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A general scheme is presented for approximately determining the mass M and coupling with pions g2/4r
of the nucleon, and the position and width of the 7rN 33 resonance. No cutoffs are required. Contributions

from distant left-hand singularities to the I=J=

%, 2 p-wave amphtudes are approximated by Baldzs-type

pole terms, and those from nearby left-hand singularities, by crossing symmetry. Baldzs-pole residues are
determined by requiring crossing symmetry in a form relating the =V partial-wave amplitude on the nearby
left-hand cut to physical 7.V scattering. As a first step in the investigation of our general scheme, we use
experimental data on 7V scattering in the /=J=$ p-wave state to determine the nucleon mass and pion-
nucleon coupling constant. We find M =1.03 in units of the physical-nucleon mass and g2/4r=18.6. The
latter appears to be weakly dependent on the choice of Baldzs-pole positions. The calculated nucleon mass,
on the other hand, appears to be practically independent of the choice of pole positions.

I. INTRODUCTION

N 1962, Chew! showed, on the basis of the static
model, that the exchange of the N* (3-3 resonance)
can give an attractive force strong enough to produce
the nucleon as a pion-nucleon bound state. Combined
with previous indications? that the N* is essentially
produced by nucleon exchange, this result strongly sug-
gests the possibility of a theory in which both the
nucleon and the N* arise as composite particle states.
Subsequent relativistic dispersion-theory calculations®*
have given qualitative support to this possibility.

Essentially two different approaches have been used
in these calculations. In some of them,? left-hand
singularities of partial-wave amplitudes are taken from
Born terms for N, N* and (in some cases) p exchange,
resonances being treated as single-particle states. The
N/D method’ is used to construct unitary amplitudes
which are then examined for appropriate bound states
and resonances. In these calculations, the unknown
contributions from distant left-hand singularities (corre-
sponding to short-range forces) are neglected. Also a
cutoff is required to eliminate the well-known diver-
gence due to the N*-exchange Born term.

The other approach,* which (at least formally) cir-
cumvents the difficulties associated with unknown
short-range forces and the divergence coming from N*
exchange, is based on a method introduced by Baldzs.®
In this method, contributions from distant left-hand
singularities of partial-wave amplitudes are approxi-
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mated by pole terms whose pole positions can pre-
sumably be determined by a definite criterion and whose
residues are determined by requiring that a fixed-energy
dispersion relation be satisfied at a suitable number of
points. The dispersion relation yields an equality be-
tween a partial-wave amplitude (which in practice is
obtained from the N/D method) at some (matching)
point in the low-energy region and an integral covering
an infinite-energy range, the main contributions to
which are approximately expressed in terms of masses
and widths of appropriate resonances. Although this
method uses a more realistic description of short-range
forces than the first, and does not require a cutoff,” it
involves the neglect of possibly important high-energy
contributions to the fixed-energy dispersion relation.
This neglect of high-energy effects probably accounts in
part for the sensitivity of results to the choice of match-
ing point.* In both approaches, elastic unitarity is
assumed in solving N/D equations.

In this paper, we will discuss, using a variant of the
Bal4zs method, the problem of ‘“‘generating” the nucleon
given the N* and vice versa, and also the much more
difficult problem of ‘“‘generating” both the nucleon and
N*in a single self-consistent calculation. We will follow
Baldzs in parametrizing effects of short-range forces
with pole terms but will zof use fixed-energy dispersion
relations to determine residues at the poles. Instead, the
residues will be determined by requiring crossing sym-
metry in a form relating a pion-nucleon partial-wave
amplitude on the crossed pion-nucleon cut to physical
pion-nucleon scattering. Our approach here is largely
motivated by a previous calculation? of two of us (T. K.
and A. T.) for pion-pion scattering in which Baldzs pole
residues were also determined by applying crossing
relations in a straightforward manner. In fact, the
formulation of crossing symmetry, as used in the present
work, is much easier to apply practically than was that
used in the 77 calculation.

7 See, however, discussion by F. Zachariason in Strong Inter-
actions and High Energy Physics, 1963 Edinburgh Summer School
Proceedings, edited by R. G. Moorhouse (Plenum Press, New York,

1964). See also the discussion at the end of Sec. IIT of this paper.
8 T. Kanki and A. Tubis, Phys. Rev. 136, B723 (1964).
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In Sec. II of this paper, we present the general
formalism including specific forms of partial-wave
amplitudes and crossing relations. A brief outline of a
program for simultaneously deducing the N and N*
from unitarity, crossing and analyticity is also given.
As a first step in the investigation of such a program,
we report in Sec. IIT a calculation in which experimental
data on the 33 resonance is used to determine the nu-
cleon mass and pion-nucleon coupling constant. Section
IV contains a “Summary and Conclusions”.

