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Some previous results of the author in collaboration with H. Brooks are improved and corrected concern-
ing the coefficient of q' in the spin-wave dispersion law in an electron gas interacting according to a Vukawa
potential. A variational method of solution for the integral equation occurring in this theory is given which,
besides giving the spin-wave energy correctly, also gives the spin-density-wave instability when extended
suitably. Having uncovered the instability of the paramagnetic state, an alternative derivation of the new
state is given by a Green s-function method. In an Appendix, a theory of spin-density waves in a Bloch
electron system is outlined. The variational method given here seems to be of quite general use in solving
similar problems in other contexts.

INTRODUCTION

~W~
VERHAUSER'S' recent demonstration that a

nonuniform static spin-density-wave state (SDW)
is lower in energy than the uniform states (paramag-
netic, P) in a Coulomb gas within the Hartree-Fock
(HF) approximation has stirred a great deal of discussion
in recent times. In fact, that such an SDW state may
appear was suspected by Herring' when he discovered
in the Coulomb gas a small region of densities (small
within the approximations he was making) over which
the ferromagnetic spin waves showed an instability.
These investigations call for a good understanding of
the nature of solutions to the spin-wave equation. The
present paper is an attempt to make these concepts
uniform through the help of a variational solution to
such equations.

This paper is divided into three parts. We' had
earlier reported a calculation of the HF ground-state
energy and of the spin-wave energy, in the long-wave
limit in the random-phase approximation (RPA), of an
electron gas interacting according to a Yukawa poten-
tial. The spin-wave energy was calculated as a function
of the range of interaction and relative magnetization
at T=O'K. In the first part we rectify our original solu-
tion to be in conformity with Herring, ' by developing
a variational solution to the equations in the long-
wavelength limit. The Vukawa interaction is chosen
because we have proved" b that in general the exchange
interactions are screened by electron-electron inter-
actions and so a Yukawa potential may well simulate
most of the correlations in an interacting system. To be
more precise, the exchange interactions are screened by
a dynamic dielectric constant, which to the author' s
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knowledge cannot be handled in any clear-cut manner
without involving drastic assumptions, which make the
conclusions rather dubious. The notations employed
here are as in our previous work. " It must be re-
marked that recently there have been many attempts to
study spin waves in an interacting electron gas. Almost
all these papers deal with a short-range interaction only
and we refer the reader to Ref. 3b for a discussion of
these. Having noted a possibility of an instability of the
uniform ground state towards the formation of SDW,
in the next part we discuss a similar variational principle
to deal with zero frequency but finite wave vectors for
spin waves. Using the solution of the noninteracting
case as a trial function, we arrive at the condition for
stability of static spin waves of finite wave vector, de-
rived earlier by Iwamoto and Sawada' and I'ukuda
et a/. ' The finite-frequency and finite-vector case is also
indicated. Recently, Fedders' has re-examined the SDW
instability by employing a "t-matrix" method. LThis
(-matrix method, it should be pointed out, is not the
same as the one used usually in the discussion of low-
density problems. It is in fact, a variant of the random-
phase-approxima, tion (RPA) equations. $ He has dis-
cussed also a variational method of the type introduced
here, except that his is in terms of t-matrix components.
The present work brings together the formulations of
the long-wavelength spin-wave instability and static
spin-wave instability. See, for a detailed discussion of
these questions, the recent review article by Herring. '
From this review article (Sec. Vc), it is found that there
is a great deal of interest in the calculation of magnetic
properties of a Vukawa gas. In the third part, we re-
derive the new state' by a Green's-function method. '"
The inclusion of this derivation makes this article com-
plete. This alternative derivation has a close resem-
blance to that of the gap equation for superconductors

F. Iwamoto and K. Sawada, Phys. Rev. 126, 887 (1962).
'N. Fukuda, F. Iwamoto, and K. Sawada, Phys. Rev. 135,

A932 (1964), Appendix A.
P. A. Fedders, Ph.D. thesis, Harvard University, Cambridge,

Massachusetts, 1965 (unpublished); P. C. Martin and P. A.
Fedders (unpublished).' C. Herring, in 3fagnetism, edited by G. T. Rado and Suhl,
(Academic Press Inc. , New York, 1965), Vol. IIb.
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by Nambu. ' In the last section we summarize the re-
sults. In Appendix A we derive the equations for SDW
states for Bloch electrons in a many-band complex
based on a certain model. In Appendix 8 we take the
opportunity of giving the complete set of equations
describing the collective excitations in SDV/ systems.
This serves as an addendum to our previous paper
on the same subject in this journal' which contained
only approximate equations specialized to short-range
interactions.

