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A theoretical treatment of the hfs anomaly between Li® and Li7 is given, and the result compared with
that reported in the preceding paper. The distribution of nuclear charge and magnetism, the polarization of
the electron wave function by the nuclear electric-quadrupole moment, and the specific mass correction are
treated. Agreement with experiment is obtained with a value for the p-nucleon radial parameter not in-
consistent with that obtained from electron-scattering experiments.

I. INTRODUCTION

HE hyperfine structure (hfs) anomaly between
two isotopes is known to be a consequence of the
details of their nuclear structure, thanks to the work of
Bohr and Weisskopf'; and though it has been studied
intensively in the isotopes of hydrogen, it has not come
into the same widespread use in nuclear physics as have
the nuclear moments, even though its study yields
valuable information about the outermost shell of
nucleons. This is in part because of the complexity of
hfs anomaly calculations. Much basic work has been
done? which makes possible the interpretation of hfs
anomaly measurements for many isotopes; but these
treatments cannot be used for the lithium isotopes, and
so an interpretation of the measurements reported in
the preceding paper® is given here.

A number of effects are present in the lithium case:
(a) The electron radial wave function is modified inside
the nucleus by the distribution of nuclear charge, i.e.,
the Breit-Rosenthal (BR) effect?; (b) the electron
distribution interacts with the nuclear magnetism over
a finite volume, i.e., the Bohr-Weisskopf (BW) effect!;
(c) the nuclear motion polarizes the electron distribu-
tion in its vicinity, i.e., the Bohr (B) effect®; (d) the
center of mass of the atom is not at the same place as
the center of mass of the nucleus, i.e., the specific mass
correction.

Effects arising from nondiagonal matrix elements of
the magnetic-dipole and electric-quadrupole operators
are neglected. Furthermore, the treatment is non-
relativistic. We obtain an expression for the hfs anomaly
Agr, which contains a number of nuclear parameters, by
employing as a nuclear model a spherical a-particle core
surrounded by nucleons in p orbital. The radial func-
tions for both the core orbitals and the p orbitals are
taken as harmonic-oscillator functions, but with differ-
ent radii, Rg and Rp, respectively.
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The nuclear parameters are then evaluated with an
L-S coupled model of the nuclei, a not unreasonable
approximation in the light of the calculations done by
Kurath.® Evaluation of these parameters in inter-
mediate coupling will be the subject of a later article.

II. HAMILTONIAN

The Hamiltonian employed can be split up as follows:
GC=SCN+3CE+CU¢+UhfS, (1)

where 3Cy is the nuclear Hamiltonian, 3Cx is the electron
Hamiltonian including an interaction with a nuclear
point charge but exclusive of other electric or magnetic
effects, U, is the correction to the Coulomb potential
arising from the finite nuclear size, and Uy is the
hyperfine-structure operator.

The Hamiltonian 3Cy is not determined; harmonic-
oscillator radial functions are employed instead.

Throughout, distances are measured in units of
ao="2/me* and energies in units of mc®. Thus

1 Z
Ve=—a?2 —Xp(n)+a’2. —,

en r‘n [ r¢

2

where « is the fine-structure constant, 7, is the distance
between the eth electron and the nuclear center of
mass, 7. is the distance between the eth electron and
the nth nucleon, and Xp is a proton-projection operator,

Xp(m)=3—"T:(n),
Xn (n) = %+ Tz (TL) ) (3)

where T, is the z-component of the isospin operator.
U, can be expanded :

Ve=—0a2> Y w,C® (e)
-C® ()Xp(n)+0?2 (Z[re), (4)

where
W=7k /rkH
=rak/r gt

Te<7n
Ye>¥n.

s D. Kurath, Phys. Rev. 101, 216 (1956).
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Here C® is a spherical harmonic normalized to
4r/(2k+1).7

In Eq. (4) the term in the first sum with 2=0, 7,>7,
is the usual Coulomb potential, and is cancelled by the
second sum. Of the remaining terms in the first sum, the
one with k=0, 7,<r, produces the BR effect, and those
with 20 produce the B effect. The wave function
associated with this total potential U, can then be used
to evaluate the hfs.