II. GENERAL FORMALISM

A. Pion-Nucleon Amplitude and Crossing Relations

The pion-nucleon amplitude (see Fig. 1) can be ex-
pressed in terms of the four invariant amplitudes, 4+
and B#* as®

i
Top= —Aas-l-?" (g1+92)Bag, (2.1)
Aap=00pAT+3[1ams]47, (2.2)
Bap=0a0gBt+3[14,78]B~, (0,8=1,2,3), (2.3)

where (g1,) and (gs,8) are the momenta and isospin-
state labels of the incident and outgoing pion, re-
spectively; 7, is the nucleon isospin operator; and 4=+
and B# are functions of the three Mandelstam variables
s=(p1—q)?, t= (p2— p1)? and %= (p1—¢q2)>. In terms of
the center-of-mass scattering-angle 6, in the s channel, ¢
and # are given by!?

=—2¢2(1—cosb;), (2.4)
1—cosf, (1—u2)? 1+4cosh,
w=— . s—2(1+w»)], (2.5)
s

where ¢,? is the square of the center-of-mass momentum
in the s channel.

2——[s— +afls—-pf]. 6)

The substitution rule, when applied to the amplitudes
(2.1)-(2.3), leads to the crossing relations

Ax(stu)=4+A%(ut,s),
B:{:(S,l,’lad = :FBi(u,i,S) .

In terms of isospin eigenamplitudes 47 defined in the s
channel by

AP (s 5 tyu) = A+ (s,tu) — A= (s)bm)
AV (s; tyu) = A* (s,tu)+ 247 (s)tu)

(2.7

® G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1345 (1957).

©Tn the present work, we set the mass of the nucleon equal to
unity. Then p=mass of plon/ mass of nucleon=0.146 and s+i+4u
=2(1+u7).
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P, q,,8
F16. 1. The pion-nucleon in-
teraction 7N — 7+ N.
P q,a

with similar expressions for the B, the crossing relations
(2.7) become

Al(s;tw)= 3 CrrAT(u;t,s), (2.8)
I'=},3
Bi(s;tu)y=— 5. CrpBY (u;t,s), (2.9)
I'=}}
where
-3¢
CII'=<2 1>; I,I'=1%3. (2.10)
3 3

The amplitudes 4 7 on the right sides of (2.8) and (2.9)
are the eigenamplitudes in the % channel.
The partial-wave amplitude

sindz. I (s)
p(9)

which corresponds to the state with total isospin 7,
orbital angular momentum / and total angular mo-
mentum /=3, is given by the well-known formula®!

hlil(s) =ei5l:l:l(s)

hagt (s)=2: 9 /_ 1 d cosf;[P(coshs) f17(s; cosbs)
+Pyi1(coshs) foI (s; cosfy)], (2.11)
where
E(s)+
A= Srs [A’+(\/S—1)B’:|,
£6) (2.12)
fil= ﬂ;[ ATH (/s +1)BT].

p(s) is a kinematical factor which will be specified later,
Py(cosf;) is the Legendre polynomial of order I, and
E(s)=(s+1—p?)/24/s is the nucleon energy in the
center-of-mass system.

Inserting (2.8) and (2.9) into (2.12), we obtain the

(1;165 C. Frautschi and J. D. Walecka, Phys. Rev. 120, 1486
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1 threshold= 4 p*

F16. 2. The Mandelstam plot for the pion-nucleon interaction.
The region of the # and s channels where the 33 (V*) resonance
dominates is indicated. The s- and #-channel nucleon poles are
associated with a mass 7 not initially set equal to the physical
nucleon mass (=unity in this paper) in order to emphasize that
this mass should be deduced from a dynamical calculation.

crossing relations in terms of f17 and fol.

J11(s; costs)
E(s)+1 —V/s+2
=_£i)_i C ,,:Mflf’(u;cosﬂu)
20/s T E(u)+1
At/ s—2 o
_mﬁ (u,coseu)J, (2.13a)
f21(s; coshs)
E(s)—1 Vuty/s+2 [
"o B e el
Vu—+/s+2 e
_-—E(M)—_l_fz (u,coso,,)j’. (2.13b)

6., the center-of-mass scattering angle in the # channel,
may be obtained by interchanging s and # in (2.5).

We see from (2.4) and (2.5) that cosf,=-+1 on the
line =0 and cosf,= —1 on the curve su= (1—u?)% This
curve and line are also the boundary curves for | cosf,|
<1 since they are invariant under the interchange
s & u (see Fig. 2). Thus, when | cosf,| <1 and s is in the
unphysical region [0<s< (1—u)?] for the s channel, all
fPs on the right-hand sides of (2.13a) and (2.13b) are
to be evaluated in the physical region of the # channel.
We can thus use the following partial-wave expansions®-1!
for these f7s.

p(s)

qu

Jf1I(%; cosh,) = ;} oI (u) P/ (cosh.,)

— 2 ki T(u)P i (cosh,), (2.14a)
=2
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SoT(u; cosfl) =/ﬁ g,o ChiT(u)— ko T (u) JP Y (costy,) .
& (2.14b)

Equations (2.11), (2.13), and (2.14) thus express by
crossing symmetry the %;,.7(s) in the unphysical region
[0<s< (1—p?)?] in terms of their physical values.