LONG-WAVELENGTH SPIN WAVES

The correlation function

where 1= (rifi), T is Wick time ordering, and 0+——o,&in „
are the circular components of spin density, is related
to the transverse spin susceptibility. " a stands for
0 —(0). Taking the space and time Fourier transforms
we get after some manipulations,

X+-(iI,~)=— %i(cia) I't»(e; iI~); (2)
(2ir)'

X~ (g,co) is the generalized spin susceptibility, de-
pendent on wave vector q and frequency ~; Nti(qiq)
=ev(~i(q, +iI))—r»v(a&i(q, )), with Nv(x) standing for
Fermi function; and cogg are the single-particle energies
of the up- and down-spin states. I'ii(gi, ill&) satisfies
a certain integral equation to be quoted presently. The
transverse spin susceptibility of physical interest in-
volves a commutator in (1) instead of time ordering, and
it is related to (2) by

X+ (q,(o)= lim x+ (iI, (o+ie).
q -+0+
(e, real)

(3)

'U(k —ki)Nip(kiq)I'(ki, qco) . (4a)
(Z~) 3

In RPA including exchange processes, the equation
satisfied by I't& is (we shall usually drop the subscript
tg from now on):

((u —orti (kq)) I'(k; qa))

The single-particle energies in the up- and down-spin

states are

dkg
~t,»(k) =

~

k
~

'/2m — U(k —ki)i»v(~t, »(ki)) — (4b)
(2m)'

and

a)tg(kq) =cot(k+q) —(o»(k) . (4c)

Here 'U(k) is the Fourier transform of the interaction
potential; its form is not specified here to keep the dis-
cussion quite general. For a general derivation of (4)
employing Green's functions and variational derivative
techniques, see Refs. 3(a) and 3(b). It was shown there
that the bare 'U is in general screened by a generalized

dynamic dielectric constant and hence in (4) we do not
specify its form. (When "U is dynamically screened,

(4b) is an equation to be solved for co, and there is an

additional integration over frequency or& in all the above;
we imply it wherever necessary and do not explicitly
exhibit it.] In what follows now and in most of the next
section, unless mentioned, we treat 'U as statically
screened; in the beginning of the next section when a
generalized variational principle is developed we deal

with a fully general interaction.
The purpose of the present section is to discuss the

solution of Eq. (4a) by a variational method in the
long-wavelength limit. First we let

&(g—qi) = (4~e'/kv') V(l q
—qil),

y=k/k, , y, =qgk„x=q/k, ~=(k, '/2m)v,
(5)

n = (4/97r) '~'= 0.521, nr, /ir =me'/k»,

kv=paramagnetic Fermi wave vector, g=(8,$),

where r, is the effective electron-radius in the inter-

acting system. Choosing x to be the s axis of a reference
coordinate system so that cosg= (4ir/3)'~'I'io(0, @),
where V~„are the usual spherical harmonics, we write

(4a) in the form:

(4~) '~' nr, y
F'io(p)+

~
d'yiV((y —yi))Nti(yi, ' x) I'(y; xv)

&3j 2j

= —(2m/k ')+(nr, /ir') d'yi V(
~ y—yi ~ )Nt&(y„xv) I'(yi,.xv) . (6)

To derive spin waves we need only consider the homogeneous part of (6), or the poles of (3) in the ao plane, and
hence we drop the inhomogeneous term in Eq. (6).Let x=0 in the homogeneous equation; multiplying the resulting
expression by N&&(y; 0) and integrating over y, we find that a solution exists with

v=0 and I'(y; 00) = a constant.

Y. Nambu, Phys. Rev. 117, 648 (1960).' A. K. Rajagopa1, Phys. Rev. 137, A1429 (1965).
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Multiplying (6) through by Nt&(y; x) and integrating over y, we get after some manipulation (we assume U to be
symmetric here):

Let us write

4~~ '/'
=x'+2x —

I
d'y(2 ) 'y Y oA)A'~((y x)f'(» x)

3
d'y (27r) 'cV&(, (y; x) I'(y; x) .

Xt&(y; x) =Et)(y; 0)+P P x'Y(o(g)Et'&(')(y),
i=& l=p

oo eo +l'
rb;x)=r(o)yZ g P x Y,,„,N)r, ,„,()(y)

j=l l'=0 m'= —l'

Qnlf I lp appears in the expansion of Et&, since the left-hand side is seen to contain only y. Working then to lowest
order in x, we get

Let us choose

(4s ) )/2 J y3A/(~ (y 0) P& ())(y)dy+ P (0)J y8+t~ (1)(y)dy.-x+2x
I

—
I(3i "'Jy' t~(y;o) y

1"(') = (3/4s. ) '/'(nr, /w) .

(10)

Then (reverting to the original notation),

cosw- ((t'/2m{ ){1+(m/nr, )5O )),

5'({)= d3 y'&t~b; o)Pio"'b)

(12)

(13)

Here t is the relative magnetization of the system. The above derivation shows that the spin-wave frequency in the
long-wavelength limit is proportional to the square of the wave vector. We must point out that the erst term in (12)
arises purely from the kinetic motions of the electrons and the second term, which is proportional to (~/nr, ),
comes from the readjustment of the system due to the interaction between electrons. Thus we see that in this limit
the only term of interest is 5, which is determined by solving the equation for I'yp( ) which we proceed to formu-
late now. Quite generally we can write for potentials of the form V(Iy —y&I),

where

2z'

Z Z Q/(y;y))Y(-N)Y(-*N(),
yy& l=p m=l

(14)

Q((y y~)=
yy»

d/ P/(/) V(l y
—yiI) (15)

Note that Q&(y; y&) is symmetrical like V(Iy —y(I).