Note that the survival of a nuclear matrix element of
C® (n) for k=1 leaves in the potential U, terms con-
taining C® (¢), which act to destroy J as a good quan-
tum number by admixing states of other electronic
angular momenta into the wave function. Thus this
effect can be interpreted as a polarization of the elec-
tronic state by the nuclear motions. The presence of the
radial function w;, assures that this polarization will be
large only near the nucleus.

Because of singularities in the nonrelativistic hfs
operator, it is convenient for us to calculate relativis-
tically and then perform a nonrelativistic reduction.
Therefore, take

Vnis=a2 e(e)-A(n), ®)

where a(e) (the Dirac @ matrix) equals 2p;S(e), with

_(0 1
P1L 1 0/’
and A(n) is the vector potential arising from the pres-

ence of the #~th nucleon,
us(n) jn(n)

Am)=v ()X -+ ,
Yen Yen
with
vs(n)= (02/2mn)gs' (0)S(n),
iz(n)= (@/mn) g )P (n), (6
gs' (n)=gnXn(n)+gpXp(n),
and

gt/ (n)=(1—ma/M)Xp(n).

Here m, is the mass of the nth nucleon measured in
units of the electron mass, ys is the spin magnetic-
moment operator, gy and gp are the neutron and proton
g factors, respectively, S and L are the total spin and
orbital angular-momentum operators, and (1—m,/M)
is the reduced-mass correction to the nuclear orbital g
factor.® Other specific mass corrections are discussed in
Appendix II. Now Un¢s can be re-expressed in tensor-

7 The phase of C&) is the same as that used by Condon and
Shortley, Theory of Atomic Spectra (Cambridge University Press,
New York, 1935). See for example, A. R. Edmonds, Angular
Momentum in Quantum Mechanics (Princeton University Press,
Princeton 1957), p. 21.

8 M. Phillips, Phys. Rev. 76, 1803 (1949).
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operator form as follows (see Appendix IIT):

Onts= Z ¢Kka (e)n)Uka(K) (n) : {C(k) (E)S (6)} ) ) (7)
K.,k

where the U, ®) are given by
U = (CHD (S ()} 5,
Upp = {C*D ()L (n)} &,
U ® =CE () ®)
Uit = {CHD (1) S (1)} (O,
U5 ® = { o+ ()L ()} & |

and
drx1=[(ia®/ma)bi_1,x8's(Wwi(e,n) /10, 7:>7a
= 0 y e < T
brxa=[2(ia®/my) (—1)"Hbr1,xg1’ (W)wi(e,n) 1/
(2k+1)rn ’
1:(!3 Wk (67%) 9
drk3= <—‘>CngL/ (”)[ ]_ ) ©)
My Tn 61',,
drrs=0 y Te>Tn
= [(’l:aa/mn)kagSI (”)wk (677‘)]/7’" y Te<fa

brxs=[2(ic*/mu)brrgr’ (n)w(em)]/ (2k+1)rn.
Here
b= (— 1) E(Q2k+3)]2, k=0
biepr= (—1)"1[ (k42) 2k+1) 172, k=0
brx =0 otherwise;
ckprr=—[(k+1)/ 2k4-1)]72,
Ckpa=t+[k/2k+1)T72,

cre=0 otherwise. (10)

This is consistent with the usual result,! provided the
identity {C®L}®=L/(10)!/ is employed.
The one-electron Dirac wave function used is

. 1228 jm;)
;]m,.>E( , ) 8
258 jm;)
where the radial dependence is made explicit by
2.8 jm;)=g;(r)|1LS jm;) ,
[2sS jmj)=1f;(r)|1sSjm;). (12)

Now Iz, the orbital quantum number for the large
component, must be j=£% for which lg= jF3.
The total wave function is then

|FMp)= Y ¢;(IMijm;|FMp)|IM1)|jm;). (13)

iM1,Mj

Here (IMijm;|FMr) is a vector-coupling coefficient,
and ¢; is an expansion coefficient to include states of
different j (arising from the Bohr effect), and gy p=1.
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The single-electron case, calculated first, is based on the
assumption that the total hfs arises from the outermost
2s electron; and so J is set equal to j. This assumption
is known to be false, and so a complete treatment is
done also (Appendix I).

