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(vi) Our results come closest to solution I of Phillips
and Rarita. ' Our slope for the p trajectory is slightly
larger. This may be due to the pure exponential behavior
for the residues assumed in PR while we have used (7).
The number of parameters needed in our Gts is less than
in PR. This is due to the fact that we have used extra
information from the nucleon form factor data and also
because our parametrization of the residues involve a
lesser number of parameters. We have con6ned our its
to —f&0.5 (BeV/c)s partly because beyond this range

the parametric representations of a and r are expected
to be unreliable and partly because at large momentum
transfers there is no reason to ignore E and S*
exchanges.

I wish to thank Dr. R. C. Arnold for his generous help
with the numerical computations. Most of the work
was carried out at the University of California, Los
Angeles, where the hospitality of Professor D. S. Saxon
is gratefully acknowledged.
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An Application of the Algebra of Current Components*
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Assuming simple commutation relations between the various components of the vector current density,
we derive three commutation relations between electric dipole and magnetic quadrupole operators. Taking
these commutators between proton states at rest, we get three sum rules. Considering only one intermediate
state, namely the I=fs, j=& pion-nucleon resonance Z**(1518),we have a consistency relation between
them. The sum rules are then used for deriving the ratio between the E2 and 3/l~ ampHtudes in single-pion

photoproduction, and one obtains a result in good agreement with experiment.

I. INTRODUCTIOH

ECENTLY, various applications of the commuta-
tion relations between components of current

densities, the so-called algebra of current components, ' '
have been given. One of the most important results is
certainly the sum rule for the magnetic moment of the
proton, derived by Dashen and Gell-Mann ' and Lee.'
These authors, assuming a commutation relation be-
tween the space components of the vector current
density J;", where cr is an SU(3) index, derived a
commutation relation for the space integrals of the
magnetic moment operators —,'e,7,~rI,J~ .Then, taking the
expectation value of this commutator between proton
states at rest, and inserting a suitable set of inter-
mediate states, namely the nucleon and the 33-reso-
nance E*(1238), they obtain a relation between the
magnetic moment and the charge radius of the proton4:

(I ./2~)'=s&r').

*Work supported in part by the U. S. Atomic Energy Com-
mission. Prepared under Contract AT(11-1)—68 for the San
Francisco Operations OfBce, U. S. Atomic Energy Commission.

)NATO Fellow, on leave of absence from Istituto di Fisica
dell'Universita di Roma, Roma, Italy.' R. F. Dashen and M. Gell-Mann, Phys. Letters 17, 142, 145
(1965).'R. P. Feynman, M. Gell-Mann, and G. Zweig, Phys. Rev.
Letters U, 6'l8 (1964).' B. W. Lee, Phys. Rev. Letters 14, 676 (1965).

4 Actually, it should be (r')y, the charge radius of the isovector
form factor which digers from (rs)s by about 20%%uq.

which is fairly well satisfied by the experimenta
numbers.

Moreover, the commutation relations also give the
vanishing of the electric quadrupole transition between
the proton and the E~.

In the present paper, we want to apply the same
method to other moments of the electromagnetic cur-

rent, and particularly to the electric dipole and mag-
netic quadrupole moments. The starting point will be,
as in the case of the Dashen-Lee sum rules, the com-
mutation relations between the components of the
vector current density:

LJ, (x),J4p(x') j=if p„b(x—x') J4&(x),

LJ4 (x),JP(x'))=if p,b(x—x') J'p'(x)

+ (terms symmetric in cr,P), (2')

LJ, (x),J,P(x)f=ib;;f p,5(x—x') Je&(x)

+ (terms symmetric in cr,P) . (2")

It is rather reasonable to believe that these commuta-
tors are correct. Adler and Callan' have proved Eqs.
(2) and. (2') for some simple models: the quark model

and two models which involve baryons and mesons,
like the Gell-Mann and Levy' 0- model. It must be
noted that in the quark model the last term in Eq. (2")

'S. L. Adler and C. G. Callan, CERN Report 65/1227/5-
Th. 587 (unpublished).