I P&(/() is the usual Legendre polynomial of order l.]
Here I"l 's are such that

(15')

dj Y/ (y) Yp *(g)= ()/p 8

For the Ygkawa poteetiat, we find

where we have taken

/'y'+y~'+ &'5

e(y;y.)=el
233 r

V(lyl) = 1/(Iy I'+2),
j is a dimensionless screening parameter, and

+' P/(/ )d/
/(x) =—

2 g x p



142 SP I N WA VES I N I NTERACT I NG ELECTRON GAS i55

is the Legendre function of the second kind. The equation satis6ed by I'&„~'& is then found to be (taking v= v&x')

41' 'I' )nr, q
I'lo(y)r&»+2l

I & I,.(y)rv„. ~'l(y) y, Vtl(y„O)Q, (y;yl)dyl3J k~y) t-
('nrs

=2~
~ P 1'&. .(g) ylX&&(y1, 0)Q& (y; yl)I'v &'1(yl). (20)

k~y) 1

Multiplying this by I'& (y) and integrating over y, we get

/4~1112 («, —

I'"'~11~-0+21 dylyl&ll(yl 0)QO(y y ) I'1-"'(y)
k~y

(nr,)
~ylyi&tl(yl; 0)Qi(y; yi) I'1-"'(yi). (20')

~y)

Note that for l/ i, m/0, we get homogeneous equations for Ftg~ &'&, which can therefore be taken to be zero with-
out loss of generality. Also, only I"»&'& appears in the expression for v& (or cvsw) so that we need to consider only
the equation for it. Using (11) for I'&", which now becomes trivial, we finally obtain

&yly&tl(yl; o)QO(y; yl) I'10"'(y) = dyly1%1(yl; 0)Q1(y; yl)1'10 (yl) ~ (21)

From now on we write

P(y) = I'10 (yi) ~ (21')

Earlier" b we solved this equation for the case of a Yukawa potential by a series method. We will discuss this
solution in comparison with Herring's' work and the present variational solution at the end of this section. At
T=0'K, we must point out that Xll (y; 0) is the difference between two positive unit step functions,

1V&& (y; 0)= ev(&ul (y)) —n v(cu& (y)) = it~((1+t )113 y) p+—((1——f) 1~1—y), (22)

where g~(x) is the positive unit step function. This then gives the limits of integration over y, in all the above ex-
pressions. Equation (21) may be written in a symmetrical form, thus

where

since Ql is symmetric. Further

y'+~(y)4(y) = &(y,yl)4(yl)dyl,

~(y) = yylQo(y; yl) dyl,

&(y,yl) =yylQ1(y yl) =&(yl,y),

a=(1 +)t' ' land b=(1—|')'I'

(23)

(24)

(24')

We now solve (23) by constructing a variational method. Consider the functional

a a

~(4) = 2 yl'4 (yl)dyi+ ~(yl)4'(yl)dyl — 4 (yl)&(ylyl)4 (y2)dyldy2 (2S)

The Euler equation corresponding to first-order variations in P(y) is (23). Inserting (23) in this functional J, we

arrive at

~- (4)= yV(y)&y=~0) (26)

from (13).J, , is the extremum of J for such g. This variational principle therefore gives an extremum on 5 and
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hence seems more reliable than our previous series solution. So far we have been discussing in general terms without
specific reference to the form of U.

We now specialize our results to the Yukawa potential (18), in which case we have specifically

~r'+(y+yt)q
Qs(y yt)=2 lnl

kg+ (y—yt)'i

(y'+yt'+ k') (y+yt)'+ ('&
Qt(y yt)= I

4yyt & (y —yt)'+&'~

fh'+a' yP — 5'+(a+y)') t' 1'a+yl
d(y)=y' a+I I

l"
I

—tl tan 'I I+tan —'
I I

—{(a~b)}
4y ) py(y —a)s) E E ~) ~))

(~'+(y+yt) '&

E(yyt) = —:(y"+y|'+&')»I
kts+(y —yi)')

We try as a trial function,
&(y) =Ay

Then,

J(A) =-'A (a'—b')+A'P(a' —b')' —-'&'(a—b) (a' —b')+ (P/ 24)(a b)'—
——'P(a' —b')' (a,b) —-'Fl:a' (a,a)+b'1-(b, b) —(a'+b')1(a, b)l —(Vi 6)( (a,a)+ (b,b) — (a,b))

(27a)

(27b)

(27c)

(27d)

(28)

+-sgl a'(T(a, a) T(a,b) T(—a, b))+—b'(T—(b,b) —T(a,b) —T(—a, b))j}, (29)

(a+b)'+ tQ
1.(a,b) =ln I, T(a,b) = tan —'((5+a)/&).

