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sum over ¢3. Hence the final spin and isospin factor is

[EE+DEE+DCr+ D@+ DG 31 35 52)
+W G 33357 G—3lwokin)|2. (BY)

The other factors are obtained in corresponding ways.

For the calculation of the Gamow-Teller matrix ele-
ment one requires a different set of factors. Consider,
for example, the B-matrix element shown in Fig. (7c).
The isospin part gives

2 (55| m03i1)(70% § $in)

1,1200”

X (04— 3= Ok,

(BS)

which is not conveniently further reduced, but which
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sum we do explicitly. For the spin factors we get
Z (G 3|Zohma)(Zo|smsims)
mimamzoa’
X (3 3| 20"5m)(Z'’ | 3msmayms, (B6)

where the factor of m3; comes from the matrix element of
o.. This sum can be converted to a sum over Clebsch-
Gordan coefficients by making use of the identity

my= (rs/2) ((3ms| 105ms)) (B7)
we get for the spin sum (B6)
[EZ+DEZ+)IHW (12 3 ZDWASZEAD). (B8)

The other sums for the Gamow-Teller element are done
in a similar way.
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Approximate expressions for the optical-model potential Uopt in terms of the nucleon-nucleon interaction
are discussed. The identity of all the 41 nucleons of the scattering problem is approximately taken into
account in our final formulas. The imaginary part of Uept is calculated for the case of 2C and the incident-
nucleon energy of 20 MeV. The spherical-model random-phase-approximation (RPA) eigenvalues and
eigenvectors are assumed for the complete set of intermediate nuclear states involved. The results are rather
insensitive to the exchange-force mixture assumed for our zero-range nucleon-nucleon potential. The anti-
symmetrization of our V-matrix elements is extremely important as it reduces our ImUqpt by a factor of
2-3. For a reasonable set of our RPA intermediate eigenvalues and eigenvectors we obtain a semiquantitative
agreement with the best phenomenological Im,pt available for our case. The most important contribution
to ImU,pt corresponds to the first excited 7'=0, 2+ state in 2C.

I. INTRODUCTION

GREAT variety of attempts have been under-

taken to calculate the optical-model potential
from basic two-body forces. Several independent defini-
tions of the optical potential have been employed which
are not exactly equivalent. One common fundamental
difficulty of a microscopic derivation of the potential is
the exact antisymmetry in the (4-+1)-particle system,
ie., the Pauli exclusion principle. It leads to many
pitfalls. In fact, most early attempts to incorporate the
Pauli exclusion principle in the derivation turned out to
be failures.! In the following we shall not review these

17. S. Bell, in Lectures on the Many-Body Problem, edited by
E. R. Caianiello (Academic Press Inc., New York, 1962), p. 91; in
this reference the following papers are criticized: (a) F. Coester
and H. Kiimmel, Nucl. Phys. 9, 225 (1958); (b) H. Rollnik,
Z. Naturforsch. 13a, 59 (1958); (c) L. M. Frantz and R. L. Mills,

attempts, nor shall we discuss all the different ap-
proaches to the general problem of the microscopic
theory of Uopt. Only a few treatments related more
closely to our calculations will be mentioned.

One of these is the Watson multiple-scattering formal-
ism. The corresponding solution constructed for Ugpt
is a rather complicated infinite series of terms, and only
partly considers the indistinguishability of the projectile
(“0”) from the target nucleons.? This approach employs
the concept of the two-nucleon ¢ matrix, which we shall
refer to in our treatment. Most applications and

Nucl. Phys. 15, 16 (1960); (d) L. M. Frantz, R. L. Mills,
R. G. Newton, and A. M. Sessler, Phys. Rev. Letters 1, 340 (1959).

2 K. M. Watson, Phys. Rev. 89, 575 (1953); (a) N. C. Francis
and K. M. Watson, ibid. 92, 291 (1953); (b) G. Takeda and K. M.
\(R{zgi?]()m, ibid. 97, 1336 (1955); K. M. Watson, bid. 105, 1388
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elaborations of the Watson theory refer to infinite
nuclear matter.? The Watson formula is particularly
useful in the high-energy region, where it reduces to the
impulse approximation.34

Another approach is based on the unified theory of
nuclear reactions of Feshbach.? This method is based on
a solution of the coupled-channel Schrédinger equation.
Here the formula for U,p, does not incorporate the
Pauli principle for the projectile relative to the target
nucleons. Extensions of this treatment®? so as to in-
clude complete antisymmetry in the corresponding Uyt
quite generally appear to be unsatisfactory.

The method of Green’s functions has the obvious
advantage of automatically securing the identity of all
the particles and the Pauli principle, due to the use of
second quantization with the fermion operators in the
Heisenberg representation, i.e., with the total Hamil-
tonian H.?

In this method the optical potential is given essen-
tially by the continuum part of the spectrum of the
Dyson ‘“mass operator” (or ‘“‘self-energy operator”)
2. Such a definition of U,y has been discussed by Bell
and Squires® who, however, work with the interaction
representation of fermion operators. A practical cal-
culation of the self-energy operator follows rather the
methods of Martin and Schwinger!® and Puff!! (cf. also,
e.g., Reiner’? and Koltun and Wilets'3). The conver-
gence of this method is closely related to the goodness
of the independent-pair approximation (IPA) (cf., e.g.,
Brenig!4).

In our work we are interested in finite light and
medium-heavy nuclei, and especially in seeing how
various single-particle and collective levels contribute,
particularly to the imaginary part of Up. For this
reason, we choose the complete set of intermediate states
in our formula to be model states given by products of
plane waves and the target excited states given by the
Tamm-Dancoff (TD) or the random-phase approxima-

3 See, e.g., K. A. Brueckner, R. J. Eden, and N. C. Francis,
Phys. Rev. 100, 891 (1955); K. A. Brueckner, ibid. 103, 172
(1956) ; L. Verlet and J. Gavoret, Nuovo Cimento 10, 505 (1958);
J. Dabrowski and J. Sawicki, Nucl. Phys. 13, 621 (1959);
J. Sawicki and S. A. Moszkowski, 7bid. 21, 456 (1960); J. Sawicki,
Nuovo Cimento 15, 504 (1960); J. Dabrowski and J. Sawicki,
Nucl. Phys. 22, 318 (1961) ; G. L. Shaw, Ann. Phys. (N. Y.) 8, 509
(1959); C. B. Duke, Phys. Rev. 136, B59 (1964).