Since we only use the Legendre expansions (2.14) for
physical amplitudes, they converge rapidly in the low-
energy region of the # channel and our crossing relation
for 2;.7(s) will be accurately satisfied for s close to the
threshold of the left-hand cut [s= (1—u)*] even if only
the first few terms in the Legendre expansion are re-
tained. This fortunate situation is lacking in the case of
pion-pion scattering® where we had to use Legendre
expansions for unphysical amplitudes in order to
practically use crossing relations analogous to the one
discussed here.

B. Choice of Partial-Wave Amplitudes and
Effective-Range Expansions

In Fig. 3 we show the dynamical singularities of
hi1(s).22 The right-hand cut starts from s= (14u)? and
the left-hand cut from s= (1—pu)2 The nucleon pole is at
s=m?and thenucleon short cutis between s = (1— u?)2/m?
and s=2(14-p?)—m?. Note that we have used m for the
mass of the internal nucleon, which corresponds to a pole
of the I=71, I=J=4% amplitude. We do not assume in-
itially that m is equal to the external nucleon mass be-
cause we assume that the mass of the infernal nucleon
should be calculated dynamically as the total energy of
the bound system of the external nucleon and a pion. In
Fig. 3, we have neglected the circular cut which comes
from the pion-pion interaction in the ¢ channel. In
Appendix A, we discuss the effect of this circular cut and
show that it gives only a small correction to the analysis
of the I=J=1% p-wave amplitude in Sec. III.

We now discuss the choice of kinematic factor p(s) in
(2.11). If p(s)=gs, then

Rt (s)= (e¥1+"/q) sindr. 7 (s).

This amplitude has the following behaviors®® near the

=0 (=m (PP

Fic. 3. Singularities of %:,7(s). The short crossed nucleon cut
extends from s= (1—p2)?/m? to s=2(14pu®)—m? The circular
t-channel cut is not shown here but its effect on our calculations is

discussed in Appendix A.

2 Because we work in the complex s plane, it is evident from
(2.12) that there is a kinematic branch cut starting at s=0. This is
of no consequence in the present calculations since the Baldzs
effective range expansion to be employed (see Sec. IIB) in principle
accounts for the effect of singularities in the region of this cut.

18 G. Fry and R. L. Warnock, Phys. Rev. 130, 478 (1963).
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thresholds of the right-and left-hand cuts, respectively:
bt (s)~qs'~[s— (1+w)?T, s— (14w)?; (2.15)
~[s— (1—u)? 24 constdzy, s— (1—pu)2. (2.16)

When we apply the N/D method to this amplitude, the
discontinuity of the left-hand cut of the NV function
should therefore satisfy certain moment-conditions.
Now we will shortly introduce a Baldzs effective-range
expansion® for the distant singularities of the V function.
From a practical point of view, it is desirable to free this
expansion from these moment-restrictions and to build
in the threshold behaviors (2.15) and (2.16). Thus, for
p-wave amplitudes, we choose p(s) so that

s 12 s
h212 =
= (S—(l—#)2> s— (1 u)?

e92127 §infyzey
X )
qs

217

where the conventional notation (27/2J) for partial-
wave amplitudes is introduced and will be used from
now on. The branch of the square root on the right side
of (2.17) is chosen so that it has a cut from s=0 to
s= (1—u)% The function /a7 is finite at both the right-
and left-hand cut thresholds. Near s=0, the behavior of
heres is controlled by the high-energy amplitude for
backward =-N scattering. In Appendix B, it is shown
that kares does not vanish at s=0 provided that the
backward-scattering amplitudes 4 (#; cosf,=—1) and
B(u; cosf,,=—1) behave as ~constXu® (¢>%). Un-
fortunately, we have no available data for backward
7-N scattering. In this paper, we will for simplicity
assume that %erey does nof vanish at s=0.