(a b) 2+ ]si
(30)

Hence 3 is determined and thus

&sw (q'/2m{ ){1+(s/nr )s (a' b')A }. (—31)

We must remark here that the linear term in (28) is
itself sufhcient to bring out all the main features of the
calculation; as found by Herring, ' the higher-order
terms in powers of y in (28) do not give any more valua-
ble information than the linear one, and even it gives
a better numerical estimate of A only in the ferro-
magnetic (F) state. In the paramagnetic limit, however,
it always gives the same result as that found by a
ground-state condition to be discussed presently, as
indeed it must.

We would like to remark here that Herring' had
earlier developed an expression similar to (13) for the
spin-wave frequency in the long-wavelength limit but
only for the I" state, both for the Coulomb gas ((=0)
and for the Stoner gas (P-+en), based on a perturba-
tion approach to the HP equations given earlier by
Peng. '0 The author recently found, in response to a
query by Herring and Brooks, that Peng's approach is
equivalent to RPA quite generally" and so the equiva-
lence of Herring's expression with (13) here is not sur-

prising even though our methods are quite diferent.
The functional J(lt) introduced here makes 8 a.

mieimuns for the Yukawa and similar potentials when

Io H. W. Peng, Proc. Roy. Soc. (London} A178, 499 (1941}."A. K. Rajagopal, Advanced Research Projects Agency Tech-
nical Report No. 15, Harvard Vniversity, Cambridge, Massa-
chuset ts, 1965 (unpublished).

2 /a' —b'
tesw(Stoner) =q'/2m{ 1—

5(E8'/sp) ka' —b'

where

(32)

E8 /er = Stoner parameter= ss (nr, /7rp) .» " (32')

In this limit, the equation for the spin waves can be
solved exactly also, and indeed this coincides with
the exact answer. " Also, consideration of the stability
of the HF ground state has shown that there are three
types of states: P, F, and UF, the unsaturated ferro-
magnetic states, (0(t (1).The spin waves are stable,
i.e. , rusw) 0,7 in the range of E8'/sr where the ground
states are stable, and vice versa, This is in complete
conformity with a theorem due to Thouless' and
Pukuda, "which states: The stability of the HF ground
state against any small deformation preserving the
single-particle nature of the wave function ensures the

' D. J. Thouless, Nucl. Phys. 21, 225 (1960).
"N. Fukuda, Nucl. Phys. 44, 553 (1963),

f is taken as a power series in y, and hence we arrive at a
lower bourId on cvsw (as 5 turns out to be negative).

We will now discuss this solution in the light of our
previous result' and Herring's result. ' We follow
Herring's' discussion of these problems. In the limit
when $ ~~, we have the Stoner model and we obtain
from (29,30),

A.,= —(3P/4{-),
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9m /a' b'q—' ~

orsw(Coulomb) =(g'/2m/) 1—
25nr, ka' —b'f

For the F state Q=1),

(33)

~s~(Coulomb) (q'/2m)(1 —5.4699/r, j, (34)

andforthePstate(f 0),

cosw~(Coulomb) (q'/2m&)[1 —(m/nr, )]. (35)

The differential stability condition for the Coulomb gas
in HF is'b

(36)(er, /m) =-,'(a+b).

In the limit f~ 0, the coeKcient of q'for ~sw coincides
with the corresponding result in (36). However, it must
be remarked that the UF states are unstable in this
case since they are states of relative maxima. " Hence
it was deduced that F states are stable in HF if

r, &5.45 (=0 9/n). (36')

by just comparing the P- and F-state energies.
Previously, " we had reported a series solution for 1.

Using three terms in the series as an approximation,
in the F state, we found,

~sw&" (Coulomb) (q'/2m)(1 —5.3447/r, ), (37a)

whereas Herring' obtained

&uswH"""a(Coulomb) (q'/2m)(1 —5.485/r, ). (38)

This series solution is now improved by taking 4, 5
terms in the series and we obtained, respectively,

cosw&4'(Coulomb) (q'/2m)(1 —5.4106/r, ), (37b)

a&sw1 '(Coulomb) (g'/2m)(1 —5.4416/r, ). (37c)

If Herring s calculation is correct, then in view of the
ground-state criterion (36), the implication is that there
is a small but finite range of densities between r, =5.45
and 5.485, over which a static spin wave of finite q has
a lower HF energy than either of the uniform states.
Using a better solution would only give a value of r,
larger than 5.485, so that the range of densities de-
pends on the approximation. The range is not very ™
portant but the indication of the instability is quite
significant. Note that none of our solutions correspond-

stability of the collective motions in RPA, and vice
versa. This is not surprising, since Overhauser' had al-
ready shown that there are no SDW instabilities in the
short-range gas. In this limit, many other general
features of the spin waves in an electron gas can be ex-
plicitly computed, such as the existence of a maximum
wave vector beyond which the spin waves are dynami-
cally unstable, and so on; and these are dealt with in
Refs. 3a,b. In the Coulomb limit ((=0), we have