( 45W). B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157
1956).

5 H. Feshbach, Ann. Rev. Nucl. Sci. 8, 49 (1958); Ann. Phys.
(N. Y.) 5,357 (1958); 19, 287 (1962).

6 R. Lipperheide, Ann. Phys. (N. Y.) 17, 114 (1962).

( 7 R.) H. Lemmer and C. M. Shakin, Ann. Phys. (N. Y.) 27, 13
1964).

8 Just the use of second quantization alone does not guarantee
a correct construction of U,pt, as one may deal with states which
correspond to unphysical initial conditions; this was the case in
t(he fwm)rk of Coester and Kiimmel [Ref. 1(a)] and Lipperheide

Ref. 6).

9J. S. Bell and E. J. Squires, Phys. Rev. Letters 3, 96 (1959).

0P, C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959).

1R, D. Puff, Ann. Phys. (N. Y.) 13, 317 (1961).

2 A. S. Reiner, Phys. Rev. 129, 889 (1963); 133, B1105 (1964).

1 D. S. Koltun and L. Wilets, Phys. Rev. 129, 880 (1963).

1“4 W. Brenig, Nucl. Phys. 13, 333 (1959).
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tion (RPA). The eigenvectors of such models do indeed
form complete and orthogonal sets. The TD or RPA
eigenstates are well known to be rather successful in
explaining the properties of low-lying states of even-even
light nuclei which contribute the most to Ugpt.

Higher order terms contain higher order correlation

corrections and some ‘‘target exchange terms” (cf.,
Appendix I).

II. DISCUSSION OF GENERAL FORMULAS

If one applies the Martin-Schwinger Green’s-function
forma'ism,%~13 one can develop useful approximate
formulas for the optical-model potential. The exact ex-
pression for the self-energy operator = is (cf., e.g.,
Baym and Kadanoff'%)

2(0,0")= —iV(0,1)G2(01~,011)[G:(0,0) ], (1)
where

GQ(OI_,61+)Ehm Gg(O, X1, 1i—A; 6, X1, 11+A) .

A0

Physically = corresponds to the sum of all the “proper”
(irreducible) diagrams (cf., Refs. 1 and 2). A chain of
successive approximations for = can be obtained from
Eq. (1) by appropriate iterative solutions for the re-
spective functions G; and Go.

One such procedure outlined in Appendix I leads
simply to a certain 7-matrix approximation:

2(0,0)=—i{01| T|0'1")G,(1',1) , )
where
(01| T]0'1"y=v(0,1)8(1—1){01|2|0'1") 3)
and

(01]2]01)=(8(0—0)8(1—1)—ex)
—iG1(0,0")G1(1,2)V(07,2){20” | 2|01). (4)

V(0,1) is a (local) two-particle potential, and “‘ex”
stands for exchange terms. This gives a complicated
nonlinear integral equation for Z; in fact, our matrices
of Egs. (3) and (4) are “exact” and involve = via the
function Gi.

In practice one has to apply either some model
assumption which eliminates this nonlinearity or some
iteration procedure which possibly leads to a seli-
consistent determination of =. We note that the matrix
Q is antisymmetrized. In Appendix I, we discuss also
several correction terms, some of which contain con-
tributions of the ‘“target exchange” type (in the
terminology of Takeda and Watson? and of one of us!®).
The “target exchange” terms are shown in Ref. 16 to be
only very small corrections at incident energies wo= 50
MeV.

15 G, Baym and L. P. Kadanoff, Phys. Rev. 124, 287 (1961).

16 J. Sawicki, Nuovo Cimento 15, 606 (1960); the evaluation of
the “target exchange’ corrections as to the scattering amplitude
for an infinite matter with correlation is correct but the construc-
tion of Vept cited in this paper is that of Rollnik criticized in
Ref. 1.
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The T matrix of Eqgs. (2)-(4) resembles essentially
that of the Brueckner theory with the propagator con-
taining ‘“exact” single-particle energies to be deter-
mined self-consistently. It is a formulation obviously
appropriate to finite nuclei as well as to infinite nuclear
matter. It is much easier in practice to work with a T
matrix which would correspond to replacing the (|Q])
on the right-hand side of Eq. (9) by the corresponding
delta-function and exchange terms!?; let us call it ¢,

We choose now a zero-order single-particle (shell-
model) Hamiltonian /0(0). The energy denominator of
each Gy contains the operator 4(0,0"; &) =%(0)6(0—0")
+2(0,0’; &), where &o=wo+u, in which u is the chemi-
cal potential; and we work now with the time Fourier
transforms of all our quantities. We can now apply the
usual convolution formula to the GiG: propagator in
the equation for our (* (cf., e.g., Refs. 10-13 and
Klein and Prange!®); Galitskii'® performs the integra-
tion over the fourth component of the four-momentum
of the relative motion in the case of infinite matter.
The final propagator is

AOLOT; E)=[E—k(0, V'; E—&y)
_h(l)ll) ‘61,)+7:5]_1 ) (5)

E<k0;k0,; @o)gz <k0,7n0| 7(071) [koyn(l)p(l) (”01n0)+z Z

no k,n
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where E is the total “exact” energy of the interacting
pair (0,1). With this we can write our ¢ as

(01|19 (E)| 01y= 7(0,1)5(0—0")3(1—1)
+V(0,1)A0L0Y; EYT(0,1), (6)

(here the repeated variables are not integrated over)
where

V(O)l)z V(O;I)(I_POI) )

the antisymmetrized V operator.