If we invoke two-particle unitarity over the whole
right-hand cut and introduce Baldzs effective-range
poles for contributions from the distant left-hand cut,
the usual N/D formalism?®¢ leads to

haras (S) =Noras (S)/Dsz (S) , (2-18)
1 2+ud)—m? Imbhoaray (S')
]\72,2J(s)=—f ds’—7—~——D2121(s')
T J (1—p?)?m? §=s
1 ra—w? Imhzzg,](s')
- f —"_’——DZHJ(SI)
TJL S—3S
azre;  Barar
. (2.19)
s s+350
S—So bl p(S')Nz[gJ(SI)
Doras(s)=1— / S,f__ . (2.20)
™ arw?  ('—s0)(s'—s)

The first term on the right side of (2.19) is the contribu-
tion from the crossed-nucleon cut. The second term is
the contribution of left-hand cut singularities from s= L

NUCLEON AS COMPOSITE PARTICLE STATE

1075
15
K ( X ,5, Sa )
10
05—
0
-Q05 09

F16. 4. Plots of
K (zssa)=[14x(sa— (1 —p)?=1)]/[1+2(s— (1—p*-1)],

where s4=0.629, for several values of s. Some relevant values of
s'=14(1—p)?—1/x are indicated along the # axis.

to s= (1—u)2 We will specify L later. The contribution
from unknown “distant” left-hand singularities (s<L)
is accounted for by the Baldzs pole terms.

The positions of the poles have been chosen in ac-
cordance with Bal4zs’ criterion. If we set s = [1+4 (1—p)?
—1/«7, the contribution to Nares from ‘““distant” left-
hand singularities may be written as

_1 zy,

™ 0

dx K(x;5;54)
a{l+alsa— (1—p?—1]}
X Inores[s'(#) 1Dares[s' (%) ],
1/xr=14+1—u)—L,
1+alss— (1—p)*—1]
als— (1—pP—1]"
5s4=0.629.

(2.21)
where

K(x,S,SA) =

The behavior of K as a function of x for several s values
is shown in Fig. 4. The straight-line approximation
shown there corresponds to the pole terms of (2.19). We
see that reasonable accuracy is obtained for 0.525s<2.5
(the region of interest in this work) and —0.1Zx20.8
(corresponding to — 0 <s'20.45 and 12Zs'<+ ).
The validity of the approximation for K (x; s; s4) in the
region corresponding to 12Zs’<« means that some
effects of inelastic unitarity and the breakdown of our
representation for Nazas(s”), appearing in the integrand
of Daras(s) for s’>12, are taken into account.®
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C. General Scheme of Self-Consistent Calculation

We shall briefly discuss here a general program for
self-consistently determining the mass and coupling
with pions of the nucleon, and the mass and width of the
33 resonance (NV*). We have previously shown in the
case of pion-pion scattering® that the existence and
approximate mass and width of the 7=/7=1(p) reso-
nance follow as simple consequences of analyticity,
unitarity and crossing symmetry. In this paper, we
essentially adapt the approach used in pion-pion scat-
tering to the problem of determining pion-nucleon -
wave amplitudes for /=J=% and /=J=3%.

Approximate unitarity and analyticity requirements
are built into the N/D expressions (2.18)-(2.20). We
now impose crossing symmetry by requiring that each
partial-wave amplitude hsray given by (2.18)-(2.20)
satisfy the crossing relation following from (2.11)-
(2.14), on the nearby left-hand cut [L<s< (1—p)*].
This crossing relation gives both the real and imaginary
part of the %s797 on this cut in terms of their physical
values. The relation for the imaginary part may be used
to calculate the integral over the nearby left-hand cut of
the N function [the second integral of (2.19)]. The
relation for the real part may then be used to determine
the pole residues @ and 8 of (2.19) in a way similar to the
procedure used in the pion-pion calculation.® Actually,
it will be more convenient in this work to use these
“real-part” crossing relations in a somewhat different
manner which will be discussed further on.

In the second integral of (2.19), the maximum value
of # in the Legendre expansions (2.14) appearing in the
integrand is (1—pu?)?/L. For L=0.4, which is roughly
the value we use in this work, the corresponding labo-
ratory pion kinetic energy is about 560 MeV. Therefore,
a reasonable approximation for the Legendre expansions
(2.14) is to retain only the /%33 term on the right-hand
sides. We will discuss this approximation in detail in
Secs. 3 and 4.

The compositeness assumption for the nucleon im-
plies that in N/D partial-wave calculations, the nucleon
should appear dynamically as a zero of Dy; as well as a
short (crossed-nucleon) cut in all the Aeres. Thus, as-
suming that the 33 contribution to the crossing relation
just discussed dominates the other contributions, we
may, in terms of the coupled /1, and /35 problem, set up
an approximate self-consistent procedure for simul-
taneously deducing the mass and width of the 33
resonance and the mass and coupling with pions of the
nucleon.

For example, we might make an initial guess for these
parameters, use them to determine the first two inte-
grals on the right side of (2.19), find values for a1, B11,
ass, and B3 so that the calculated /451 and %33 have poles

14 To the extent that we work with the coupled equations for %,
and kg3, the program to be described here is similar in spirit to the
“reciprocal bootstrap” calculations (Refs. 1, 3, 4) previously

mentione d but quite different in methodology.
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and residues at these poles corresponding to the input
parameters, investigate the self-consistency of the input
parameters by seeing how well the “real-part” crossing
relations are satisfied on the nearby left-hand cut, and
finally repeat this procedure for various sets of input
parameters until the ‘“real-part” crossing relations are
satisfied to an accuracy compatible with the approxi-
mate nature of the calculation. In the next section, we
will discuss a calculation based on a more limited pro-
gram in which the N* parameters are assumed and only
the nucleon parameters are determined. Calculations
based on the full program are now in progress and will be
reported at a later time.