In the single-electron case, the first-order perturba-
tion theory yields

(FM p|Onts| FM r)

) I jo F
= (—1)IHi+F ZH } Visiox
I jo F
+25a] [Pine ], a9
i Uy K

where jo=3% and where

Virg= 2 (I||Ua®||1){M jjr kra)-

k,a,n

(15)

Here (M ;7 ko) is the average over nuclear radial coordi-
nates of the function

M i kra=drra(en)[01(f7RK)+0v:.(j7RK)],
where
01 (j5'RK) = (= 1) (LS jI[{C® (e)S(e)} ®|lis'S" ')
—("S"J'[[{C® (e)S(e)} ®|[1LS7}

v (j5'RK) = (—1)77 (IsS7|[{ C® ()8 (e)} ®|lILS"5)
— (@S 7' [{C® (e)S(e)} ®||1sS7).

(16)

7

In the nonrelativistic limit

Mﬁlm=%ia{%Em(jj’kK)—w(jj’kK)]

0
X / répure—Teir e )i
7e

AL G R +0a (G RE)] / ribur

v v

ad 0
x[g,.(r,)_g,., (r)—gs <r8>—gj<n>]dre
o7 o7,

[ RE)— ks (7 RE) ]

X [riirass e Caanf, (19

and the presence of the first term ensures the survival
of surface terms for values of K greater than 1, all of
which correspond to delta-function singularities in a
strictly nonrelativistic treatment. The quantity « equals
—j+3 for Ip=j—7% and equals j+% for L= j+3.
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III. ONE-ELECTRON ELECTRONIC WAVE
FUNCTION; B AND BR EFFECTS

We first treat the case in which the hfs is presumed
to arise from a single electron in an s orbital, the object
being to compute a wave function containing the terms
that contribute to the hfs anomaly. In this calculation
Unts is omitted, and the perturbations treated arise
from V..

Ordinary perturbation theory cannot be used because
the corrections of interest are appreciable only in the
vicinity of the nucleus, and a very large number of
excited atomic states would be needed to approximate
the correction to the wave function.

What is done is to develop a differential equation in
the radial coordinates, which can be easily solved
because distances of the order of the nuclear dimension
are very small compared to unity in atomic units. To
remove all angular dependences from the wave equa-
tion, write the nonrelativistic radial function explicitly :

| jmi)=gi(r)| jm;), (19)

i.e., | jm;) contains radial dependence, |jm;) does not.
Then introduce an analog of (13)

|1jFM ;)= M%.(IszmleMp) |IM1)| jms), (20)

which depends on the nuclear radial coordinates but not
on the electron radial coordinates. Thus (jm;|3Cg| jm;)
is a radial operator that is called 3¢; and operates on
g(r).

i=—3[A(r)+Vp+Vpr], (21)
where A;(r)=(8%/3r%)+ (2/r)(8/dr)—[1(+1)/#*] and

where [ is the orbital quantum number associated with
7, Vp=2Z/r, and Ugg is the electron-electron interaction
potential, which can be neglected in the region close to
the nucleus. We then evaluate

(I;FMp|3Cg+3en+0V.— 8| FM p)=0
and obtain,
q;(3¢;— 8x)g;(r)
+(-preng |
where ’
Vjiorr= —aﬁg (JIIC@ ()]l 7o)
X I ||wiC® ()X p(m)|I), k0

I jo F
. }'Uﬁoklgfo(f)=0, (22)
g k

1
Vjojeor= _QZZVZ_<I” (wo_ —'>XP(”)”I> ’

7e

the 1/7. arising from the subtraction of the point-
nucleus Coulomb potential. Terms involving matrix
elements not connecting the ground state have been
omitted in (22). Since the product of ¢; and R; appears,
one of these can be chosen at our convenience. Since
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q12= 1, let for r= Rs/RP, and Ym= Rst/(Rs2+RP2)”2. The
I i Iil ) quantities C are parameters of the Li” nucleus:
a=[ {7 laieonn] i @8 Caom GlesSID/ dless LI,
! Cr=1012(I||gs/{ COS} O D)/ (Lllgs'S+4/LIID),
Define the BR correction egr by Csa=[6/5(7”2):](I”gs'{c(2)S}(3)”1)/ a1
g12= (1+esr)go, (24) X (I||gs'S+g/LD),

where go is the eigenfunction of 3Cy5, and define the B
correction eg by
8= €Bgo. (25)