We can go over to the representation in which % and
G are diagonal with the eigenvalues {e.(®)}. In this
representation the single-particle density matrix is
diagonal: p(y(70,70") = ugnyp 1y (10,10)-

If we neglect the imaginary part of = (of 4) in A, we
we can apply the usual methods,'*~13 and we find for a
(ko,ko") Fourier component of our I of Eq. (2)

2 (ko,ko'; 322> (ko' 10| 1D (E) | koyr0)
0 Xpw(no,n0)=Tr(tPpey), (7)

where E=wy+ E,, En, is the nth root of the equation
@1=€a(@1), and S dl'A(L1’; 61)¥n(1',81) = en(d)¥n(1,01);
¥a(1,81) is the corresponding eigenfunction. In terms of
V, we rewrite Eq. (7) as

<k0/,%0 I V(Olyli) | k,”><k," l V(Oyl) l k03n0>
- - py(no,m0) . (8)
E—E;—E,+18

In the zero-order representation in which %, is diagonal, we can write

Z(koko'; ®0)=23- 3~ (ko'v'| V(0,1) [ kov)py ™ (") 1y (120,0)

ng w'

(kv | V] 'u Yo 2y % (kpa ') ke | V [ KoY 1y 700 (09”) p 1y (o,20)

+22 X

no kn vv'kx’
!

where pa) ™0 (w')=(v|no)(m|v’), and a Fourier com-
ponent of the two-particle density matrix is

Py Fm (ki w) = (K’ | k) (em ki) .

Our shell-model potential #(0) contained in %0(0)
has to be added on to = to give the total optical potential
(cf., Bell! and Bell and Squires?)

Vopt(0,0”; 0)=u(0)6(0—0)4-2(0,0"; 60) .  (10)

A formula closely related to our Eq. (9) is obtained by
the usual Martin-Schwinger-Puff approximation.0—13
In this case, one uses simply Q@ and 7'©®, which in-
volve G1@, in the place of G1 in Egs. (3) and (4). If G1©@
of Q@ corresponds to the Hamiltonian %, for a finite
system with the single-particle energies {E,©®}, we

17 This is rather close to the approximate 7' matrix with the
functions Gi replaced by Gi(, called T (cf., Appendix I).

18 R. Prange and A. Klein, Phys. Rev. 112, 1008 (1958).

V. M. Galitskii, Zh. Eksperim. i Teor. Fiz. 34, 151 (1958)
[English transl.: Soviet Phys.—JETP 7, 104 (1958)].

- . , 9
E—E,—E,+1i6
obtain
<k0’V l T(O) (@0"‘6’1) I koll>= <ko,1/ l Vl koll>
(ko'v| V| k) (| T (Go+61) [ kov) 1)

w BoFo1—EO—E, 042,445

This can be brought to a form similar to that of Egs.
(8) and (9).

One unfortunate feature of the 7 matrix of Eq. (3)
is that it does not automatically exclude from the inter-
mediate states (%,7) in Eq. (8) those occupied by the
remaining 4 —1 nucleons in the ground state. In order
to secure this exclusion one has to modify the 7 matrix
by introducing an appropriate projection operator.
The effect of the difference between such a new matrix
T’ and T should be then estimated together with the
other higher order nonlinear terms.

Another approach to the problem in which one cal-
culates Vo directly without employing the concept of
the proper self-energy operator Z is that of Takeda and



916 VAN-GIATI,
Watson.? In particular, their construction, although
approximate, is free from the last complication men-
tioned above. If one expresses Uops in terms of
V=3 :;-1% V(0,7) and retains in it all such terms only
up to second order, one finds?0

A
Vopt(ko, ko'; wo)=(ko'to| > V(0,5) | ko)
i=1

4 4
(ko'¥o '§1 V(0,5) |Win)(Wn |j§1 V(0,7) [ koo)

wo—ék-—AEn‘l—’ia (12)

Here ¢, represents the ground state of the 4 system of
energy F,. The model states {x.} refer to the (4-+1)
system (particles 0,1,2,- - -,4); the state of the particle
“0” labeled “k” has the unperturbed single-particle
energy e, while the label “#”” refers to the excitation of
the remaining A4 system (1 2,---,4) relative to its
ground state y; the states ¥, and ¢, must be orthogo-
nal; the excitation energy AE,=FE,—E,; does not in-
volve any ‘“extra’ rearrangement energy. In addition
{¥rn} is a complete set excluding the ¥, component.

Equation (12) is also a Feshbach-type formula® (of
the coupled-channel reaction theory).2! One essential
difference is the presence of the pair-antisymmetrization
operator (1—Py;) in the V-matrix elements. Note that,
in contrast to Eq. (12), only one of the two V-matrix
elements in the X ;. term in Eq. (8) was antisym-
metrized. This antisymmetrization is only part of the
effect of the Pauli principle. Unfortunately, the “target-
exchange” terms as incorporated in an extension of the
Feshbach formula by Coester and Kummel [Ref. 1(a)]
or by Lipperheide® are not correct, nor does the version
given by Lemmer and Shakin? appear to be satisfactory.

If the energy e of the particle “0” is indeed “free,”
our Eq. (12) represents essentially the ordinary second-
order perturbation theory (a difference remains only in
the restrictions on k, 7).

In the following we shall employ a model for {¥i.}
which excludes ¢, automatically. We choose it to be
products of plane waves X,q,(0)%-,(70) €xp(ik-xo) for
the particle “0” with TD or RPA eigenvectors |¢,) (of a
shell-model configuration mixing) corresponding to the
excitations of the A system (target) given by
AE,=E},— ¢ Through the Ej, and the above choice

2"In rinciple, the single-particle state % of the partlcle “0”
should Ip above all the single-particle states occupied in “n” of
the A system [single-particle state ordering in the double sum of
Eq. (12)]. This is not exactly so in our subsequent model approxi-
mation; what we actually calculate numerically below is essen-
tially the second-order [in V= 2i14 V(0,2) ] perturbation theory.