D. Internal- and External-Nucleon Masses

A few words should be said here concerning the re-
lationship between the external- and internal-nucleon
masses. The mass of the internal nucleon, according to
the composite-nucleon picture, is associated with the
position of a (calculated) zero of Dy;. This might not, in
general, be equal to the mass of the external nucleon. In
other words, we have assumed that the nternal nucleon
is a dynamical bound state of a pion and the external
nucleon so that we cannot a priori set these masses
equal. Instead, this equality of internal and external
masses should be derived from dynamical principles.
Actually, this equality can be understood as a conse-
quence of Chew’s bootstrap principle,'* namely, that
every one particle state be a compound of particles
which are able to couple with this one particle state.

To show this, we first note that if these masses are not
equal, there exist two different nucleon states, N and N’,
similar with respect to all quantum numbers and
differing only in mass with the basic vertex now being
wNN’. We must now consider the =+N — r+N as

1-1

IS K

B ™

1-1

F16. 5. Plot illustrating the equality of émlernal and external
nucleon masses according to Chew’s hypothesis. The actual nu-
cleon mass corresponds to the intersection of the two curves. The
curve p (/1) gives the N-pion mass-ratio in terms of the
N'-pion mass ratio and similarly for the curve u'~1(u™). The two
curves differ only by the interchange u < 4.

18 G. F. Chew, Rev. Mod. Phys. 34, 394 (1962).
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well as the 74N’ — 7+ N’ amplitude. N’ should appear
as a pole of the amplitude for 7+ N — 7+ N scattering
and N as a pole of the amplitude for 7+N’'— =+ N’
scattering. Now our theory has only one parameter for
each scattering, namely the mass ratios u= (pion mass)/
(N mass) and u’= (pion mass)/ (V' mass), respectively.
First consider -V scattering. According to Chew’s
hypothesis, the mass of the N’ which is essentially given
by u~!is dynamically calculable. Thus '~ is a function
of p. The functional dependence may be represented by
a curve in the y—'—p/~* plane (see Fig. 5). Now consider
w-N’ scattering. Since N and N’ are identical except for
mass, the dynamical equations for w-N’ scattering
should be the same as those for 7-IV scattering except for
the fact that u and ' are interchanged. Thus we obtain
another functional relation between u~! and p/~! which
is obtained from that of =~V scattering by the inter-
change p <> u’. Chew’s principle shows that the solution
of our problem should correspond to the intersection of
these two curves, thus leading to the equality of both
masses.

g/ 1 \® s
ImAy," (s+ie)= ——( >
dr\s—(A=p)¥/ s—(1+4nu)* 8¢

X[EE(s)H](x/s—l)(l—
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In the calculation of %;; in Sec. IIT of this paper, we fix
the external-nucleon mass at its physical value and only
determine the internal-nucleon mass. This is because
weare using experimental data on one side of the crossing
relations discussed in Sec. ITA, thus making it awkward
to vary the external mass. Variation of both internal and
external masses is now being carried out in connection
with the full self-consistency program outlined in
Sec. TTC.

III. DETERMINATION OF NUCLEON MASS
AND COUPLING WITH PIONS FROM
THE N* PARAMETERS

We now discuss the details of a calculation of the
nucleon parameters from the assumed (experimental)
scattering in the 33 state. The general procedure has
already been briefly described in Sec. IIC.

The 11 amplitude is given by (2.18)-(2.20) with
I=J=1%. For the crossed-nucleon-cut contribution [first
term on right side of (2.19)7], we use’**

SR s mo- s | 6
qs

which is written in terms of the conventional coupling-constant g2/4r (=15 experimentally). For the nearby left-
hand-cut contribution [second term on the right side of (2.19)7, we use the crossing relation obtained by substi-
tuting (2.13) and (2.17) into (2.11)'6

