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The cross section for photon splitting in a nuclear electric field is derived, using the Feynman formulation
of quantum electrodynamics. A closed form for the cross section is obtained and numerical values for in-

teresting cases are calculated.

I. INTRODUCTION

HE purpose of this paper is the calculation of the
cross section for photon splitting in a nuclear
electric field. This process occurs as a result of thz inter-
action of electromagnetic fields with the electron-
positron pair field. It is similar to two other processes,
the photon-photon scattering, and the elastic scattering
of photons in a nuclear electric field (Delbriick scatter-
ing). In all these three processes electron-positron pairs
appear in the intermediate but not in the initial and
final states.

Karplus and Neuman® have developed a method for
calculating the cross sections of such processes. Their
method is based on the Feynman formulation of quan-
tum electrodynamics,? and they applied it? to the simple
case of photon-photon scattering. The calculation of the
cross section for Delbriick scattering was carried out*
only for a very special case-forward scattering.

II. THE MATRIX ELEMENT

The incoming photon is split, under the action of the
electric field of the nucleus, into two photons, and the
momentum difference is taken by the recoiling nucleus.
We shall denote by’ —k@ the (four-dimensional) mo-
mentum vector of the incoming photon (the minus sign
is used for symmetry reasons), and by 2® and £® the
momentum vectors of the two outgoing photons. The
nucleus receives a momentum ¢ and the law of con-
servation of momentum is expressed in the symmetrical

form
k(1)+k(2)+k(3)+9=0~ (1)

We shall further assume that the rest energy of the
nucleus is much greater than the energies of the photons

Zeb 1 1 1

involved in the process. The recoil energy of the nucleus
can then be neglected and the electric field of the nucleus
is then regarded as static. It receives a (three-dimen-
sional) momentum but not energy. It follows that the
time component of ¢ vanishes. Equation (1) may be
decomposed into space and time components

kV4+k®+k®4¢q=0, (2)
OO E@ L @)=, (3)

Equation (3) may also be written in the form
w1=wytws, (4)

where wy is the energy of the incoming photon
(wy=—k®") and w; and w; are the energies of the out-

going photons (wy=£®"’, ws=£%®").
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F16. 1. Feynman diagrams for photon splitting.

The first-order splitting process is described by six
Feynman diagrams (Fig. 1).

Following Feynman rules, the corresponding matrix
element (f| M |1) is expressed in the following form

(f1M]i)=2

e (ED)e (@) (D) H yon(EDE®ED) | (5)

(2m)15/2 (2001)2 (2we)l/? (2005) /2 ik(1)+k(2)+k(a)[2
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where Z is the atomic number of the nucleus and e(k®), ¢(k®), and e(k®) are the polarization vectors of the three
photons. It should be here noted that we are treating the nuclear electric field in the first Born approximation. The
next, nonvanishing, term will be described by six-cornered closed-loop Feynman diagrams (the contribution from
closed-loop diagrams with an odd number of corners vanishes by Furry theorem). The expansion parameter for the
matrix element will therefore be [(e2/4r)Z =~ (Z/137)%.

H o (kVE@E®) is a sum of three terms corresponding to the first three diagrams. The contribution of each of
the last three diagrams is respectively equal to that of each of the first three. This lead to the factor 2 in (5).

We have

Hopyr(FVEOE®) = F 1y (BOEDEO) 4 Fy 0y (kDR VED) 4 Fy, o (EOR@FD) | (6)

where

F“W)\(k(l)k@)k(@)
ipy—m =k Dy—m  ipHEOLEDy—m  i(pFEOyy—m
=/d4pTr{'y

f —Y» —Yo —Yx —t. (N
Ptmi—is (p—k®)hmi—is  (p+hOLEOYmi—is (D) 4mi—id

It follows from (6) and (7) that H . is a component of a covariant tensor, of the fourth order, which is a func-
tion of the three vectors 2 and m? Therefore, the general expression of H,,, must have the form