2L The formula for Vops given by Feshbach (Ref. 5) for the non-
antisymmetrized case is

Vopt (E) = o | V+VQo(E—Ho—QoVQo+18) Qo V |¢0),

where Qo is the projector excluding the ground state o,
V= Z:.4 V(0,5), and Ho=Kkinetic energy of the particle “0” plus
H 4, the total Hamiltonian of the target.
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of {¢x»} we have destroyed the symmetry (equivalence)
of the particle “0” relative to the other 4 particles.

In the language of second quantization we would
keep, in calculating (ko'¥o| V |¢¥xn), the fermion operators
relative to the particle “0” as fixed (uncontractable
with any others). In this sense, we consider V as a one-
particle operator, and, consequently, we can write in
the place of our (Y| =14 V(0,5) | ko) of Eq. (12)

> (k' | V | ko) (@nTPEPD | C,1C, [ o)
=y’
= (k' | V | ko)X, (") TP ®RPA)

vEy!

(13)

where {X,(w')TP(ERPAY are components of the eigen-
vector of the nth TD (RPA) state. In the TD case [¢)
is replaced by |¢o) the ground state of the o model (no
correlations; a Slater determinant of 4 eigenfunctions)
and so no components of the “backward-going graphs”
appear. It should be pointed out that the complete set of
eigenstates of RPA contains also the unphysical states
of negative excitation energies (— | AE,|); these we shall
leave out somewhat arbitrarily as if we were working
with the TD case throughout.

It is just the purpose of this paper to examine how
various eigenstates # of different spins, parities, and
isobaric spins contribute to Upt. We have chosen just
TD or RPA eigenstates as affording a quite succesful
version of the shell-model configuration mixing in ex-
plaining properties of low-lying, especially collective,
states of light and medium-heavy nuclei.?

Particularly interesting is the imaginary part of
Vopt- With Eq. (13) we can write the second term of the
right-hand side of Eq. (12) as

Hov) o'y | V [ ko' X (up! ) k' | V | Ko,
sy Xo* (") (I’ | V | oYX’ ) (s’ [ V| u>. (14)

kn w',up’ wo—ék—AEn+’i6

From Eq. (14) we find the imaginary part as
Im’Oopt= Imz(ko,kol; wo) =T Z 6(400‘—Ekn)
kn

X 2 Xa* o) (ko'v | V ko)X (up") (s’ | V [ Keous) . (15)

v, up’

Our present notation is appropriate rather to de-
formed nuclei ; for spherical nuclei one has to go through
the Racah algebra; the corresponding final formulas are
given in Sec. III.

In Appendix II, we also give the corresponding form-
ulas for the case of the infinite nucleus (nuclear
matter).

2 Cf., e.g., (a) V. Gillet, esthis, University of Paris, 1962
(unpublished); (b) N. Vinh Mau, thesis, University of Paris,
1963 (unpublished); V. Gillet and N. Vinh Mau, Nucl. Phys. 54,
321 (1964); V. Gillet and E. A. Sanderson, ibid. 54, 472 (1964);
J. Sawicki and T. Soda, ¢bid. 28, 270 (1961); S. G. Nilsson,
J. Sawicki, and N. K. Glendenning, zbzd. 33, 239 (1962) ; R. Arvieu,
E. Baranger, M. Vénéroni, M. Baranger, and V. Gillet, Phys.
Letters 4, 119 (1963).
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One further point discussed, e.g., in Refs. 1 and 6 is
the problem of the origin of the system of reference.
Indeed, our coordinates refer to some rather arbi-
trarily fixed origin in the laboratory frame. In our case,
we think of the center of mass of the target nucleus as if
it were infinitely heavy. Thereby, we would completely
neglect the recoil of this nucleus in a calculation of the
scattering amplitude with our Uops. This general am-
biguity is dangerous also for the convergence of our
successive-approximation series.! On the other hand, a
formulation of the problem in terms of physical co-
ordinates (including the recoil effect) with the elimina-
tion of the center-of-mass coordinate of the entire
(A441) system is possible, although complicated. Such
a construction is given in Ref. 6 [although some of the
formulas corresponding to these of Ref. 11 are subject
to the criticism of Ref. 1; cf., e.g., the “equivalent
potentials” of Eq. (2.3.37) of Ref. 6]. On the other
hand, Eq. (2.3.37) of Ref. 6 reduces in the case of
A>>1 to Eq. (2.3.38) of the same, which essentially cor-
responds to our (Wwa|V|¥,.). Unfortunately, our
numerical example involves a nucleus not sufficiently
heavy. However, we believe that the inclusion of the
recoil corrections should not destroy the essential fea-
tures of our only semiquantitative conclusions, even in
the case of lighter nuclei. This question is also raised in
Refs. 23 and 24.

III. CALCULATION OF OPTICAL POTENTIAL
FOR SPHERICAL NUCLEI AND THE
TD OR RPA APPROXIMATIONS

Before going to the calculation of our optical poten-
tial, the zero-order single-particle Hamiltonian %,(0) has
to be specified. We are dealing with spherical nuclei and
we are using the TD or RPA nuclear wave functions
¥,. Then #ky(0) is the isotropic harmonic-oscillator
Hamiltonian, whose basis wave functions are well
known and easy to use.

In this section, we should like to obtain the final
formulas for Vs, the optical potential, step by step. We
will start by considering only the nonantisymmetrized
optical potential, from which the antisymmetrized one
will be deduced very simply at the end of this section.
Furthermore, in the first step we consider the unrealistic
case of a pure Wigner force: V(0,1)=V(|ry—r1|)
=V(ro1). In a second step we will include the Bartlett,
Majorana, and Heisenberg exchange forces; then in a
last one we will introduce the antisymmetrization
operator Po;.

Nevertheless, to render the introduction of anti-
symmetrization easy, one has to assume that V is a
zero-range potential. Since this approximation is neces-
sary only at that stage, we start with the most general
Wigner force.

% A. K. Kerman, H. McManus, and R. M. Thaler, Ann. Phys.
(N. Y.) 8, 551 (1959).