~.= (—9/5)L(a' —b')/(a' —b')'1

ing to series solutions, (37a,b,c), gives this instability
(though they probably would if more terms were taken)
whereas our new variational solution (34) does give it.
In view of Overhauser's' discovery, the instability of
the spin wave in the long-wavelength limit is not sur-
prising; thus all these results are in concordance with
each other and with the theorem of Thouless" and
Fukuda" quoted earlier. Thus when r, &5.4699 ((m/n)
there is an instability for q= 0, and by continuity, when
r, (5.4699+g (g is a positive number), there is still
an instability for small but finite q. These are hints of
the SDW instability, which is not pronounced for
larger q. (I am grateful to Professor Paul Martin for
this comment. ) Thus Herring's calculation (38) is cor-
rect. The result (31) is valid for all P and P, and this
was not reported in our earlier communication. "b

STATIC SPIN DENSITY WAVES

An alternative proof of Overhauser's' assertion that
the SDW is more stable than the P state in an un-
screened Coulomb gas in HF was given by Fukuda
et al, ' Amusia" has very recently proved that such an
instability does not occur if the bare Coulomb inter-
action is screened, using a Landau-theoretic argument
for a SDW. On the formal level, Fano" has quite re-
cently shown that SDW states are exact in the same
sense as the BCS superconductive states are. De Graaf
and Luzzi" "have very recently proposed a reformula-
tion of SDW states in terms of the Landau theory of
Fermi liquids. Iwamoto and Sawada' discussed only
the instability of the P state towards the F state in a
Yukawa gas. Ke" b dealt with this problem in greater
detail than Iwamoto and Sawada4 in that we investi-
gated the stability problem for all magnetizations. We
found that there exists a ),„below which the system is
either F or P with UF being states of relative maxima
just as in a Coulomb gas, and above (, there are re-
gions of all three magnetizations possible as in a Stoner
gas. Very recently Fedders' has examined this problem
for the existence of SDW states. He found that there
exists a $ below which SDW states are lower in
energy than P states, just as in the Coulomb gas, and
above which there are no SDW states at all, as in a
Stoner gas—quite analogous to our result. For Thomas-
Fermi screening we both found that the system remains
in the P state. Fedders has also examined the case of the
dy™~llyscreened interaction, although not so corn-
pletely. He suspects from his rough estimates that SDK
states almost certainly are not present, in quite the same
manner as Amusia" concluded from his Landau theory.
In view of SDW states, it is natural to ask whether our
variational principle can be generalized so as to indi-

"M. Va. Amusia, Phys. Letters 16, 254 (1965)."G. Pano, Nuovo Cimento 38, 597 (1965).
"A.M. De Graaff and R. Luzzi, Nuovo Cimento 58, 285 (1965).
"A. M. De Graaf and R. Luzzi, Phys. Letters 16, 256 (1965).
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using the notation defined in (5). The static spin wave
then is unstable if &+ (q, o) =0)(0, and this happens if

!

(nr, J)t(qf)

D,(qt ) Ds(—qf )
(44)

GREEN'S-FUNCTION DESCRIPTION
OF SDW STATES

In this section we follow closely the procedure given
in Ref. 3b. An alternative derivation of Overhauser's'
equations by a canonical-transformation method has
been recently given by Yan Shi."This was employed
by the author' to study the collective properties of SDW
systems. Here we outline another derivation of the
Overhauser equations based on a Green's-function
technique. In Appendix A we generalize this procedure
to include certain SDW correlations among band elec-
trons. In Appendix 8, we describe the collective states
in SDW systems in a more general form than was
given originally. ' The derivation given here includes
dynamic screening also. We dehne a 2g 2 matrix Green's
function with components (following Ref. 3b):

For t =0 this condition is the same as that derived by
Iwamoto and Sawada, 4 with F replaced by the non-
interacting solution, namely [1/(!y+xs! —

! x!')]. The
same procedure could be used here to investigate the
Vukawa case; for the results we refer the reader to
Fedders, ' whose work we have described already.

We must point out here that the instability of the
ground state towards the formation of SDW states is
only one part of the problem. Once this instability is
discovered, and all the effort so far has been directed
towards this, we must examine the properties of this
new state. This is done in the next section by a Green's-
function method. 'b

where e is a generalized dielectric constant involving
a modified vertex part A.o, whose integral equation may
befoundin Refs. 3a and 3b. In RPA, Ao ———1 and &is the
usual RPA dielectric constant, thus exhibiting the usual
dielectric screening of the exchange. From now on we
shall not retain the dielectric constant but shall sub-
sume it in the definition of the interaction potential. The
equation (45) is a 2&(2 matrix equation (i.e., G I'p,

and t4 are matrices) and we will not make it more
specific unless necessary. (s is a scalar. )

The symmetry-breaking solutions of (45) will now be
shown to lead to Overhauser's' equations. Overhauser
derived them only for HF states, a case which obtains
in our formulation if we take I'p(12; 3) =—3")(1—2)
X3(4)(1—3). In (45) V(r) is the one-particle periodic
potential, which is not considered here but is taken
into account in Appendix A. Following Overhauser, '
we associate a plane wave of the form exp(ik r) with
the up-spin electron and exp(s(k+Q) r) with the down-

spin electron. Here Q is a measure of the breaking of
the translation symmetry. Correspondingly, we define

Gtt(11') =
d'k'

e'k"& 'r')Gtt(k', tt —tt.),
(2pr)'

[A positive background is assumed and this cancels the
direct Coulomb term in (45).$ 'U(1 —1') is the bare in-
teraction; I 0 is a vertex part corresponding to density
fluctuations and is related to the dielectric constant of
the system. In the k space the last term in (45) takes the
form

d'kg 'U(k —kg)
G(k))Ap(k; k —kt),

(2s.)4 s(k —k))

G- (11')= (1/s)(T(4.(1)it "'(1'))) (~, o'= I, l)

in the usual notation. 'b From Eq. (2.1.28)'b we have the
equation for the inverse G—'.