Hpyn(FOR@E®) = i Aiim(EOE@F®)E O (D D,

%,4,1,m=1

3 3 3
+ 3 Bim(RWEPE®)k, Ok, g4 Y By (RORDE®)E, Dk, Ment Y Bim(kOEDE®) Ok, Mg,

7,m=] jym=1 1,m=1

3 3 3
+ 3 Bii(RWE@E®)E,OkDg A+ T Bl (ROEOEO)E, Ok Og, o+ Y B (ROEDE®)E,DE Dy,

2,J=1 t,l=1 Jyl=1

+C (k Mk (2)k(3))gnvg)w+C2 (k “)k@)k(”)guxgw—l-ca (k (l)k(2)k(3))gwgv% ’ (8)

where the A%, B, ... ¢ and Cy,s 5 are functions of the scalar products k®-;k® kO . k@ k@ .k® and of m? only
[it must be remembered that (AW)2= (k®)2= (k®)2=0],

The terms A#m(kOE@f®)k, Ok, Df\ D, will henceforth be referred to as leading terms.

Each polarization vector e(k) is perpendicular to its , e(k)- =0 and its time component (%) is zero. It follows
that terms in (8) for which at least one of the following conditions

p=0, »=0, A\=0 =1, j=2, I=3,

holds do not contribute to e*(kM)e’(k@)ME®)H o (FVEDE®) in (5). Let H,((RVEDE®)(r,s, 1=1,2,3)
denote that part of (8) (with ¢=0) where ¢=2, 3; j=1,3;1=1,2; m=1, 2, 3. We have

A (kORDE®) = ¥ Aim(pOR@E®)E, Ok DMkt Byim(kOR®E®)E,Okemg,,

Pt DD
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3

+ X Bm(ROROE®)E,Okymg, Y Bim(kWE@E®)E,OFmg,  (9)

j=1,3 1=1,2
m=1,2,3 m=1,2,3

L)

and the following equation holds:
e (ED)e (kD) (kD) H yor (B OROE®) = €7 (kD) e* (D) et (k) H yor(k VE@E®D) (10)

This equation shows that for determining (f|3|4) in (5), H,s can replace H o
Each of the B appearing in (9) can be written as a linear combination of some of the 4 *m, This is seen by the
following consideration. H ., (kWk®k®) is a gauge-invariant tensor and the identities

EOH o (ROR®E®) =0, (11a)
EOH i (BVEDE®) =0, (11b)
EOH fyor (R OE@E®) =0, (11¢)
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hold. Inserting (8) in (11) we obtain three tensors of the third order that vanish identically. It can then be shown
that their 108 coefficients, which are combinations of the 4 %™, B# and C are zero. This gives 108 equations which
are not independent. Nevertheless, the desired 18 B% can be obtained as linear combinations of the 4%, The

combinations are
21_ _k(l) k(3)A2311 k(2) ,k(S)A2321 , 11_ _k(2) k(S)A3121 k(l) ,k(3)A3111 , ll— _k(2) k(3)A2311 k(l) .k(2)A2111 s

B122: _k(l)~k(3)A2312_k(2).k(3)A2322’ B212= _k(Z),k(s)A3l22_k(l).k(S)A3112’ 13_.__k(2) k(3)A2313 k(l),k(2)A2113’
131= __k(l) . k(?)A 3121__k(2) . k(3)A3321 , B232= _k(l) .k(2)A2312_k(1) .k(3)A3312 , 322= ,_.k(l) k(3)A3l22 k(l) . k(2)A2122 ,

B133= __k(l) ,k(?)A3123___k(2) ,k(3)A3323 R B 33 — _k(l) ,k(2)A2313_k(1) ,k(3)A3313 s 23_ _k(l) k(3)A3123 k(l) ,k(2)A2l23,
23=k(l)_k(3)A3123_k(2).k(3)A2323, 13_k(2) k(3)A2313 k(l).k(3)A3ll3’ B 12=k(2),k(3)A3122_k(1),k(2)A2112,

Bt=pW . OB @) @) 4332 BA =M. @432 p1). L) g3 A=hD . @A ). @) 4201
(12)

In addition, six relations between 12 of the 4% of (9) are obtained;
k(l),k(Z)A3113+k(2).k(3)A33l3=0’ k(l).k(2)A2323+k(1).k(3)A3323=0’ k(2),k(3)A3311+k(1),k(2)A3111=0’

k(!),k(3)A2112+k(2),k(3)A2122=O, k(2) ,k(3)A2]21+k(1),k(B)AZlU:O’ k(l),k(3)A3322+k(1).k(2)A2322=0. (13)