#D. J. Thouless, Rept. Progr. Phys. 27, 53 (1964); also the

general method of applying the propagators to the study of Vops is
outlined in this reference.
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(A) Wigner Force
We assume that
Vo= V(Ifo—rll )= V(1’01) .

Let us call the corresponding optical potential V.
We can separate U, into two parts:

Vo=V +0Vo?,
where

A
Vo = (koo E V(ros) | ko' o) , (16)

2m
VP=—3 > S /dko”
00270z

2 n c0s’00s’’ 105 Tos’’

A
X (ko'yol gl V(ro:) | ko' "¥n)

A
X (ko"¥n] gl V(roj) | koo)(Za2—ko"?4-18)"1.  (17)

0000z, TOT0zy 0‘0’0’0;’, To'Tozl, 0’0”0’();”, and T()"T()z” are, re-
spectively, the spins and isospins of initial, final, and
intermediate nucleons. .S means the average over spin
and isospin of the initial nucleon; Z,?=k¢*—2MAE,/#?,
since we consider the approximation whece e is simply
the kinetic energy, neglecting in the denominator
operator the interaction term between nucleon 0 and
nucleons of the nucleus. This approximation is consis-
tent with our choice of ¥y, as a simple product of a 0
wave function and a nucleus wave function.

For now only the imaginary part of U, will be cal-
culated and V™ can be left out since it contributes
only to the real part of U,.

We assume that the 0 nucleon is represented by a
plane wave

[ ko)= €™ %X g4, (70) N r02(T0)

and the intermediate nuclear-state wave functions are
those of, “Approximation I”, (the TD approximation)
or “Approximation II” (the RPA approximation) of
the hole-particle model. Then

(ko'¥o| é V(ros) | ko ¥n)= (27 )2 Zb X, *(a,b)
X X

Ma,Mb, Taz Thz
X3 %, Tae— 72| Th0Xko'd| V(roy) | ko’a), (18.1)

where a and b represent all quantum numbers of par-
ticle and hole states. In Approximation I, ¢ is an un-
occupied state and & an occupied state of the shell-
model ground state. In Approximation II, ¢ and b are
respectively either unoccupied and occupied states
(corresponding to the “forward-going graphs”) or
occupied and unoccupied states (corresponding to the
“backward-going graphs”). X,(ab) are the eigenvectors,
e.g., of Ref. 22(b). 5(ab) is the phase defined in the same
reference. Jn, M,, and T, are the quantum numbers of
the nth nuclear state.

ﬂ(arb)<jujb, ma_mbl JnMn>
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Similarly one writes the second matrix element
4
(ko"¥n| 22 V(r0:) | Kopo)= (2m) 7 2‘; Xa(a,8)
7==1 @
2

Ma,MB, Taz, Tz

X <% %7 Taz™ Tﬁz[ Tn0><k0,/Bl V(fm) , kga> .

X 1(0,8)(jafo, Ma—ms| JnMn)

(18.2)

Von @ = Z (_ 1)ib+fﬁ+1xn*(d’b)xn(a,ﬁ)jajbjaj jnz
(27)8%2 abas ?
lo 3 Ja) (la
X<l 3 jopsls
Jo 0 J,J) W,
where

SAWICKI,

AND VINH MATU 141
The operator V(ro1) acts only on space variables and

the spin and isospin parts of (18.1) and (18.2) can be

performed immediately. Going over from j-j coupling

to L-S coupling through the usual transformation, we

obtain

VP =2 Voa®@dry, 0,

where

1 e
2 Ja
Aabaﬁ(ko,/)dkoﬂ ®
3 Js / —_— = / F(koko'2dky”, (19)
Zn2—ky"?+1id 0
0 J,

Aabaﬂ(kOH)EZ(_ 1)lb—mb+lﬂ—mﬁ<lalb’ mﬂ—mbl JnMn><lalﬂ, Ma—Mmg [ JnMn)

X //R”“la (71)Rnblb ("1) Ylam“(wl) Ylbmb*(wl) V( l To1 ] )it —ko") xogrodry

X / / Ruodo(r1 )R gig(r1) V1" (w1 ) ¥ 1578(w1 )V (| tor | )ei ko—ko") 50"/ dry’  (20)

and 4= (2a+1)1/2

In the case of a Wigner force, the summation over intermediate nuclear states is restricted to 7',=0 states.
Both the double integrals of Eq. (20) can be factorized into an integral over ro—r; (or ry’—ry’), which is the
Fourier transform of the potential, and an integral over r1 (or r1’). Then 4 .34 is obtained as

2z

Ma,Mmb, M, MB

Aabaﬂ=

where

(__

1)lb—mb+lﬁ-mﬂ @abaﬁ ,

Qavap= (lals, Mma—ms| T nM o )(lals, Mma—mp| T M)V () V() / Ruata(r) Rty (r1) V1™ (001) V3, ™ (w01)

et 'rldrl,/Rﬂala(h’)Rnals(h’) Vi (w1) Vg8 (et ok’ n'dry - (21)

where q=ko"'—ko, ¢'=ko'—ko", V(q)=/"e'v*'V(¢')dg’.

Both integrals, over r; and r{, involve ko'’ and the
last integration over k¢’ is cumbersome. Thus we
should like to transform (21) in such a way that the
dependence on ko could be put in only one integral. The
most convenient way of doing it is to replace ry and r{
by o and R (a Talmi transformation)

0= (rl_rl,)/\/ZE (p,w) ’
R=(r1+1/)/V2=(R,2) .
The Talmi transformation of harmonic-oscillator

wave functions has been given by Moshinsky and
Brody?® in the form

Riata(11) Rugte(r1) YV 1,7 (w1) Vi (w1”)

= Z <lala, ma——ma[)\,u)(leMl )\p)an(p)RNL(R)
nINL
AumM

(22)

XY m™(w)V Q) nINL\| nalanala,\)  (23)

25T, A. Brody and M. Moshinsky, Tables of Transformation
Brackets (Monografias del Instituto de Fisica, Mexico, 1960).