s M. Gell-Mann and M. Levy, Nuovo Cimento 16, 705 (1960).
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has the simple form

id p, .8(x x'—)p;;pAi, &'(x),

tion relations between the operators (3) and (4):

[E;,E,P]=if p„r,r;J4~d'r, (5)
where A&' is the space part of the axial-vector current
density. There is some indication that such an expres-
sion can be valid, without any additional term involving
gradients of 8 functions, at least for the magnetic
moment commutation relations. '~

According to Schwinger, s the last term in Eq. (2")
contains the factor d p~V,8(x—x'). In this paper, how-

ever, we shall not need to worry about the terms sym-
metric in the SU(3) indexes in Eqs. (2') and (2"), be-
cause the sum rules that will be discussed involve only
the f p~ part of the commutators.

Using Eqs. (2)—(2"), we will derive in Sec. II three
commutation relations between isovector electric dipole
and magnetic quadrupole operators: one between two
electric dipoles, another one between two magnetic
quadrupoles, and a last one between an electric dipole
and a magnetic quadrupole.

Taking then, as usual, the expectation value of the
three commutators between proton states at rest, we
obtain three sum rules. If we restrict the intermediate
states to only one, the I=-2, J=~ pion-nucleon reso-
nance N**(1518),we get a consistency relation between
the sum rules.

In Sec. III we will express the matrix elements of
the multipole moments in terms of the CGLN' ampli-
tudes in photoproduction.

Actually, the matrix elements that we get from the
commutation relations involve an oG-mass-shell photon,
so that some assumption has to be made on the form-
factor dependence of the matrix element. Assuming the
same form-factor dependence for the electric dipole and
the magnetic quadrupole transitions, we can compare
the ratio of these two matrix elements with the results
we get from photoproduction experiments, and we find
a remarkable agreement. Furthermore, we discuss the
simple model in which the form factor is dominated by
the p meson.

II. THE SUM RUXES

We introduce now the electric dipole operator

E»= (rJ4 )d'r (3)

and the magnetic quadrupole

M„'= [r, (r&& J");]d'r. (4)

Using Eqs. (2)—(2"), we obtain the following commuta-

' A. Sietti, Phys. Rev. 140, 3908 (1965),' J. Schwinger, Phys. Rev. Letters 3, 296 (1959).
9 G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,

Phys. Rev. 106, 1345 (1957).

[M;, ,M„P)=if p~ r,r; (5,; r' r,r —)J4~d'r

+(symmetric terms in n,p), (5')

[E,',M; i,P]=if.p„r,r; (r && J&)i,d'r

+(symmetric terms in n,p). (5")

The last term in Eqs. (5') and (5") obviously comes
from the analogous term in Eq. (2"). If we take now,
in Eqs. (5)—(5"), n=1, P=2, i=j =i'=j'=k=3, we
obtain

[Es' EPf =i s'J4'd'r (6)

[M33',M'ss' j=i s'(x'+y') J4'd'r, (6')

[Mgs' E321=i s'(r&& J'),d'r. (6l I

)

Let us take now the expectation value of Eqs. (6)—
(6") between proton states at rest. The right-hand
sides of the equations are then easily interpreted in
terms of the derivatives with respect to momentum
transfer squared of the isovector electric and magnetic
form factors of the nucleon.

For obtaining sum rules from Eqs. (6)—(6"), we now
have to make some choice on the intermediate states
in the commutators.

Since both E and M,, are negative-parity operators,
and the intermediate states are at rest [because of the
integration over space in Eqs. (3) and (4)), we cannot
have the nucleon as an intermediate state. If we now
look among the states which are present in photopro-
duction, we find that the J=-,'+, 1V*(1238) state does
not contribute for the same reason. We see, therefore,
that in the commutator (6) it is possible to have only
intermediate states with J=-', and J=), while in (6')
only states with J=~—and J= ~

—can contribute, and
in (6"), only states with J=-,'—.