Inserting (12) and (13) in (9) we get
H, o (ROR@E®) = A2 (f @, WE Df 0 — 1) . @, O ® g, Y A2 (f, D], W, D) — p0). k@ F, W@ g,.)
+ AP (b, Df O DR O — kD O, Of Vg, )+ A2 (b, O f, O R, D@ — kD . O, O, g,
+ AP (f, O O, Dl — ;@ . EOf, O W g, )4 A2 (k, D, O, W@ — kD Ok, W@ g,,)
HABB(R, O, B, OEy® — @ O, O ® g k@ O, D@ g, — kD fOf @ ® g, )
R ELICROVROI YOI ROMN TGN A HOY ROPREE AOR 1O) ROY RO 10N 10) XOF NOFIN)
Sy EUICROI R ROy ROER G A MO NOPRRE IO 10) RO ROPIN 10N 10) N ROPIN!
Y EEI(ROY ROy ROy OB IONA0) ROy ROFIRE IO 1O) HO) NOPRES AR IOV ROV ROFEN
FABL (R, @ B, WE D — V. kO, OfWg 4 kD O, Of Vg — k@ p®f,WE Dy, )
LRSI RO ROy RO O IO) RO ROPIRE TGN 10) HOY NOPI 1R 10) RO) NOFI)

10Ny 1¢2) EO.E®EL . E@)

S A @O W, WG — 1 RO) ROJ RO) NOE AORYAO) ROJ MOF S ks P ko®g,,
E@ . p®) E@.E®
10Ny ’1e)) E@ . E®ED.EE@)

S ABB[ D ®f,Dp ) — I IROY NOY AO) MOEYAORY 10F MO NOF S L RO)ROF
EW . BB EL.E®
k@ . p® PO E@EE@ . E®)

HABL P O @ f, D0 YOV RN HO) I OB A .k(3)ks(S)ko(l)g”+______ks(1)k0(1)g”
B .E@ ARy 1¢)
EL.EBG) k(l).k(2)k(1).k(3)

J-A422( p A Wp,ME ) — I RO ROFAO) ROE AR Q) AO) MOy e S ki @kyPg,,
ARy 16 k@) . E®
k@) .E®) O E@QE® . BB

S A2 p @Op WF @p,0)— RO RO AC) NOEY IO Q) HO) MOF M ke Wk Wy,
ARy 1) ED .G
ED.EG) E@.E@ED) . LG

An2 b Op @ p,@ k@ — IO RO Oy NOMB AN IO WO) NOPINE B Ok@g,, ). (14)
J A X)) ED.E@

Since Huor(EWE®E®) is symmetric with respect to the simultaneous permutation of u, », A and k@, k®, £®)
the following relations between 18 4% whose indices are identical to those which appear in (14), hold:

A2123(k(1)k(2)k(3))___.A2113(k(2)k(1)k(3))=A2321(k(8)k(2)k(1))=A3312(k(1)k(3)k(2))=A3321(k(2)k(3)k(1))=A3112(k(3)k(1)k(2)) s
ABB(ROEDE®) = ANB(EORDE®) = A3 (O f@F10) = 492 (FOEOE@) = AW (EOO 1)) = 422 (;OFDE)

ANB(EDE@f®)) = ABB (D ME®) = ABU (O fOp0) = AM2(pOEOF@) = AN (OO fD) = A%2(E® DR,
(15)
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It is sufficient therefore to calculate A2B(EWE@E®) ABB(EDE@E®) and AMB(EVE@E®), The other 15 4 im
are obtained by appropriate permutations of kW, £®_ k® in the three 4%m,

III. CALCULATION OF THE 4iim

In order to know the 4 %™ explicitly, it is necessary to perform the integration in (7). The method for performing
such an integration was given by Feynman.? We use the identity

1 1 @ v 1
=3!/ dxf dy/ dz . (16)
01020304 0 0 o [awzta(y—2)+as(x—y)+as(l—x)]¢
For the a; (=1, 2, 3, 4) we take the four factors of the denominator in (7)
a=pP+m—18, ay=(p—kP)24m?—id, a3=(p+EV+E®DP+mE—15, as= (p+rD)2+m?*—i5, (17)

we have

aztax(y—2)+as(x—y)+a(1—x)= (p+K)*+a, (18)
where
= kO (1= 5)— B (y—2)+5® (5—9) (19)
and
a= 26Dk (1—y) (y—2)+ 250 - kDy(w— )+ 26D kO (x— ) (y—2)+-m—io. (20)