Gii(11')=

Gti (11')=

&i(k'+o) ~ (rr—rr )G&&(k . t t, )
(2pr)'

d'k'
~ik' ~ rr—i(k +Q) 'rl'G (k ' t —t, )

(2~)'

(47)

+i d'4V(1; 41')G(41'), (45)
Git (11')= &i(k'+Q) ~ rr—ik'rr~G&&(kr. t t, )

(2s.)'

where

V(1; 41') = d43U(1 —3)I',(41; 3) .
Then Eq. (45) with (RPA) screened potential takes the
form (we use a four-dimensional notation; here we have
taken Fourier transforms in time also)

t'o) —st (k) —gti(k))
G-'(~) =I

4 —git (k) o)—pi (tt))
(4S)

's Yan Shi, Dokl. Acad. Nank SSSR 153, 798 (1963) LEnglish transl. :Soviet Phys. —Doklady 8, 1171 (1964)].
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where

et (k) =k'/2m+i 'U (k —k') Gtt &(k'44') e'"'"+d'k'da&'/(2') ',

~4(k+Q) =!k+O! '/2444+ i 'U(k —k') G44 &(k'(o') e'"'+d'k'd(u'/(24r) 4,

g» (k) = i U(k —k')Gt4&(k'~')t. ""'+d'k'd40'/(2~) 4,

g4t(k) =i U(k —k')G44 (k'~')e'"'+d'k'de'/(27r)4.

Thus inverting vre arrive at
v —e4(k+Q) g»(k) )

!G(k,40) =
P~—~+(k)7! ~—~ (k)] g4t(k) ~—et(k))

'

where

(k)=-'( (k)+ (k+Q))~L-'( (k) — (k+Q))'+g (k)g (k)]'".
Casting the terms in (50) into partial fractions and defining

~+(k) —~4(k+Q) g»(k)g«(k)
COS ejc=

+(k)—-(k) — ( — (k))'+g (k)g (k)

g»(k)g«(k) g»(k) g«(k)
cos 01c sin Og=

(~+(k)—~-(k))' 4L(L~t(k) —~4(k+Q)7/2)'+g»(k)g«(k)]

(50)

(51)

(52)

(The simplified forms at the end of (52) are obtained after some manipulations); we obtain the Green's function
describing Overhauser states:

/ icos'84g+(kco)+sin'8, g (ka&)] cos81, sin84(g»(k)/g4t(k))'~'(g+(k44) —g (L&))
G(ken) =! (53)

kcos8i, i s8n(g4(4kt)/g(»k))'~'(g (k+a)) g(kco))— Lsin'8I, g+(k~)+ cos'8~g (kM) 7
Here

These, substituted back in (49), give
g+(k~) = &/(~ —~+(k)) (54)

et(k) =k'/2m— 'U (k —k') f cos'8I, n~(co+(k'))+ sin'8&. 44+(~ (k')) ),
(24r)'

e4(k+Q) =!k+ 0!'/2m—

gt4(k) =

d'k'
'U(k —k')(sin'84, , n~(co+(k'))+cos'84, 44~(40 (k'))),

(24r)'

, /g»(k') '"
'U(k —k')! cos84, sin8„.(44~(co+(k')) —44~(co (k'))7,

(24r)' kg«(k')

(55)

g«(k) =
d'k' g«(k') '~'

'U(k —k') cos8„sin8„.L44~(co~(k')) —44~(co (k'))],
(24r)' g»(k')

44+(x) is the usual Fermi function. If we take g» =g« =g, and assume that only co+(k) is occupied, and T=O'K, then
we recover all of Overhauser's' results. Moreover, this generalizes the original Overhauser results for Qnite tem-
peratures, nonzero magnetizations (Overhauser had up and down spins equally populated to start with), and a
larger class of interaction potentials. We may point out here that if we put Q=O in these equations, we recover a
variant of Stoner's results'b as indeed we must. Another point worth mentioning is that if we take the limit of small

g, we arrive at the static spin-wave equation (homogeneous counterpart), as is also to be expected.
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For the sake of completeness we derive here the expression for the total energy of the system, (H)/Qo, in the
SDW state using the Green's function (53).