Since from the photoproduction experiments there is
clear evidence of an J=~, J=~ pion-nucleon reso-
nance, the Ã**(1518),we assume tha, t this is the only
one intermediate state to consider in the three commuta-
tors (6), (6'), and (6"). With this hypothesis, we get
the three sum rules

[(Eia)~'= ,'(dGzv(k')/—dk—')i, 0 '(r')r (7——)—
((M„)j'=2[d'G v(k')/(dk')'j (8)

(Eie)(M2g)*= (i/2M) (dG~ v(k2)/dk2)~ o (9)
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Since the photoproduction data are given in terms of
(10) the CGLN multipoles, we have to express our ampli-

tudes (10) and (11) in terms of these multipole ex-
pansions. We have

Gz, M~=Gz, ~ —G~,~ .
The Gs ~~ ~(ks) are the electric and magnetic form
factors of the proton and of the neutron as dedned by
Sachs" and discussed by Hand, Miller, and VA'lson. "

It is now evident that from Eqs. (7), (8), and (9)
we get a consistency relation, namely

(rs&v-dsG gv(ks) 1 (dG~v(ks))s
(12)

6 (dk')' s=s 4M'& dk'

In some sense, Eq. (12) is similar to Eq. (1) only
"shifted" by a derivative. If we take the experimental
results on the proton and neutron form factors, ""
Eq. (12) gives

2.7&10—' I'"'= 2.8&10—' I".

M ~Usf' 8

2~Z) & f)k,

(e q)(exk) (e k)q i(e q)q
j(k) =fest+ &s+ &s+ &4

qk (f2kq

i(e k)k i(e q)k
&s+ &s

where g6 and g~z are two-{ omponent Pauh spjnors for
the initial and. 6nal nucleons, and because the photon
is virtual, we have to use electroproduction" instead of
photoproduction amplitudes, so that j is given by'4

j4(k) =ij(k) k/k,

(k,ks) is the four-momentum of the photon in the c.m.
system; (q,&e) is the four-momentum of the pion in the
c.m. system, and E=(q'+M')'". Ft...s are given in
terms of the conventional CGLN' multipole expansions:

IH. COMPAMSON WIITH PHOTOPRODUCTIOH

Equation (12) is a most encouraging result, and we
would like now to compare our sum rules P), (8), and

(9) with some experimental data on the electromagnetic
transition between proton and g*~.

Considering that the 1V**~E+7r decay mode repre-
sents about 80% of the total, the best sources of in-

formation are certainly the single-pion photoproduction
experiments in the region of the X**resonance. Unfor-

tunately, we can not directly compare the electric and

agnetic amplitudes of photoproduction with the
amplitudes we get from (7), (8), and (9).

In fact, as we said before, the integration over space
in Eqs. (3) and (4) makes the three-momenta of the

proton and the A** equal in the amplitudes (10) and

(11),so that, with the proton at rest, these amplitudes

are induced by a virtual photon with k=0 and "mass"
ho=TV —M, where TV is the c.m. energy of the pion-
nucleon system. In our case, 8"=8'g= 1518 MeV so
that 40=580 MeV. However, we assume that the effect

of the virtual photon can be taken into account by
means of a form factor which we shaB take to be the
same for electric and magnetic amplitudes. Therefore,
we can compare the ratios between the amplitudes ob-

tlned from (7), (8), and (9), and those derived from

photoproduction experiments.

Sr=g ((lM~+Z)+)P(+, '(x)

+I (i+1)Mi-+% gP~-t'(x)},

Gs=g $(l+1)Mr++1M~]P('(x),

'=2 L(E~+-M~+)P~+.-(x)+(~, +W )P, t-(x)$,

P4=+ $M(+—Er~—Mr —P., $P,"(x),

S,= —e,—xS,+g $(l+1)V„P„,'(x) fr, P, ,'(x)—j,
l=o

&,= —» +& UI'& —(i+1)I',+JP,'(x),
1

with =xqk/g kand the Mr~, Er~, Yr+ refer, respec-

tively, to the magnetic, electric, and longitudinal multi-

poles with orbital angular momentum / and J=3&-', .

Vjfe can therefore say that this result, to some extent, and

supports our assumption of the dominance of the E**
intermediate state in the commutators (6)-(6").

I F. J. Krnst, R. G. Sachs, and K. C. %'ali, Phys. Rev. II9,
1105 (1960); R. G. Sachs, Phys. Rev. 126, 2256 (1962).