The energy shift (isotope shift) associated with the
perturbation is not important in this problem, since it
does not contribute to the hfs. So set 8z equal to the
eigenvalue of JC;/,. Neglecting second-order terms
esepr and omitting the term

GG

—_ —e),

6rg0 ar

which has a negligible effect on the result, we obtain
finally

Acenr+ (2/Rp)V p(xp)+ (4/Rg)Vs(xg)=0, Li® and Li”
es=0, Li¢ (26)
Aoeg+[2(5)12/RpJ0:Vo(xp)=0, Li7

where xp=r,/Rp, xs=7,/Rs, and Qy is the nuclear-
electric-quadrupole moment divided by Rz%

Ve(x)=—(1/2)+®:(x) —3®s(x) ,
Vs(@)=—(1/2)+:(x),
Va(x) =®s(x)—3P1 (),

B1(x) = (2/mP)exp(—49),
B2(a)= (1/x) [ w0,

@3(90) = (l/xz) (@2—‘1)1) .
Equations (27) have the exact solution
€EBR™ 2Rp[ (xp/Z) —_— %xpzq)z (xp)
— (5/12)®z(xp) —5®1(xp)]
+4Rs[ 05— 345Dy (¥5)— §Po(ws) —§P1(x5)] (28)
eg=0, Li¢
€EB= St /2/3)Q7RP[<I72 (xp) - %‘I’a (xp)], Li".

IV. CONCLUSION
The result of the one-electron problem done above is
Agr=[— (Cs1+2Cs0—2) (0.7784-0.0940T)

~+(0.0177) (Cs1+2C 50— 12)Q7— (0.198)C 5301
+(0.055)CrsQ7]Rp,

(27)
where

(29)
where

T=27u(ru+2)(»—2)—3r,5(r+1)—3r(—7r,2)  (30)

Crs=[6/5(7"")](I||g'{CPL} @ 1)/
X (I|gs'S+g/LI|T).

The C parameters were evaluated by means of an L-S
coupled model of the Li’ nucleus having T'=% and
symmetrized with respect to all nucleons, L=1, S=13,
I=3%, with the result Cgi=—(8/3)Q:Cso, Css=1.14
Qquo, CL3= 0, and C,so=0.907.

If we employ the values of Rg and Rp obtained by
Burleson and Hofstadter? on the basis of their electron-
scattering experiments, Rg=0.50X10"% Rp=0.20X10~*
(in units of ao): i.e., Rp<Rg, so that the p nucleons
move inside the a-particle core. Their data yield r=2.48,
I'=64.6. The term Q, calculated for the L-S coupled
model, is Q;=—[3/5(5)12]=—0.268, so that Ag
=-+40.5X10"%, i.e., about one-half the experimental
result. However, the uncertainty is very large, because
if 7 is raised from 2.48 to 3, while at the same time
maintaining a constant average nucleon radius (cor-
responding to a change in Rp from 0.20X10~* to
0.17X107%), agreement with experiment is obtained.
This occurs because I' is very sensitive to Rp, and so
current measurements of Rp are insufficient for one to
compute Agr accurately. In fact, if intermediate coupling
values of the C parameters were employed, the experi-
mental value for Ag; could be used to determine a good
value for Rp.

However, if we use the value of Q7 given above to-
gether with the value of Rp from Burleson and Hof-
stader to calculate the nuclear electric quadrupole
moment, we obtain a value an order of magnitude
smaller than that obtained by applying the result of the
Nesbet and Kahalas'® calculation to the data of Whar-
ton et ol If we use a value of Rp consistent with this
quadrupole moment, however, Ag; changes sign. Cne
effect which might resolve this difficulty has been
neglected, that is, the polarization of the a-particle
nuclear core by the nucleon p orbitals.

Inclusion of the 1s electrons in the hfs problem does
not alter the result, as is shown in Appendix I; and so
the electron part of the problem can be regarded as
properly solved, exclusive of relativistic corrections.
The specific mass effect produces a change in the mag-
netic moment u only, as is shown in Appendix II, and
so does not influence the above.

( 9 sGt)aorge R. Burleson and R. Hofstadter, Phys. Rev. 112, 1232
1958).
1035 L. Kahalas and R. K. Nesbet, Phys. Rev. Letters 6, 549
(1961); J. Chem. Phys. 39, 529 (1963).

