+»&+- -+- l~(»

&v' v' v' Pv' n(n+v)'& v' n P&

4n 4 (2 1 4 ~ 4 (1 4 ~ 4 (2nP n 8 3 4 y+, +—,I
-+——l~(u, P,»+—,I

——l~(P,v) ——,I,+- + l~(v»P) (A12)
v'( +v) v'kn p pv& v'Ep uv& v'k v' v v p p&

APPENDIX III
The functions which appear in Eq. (37) for F are listed here;

m' Q)y

n[ nP(+2128+QN21)+nVPJ8812++8821)+2PR+2121 2VR+8811+PV(2+8121 2+2811++8112 +2118)j
16ix' m

+PC P(+2821++2128)+Pv(+8112++2118)+2uR+2828 2vR+8118+nv{2+2818 2+8128++8812 QRN1)g

PV (+2118++8112)+nV (+8821++8812)+2PR+2112 2Qg 8822+nP (2+2812 2g 81N+g 2821 g 21N))
- (p-v) v( —p) ~ p(-v)-—+ —C&(u)+&(P)+&(v) &(n+P+v)1—

pV m np m aV m

2 M2 GD3 2 072 2 coy M3+- (+v)—(+p)—&(,p,v) (+p) +{p+—v) &(p—, ,v)+- (—+v)—+{p+v)—&{v, ,p) (A»).
Q tS m p m 1S- 7'- fn
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m'
[nP (+2123++2321)+nv (g 8312+g 3821)+Pv (+2113++3112))

16ix2

(1 1 1)=2-I -+-+- IL~( )+~(p)+~(v)-~( +P+v))
kn p v)

( 4 ~ 2( 4P& 2( 4v—
I

1—l&(n,p,v)—I
1——I&(p,n,v) -—

I
1—15'(»n P) (A14)

nk pv) PE nvi vE npi

y P[n(+2123++8122++2812)+V(+2118++2811++3121))
16''

2 (2 1
[~(-)-~(-+p+v))-vl —[~(v)-~(-+p+v))- -+-+- ~(p)

P P+v 0 n+P P v

(nv n+v 1 3 1 ) nv n+v 1 3 1

+I —+- ——-+ I~( )+ —,+ ——+ l&(v)
kP' 2P v P P+v~ P' 2P n P n+P)

(nv n+v n+v 3 1 1 n 4
—

I
—+ — — —-+ + — &(n+P+v) —2 + + &(n,p,v)

&p' 2P nv P n+P P+v n P Pv Pv

(1 1 v 4 (nv n+v n+v 3 4—21 + + ~(vnp)+2I —+ — —+—s{p v) (A1s)
P nP nP kP' 2P nv P

[P(g2821+.+2812++8122)+V (+8821++8128++2818))
16ix2

(2 1 (1 11
= —p ——pl (P)—& ( +0+v))—

vl
— [~ (v) 4 ( +0+—v)) I

-+-+——&( )
n+v kn n+p kn p

(Pv P+v 1 3 1) Pv P+v
+I —+ ——-+ l&(p)+ —,+ ——-+ I&(v)

kn 2n v n n+v& n' 2n P n n+PJ

pv p+v p+v 3 1 1 1 1 P 4
+ + ~(+P+v)-2 + + ~(p, ,v)

n 2n Pv «+P n+v n p nV nV

v 4q (Pv P+v P+v 3
-2l -+ + l&(v,-,p)+2I —,+ — —+—~(,p,v); (A16)

n nP nP) k n2 2n PV n PV

~n'
(g3312+ g2813yg3128)+ P {+8112++8121++2311))

$pi~2

(2 1 2 1 1 1q
IP ( )-~(+P+v))-P —

I ~(p)-~(+P+v))- -+-+- I~(v)
~v p+v~ v n+v n p

(nP n+P 1 3 1q (nP n+P 1 3 1
+I —+ — + l~(-)+I —,+ ——+ ~(p)

p V p+V& &V2 2V n V n+V

np n+P n+P 0; 4
——+ — —+ + ~(+p+v)-2 + + ~(,p,v)