Equation (7) now has the form

",(k(l)k(Z)k(s)) /d4 / dx/ d/
' ! Y], oKt

XTr{vu@p-y—m)v[E(p—kP)y—m Iy [i(p+kO+kO )y —mIn[i(p+,O)y—m]}. (21)
Making the substitution p — p—K we get

1 ‘” v 3!
F ,,x(k(l)k(”k(3))=/d4p/ dx/ dy/ dz
: 0 0 o (p*+a)

XTr{vu[i (p— Iy —mIn[i(p—1®)y—m Iy [i(p— 1D )y —mIn[E(p—19)y—m]}, (22)

where
=K =k (1=y)—k® (y—2)+E® (5—),
IO=K+E® =R (L=y)+HEO (1= 3+ +EO (3—3),
IO=K—k®O—f®=—Wy—f® (y—g)—k® (1—x+7y), (23)
I®O=K_—p® = —EOy—E® (y—g)+£® (x—y).

We are interested only in that part of F,.\ which contains terms which contribute to the leading terms of (8).
Denoting this part by F.»' we have

3
F,‘,,,)\’(k(l)k(z)k(s))= Z Alijlmk“(i)kv(j)k)\(l)k”("%)

%,7,1,m=1

=3|/ o )4/ dx/ dy/ Az T {yd @ vl @ oy @y I @y} . (24)
a

The symbol Tr’{ } means that in performing the trace calculations, one has to take into account only the terms
which contribute to the leading terms.
Using the v,v,~+7v»v.=2gu relation, the following equation can be derived:

LT {vd Dyl @ -y d®  yyal @ -}
= (1,00, +H1,OLW) (1, DL O 41, L)+ (1,0, ®41,7,0) ((RINCES RO
+ (l,fl)l,,“)-l-l,‘“)ly“)) (I, DN® 1, O, @)+ (l“(“’)l,(“)——l,‘“)l,,(”) ((ASINRENAOINO))
+ (@5, O — 1,8, ®) (1,0l & 1, B, O) 4 (1,0,® —[,OL,®) (1, 0L O —[,O[O) . (25)
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The p integration gives
a*p in? 1
/ T (26)
(P*+a)* 6 @
From (23)-(26) it follows that A (kWk@E®) is of the form
1 z Yy Dijlm
Aliﬂ”‘(k(l)k@)k(”)=4i7r2/ dxf dy/ dz T @7
0 0 0 a

where Dii'™ is a polynomial of the fourth degree in , y, z and is the coefficient of k,9k, Dk, Pk, in the right-hand

side of (25) when the / are replaced by the £ according to (23).
Each of the three 4% which are to be calculated is a sum of three 4,4 (contributions from three Feynman

diagrams) and the following relations hold:
A2123(k(1)k(2)k(3)) =4 12123(k(1)k(2}k(3))+A 12113(k(2)k(1)k(3))+A 12321(k(3)k(2)k(1)) ,
A2313(k(1)k(2)k(3)) =4 12313(k(1)k(2)k(3))+A 13123(k(2)k(1)k(3))+A 13121(k(3)k(2)k(1)) , (28)
A3ll3(k(1)k(2)k(3)) =A 13!13(k(1)k(2)k(3))+A 12323(k(2)k(1)k(3))+A 13311 (k(3)k(2)k(l)) .
It is necessary therefore to calculate 9 4,4 (kMEk®k®) and to perform the necessary permutations of the % in
them. The corresponding 9 D™ are derived from the right-hand side of (25);
DP2=2(y—2)[2(x—y) (y—2) (1-29)— (2y—2z— D (1—=) ],
De=4y(y—2)(1—y) 2x—2y—1)—2y(x—2)+2(y—2),
DR =2(y—2)[2(x—y) (y—2) (1—-2y)+x—1],
D#3=2(x—y)(y—2)[4y(x—y)+2y—1],
D= —2(x—y)[2(y—2) (1—y) 2x—2y—1)—y], (29)
D =2(y—25) (1=y)[4y(x—y)—2(x—p)+1],
D= —4y(x—y)(1—y) (2x—2y—1),
D¥¥=4(x—y)(y—2)*(26—2y—1),
D= —4y(a— 32 (1—29).