17T, Wharton, L. P. Gold, and W. Klamperer, J. Chem. Phys.
37, 2149 (1962); Phys. Rev. 133, B270 (1964).
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In conclusion, it is possible to say that the major
effects in the Li%-Li? hfs anomaly are accounted for, and
agreement with experiment is obtained with a value of
Rp not inconsistent with that given by Burleson and
Hofstadter.
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APPENDIX I: EFFECT OF THE 1s ORBITALS

We show here that the inclusion of the 1s orbitals
does not affect the hfs anomaly result, a fact one would
anticipate since the anomaly does not depend on the
details of the unperturbed electron radial function.

Call the three electron radial functions Ry (e),
Ry_(e), and Rs, (e) (assuming M =1). Form

Xa(i)=5V2[ R (1) Ry () +Rs(/)R, ()],
where oy are a permutation of 14, 1—, 24-. Let
R(E)=Roy (k) X2y.(37), 1% j%k.
The J=1% function |00S,M ) is then

1 ox(1) R(1)
1 ou(2) R(2)
1 ox(3) R@)

(8]

1.2)

[00S M Y= N-1/2 )

or in compressed notation,
| ol )= N2 det{1,03 (j),R(E)}
Here N is a normalizing factor, and o1/2(%) is defined by

a1/2(k) = 671"[28 (k)ex(D)ex () —a (k)B (D) ()
—a(k)e(1)B(5)],

where a(e) is a spin function with M=-%; 8 is a spin
function with M= —%; and ¢_y,2(e) is obtained by
interchanging o and 3.

For the perturbations produced by the Bohr effect,
introduce the combination

Ry (k)= 5{Rey' (k) Car,® (k) X 24 (i)
+3V2Ray (B)[R1y' (3)Car,® (D) R1-(5)
+ R (1)Car,® () R1-(i)]
+3V2Ryy (B)[Rat ()R- () Car® (4)
+ R (NR @) Car,,® (0]},
which has the symmetry needed in order to express the
perturbed part of the wave function by
| L'M1SoM s)= (N72)det{1,025(7),R ()} ,
where L'=2, So=1.

(1.4)

(1.5)

(1.6)
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The total wave function is again
|FMr)=20;| IJFM r), (L.7)
where
|IJFMp= Y, (IMJJM;|FMp)
MIMLMs
X (LM LSMs|TM )| IM )| LM .SM ). (L.8)

Now the projection functions needed to produce a
differential equation in the radial coordinates are
(k,SoM g| and (L'M 1.SeM s|. Define

(1,SoM 3| =0215(3) —0ou(2) ;
2,SoM 5| =0m5(1)—0as(3);

(3:SUMS[ =°'Ms(2)"°'Ms(1) .
Also, let

(L'M LS M s| = det{1,0r5(7), Cor,® (%)} -
Then the equation
(Beg+3Cy— E+V.) | FM )=0,
when operated on from the left by

> (IMSM ;|\ FM p)(IMy| (k,SeM |,

MiMy

(1.9)

becomes the first part of Eq. (26) provided we define
Ra (k) = [1+ eBR(k):lRao (k) . (I 10)

Here R,o(k) is the eigenfunction of 3¢z (%) and egw does
not depend on a; i.e., it is the same function of 7;, for all
the orbitals present.

Similarly if we operate on (1.9) with

> (IMIM | FM ) (L'MLSoMs|TM ;)

MIMLMS

X{IMr| (L'M .SM 5| ,

we obtain the second part of Eq. (26), provided
R, (k)= en (k) Reo(K). Again ep (k) does not depend on a.
Since the hfs operator is a one-particle operator, the
contribution to the total Li” hfs from each electron will
contain a factor 14Ag;, and so the result will be the
same as that obtained above for a single electron.

APPENDIX II. THE SPECIFIC
MASS CORRECTION

The specific mass correction is calculated nonrela-
tivistically. The vector potential arising from the nth
nucleon at electron e is given by

A(en)= (a*/ma){[3g5'V () XS (1)]/Ren
+ I:XP (”)P(")]/Ren} )

and the interaction Hamiltonian 3¢’ is then

3 =a2 {P(e) - Ale,n)+28.5(e)-V(e) X Alem)}, (IL2)

(IL.1)
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where the coordinates R, R, are taken in an arbitrary
inertial framework ; g¢’ is defined in Eq. (6) and g, is the
electron-spin g value; all masses are measured in units
of the electron mass.