(a)/n, = (q', lq+Ql' . , i I
q+Ql'

cos'8,+ sin'8, le&(co+(q))+ sin'8, +
(2m)' (2m 2m ) 2m 2m

lgGg
'U(q —q') [cos'8,n~(co+(q))+sin'8, n~(co (q))][cos'8,.e~(co+(q'))+sin'8, .n~(~ (q'))]

(2m)'

g~~(q)g~t(q') '"
+[sin'8, n&(co~(q))+cos'8, ep(cv (q))][sin'8, ez(co+(q'))+cos'8, ez(&o (q'))]+2

g»(q)g«(q')

&& cos8, sin8, cos8, sin8~ [ep(co+(q)) —ep((o (q))][ex(coy(q')) —+s(&—(q'))] (

Treating 0, in this expression as a variational parameter,
one recovers the condition on tan20, which is equivalent
to (52). We now summarize our results obtained so far.

SVM MARY

The spin-wave frequency in the long-wavelength

limit is here shown to be proportional to the square of
the wave vector for a large class of interaction poten-
tials (not dynamically screened). The long-wavelength

limit of the spin-wave frequency previously reported

by us' b is recalculated by a variational method of
solution of the equation describing the spin waves for
electrons interacting according to a Yukawa potential.
This calculation corrects the previous one and extends
it to include all magnetizations and the dependence on

range of interaction. The present result also gives the
correct limit for the P state. In the Coulomb limit

()=0) the results are in concordance with Herring's'

results for the I' state. The long-wavelength spin-wave

instability in the Coulomb gas already shows the
possibility of SDW-type states, as they are static spin-

waves of finite wave vector. A variational method for
the same spin-wave equation for the static case but
with finite wave-vector is developed, quite similar to
the long-wavelength case. As a special case of this we

rederive and extend a result derived earlier for the
P-state instability by Iwamoto and Sawada. 4 The
SDW states are then described by means of a 2X2
matrix Green's function, ' thus giving an alternative
derivation of Overhauser's' equations, which can also

be derived by a canonical-transformation method. "
The Green s-function method given here is quite similar

to Nambu's theory' for superconductivity. The present
derivation is quite general and includes the screened
interactions as well as general interaction potentials.
In Appendix A we derive the corresponding results for
Bloch electrons based on intraband SDW correlations

only. This result has since been extended" to include all
inter-band correlations for a two-band complex. Fedders'
has attempted a similar model but involving very dras-
tic approximations concerning the matrix elements of
the interaction potential, whereas the model" con-
sidered by us is more general. Fedders applies his
model to chromium, unlike Overhauser, ' who treats
chromium on an essentially one-band model. In Ap-
pendix 8, the general equation in RPA describing the
collective states in SDW systems is written out, '
which is valid for general interaction potentials, whereas

the previous derivation was specifically concerned with
delta-function interactions and involved some approxi-
mations. This forms an addendum to our previous

paper. '
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APPENDIX A

In this Appendix we derive the Overhauser equations
for the case when we have electrons in a periodic po-
tential. All the results given here are formal and it is

hoped that they will be useful in the realistic situations.
As in the text of this paper, we usslme that the elec-
trons with spin up and wave vector k in band l is

associated only with the one of spin down in the same

band but with wave vector (k+Q). With this pre-

"A. K.. Rajagopal and H. Brooks, Advanced Research Projects
(unpublished).
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scription, the following redefinitions of (47) are made:

bi i, (1)bpi, *(1')Gtt(/'k', ti—ti ),
sz (2z.)'

Gi~(11')=Z b p, p'+Q(1)bp, y'yQ*(1 )Git(/ k
&
ti ti')

&

i sz (2z.)'

Gti(11') =Z bvk'( 1)bl''i+Q, (1 )Gth(/ k j ti tl~),
r sz (2z')'

(A1)

Gtt(11') =P bp, i, pQ(1)bi ~.*(1')Gtt(/'k'; ti—ti ) .
i sz (2z)'

Then a calculation similar to the one outlined in text follows and we give here only the final results. In the above,
big(r) is the Bloch function for electron in band / and with wave vector k. We introduce the notation ei(k) for the
energy of the electron with wave vector k and in band /. I BZ in the above indicated first Brillouin zone. We also in-
troduce the notation,

Q l lkll2k2-
lskal4k4 d'1d'2b i,I„*(1)bi,g,*(2)0 (1—2)bi,~,(2)bi,g, (1). (A2)

We obtain after some manipulations:

t'~ii (k)+ ~g (k+Q))
(oi+(k) =

~
~
wP(e(t(k) —eg(k+Q))'+gn(/k)gii(/k))'I' (A3)

[cos'0igg+(/k; co)+sin'0s, g (/ki ~))

G(/k; o)) =
gti (/k)) 't'

cos0„sin0„-
~ (g, (/k; ~)—g (/k; ~))

gtt(/k)f

where

gti (/k)) '~'
cos0s, sin0s, —

~
(g~(/k; co) —g (/k; co))

gag(/k)1
(A4)

[sin'0s, g+(/k; co)+cos'0s, g (/k; co))

g~(/k; o&) = 1/[~—cubi+(k)),

where 0&& is defined quite analogously to 0& in (S2) of the text.