In order to integrate it is convenient to introduce the three parameters

2 2
a=—k® k® =—(—wyw;+k® -k®),
m2 w2

2 2

B=—h® k® = (kD kD), (30)

m2 m?
2 2

=— kW k® =— (w03 + kD -k®).,

m2 m?

Because the incoming photon is —%® and the outgoing photons are 2® and 2%, <0 and 8, ¥ 2> 0. It can be
shown also that a+B-+v>0.
[KOFkDFE® 2= | kO |24 [k® |24 | k® [24-2k® . kO 2k® . k® 42k . k®
= (koW )2+ (ko® )2+ (Be®)24-2k® . k@ 42k D . k® -2k @ . k®
= (Bo® ko @+ Fg®)2— 2o W g ® — 2kg Wk ® — 2y @@ 42k W k@ 4 2k ® . k® -2k ® . k®
=m?(a+B+7).
The last equality holds because ko™ +k¢® ko™ = —w1+we+ws=0.
The results of the integration are written with the help of rational polynomials in «, 8, v and three transcen-

dental functions 4 (u), B(u), S(#,0,w) (see Appendix I).
The expressions for the three 4% are given in Appendix II. The other 15 4% which appear in (14), can be

(1)
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found, according to (15), by appropriate permutations of k@, £®, and £®. The function A2B(kDE@L®), for
example, is derived from A?2(kW;@E®) by the permutation

IO IO TG 1O N O 1O
which is equivalent to the permutation
a—y, o8, vy
IV. THE CROSS SECTION

The differential cross section do for splitting is given by®
do= (2r)? / | (f| M |4) |28 (E j— Es)wRdwaw2dwsdQdQs . (32)

E; and Ejy are, respectively, the initial and final energies of the system. The integration in (32) is to be carried out
over all the states of the system upon which do does not depend. If, for example, one is interested in the cross
section for splitting of a photon with polarization direction e(2"), into two photons, with polarization directions
e(E®) and €(k®), which emerge into angle elements dQ, and dQ;, we obtain from (32)

3

m— (27(’)2{ (flMI'L) |2w2 ws? ’ (33)

where w;=w;—ws. Inserting (5) into (33) and using (10) and (31), we have

d30' 1 62 3 62 2 T wzwadwz
e O
dQedQsdws (2m)* \dr/ \drm/ (a+B+7v)? mPw;
where
T=(1/7% [ € (ED)e? (B )et (kD) H st (R VEDE®) [2. (35)

If one is interested in the cross section for splitting of unpolarized photons into photons of any directions of
polarization, it is necessary to make a polarization sum. T is then replaced by 7', where

=3 T. (36)

pol
The result of this polarization sum is

T=— (8/aBy){ 1]+ 2]+ 5|2+ | [+4(| 31| >4 | 3o >+ [ 3] >+ [ 0]} . (37)
The different functions in (37) are defined in Appendix III.

It should be noted that 7' is symmetric under each of the following three operations:

(1) interchange at the same time of @ and vy and of wy and —w;;
(2) interchange at the same time of o and 3 and of w; and —wy;
(3) interchange at the same time of 8 and v and of w, and ws.

For small incoming photon energy, wi/m<<1, we can use the expansion formulas of Appendices I and III. The
resulting 7' is then

=(;—(1))2{2(a+ﬂ+7)[ ( >+ﬁ2( >+7( )-l-zaﬁv:l (aﬁ+a7+ﬁv)2}

+(115>2{2(a+ﬂ+7)[a2(m) o 2( )"H( )+a7‘ﬂ+aﬁwlw3—6v£—]——(aB+av+ﬂv)2 . (38)

=

The cross section was computed, for some experimentally interesting cases, on the 1604 Control Data Computer.
The results are given in Figs. 2, 3, and 4. The scatterer was taken to be lead (Z=82). It should be noted that the
Born approximation expansion parameter here is (Z/137)%= (82/137)*~0.36.

In Figs. 2 and 3, we=ws;=73w; and both of the outgoing photons are perpendicular to the incoming one. In Fig,. 2

6 J. M. Jauch and F. Rohrlich, Tke Theory of Photons and Electrons (Addison-Wesley Publishing Company, New York, 1955), pp. 163~167.
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Fic. 2. Dlﬁerentlal cross section for photons on lead (cm”/ srmc?)
as a function of incoming photon energy. Both outgoing photons
are perpendicular to the incoming photon and the angle between
them is 180 deg. Both outgoing photons have the same energy
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14

. {
|

)

cm2
sr2mc?