2v nP v n+v P+v v Pv Pv

+p +p+ + l~(p, n,v)+2I —+ — —+—I~(v,n,p); (A17)
Ep v nv nv) Ev' 2v np v np&
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m'
nP [Pg 2121 3n (g 2123+g 3122+g 2812) 1v (g 2118+g 2111+gi 3121)]

Six' m

+Pv P+2112 1n (+2128++8122+ $2812) 1v (+2118++2811++3121)]
m

033
1P2L n (+2128++8122++2312) v (+2118+g2811yg3121)]

2n n 2v 2n)8 Ml 2 1 M2 P M8
=n — + — —+v -+ —— —P (n) ~(—n+P+v)]

P P+v P+v (P+v)' m P P+v m P+vm

2v v 2n 2Pv M2 2 1 Ml P
+v — + —,—+n -+ —+ —L~(v) ~(n—+P+v)]

P n+P n+P (n+P)' m P n+P m n+P m

nV n —V 1 1 1 1 2P Ml nV n V 1 1 M2 n —
V 1 1 M3+ + —+v —+ —— P—+— —B(n)

P' 2P n P v P+v (P+v)' m P' 2P P P+v m 2P v P+v m-

nV n —
V 1 1 1 1 2P M2 nV n V 1 1 Ml V

—n 1 1 M3
'v + + +,—+n —,— —— +P —+— —&(v)

P 2P - P ~ -+P (-+P) P 2P P -+P - 2P - -+P
—.(3—v) v(.—0) ~ 3( v) i

— (.v .—v i—+ —&(P)+ ni —,— ——— + +
Pv m nP m nv m- — &P' 2P P v n+P P+v (P+v)' m

nV n —
V 1 1 1 1 2P M2 1 P(n+P+V) M3 !

+v —+- ——— + + P(n—v) ——+ —~(n+P+v)
P 2P P - P+v +P (-+P)' 2P v(+P)(P+v)

COy j.
+2nv —+

P+v m n+P m~

-n(n+V) co, (n+V) (n P) M2 —1 n M8-—+ —+P -+——~(,P,v)
Pv m nP m n Pv m

-V(n+V) M2 (n+V)(V P) Ml —1 V M3 '

—+ —P -+——&(v, ,P)
nP m Pv m v nP m

2o.y n —y 4 6 2 ~g 2ny o.—y 2 6 4 ~p 2P M3—n — — ——-+- —+v +- +————( —v) 1———S(P,n, v); (A18)
P2 P n P v m P P n P v m Ap SS

m' COy

+3311 1 (+8312++2818++8128) 1P (Q 8112++8121+ $2311)]
8~x' m

+ PvLvg 8118 1n (g 8812++2818+g8128) 1P(+8112++8121++2811)]

COg1v2 [n (+8812+/ 2818++8123) P (+8112++3121++2311)]
n 2P 2nV Ml 2 1 M8 V

+ — ——+P -+ —— —L~(-)—&( +P+v)]
P+v P+v (P+v)' . v P+v P+v

2P P 2n 2Pv M3 2 1 Ml v M2

+P ——+ —,—+ -+ —+ —t.&(P)—&(+P+v)]
n+V n+v (n+v)' m v n+v m n+v m

nP n —P 1 1 1 1 2V Ml nP n P 1 1 M8 —n —P 1 1
A + + +P —+ ——— —v +— —8()