with a similar transformation for the (4,8) pair. The
(BINLN| #alaptala,\)’s

are the Moshinsky-Brody ‘‘brackets.”
An A ,pep can be expressed now as a product of two
integrals, Iz and I,

Ig= /dReiK'RRNL(R)RN' § 7 (R) YLM(Q) Yo M,(Q) s
(24)
I,= /deeiQ' “PRni(p) R (p) Vi™(w) Vo™ (w)
with
K=(ko—ko)/V2,

Q’= Q—-\/Z_ko//z (k0+k0,)/\/_2_—\/2—k0/l ) (24: 1)

The radial wave function of a particle in an harmonic-
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oscillator well is given by

Rnl(r)=anl8—r2/(2boz)(r/b0)l Z ai(n,l+ll2)(7/b0)2i (n=0, 1’. . .),

i=0
an=[2n!/T(n+14+%)]/2, -
3
@D = (—1 i_l_ T(n+1+3%) .
it T—i+ DI +143)

Expanding the exponentials of the formulas (24) in partial waves and going through the standard Racah algebra,
we obtain A 4pqs in the form

Aarap=V(@QV(@)oarn0(—1D)H8T2 3 (—)EHE(2841)(2€'+1)

ANIWLL!

LL'nNn'N’
IV e\/L L' &
XUWLLNN*nINLN| nadanala,\)(n'UN'L' N | nbzbnﬂlﬁ,w( )( )
0 0 0/\o 0 O

I L M|l I Ja

o« 2(£’ £ K><],, Jn K) UV L' NgRle lg JapIg(K)e(Q), (26)
. a 8 Jn @), (26
z 0 0 0/\0 0 0 e

e e )M N o«

where

I£(K)=(27r

1/2 N N’
) [ Z Z ai(N,L+1/2)aJ,(N'.L’+1/2)

o i=0 j=0

Kb\ £t1/2 1 L+L4+L'+2i+25+3 L+L4-L'+2i+254+3 K2by?
) sl ) )

2 aT(e+2) 2 2 T

and a similar expression for 7 g (Q’).

We are now left with a last integral over k¢’ before obtaining Vo. 4 ssas depends on ko'’ through I ¢-(Q’) and both
Fourler transforms of the potential.

For fixed large ko', and for large Q’, the function I ¢/(Q’) behaves as Q'7¢~?"*/4%" and goes to zero very rapidly. The
integration over %" will be in fact an integration from zero to a certain finite value £max. We make the assumption
that between 0 and %max the Fourier transforms V(q) and V(q') can be replaced by their average values Va,(q).
The integration over angles is now easy since only 7 ¢ (Q") depends on ko”. Expanding the hypergeometric function
in series one gets

2T T w32 n  nt © 2 1
/ dﬁoﬂ"f sind”d0y" L& (Q") =———amanwr 32 3 a;mHUDg(W VD § 0 (—1)Feo— —
0 0 V2Qky'by? i=0 j=0 z=0 £+ 2x+2 x!
TG(L+I+1~+2i4+25+3)+x) } ,
X LG (Qbo+V2k'B0)) "+ 2= (3(Qbo—V2ko''b0)) ¥+ ]= T £/ (Q,k0”) . (28)

r(L'+a+3)

Collecting the previous results, Vo, ® can be written schematically

® F(k)
c()o”(?) = ——‘————kn”2dk0//.
o Za®—ko"*+1id

F(k¢’) was defined in (19) and is given by (26), (27), and (28).

= (") _
Von = P / ko 2k’ —Yin| Za| (| Za)), 29)
0 an'—k0,,2

where P denotes the principal value.
We are interested only in the imaginary part of the optical potential, which is easier to calculate than the real
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part:
ImVy=W©O=—Lx 3 87, WO,

n,AEn<wo
where the sum over # states is strictly limited to those states with excitation energies AE, below the energy of the
incident nucleon, w.

m e sl Te T (I8 Js %
Wo®=— Varl@)?| Za] 22 Xu*(ab)Xn(0) JadvJads) 2] | )
(27!') 5h2 abaf Ja lu Jn Jea la ]n
X ¥ Qe+1)QL+FDILLAN2(—i) 2+ (nINL | nalanala\) (W' VN'L' N | nolsngls\')
Lseun
LL'nN#n'N’

l L A la lb Jn

(l 4 .,e’)(L L £)Z 2(£’ £ K)(J,, In x) v vl 1 2 e®) e, 30)
X 2 . . (0,]Z. 0
00 0/No o 0/5"\o 0 o/\o 0 o o BV (@ ’
L L k| IN N o«

where 7¢(K) is given by (27) and Jg.(Q,|Z.]|) by (28).

B. Exchange Forces

In this section we look for the imaginary part of the optical potential when the Bartlett, Majorana, and
Heisenberg exchange forces are included in Vi Let us consider

Vor=[ao+a.00° 01+ 0a,%0 t1For (00 01) (0 £1) ]V (701) . (31)

In the calculation of the matrix element (18) there appear now four different terms corresponding to the four
terms of V1. Then, when Vo, is calculated, one has 16 terms. It is easy to see that any “cross term” with one
spin- (or isotopic-spin-) independent part of Vo1 in one matrix element and one spin- (or isotopic-spin-) dependent
part of Vo1 in the second matrix element gives no contribution to V.. Consequently, we are left with only four
types of terms to calculate, one of which has been calculated in the first section and corresponds to aoV (rqy).

Let us consider first the term corresponding to @.%o- #1V (r01), which contains the product

(ko' o | V(7o) %o =1| ko "Yn) (ko' ¥n | V(ror) 70" 71| koWo) .