—
L~

(1%

o

ES

a3
IRy 90y dug

AN
/ <

o] 1 2 3 4 5 6 7 8 9
wy (mc? units)

FiG. 3. Dlﬁerentlal cross section for photons on lead (cm?/sr?mc?)
as a function of incoming photon energy. All three photons are
mutually orthogonal. Both outgoing photons have the same energy

1
W2 =wW3= 3W1.
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Fi6. 4. Differential cross section for photons on lead (cm?/sr?mc?)
as a function of the energy of one of the outgoing photons. The
incoming photon energy is 2.1mc% Both outgoing photons are

perpendlcular to the incoming photon and the angle between them
1s 180 deg

the angle between w; and w; is 180 deg. In Fig. 3 this
angle is 90 deg. In both figures the cross section is shown
as a function of ws.

In Fig. 4, wi=2.1m, the angle between w; and w; is 180
deg, and the angles between w; and w, and between w;
and w3 are 90 deg. The cross section is shown as a
function of w,.
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APPENDIX I

The three transcendental functions which appear in the calculations are

Aw)= / In[1—35-ux (1—x) Jdo= 2{<u+4)1/2arc sinh(Z)llz—l},

u

M+4 1/2 u 1/2
=2{<———~—) arc sin<———) —1} ,
u 4
U4\ 12 w172 w4\ 112
=2 [ (——) arc cosh(———) — 1——%1’1r< ) } s
u u

)1n[1—us+4x(1 %) Jdw= 4[arc%1nh( )lﬂ}

AL

B(u)=

0o x(1—x

u 1/2y2 u 1/2
=4{arc cosh(—;) } —m*—4ir arc cosh(——) , u<—4 (A2)
4
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1 v [1—dddvx(l—x)[1—idtwr(1—x)]
/ 1 dx.
o u

S R Y
(w,0) T wer(—x) 1+ (utv+w)e(1—x) (AS)

The last function S (#,v,w) is symmetric in » and w. %, v, w is a permutation of o, 8, v. When #<0 (u=«), S(%,0,w)
is real and can be written in terms of the dilogarithmic function” R(x).

z1
R(x)=/ ;ln(l—t)dt. (A4)

We give here the explicit form of S(u,2,w) for the case #<0, #-+v>0, u+w>0

du\ 12
<1——> S (u,0,w)

W

(1—4u/vw)2—1 (1—4u/vw) 241 (1—4u/vw)' 241
( ) )+ )
(1—4u/vw)' 24 (144 /v)12 (1 —4u/vw) 24 (144 /)2 (1 —4u/vw)?— (14-4/v)2
(1—4u/vw)2—1 (1—4u/vw)2—1 (1—4u/vw)241
R —R
+R<(1—4u/vw)”2—(1+4/v)1/2>+ ((1—4u/vw)”2+ (1+4/w)1/2> <(1—4u/vw)”2+ (1+4/w)1/2)
1—dat/m0) 241 1—du/mw) 12— 1
_R< (1—4a/vw)' 1+ >+R< (1—4u/vw) )
(1—4u/vw)?— (144 /w)'? (1 —4u/vw)?— (144 /w)\?
1—4u/vw)'2—1 1—4u/vw) 241
_R< (1—4u/vw) >+R< (1—4u/vw)' >+ )
(1 —4du/vw) 24144/ (u+v4w) ]2 (1—4u/vw) 2+ [144/ (u+v+w) ]2
(1—4u/vw)?+41 (1—4u/vw)2—1
R( )—R( ) . (AS5)
(1 —4u/vw) 12— [1+4/ (u~+ov+w) 2 (1—4u/vw)' P—[14+4/ (u+v+w) ]2

When #>0, S(u,0,0) has an imaginary part if a<—4. « is in this case either v or w. Let a=1v. The imaginary
part is then

T ptg 4y \12 4\1/2
Im{S(#,0,w)}=—In—o, p=(1——> s g=(1—|——) , a<—4. (A6)
P P—g aw a

The real part can again be written in terms of the dilogarithmic function R(x).
For small values of the arguments, the three functions 4, B, and S have the following expansions:

1
A () =-u——12+—ud— uwt, |u|<1 (A7)
6 60 420 2520

1 1 1
B(u)=u——u+—ud——ut, |u| <1 (A8)
12 90 560

11 1 1 1 1 3
S (u,0,w)= —%‘m(———u——w(v%-w) F+—u— (4 w?) +—u(v+w) —i———vw) ,
6 60 30 420 140 140 280
lu|<1, v, |w|Kl. (A9)
APPENDIX II

The three 4™ from which all 18 4% which appear in (14) can be derived by appropriate permutations, are
given here.