P v P+v (P+v)' v' 2v v P+v 2v P P+v

nP n —P 1 1 1 1 2v M8 nP n P 1 —1 Ml P—n 1 1—P —+ ——— + + ——+n —— —— —+v + —a(P)
P v n+v (n+v)' m v' 2v v n+v m 2v
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h' 8)— 8( —v)~ v( ())— (() () —1 1 1 1 2v—+ —&(v)+ ul — ———— + -+
Py m ny m nP m ky2 2y P y u+y P+y (P+y)2 m

nP n —P 1 1 1 1 2y V (a+p+V)
+p —,+ ——— + +, l

—~( —p) —+ l

—&(n+p+v)
2y p n p+y n+y (n+y)'I m 2y nP(n+y) (P+y)P m

1 (ol 1 (oz n(n+p) 381 (n+p) (n —y) (oz (1 n (02

+2ap —+ — ———2 —+ —+el -+——~(n,p,v)
p+pm a+pm pp m nY m kn py m

P(+-P) (+P)(P-Y) i1 P—2 —+ —
Yl -+——s(p, n~)

m pp m &p num

2nP a—P 4 6 2 (01 2nP u —P 2 6 4 (a3

+ +p + +————(.-p)l1—
l

—~(v, ,p); (A»)
a p P m yz y n y P m npi m

m' Q)2

a~La+3822 1P(+2821++2812++8122) lp(+8321++3)23++2818)]
8im2 m

003

pL" g2828 1P(+2821++2812++3122) zp(+3821++3)28++2818)]

+ ln2 [P(+2821++2812++8122) ~ (+ 8821++8128+ / 2818)]
2p p 2Y 2np (dz t

2 1 602 u Ml

+ -- —vl -+ — —L&(P)—&(.+P+Y)]
n n+y n+y (n+y)2 m kn n+y m n+y m

2y y 2P 2ny cu2 2 1 (o3 n

+Y —— + — p-+—— —
l &(v)-&(+p+v)]

n n+p n+p (n+p)' m n n+p m n+p m

Py P—y 1 1 1 1 2n a)8 Py P—p 1 1 co2 P—y 1 1

+ p —— ————+ + —y —+ ———— —n +-- —'
~(p)

u' 2u n P p n+p (n+y)2 m n' 2n n n+y m 2n y n+y m

Py P—Y 1 1 1 1 2n ~. Py P Y1 1 coz y —P —1 1 cg,7,+ + +,—p —,— —— —- +— —~(v)
n' 2n u P p n+P (u+P)' m n' 2n n n+P m 2n P n+P m

8 ( —v) v (8 )(() v)— —Pv 8—+ —+ —&(u) —p ——— ——— + +
ny m aP m Py m n' 2n n y n+P n+y (n+y)2 m

Py P—y 1 1 1 1 2n (vg ( 1 a(n+P+p)
—v —,+ ———— + +,—u(p —v)l —+ —&(a+p+V)

P u+~ n+P (nyP)2 m k2n P~(n+P)(n+Y) m

1 ~8 1 ~2 -p(p+y) ~3 (p+p) (n —p) (v2 1 p
2' — —— —+2 + —+u -+——~(p,n, V)

a+pm u+p m ny m np m p ny m

V (p+'Y) ~2 (p+'Y) (n 'Y) ~3—+- —+n —+——S(y,n, p)
np m ny m y np m

2py p —y 4 6 2 cog 2py p —y 2 6 4 cog 2G GOy

p — ————+——7 + +————(p 7) 1————~(n,p,v); (A20)
p n y m a2 n p n y m py m

uG01 p~zi Y(d2 up&1~3 nY~142 pY&2(d8
yap'.

m mi m m2 m2 m2
(A21)
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I ls R positive Quantity. IQ factq lt can bc casilf shown that

t=—Ik&'~ k~'~xk&'& I'.
m3

I or small values of the arguments, the functions defined above have the following form:

Q)y M2 (081
~p(~+v) +P—v(~+v) +P—'(~ v)—

360 m ws m/

11 My (d3 C02

~v (~+P) +P—v(~+P) +v—'(~ P)—
360 m m m

11 608 COy).v(p+v)—.P(P+v)—'(p-v) —I,
360 m m m/

1f cogI=—
I

'(p —»—v'( —p)—+p'( —v)—I,
6o& ~ ~ ~ni

y, = —(11/360)P (n+v),

y2
———(11/360)n(P+v),

y3 ———(11/360)v(n+P),
= (1/60)( P+ v+Pv).

(A25)

(A26)

(A27)

(A28)

(A29)