The isotopic-spin part can be factorized and calculated independently of the spin and space part. After sum-
mation and averages over isospin, the contribution of this term is found as

Zn 5T,,,1e00n(2) ’ (32)
where Uy, has been calculated in Sec. 1.
Let us define

2m
V,P=—3 > 5 [dk
h2 n ous00’, 902270z
702’702

(ko'¥o| V(ro) oo 01| ko "Yn) (ko ¥n | V (ro1) o0 01| ko)
Z.2—kd"*+id '

(33)

For the calculation of V., the same method is used as in Sec. 1. Its contribution to the imaginary part of the
optical potential is obtained

IV, =W@= 3 br, o, | (34)
n,AEn<wo
where
la 3 Ja|[la 3 Ja
Wo=— Vel @ Zn| 2 Xu*(ab)Xu(aB)(— 1)t ttie], 52505s AN L, % fupils 3 js
(27(‘)5}12 abaB A
A1l JJA 1 T,
X X (—)SANN228+1) 2L+ 1)V LL (WIN L | #alanala \Y (W' U N'L N | nolsmgls,N')
MIVLL' 88’
aNn'N’

I L MN)[la b A

(l U £’)(L L £)z 2<£' £ x)(A A x) p .
X R L' Nl lg AMo(K)T2(Q,]Z4]).
o o o/\o 0 0o/ o 0 o/\o 0 o 8 2(K)Je(Q,]1Zn]). (35)
L& L k|IN N «k
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The fourth term of interaction with (og-e1)(%o" %1)
X V(ro1) gives the following contribution

ImUV,,=Wen= 3

n,AEn<wo

070, 1 W a7 (36)

Collecting the previous results, the nonantisym-
metrized imaginary optical potential obtained from the
interaction (31) is

W(kokd)= 22

n,AEn<wo

+ (ar2Wn(0) + aar2Wn (ﬂ))aTn,l:I )

[(@oWn®+aW,@)or,

37

where W,©@ and W, are given, respectively, by
formulas (30) and (35).

C. Antisymmetrization

The optical potential has been calculated replac-
ing Vo1 by Vo In this section, we should like to cal-
culate the antisymmetrized optical potential using
I_/01= Vol(l——P()l) instead Of VOl- The P(u antisym-
metrization operator is

Pypy=P7P°Pr,

Pr, P°, P7 being, respectively, the exchange operator of
space, spin, and isospin variables; P’ and P7 can be ex-
pressed in terms of ¢o-01 and zo- 71, respectively, and
the introduction of such operators will not change the
structure of the results. But the introduction of P, the
operator which exchanges space variables, will compli-
cate calculations. We avoid these difficulties by working
now with a zero-range potential. With this type of po-
tential, 27 does not affect our determination of the opti-
cal potential.
From now on we work with the potential

Voi=—Vo(arta,60: 01)d(xo—11). (38)

It is important to note that our choice of the
0-nucleon-1-nucleon interaction must be the same as the
nucleon-nucleon interaction involved in the determina-
tion of nuclear wave functions. Now it has been shown
that a zero-range interaction can be determined such as
to reproduce the same nuclear properties as a Rosenfeld
mixture force. If we take for the parameters Vy, a0, and
a, the values which were deduced in this way, we do not
destroy the coherence of our treatment, and will ob-
tain the optical potential to a good approximation.
Furthermore, such a potential has a Fourier transform
equal to —V,y, and the previous expressions for W,©®
and W, are still valid, when we replace V,,(¢)? by
Vo The imaginary part of the nonantisymmetrized
optical potential should be

W= Z ((102Wn(0)+av2Wn(”>)aTn,0'

n,AEa<wo

The antisymmetrized optical potential is now easy to
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calculate if we replace Vo1 by

Voa(1—Po) =V (1—P°P)
=—V[dot+ 4,00 01+ 4,707

+A 01(00'01)(10' 11)]6(1'0_'1'1) ) (39)
where
Ao=%(a0—a,),
A,=%(5a,—ay),
4( ) (40)

A1'= _%<a0+3af) ’

Aor=—2%(a0—a,).
This operator has the same structure as the most
general V; given by (31) and we write directly the cor-

responding imaginary part of the antisymmetrized
optical potential

W(kok)= X

n,AEn<wo

+ (A 12Wn © +4 vrng(a))aTm 1:l )

L(APWa @+ AW o ()br,,0

(41)

where Ao, ¢, 4+, and 4, are related to the parameters
of the force by Eq. (40), and where W,® and W,
are given by Egs. (31) and (35) with

Vav(g)2 = V02 .

IV. NUMERICAL RESULTS AND DISCUSSION

We have calculated the imaginary part of the optical
potential as its Fourier component W (ko,ko’) from Eq.
(41) for the case of 2C and for several choices of the
TD and RPA eigenvector sets and several mixtures of
exchange forces. For the incident nucleon energy we
choose wo=20 MeV. At this energy the target-exchange-
type terms and other higher order corrections to our
approximation to the antisymmetrization should still
be rather small, while the TD and RPA approximations
are valid for most of the nuclear levels involved. For
higher incident energies w,, modes involving heavy
weights of two-particle-two-hole components should be
quite important for many nuclear levels involved, and
treatments of them are not available in the literature.
In addition, the number of levels involved increases
greatly with increasing wo, thus rendering computations
extremely tedious. All our numerical analyses were per-
formed on the Univac computer of the Faculté des
Sciences at Orsay.

The RPA eigenvectors of all but one of the nuclear
levels involved have been taken from Vinh Maub as
corresponding to the nucleon-nucleon potential of the
Gaussian radial dependence: — Voe="12/0)? with V=40
MeV, p=1.7 F, and the exchange force mixture
W=0.37, m=0.38, b= —0.15, 1=0.40. Unfortunately,
the lowest lying level with T'=0, the 2+ state observed
at 4.43 MeV, could not be reproduced well by the above
calculation, probably because it should involve an
appreciable admixture of two-particle~two-hole com-
ponents ignored in the simple TD or RPA (the lowest
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TasLE I. Values of the parameters @ and a, for the zero-range nucleon-nucleon potential V1= V3(ro1) (2o+a+00- 01),
and corresponding values of the A4 parameters, defined in Eq. (40), for different exchange-force mixtures.