s 1z s u=(s) s r E(s)+1
hz[zzi(s-l—’l:e) = —l( ) / du Pz(cosos)
ls— (=wpl/ 5= w2 Jupew (= [1—w)P—dusl 2/s
u—A/s+2 v \VuAA/s—2
X2 Crr <—————-—f1" (u—1e; cosy) ——————fo! (u—1ie; cosﬁu)> — Py 1(costs)
I E(u)+1 E(u)—1
E(s)—1 VutA/s+2 Vu—+/s+2
> Cm(————fl" (u—1ie; cosfy) —————foF (u—ie, cosﬁu))] , (3.2)
/s I E(u)+1 E(u)—1
L<s<(1—p)?; e— 04, As was previously mentioned, we will only retain the
()= (1— )2/ (3-3) 33 contribution to the right-hand side of (3.2). The
u-3)= 55 quantitative reliability of this procedure is illustrated in
wy(s)=—(s—2—2p2), (3.3a) Table I where contributions to the crossing relations
from various states are given.!” The real and imaginary
cosf.—= s (5)+u-(s)—2u (3.4) parts of %;; along the nearby left-hand cut are plotted in
o — ’ ) Fig. 6.
u_(s)—uy(s
()= () Lin (2.19) was chosen as 0.49. This value corresponds
cosf 14 2L(1—p2)2—su] (3.4a) to a maximum pion lab kinetic energy of 340 MeV in the
0oSUy= — 11 o

[u— (1+p) P—4p?
The f1,27(u, cosfy,) are given by (2.14).
16 We have included the 7e explicitly to emphasize the fact that

if s approaches the real axis from above, and cosf, is physical, then
u approaches the real axis from below.

u integration of (3.2), an energy low enough so that the
assumption of (33) dominance of crossing relations is
valid. Also, the imaginary part of 4i1(s) as given by
crossing relations vanishes at this value. By starting the

17 1,. D. Roper, R. M. Wright, and B. T. Feld, Phys. Rev. 138,
B190 (1965).
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F16. 6. /11 along the nearby left-hand cut calculated from the
crossing relation (3.2) with experimental 33 data (Ref. 17).

integral of the nearby left-hand cut contribution to Ny
at this value of L, we thus avoid a spurious end-point
singularity, which would be hard to compensate for
with Baldzs poles.

The determination of m? and g* from crossing, uni-
tarity, and analyticity assumptions is most conveniently
accomplished by an iterative procedure based on the
general program of Sec. IIC.

We make an initial choice of g2 and m? and use experi-
mental (33) information to evaluate the crossing rela-
tion for Tm/yy(s), L<s< (1—p)2. We then approximate

Rehp
I0.0}—
/// \\\ ) .
Vs \ Given by crossing symmetry
/ \ , and experimental data
50}~
[¢]
04
—50L Nucleon pole at s=085
Rehi
Nucleon pole
100~ at s=105
50
s
o] —

04
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Dy, in the integrals of (2.19) by
Du(s)= (s—m?)/[(1+u)*—m*],

which corresponds to the linear approximation for
Dy (s) normalized to unity at s=so= (14u)? and leading
to a bound state at s=m? Dy, given by (2.20), may now
be calculated and will be a linear function of a1; and B11.

The conditions for a bound-state pole at m? and
residue at the pole corresponding to the conventional
pion-nucleon coupling-constant g/4r are

(3.5)

Dn (m2)=0 5 (36)
Nu & m2 1/2
- 3
Dy (m?) 47r<m2—- (1—#)2>
m? E(m*)—1 3.7
X m+1),
mi— (14u)?  2m

D11'= dDu/dS;

Egs. (3.6) and (3.7) are two linear inhomogeneous
equations for ay; and B1; which may be readily solved.
We may then iterate this procedure using instead of
(3.5) the actual Dy; calculated the first time with as; and
B11 determined from (3.6) and (3.7). The iterations are
continued until the changes in a1; and 811 for successive

Re hy

750
Nucleon pole
at $=130
100 -
50
0 1 | ~= S
04 05 086 o7 (1+p)?

F16. 7. Rehy on the nearby left-hand cut calculated from the
N/D method for various choices of m? and g2/4r (solid lines) and
the crossing relation (3.2) with experimental 33 data (Ref. 17).
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iterations are negligible. It was found in practice that
only three iterations were usually needed.

This whole procedure is now repeated for various
values of g/4r and m2. The final choice of values is that
leading to an amplitude %1;(s) which most accurately
satisfies the crossing relation for Re/s;(s), L<s< (1—w)?,
as determined from experiment. In Fig. 7, we show how
accurately this crossing relation is satisfied for various
choices of g?/4m and m?2. A general feature of the results
is that for fixed m? the calculated Re/si(s) tends to
move vertically without much change in shape for
changes in g, and for fixed g% the slope of the calculated
Reki(s) near the left-hand cut threshold is a very
sensitive function of m?2. This feature allows one to make
a fairly unique choice for m? and g/4r, our final values
being

m?=1.05,

¢*/4r=18.6.

The experimental values are m?=1, g?/4r=15.