(AS)

hatt

(k) = ei(k) —P Viqi. q'~'"'[cos'0i q nv(o&p+(k'))+ sin'0i i nv(cov (k'))),
i sz (2z)

&it(k+Q) = ei(k+Q) —Q UigyQvg yQ'"+Q' '+Q[sin'0pq nv(cubi (k'))+cos'0pq nv(~v (k'))],
sz (2')'

d'k' (gtt (/'k') 't'
U/g+Q['Q'

~
cos0t ~ sin0i q. [nv(&op+(k')) —nv(cubi. (k'))),

sz (27r)' kgit(/'k')

d'k' (git (/'k')) '~'

gi~(/k) =P g&~p~+Q'~+Q'~'~
~

cos0~ ~ sin0p~ [nv(~p+(k")) —nv(~p (k'))].
i sz (2z.)' kgn (/'k'))

The equation for gt&, g&& may be written more explicitly thus:

(A6)

gti. (/k) =g
dak' gii(/'k') (nv(ca(.+(k'))—nv((o&.-(k')) }

0lk+Q l'k'
sz (2~) 3 [~i.+(k') —~i.-'(k'))

(A7)

and a similar equation for g&t. We shall not write down the expression for total energy corresponding to (S6), be-
cause it is too complicated.
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APPENDIX 3

163

Recently we derived the collective excitations in SDW systems by a canonical transformation method' for the
case when we have delta-function interactions in the random-phase approximation. We also decoupled the equa-
tions so that the transverse and longitudinal oscillations are not coupled. Here we give the complete set of equa-
tions in RPA. The notations are the same as in our previous paper.

The complete equations of motion for

Sl+(q) =&r~qt&3, 53 (q) =A+qt~~, Pr"=&lgqt&2, PP(q) =Agqt&, (81)

in the random-phase approximation are

Sp+(q) =A ~(kq)P„{[—'U (q)Sl(kq) 51(qlq)+'U(k —ql) C2(kqql) C,(k ql) 75„+(q)
+[U(q)51(kq)C1(qlq) U(k ql)C2(kqql)53(kql)7pql (q)
+ [V(q)S1(kq)C1(qlq) —'U(k —ql)52(kqql) C3(kql)7p„(q)

+['U(q)51(kq)51(qlq)+'U(k —ql)52(kqql)53(kql) 7S„—(q) }. (82a)

~ (q)= +-( q)Z. {[— (q) 1( q) 1(qlq)+ ( —ql) 2( qql) 3( ql)7 . (q)

+[—"U(q)Sl(kq)C1(qlq)+'U(k —ql)52(kqql) C3(kql) 7p„"(q)
+L

—U(q) 51(kq)Cl(qlq)+U(k —ql) C2(kqql)53(kql) 7pqi (q)
+['U(q)51(kq)51(qlq)+'U(k —ql)S2(kqql)S3(kql) 75q,+(q) }. (82b)

p~"(q) =~++(kq)Eq~{[—'U(q)C1(kq)C1(qlq)+'U(k —ql)C2(kqql)C3(kql)7P«(q)
+L

—U(q) Cl(kq) Cl(qlq) —U(k —ql)52(kqql)53(kql)7p. ,'(q)
+['U(q) Cl(kq) 51(qlq)+'U(k —ql) C2(kqql)S3(kq, )75q,+(q)

+[—'U(q) C,(kq)5, (q,q)
—'U(k —q, )52(kqq, )C, (kq, )75„—(q) }. (82c)

PI, (q) =3 (kq)P„{[—'U(q)C, (kq)C, (q,q)+'U(k —ql)C2(kqql)C3(kql)7p„(q)
+[ U(q)C1(kq)C1(qlq) U(k ql)52(kqql)C3(kql)7pqg (q)

+ [U(q)C1(kq)51(qlq)+ U(k ql)52(kqql)C3(kql)75qg (q)

+[—'U(q)C1(kq)51(qlq) —'U(k —ql)C2(kqql)53(kql) 75„(q)}. (82d)
Here

n3(s), (k))—23+(a),.(k+q))-
A„(kq) = (o., ~'=a)

cv —cv, (k)+cq, (k+q)

cos(82+2 81,) = C, (kq—), sin(81~q —81)= 51(kq),

cos(81+3—8,+„)=C2(kqql), sin(8I+q 8q+„)=S—2(kqql),

cos(8« —83)= C3(kql), sin(8„—8„)=S,(kql) .
(84)

co~(k) has the same meaning as in (51) of the text. The approximations made in the paper' consist of dropping
'U(k —ql) term (exchange) entirely, as well as dropping the p" ~ terms in the 5+ equations and the 5+ terms in the
p" ~ equations. For Q =0, g=0, we recover from the above equations the RPA equations discussed earlier for the
uniform states. ' From these equations it is easy to verify that there exist solutions with co(')=const, with
pz(0) =ps(0) =0 and co&'&=0, and with 5'+&(0)00. The next approximation is quite cumbersome, but the indica-
tions are that there are oscillations with ~ const (as in plasma modes) and &v q (as in antiferromagnetic spin
waves), for Coulomb interactions analogous to those obtained earlier by us' —when 'U(q) is of short range, and
under quite drastic further restrictions. Dr. Yan Shi informs me that he arrived at results similar to those given
in this Appendix in a paper he has published in the Proc. Armenian Acad. Sci. (USSR) 39, 73 (1964).