"L.N. Hand, D. G. Miller, and R. %ilson, Rev. Mod. Phys.
B5, 335 ()963).

rs The value of Pd'Gsv(k') j(dk')']s s is actually taken from the
pole curves in Ref. 1&, which 6t the experimental deta rather weH.

"In our ease, we must remember that the photon is time-like,
that is, k„'=—k0~&0.

'4 See, for instance, I. M. Barbour, Nuovo pimento g7, 1382
(1963}.Our CGLN multipole amplitudes are bigger tban these by
a factor of V'15'I.



AP PLI CATION OF AI. GE BRA OF CURRENT COM PONENTS i261

For k=0, the following relations can be derived":

limLE, +—Y,~)=0,

limL(/ —1)E( +/F'( ]=0.

(13)
Em "/Mm " 3 f——or W=W~.,

eg "(0)/pg "k'=4.

(18)

(14) that is,
(18')

From the behavior of the forward differential cross
section in x+ and x' photoproduction, one estimates"

M2- m2—k E2- E2- (0)+~2-k F2- F2- (0)+$2-k

a straightforward calculation gives

M )'"E2 (0)
(Ega),. =i(2s)—'"

2ME) kp

Taking into account now only states with /=2 and
J=-,', and using the threshold behavior in k of the
multipoles,

Remembering now our assumption about the form
factor dependence of E2 (0) and m2, and taking for
them a Breit and Wigner form analogous to (17),
namely

m2 ——pg /(W' —Wg' —il'gWa),

Em (0)=em (0)/(W' —Ws' —il'~W~),

we have

e2 (0)/p2 ——~2 "(0)/p2 " for W=Wz,

and e~'(0) eg (0)

p, g k pp k

ko (r')y= —6—
k' 6

so that, taking the ratio between Eqs. (7') and (9'),
we obtain

2
q

-3(e q)~,q,
X —1 x. . (16)

2

Using (15) and (16), we can write the sum rules

(7), (8), and (9), summing over the intermediate spin
states,

1 MqdW IE2 (0)12 (r2)&

tV 12
'

2~2 kp'

18 Mq dtV

IV

d'G r(k')

(dk')' -a=0
(8')

—3i MqdWEp (0)
m2 *=

8" kp

i dG~r (k')
(9')

2M dk' p p

M2 "—p2 "k'/(W' —W~' i I'gW—a), —
E2——(62—(0)—p2—k )/(W2 WB 1F@WE)

(17)

where the index r stands for real photon, and Fg is the
width of the S**(~120 MeV).

"A proof of these relations has been given by R. P. Feynman
(private communication). lt follows from the assumption that for
k=0, j(k) should go like the components k~, k„, k, of h.' Ph. Salin, Nuovo pimento 28, 1294 (1963).

The main contribution to the three integrals comes
when 8' is near 8'g ——1518 MeV.

We can now make some comparison with the results
of photoproduction experiments. In photoproduction,
in the neighborhood of the resonance, "we can write
for the multipoles E2 and M2

1 (dG~v(k'))
=3.7, (19)

Mk dk'

where we have used the value k=480 MeV, given in
photoproduction and the experimental values" for
(r')v/6 and I dG~ (k')/dk'1~0 (the last quantity is
negative).

We have thus obtained a rather good agreement with
the value (18 ) in magnitude and in sign. It is worth-
while to note that Eqs. (18) and (18'), holding for ~+
and m' photoproduction, are valid for a combination of
isovector and isoscalar amplitudes, while Eq. (19) holds
only for isovector amplitudes. Equation (19) therefore
suggests a dominance of the isovector amplitudes in
the transition between proton and 3k**.

This result seems to agree with the experiments on
x+ and x photoproduction, at least for the electric
dipole amplitude. "

There is another way to obtain isovector dominance
more directly. We can take, in fact, in Eq. (5),a =3 and
P=8, so that we obtain the commutator between the
isovector and isoscalar electric dipole moments. The
right-hand side of Eq. (5) now vanishes, because
f»„=0 for every p, so if we take i=1 and j =2, we
obtain, using Eq. (16),

dW Em v(0)Er 8*(0)
=0.