It is interesting to compare the present calculation
with that of Narayanaswamy and Pande* who also
introduced Baldzs poles. Instead of determining the pole
residues as done here, they matched the value and
derivative of the 11 amplitude at a point between the
left-hand and crossed-nucleon cuts with that given by
fixed-energy dispersion-relations. The low-energy parts
of the fixed-energy dispersion integrals were approxi-
mated by the N* and p contributions while the high-
energy parts were evaluated according to the strip
approximation of Singh and Udgaonkar.* It was found
that results were very sensitive to the choice of matching
point. As was mentioned in the Introduction, this
probably indicates an inadequate description of high-
energy effects in the fixed energy dispersion relations.
Such “matching-point” sensitivity of results is absent
in the present calculation since crossing relations are
required to be satisfied over a finite region where we are
fairly certain that all important contributions to the
relations are taken into account.

Although we do not have “matching-point” sensi-
tivity in our calculation, the results are slightly de-
pendent on the choice of Baldzs-pole positions. In Fig. 8,

(3.8)

TasLE I. Non-negligible contributions to %;; along the nearby
left-hand cut calculated from the crossing relation (3.2) and ex-
perimental data (Ref. 17).

Rehu
$ Py Sa1 Su Total
0.70 0.12 —0.02 0.01 0.11
0.62 247 —0.09 0.02 2.40
0.54 9.18 —0.12 0.03 9.09
0.46 4.99 —0.12 0.03 4.90
Imhn
S Py S Su Total
0.70 4.66 0.19 —0.05 4.80
0.62 8.61 0.20 —0.05 8.76
0.54 4.35 0.18 —0.04 4.49
0.46 —1.05 0.12 —0.03 —0.96
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F16. 8. Rekyy on the nearby left-hand cut calculated from the
N/D method for m?=1.05, g2=18 and Baldzs pole positions
s1=—250, s3=—>50, —200, —1000. The curve for s;=—>50 is in
fairly good agreement with Rek;: calculated according to the
crossing relation (3.2) with experimental 33 data (Ref. 157)‘

we give the real part of /;; on the nearby left-hand cut
for Baldzs-pole positions s;=0 and sy=—350, —200, and
—1000.* The curves are all calculated under the as-
sumption that the nucleon pole is at s=1.05 and the
pion-nucleon coupling is 18. These nucleon parameters
correspond roughly to the best fit to the real part
crossing relations for s;=0, ss=—>50. We see from the
figure that the nucleon mass determined from our
analysis is essentially independent of the assumed
Baldzs-pole position but that the ‘“calculated” pion-
nucleon coupling constant seems to decrease slowly as
the distant Baldzs pole moves toward —. For
s2=—1000, the coupling constant g?/4r as determined
by our analysis is about 14 compared to 18.6 for
o= — 50.

In Fig. 9, we give the Py; phase shift associated with
the parameter choice (3.8). This behavior for 8y is very
similar to thatobtained by Baldzs® and Narayanaswamy
and Pande? and is in rather strong disagreement with
the phase shift implied by Roper et al.l” However, there
is some conflict among several current phase-shift
analyses' and it is consequently difficult to draw any
strong conclusions from the disagreement in phase
shifts.

IV. SUMMARY AND CONCLUSIONS

Reasonable values for the nucleon mass and pion-
nucleon coupling constant have been obtained by using
a variation of the “standard” Baldzs technique.*® A
Baladzs parametrization is made for the contribution
from distant left-hand singularities to the p wave
I'=J=}% pion-nucleon amplitude. The Baldzs-pole resi-
dues are determined not by means of a fixed-energy
dispersion relation*® but by requiring crossing sym-
metry in the form relating a partial-wave amplitude on
the nearby left-hand cut to physical 7V scattering (as-
sumed to be essentially given by experimental wN-

18 These choices of pole positions are all compatible with the
accuracy stated in Sec. IIC.

1 See, e.g., R. J. Cence and M. Y. Cha, Bull. Am. Phys. Soc. 10,
528 (1965).
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I'16. 9. Py phase shift predicted by N/D solution with parameter
choice (3.8).

scattering data for the p wave I=J=3 state). By using
crossing relations in this manner, one does not meet
with difficulties such as those associated with unknown
high-energy contributions to the fixed-energy dispersion
relations.#® The matching-point sensitivity of the
“standard” Bal4zs calculation is, of course, not present
in our approach although there is a weak dependence of
the calculated coupling constant (but not of the nucleon
mass) on the Baldzs pole positions.

DOOLEN, KANKI,
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In conclusion, the results of this paper are consistent
with the picture of the nucleon as a composite particle
state whose approximate mass and coupling with pions
are deducible from standard assumptions concerning
charge independence, crossing symmetry, analyticity,
and unitarity.
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APPENDIX A: o-MESON CONTRIBUTIONS
TO Ni; AND Nj;

In the main part of this paper, we have neglected
terms in /1; and %33 coming from the /=J=1 pion-pion
(p)-resonance contribution to the NN — 77 amplitude
of the ¢ channel. If the extremely narrow resonance
approximation is made, these terms are!:20.2!

oo L) e

XLW's+1P=pILi(5)Qi[1+ (tr/ 2¢) THA[V/s— 1 —u?} La(s) )

¢
Ly(s) =C2(3+_ZIE— 1—#2> —Ws=1)(CiH2C)*, (A2)

Iz
Ly(s)= *Cz(S‘I‘—Z‘_ 1—#2>

—WsHD(CH2CH?,  (A3)

1P
Qz(2)='“5/ (y)dy,

-1 Yy—2
Cz—_— —1.12 )

(A4)

[Ci1=—4.14, tr=230u.