7 K. Mitchell, Phil. Mag. 40, 351 (1949).
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mA

—— AMB(EOEE®)

4472
(ﬂ+ 2 4y /2
L A<a+ﬁ+7>1——(———)[A<ﬁ> A(a+B+7)]——l<~——>[A(7) — AatB47)]
B2y 3a B

LY 3o \a
2y 1 2 2 471 2|2 47'1271,2
~<BE;+E+; _o—z-,(-'};>B( o)t (3:13 ' o 32 I a,82>B(B)+(3a3 ' o 36 32 l aﬂz>B(7)
8 2 4 16 4 4 16
F— >S (@,8,7)

4y 1 2 2y 1 2 4
- ( f + )B (a‘l‘ﬁ‘l"’)’)"“ f < } T T
303 o 3y? 38 2 of? 308 \3a® o aBy 3’8 of® B%y 3aB%

<4’y 2 20 4 ' 4 1 16 )S(ﬂ ) (4 8 1 4 ' 16 )S( ). (AL0)
. 5 st aiy et s TG sy s
——ABB(EOEDE®)
4472
2 /8 43 88 a—y 28
—~<———>EA(a) A(a+ﬂ+7)]——< + )[A(ﬁ) AlatB+v)]
3y\y B 3ay 37 v(a-l—'y) (a+7)?
2/4 1 88 1 4 48 88 1 4(at2y)
— (- ) A )~ A B+ (——+——————)B +< + )B
o atetst (o PO () PO
+< ﬁ+ ) ()— <4B 8 1 | 1 l4((.‘1!4—2")'))13’( Y 8 4 n 8/[3 2 2 s )
3o 3462 Y 302 373 42 ' 3p2 l Y2 (a+v)2 ¢ v T3z>z'y aloa+7) 3a\ ay B’y”) S
2 4 4 16 168 2 56 4 4 16
( : )S m)—( : + )S(%a,ﬁ); (At1)
38 3aBy oy 3oyt 3yt 3yt ofy B 3By

4

l—A‘ms(k(l)k(?)k@))
rr2

44
8a 4o / 28 a3 a 4
=—[A4(a)— A4 (a+B8+ } AB)—A(e+B8+y)]——| —+-——-)B(a
73[ (@)= A (a+p+v) 1+ 7(a+7)\ " a-{-')/)[ B)—A(a+8+7)] 7<7 - ﬁ) ()

—(4“5 28 2 ° V56~ Bate+ >J+3(3+3)B<)
Y ¥ ¥ By alety)? Y Y\a B !

4o 4 /2 208 o 8 3 4
+ )S(a,ﬁ,v)-i-—(B——— 5B ,w——( At )S(v,a,ﬁ)- (A12)
v (a+7) 72\0: B B YN¥ v v B oB

APPENDIX III
The functions which appear in Eq. (37) for T are listed here;

4

" <|a[—aﬁ (A2123+A232])+a,y (A33]2+A3321)+252A2121 272A3311+.3'Y (2/13121 2A2311+A3112 A2113):]__.._

1 612

+B[_aﬂ(A232l+A2123) +B‘Y (A 3112+A2ll3)+2a2A2323_ 272‘43113__'_0[7 (2A2313_ 2A3123+A3312_A3321)]_
m

+,Y|:_B,Y (A2113+A3112)+a,y (A3321+A3312)+2,32A2112__ 20[2A3322+0lﬁ (2A2312__ 2A3122+A2321_A2123)]_}
m

[a(ﬁ—v)wl V(a—ﬁ)‘”? fla—me }[B(a)-*-B(ﬁ)—i-B('y) B(a+p+7)]
By m of m oy

2 w2 w3 2 wi wa 2 [O]] w3
+—[(a+7)—— (a+ﬁ)—-]5(a,ﬁ,v)——[(a+ﬁ)—+(5+7)—]S(ﬁ,a,7)+—[(a+v)—+(/3+7)-]S('r,a,ﬁ)- (A13)
a m m B m m vl m m
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4

" I:aﬂ (A2123+A2321)+a.y (A3312+A3321) +B,Y (A2113+A3]12):|
im?