IV kp'

Since E2 "(0) from Eq. (7') is different from zero, in
our approximation E2 '(0) must vanish. We conclude

"D.S. Seder, Nuovo pimento 33, 94 (1964)."G. Neugebauer, W. Wales, and R. L. Walker, Phys. Rev.
119, 1726 (1960);and R. L. Walker (private communication).
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again from this argument that the biggest part of E2,
namely E2 (0), is isovector.

An estimate of the isoscalar contribution to m2 is
difFicult to obtain, because we have to use the part of
Eqs. (5) or (5") symmetric inn, P, which as we said in
the Introduction, depends very much on the model
Lagrangian. ~ Moreover, the photoproduction experi-
ments are not complete enough to determine the iso-
scalar part in 352 "."

We want now to make a rough consistency check on
our form-factor hypothesis, assuming as a simple
approximation that the form factor is dominated by
the p meson, namely

We can use the experimental value" M/W(1/+137)E2 "
~(6m)'~'(1. 2) X10 "cm for %=8'~, and Eq. (18) to
obtain E~ "(0).

With Eq. (20), we can then evaluate the integral in
Eq. (7') over the peaks of the N** resonance and of
the form factor. We obtain in this manner a value of
the order of 7)&10 " cm', to be compared with—6.5X10 " cm' which is the value of (r')v/12 given
in Ref. 11.

Of course, if the form factor is not present, we get a
value ten times smaller for the integral, in strong dis-
agreement with the right-hand side of Eq. (7'). This
very rough calculation indicates therefore that, as a

"There is some indication t R. L. Walker (private communica-
tion) j that the ratio (18) may be slightly bigger. According to
Eq. (19), this could suggest the existence of an isoscalar contribu-
tion to 3f2 ", because at IV =W g, M2 = —(-',) (3I2 ~—M2 ~).

~ R. L. Walker (private communication).

first approximation, one can to a reasonable extent
assume the p-meson dominance of the form factor in the
E2 and M2 transitions. This fact enables us to under-
stand, to some extent, the success of the consistency
relation (12).

In fact, for the E**,8'g —M is of the order of the
p-meson mass, so that the matrix elements of the
operators (3) and (4) between proton and 1V**, are
enhanced both by the resonance in the pion-nucleon
system and the pole in the form factor. This does not
happen to matrix elements connecting the proton to
other intermediate states. "

Analogous considerations can be applied to the analy-
sis of the transitions between proton and the E***(1688)
resonance. This being a J= ~+ state, we need commuta-
tion relations between higher moments of the electro-
magnetic current, namely electric quadrupole and mag-
netic octupole. 9, ork in this direction is in progress.

ACKNOWLEDGMENTS

I would like to thank Professor Richard P. Feynman
and Professor Roger F. Dashen for various helpful dis-
cussions and suggestions, and Professor George Zweig
and Dr. Yossef Dothan for useful comments and criti-
cism. A number of conversations with Professor Robert
L. Walker on the experimental data in photoproduction
have been of invaluable help to me.

2'of course, the situation becomes more complicated if there
are other resonant states with J=~ or —,

' in the same mass
region. There is recently some indication, not yet de6nite, of the
existence of such states from the phase shifts analysis in Tf-N

scattering. However, up to now, these states do not seem to show
themselves in photoproduction.

. errata

Error and Convergence Bounds for the Born Ex-
pansion) IRwIN MANNING [Phys. Rev. 139, B495
(1965)].In Eq. (4.9) insert a factor expiB.

Mechanisms for the T=-,' and T=-,' Recurrences,
P. R. AUvII. AND J. J. BREHM [Phys. Rev. 140,
8135 (1965)].Equation (21) should read

and should be followed by the sentence "For a
width of 100 Mev we obtain f'/4+=0 354II,-'.".
This leads to the following determination of the
&3~2*%3~~*~ coupling constant [replacing part of
Eq. (58)]: g»'/4s =55. The line above Eq. (61)
should read:. . . we get (5/27)g33'/g', and hence
we conclude that g~P/4s = (27/5)g'/4s. =81. . . .
The result of the model is in very reasonable agree-
ment with this.