The singularities of /117" (s) and /33" (s) are indicated
in Fig. 10. It is well known that the discontinuities
across the cut along the real axis (— o <s<0) and all
but a small segment of the circular cut (labeled p in the
figure) cannot be calculated from (A1). This is due to
the failure of the Legendre expansion of the {-channel
amplitude to converge in the region of the singularities.
These cuts associated with noncalculable discontinuities
are labeled C in the figure and it is assumed that
Baldzs-pole terms in (2.18) will account for their effect.

w?]

The discontinuity across the cut [0<s <(1—u)?] is due
to our choice of kinematic factor in the definition of
ha1ay. Note, however, that this discontinuity is only
part of the total discontinuity of ksss given exactly
by (3.2).

Thus, the effect, on our analysis of the 7-r interaction
in the ¢ channel, is to give an extra term to the N
function.

AN 912577 (5)

1 / dsldiSC[Dzer(S/)hsz”(S')]’ (A3)
p cut

T s'—s

where disc stands for discontinuity. It is easily seen
from (A1) that, for the D functions of this paper,
Dorashorey™ satisfies a no-subtraction dispersion rela-

(1;06}))‘)7. R. Frazer and J. R. Fulco, Phys. Rev. 117, 1603, 1609
% The values for C) and C; are derived from a fit to the nucleon
electromagnetic form factors [R. Hofstadter and R. Herman,
Phys. Rev. Letters 6, 293 (1961)] using forms (79) and (80) of
J. Hamilton e al., Phys. Rev. 128, 1881 (1962). A full width at
half-maximum of 112 MeV was assumed for the p resonance.
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T

Fi16. 10. Singularities of 42127 (s) due to p-resonance contribution to
the t-channel amplitude.

tion. Thus,
AN 1257 (5)

1
=Doras($)horas™ (s)——
T

/’ disc[Daras (s )haras™(s) ]
X | ds
c

s'—s

: J T R ) Imhar )
[]

/

™ §—Ss

The integral over C in (A6) may, as previously dis-
cussed, be thought of as already contained in the
Baldzs pole contribution to Njey and consequently
dropped.

TaBLE IT. Imh117~ (s) and Imhi (s) as given by the crossing relation
(3.2) and experimental data (Ref. 17).

s Imhi™=(s) Imbhu (s)
0.70 0.01 0.11
0.62 0.04 2.40
0.54 0.07 9.09
0.46 0.09 4.90

We now take, as a measure of the importance of
ANg125™™ to our analysis, its value along the cut
[0<s<(1—w)?]. In this region, Dsrs is real and
Rehara ™ =0. Since AN o257 must be real here, we have
the “effective” relation

AN 1257 (s)

: (an)

1 @0 Doray(s’) Imharas™(s')
[ ds’ .
0 §S—3Ss
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In Table IT, we compare Im#;;""(s) on the nearby
left-hand cut with Imhi(s) as given by the crossing
relation (3.2). We see that it is a rather good approxima-
tion to drop the p-meson contribution.

APPENDIX B: BEHAVIOR OF h;.(s) IN
THE NEIGHBORHOOD OF s=0

The behavior of %;.7(s) in the neighborhood of s=0
may be investigated by means of the defining relations
(2.11), (2.12), and (2.17).

() s 1/2 s 1
1! (s _<s— (1—u)2> s— (14-p)? 16m/s

X{EE)+ DA ()4 V/s— DB’ (5)]
+ (E(s)—1)[—4/(s)
+W/s+ 1B ()]},

(oo )3 [ ]

If we change the integration variable to # according to
A—p2?—s(s+2u—2—2u?)

(B1)

(B2)

cosf,= (B3)
[A—pts(s—2—2)]
we have
A1(5)= -
(1=p?P+s(s—2—2u%
2(1+p2)—s
X f " du Py(cost[s,u])AT(s,u) (B4)
—p?s
and a similar expression for B;(s).
Now if we assume that
A (s,u) | ~B(s)u*
| l (85)
8(0)>=0,
and similarly for B;(s), we find
AX(s), BI(s)~---(1/s)=
50, (B6)
and consequently
h I(S)'\' ceaglit—a
T (B7)

s=0,

so that 4,47 (s) will not vanish at s=0 provided o>, as
stated in Sec. IIB.