V= —

1 1 1
=2—<—+[~3+;)[B(a)+B(ﬁ)+B(v)~B(a+ﬁ+7)]
2/ 4o 2/ 48 2/ 4y
~(1——)S@Bm)—~(1——)SBay) == 1—— S (v,0,8).
( )(ﬁv) ﬁ( )(/3 » ( B) (). (AL4)

a\ Py ay Y Q

m‘i B['a (A2123+A3122+A2312)+'Y(A2113+A23H+A3121)]
i
2 1 2 1 111
~—as-— )4 (a)—A(a+ﬂ+'y)]—'v(B———>[A =4t (-4 )B6)
8 B+ +8 B v

«

ay oty 1 3 1 ay aty 1 3 1
HEor R e )
g 28 v B ﬁ—l-'Y g 28 o B a—i—ﬁ

Yi=—

ty ety 3011
——(‘”.“ Y 4 >B(a+ﬂ+v) 2( +—-—~—>S(a,ﬂ,7)
7 e 5 ats o« B By By

ay aty ety 5 4
v 5 o of B 28 ay B v

4

" a[ﬁ(A2321+A2312+A3122)+,Y (A3321+A3123+A2313)]

Yo=—

1677
=_5<§—;11-;>[A(ﬂ)—A(a+B+7):l— (z——;;)[A(v) Aartabn) (4 ; 3)3@

4y 1 3 1 By Bty 1 3 1
+<6y AR ) (6)+( TRARAS. >B(v)
o 20 v a atvy 2 2a B « a-l—ﬂ

by Bty 311 118 4
<ﬁ7 By vy - )B(a+6+’v)—2<"+_+"__>S(ﬂ’°"7)

@ 2 By «a a+B aty @ B ay ay

By B+y B+v 5 4
<+ +_-_)5(7,a,ﬁ>+z< + F—)S(esm; (a16)
vy a af of 2 By a By

4
y3= ___Z/L_;y[a (A3312+A2313+A3123)+ﬁ(A3112+A3121+A2311)]
6im?

z_a@_L)[A (a)—A(a—i-ﬁ-*-’Y)]'—ﬂ(E— i )[A @)—A(a+ﬂ+v)]—(i+é+$)3(v)

vy B+v Y oTy
1 3 1 1 3 1
<a6 a+B ) @)+ (aﬁ a+6 13, )B ®
¥ ¥

+ R
2 27676—!- Y 2y a v ot

+8 3 1 1 11 o 4
_("‘ﬁ“” z +— >B(a+ﬁ+7)—2(;4‘—‘*‘“““'")5(“"8’7)
v 2y o v ety Bty Y By By

1 B o at+B atB S5 4
<B+ +———-——)S(B,a,'y)+( + = )Stras); (A1)
Y oy oy ? 2y a8 v of
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_*_ﬁ,y[ﬁA?llZ_%a (A2123+A3122+‘42312)—%'Y (A2113+A2311+A312])]?_2
m
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¢ is a positive quantity. In fact, it can be easily shown that

4
=—|k® . k®Xk® |2,
m3

For small values of the arguments, the functions defined above have the following form:

11 w1 wa (CF)
= —%(aﬁ(a+v);n—+ﬁ7(a+7);+ﬁ (a—'y);;) , (A22)
11 w1 w3 W
x2=—géa<a’v(a+ﬁ);+ﬂ7(a+ﬁ);+‘r (a—ﬁ);> ) (A23)
11 [OF) w3 w1
wy= —%(av(ﬂ+7);—aﬂ(ﬁ+v)’;—a (/3—7)”—1) ) (A24)
1 W Wy w3
=—|&(B—=7)—=7(e=B)—+F(a=7)— |, A25
" 60( (BBt 7)m> (425)
y1=—(11/360)8(a+7), (A26)
y2=—(11/360)a(8+7), (A27)
y3=—(11/360)y (a+8), (A28)

v=(1/60) (eB+ay+By). (A29)