Introducing a coordinate system centered at the
center of mass (c.m.) of the nucleus (not the atom),
which is taken to be at the position R; and labeling the
coordinates in this c.m. frame by r. and r,; we find that
R..=r.,, that

V(e)=V'(e)+ 1/ M)V (I1.3)
and that
My 1
Pr)=(1—— = —p(
=(1=2)o) % 120
M Win
-3 il—p(e)—l-—-—P, w'#n or my. (IL4)

Here V’(e), p(e), and p(n) refer to the center-of-mass
frame, whereas V and P refer to the c.m. motion in the
inertial frame. The mass of the nucleus is My, and the
total mass of the atom is M ; %, is the nucleon whose
coordinates were eliminated by the introduction of R.
Substitution of P(e) and P(xn) into 3¢’ gives

=130y'+-3e,' 43¢5, (IL5)

where

/=3 (%){[%g.;h(n)(l—%)s(e)'L(n)]/’en3

+[3g:L(e)-S(n) 1/7.n’
+[18:8-S(e) - V' () X (V' (e) X8 (n)) ]/ ren} ,

wieg () [

M NS \
X%ErnXp(n)- (e)J/re,l

_ [xP(n)§ (%)p(e) : p(e’)]/ren
+1xes (%)rexp(e'm(e)} /)

(1L

and 3C5’ consists of terms containing R or V or P, and
terms such as p(e)- p(n) whose diagonal terms vanish
for wave functions having a definite parity for both the
electronic and nuclear parts separately.

Here 3¢, is the expected Hamiltonian, and 3¢, is the
mass correction. The first term of 3’ has vanishing
diagonal elements for nucleons having a definite /, and

(IL.6)

w'#En or my
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the third has vanishing diagonal elements for electrons
having definite /. The second term has vanishing dia-
gonal elements for es%¢’, but for e=¢’ a term propor-
tional to (1/M)p?/r survives. This term gives no hfs
energy shift directly, because both hfs levels will be
shifted the same way, but it will affect the wave func-
tion, producing a correction similar to the reduced mass
correction times (1/7). But the reduced mass correction
to the hfs anomaly, (me/m7)?, is about 1— (3X107%), so
that corrections of the form (1/M)p?/r would be
negligible. This argument is used also to justify the
neglect of nondiagonal elements of 3C'.

Finally, we must consider the Hughes-Eckhart
correction.’? The kinetic-energy operator in the c.m.
system, Tg, is

ey

N

1
+—-zv.,'.v,'}, e#f (IL8)
MN ef

and the V.-V, term, although its energy shift would
not affect the hfs, would alter the wave function. But
again, diagonal terms vanish and nondiagonal ones
would be negligible.

APPENDIX III. DERIVATION OF EQ. (7)

Since a(e)=2p1S(¢), Eq. (5) shows we must evaluate
S(e)-A(n), where A(n) is obtained from Eq. (6):

S(e)-A(m)=—[S(e) ren X5 (n) )/7en®

+[S(e)-3(m)]/rea®. (IIL.1)
Then we employ the relations
—S(e) renXu(n)=[1.X8(e)]
-u(m)+S(e)-[r.Xu(®)], (IIL2)

P(n)= (iV2/r){CP ()L (%)} ®—iCD (#)9/dr., (111.3)
1

> (zk+1>——c<k> () C® ),

re,ﬁ rE—7p2 k

for 7.>r, (I11.4)
and
1
fenz 7n2"‘7' k

for 7.<r,. (IILS)

These latter three relations are taken from Judd.® We
then perform a standard recoupling to obtain Eq. (7).

2D. S. Hughes and C. Eckhart, Phys. Rev. 36, 694 (1930).

BB. R. Judd, Operator Techmques in_ Atomic Spectroscopy
(McGraw-Hill Book Company, New York, 1963), pp. 88, 92.
Note that the relation (III-3) appears in a paper by F. R. Innes
and C. W. Ufford, Phys. Rev. lli) 194 (1958).