Forces ao [ Ao A, A, Aqr
Gillet (a) 0.9 0.1 0.6 —0.1 —0.3 —0.2
Vinh-Mau (b) 0.862 0.125 0.553 —0.059 —0.309 —0.184
Soper (c) 0.865 0.135 0.5475 —0.0475 —0.3175 —0.1825
Rosenfeld (d) 0.9 0.1 0.6 —0.1 —-0.3 —0.2
Ferrell-Visscher (e) 0.9085 0.0915 0.613 —0.113 —0.296 —0.204
Serber (f) 1 0 0.75 —0.25 —0.25 —0.25

TD T'=0 24 state obtained with the above nuclear
force lies at 9.16 MeV, while the corresponding RPA
eigenvalue turns out to be imaginary). The harmonic-
oscillator wave-function parameter b, is fixed so that
1/be=1.02. The (most important) 12 RPA levels in-
volved taken from Ref. 22(b) are

T=0: 17, 462 MeV; 17, 104 MeV; 1+, 13.2 MeV;
2-,14.0 MeV; 2—, 15.2 MeV; 2%, 16.7 MeV;
T=1: 2%, 16.1 MeV; 1+, 17.4 MeV; 1, 18.1 MeV;

2-, 18.6 MeV; 3-, 18.8 MeV; 2-, 19.8 MeV.

For the most important first 77=0, 2% state, we have
considered three other theoretical models available.26
The one most consistent with the above is that of
Gillet?® which corresponds to the same radial well
shape as the one above, the same u/by ratio, w=m="/
=0.4, and d=—0.2. The energy of this level is then
found®= at 4.80 MeV. Goswami and Pal?” have assumed
for this level its experimental value of 4.43 MeV and
found the corresponding TD eigenvector on adjusting
the most important radial matrix elements of the ¥ in-
volved. In the third model considered in our calculations
the same authors?® found the 4.43-MeV-state RPA
eigenvector for the nucleon-nucleon potential with the
Yukawa radial well shape — Ve /%/(r/a), V,=37
MeV, a=1.36 F, and the exchange-force parameters of
Soper: w=0.3, m=0.43, $=0.27, and 4#=0.

In general, our RPA is to be interpreted as an im-
proved TD in the sense that we obviously throw away
the unphysical negative-energy RPA states as dis-
cussed above. On the other hand, the ground-state cor-
relations involved in the RPA and the at least partial
elimination of the center-of-mass spuriousness by the
same method render it generally much superior rela-
tive to TD.

In calculating W(koky') of Eq. (51) with our zero-
range force, we have considered several exchange-force
mixtures:

(a) Gillet®?* as mentioned above: w=m=k=04,
b=—-0.2;

26 The objection to the TD (RPA) 2% state as calculated in
Ref. 22b, may be applied to theselmodelsfas well (and to some other
even-parity states). However, we may view the TD (RPA) con-
figuration mixing of these other models corresponding to a good
2;* state energy as “reasonably adjusted.”

27 A. Goswami and M. K. Pal, Nucl. Phys. 35, 544 (1962).

28 A. Goswami and M. K. Pal, Nucl. Phys. 44, 294 (1963).

(b) Vinh Mau®* as mentioned ahove: w=0.37,
m=0.38, b=—0.15, 1=0;

(c) Soper as mentioned above?: w=0.3, m=0.43,
b=0.27, h=0;

(d) Rosenfeld:
=—0.26;

(e) Ferrell and Visscher®: w=0.317, m=0.5, =0,
h=0.183; and

(f) Serber: w=m=0.5, b=h=0.

w=—0.13, m=093, =046, &

It is remarkable that our parameters 4, 4,, 4., and
Aq, of Eq. (40) differ very little among themselves in
spite of large differences in the corresponding param-
eters w, m, b, and k. These constants of Eq. (40) are
found for the mentioned cases in Table I.

In view of this insensitivity of our W(kyk,) to
exchange-force mixtures® we may confine ourselves to
the cases (a) and (b) [the latter case is practically
equivalent to that of the Soper mixture (c)].

In Table IT we present our results for the imaginary
part of the optical-model potential W(koko) of Eq.
(51) for wy=20 MeV; the zero-range nucleon-nucleon
potential with V,/(47b*)=—10.2 MeV, by=1.61 F;
the exchange-force mixtures (a) and (b); and the ener-
gies and wave functions (RPA eigenvalues and eigen-
vectors) corresponding to Ref. 22(b), with the excep-
tion of the lowest lying 7=0, 2,+ level, for which we
T=0, 2, level, for which we take the results of Ref.
22(a) or Ref. 28.

In order to exhibit the effect of antisymmetrization,
we have also calculated our W(kok’) with nonanti-
symmetrized V-matrix elements.

We observe that the differences between the cases
corresponding to the 2;+ state chosen as in Ref. 22(a)
and in Ref. 28, for the same exchange-force mixture, are
quite small, and that these two cases are practically
equivalent. The respective differences in W (ko,ko’) be-
tween the exchange-force mixtures (a) and (b) for the
same mode] of the 2;* state are at most of the order of
15 MeV Fs.

If we had chosen the RPA 2;t-state eigenvector of
Ref. 22(b) and replaced its imaginary eigenvalue by the
experimental energy of 4.43 MeV, we would have found,

% R. A. Ferrell and;W. M. Visscher, Phys. Rev. 102, 450 (1956).

% It should be noted, however, that this property, valid for our
zero-range nucleon-nucleon potential, may be invalid for finite-
range potentials.
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TaBLE II. The imaginary part of the optical W (ko,kq’) for different choices of force mixtures and wave functions
(in units MeV F?), and for wo=20 MeV.
Force Wave
mixture function 18° 36° 54° 72° 90° 108° 126° 162°  180°
I (a) State 2,* —167.8 —166.3 —162.6 —155.7 —144.1 —126.6 —102.7 —282 —0.2
(nonanti- of Ref. 22a
symmetrized)
II (a) State 2,* —700 —694 —680 —652 —60.5 —53.3 —433 -—11.6 —0.1
of Ref. 22a
I (b) State 2,+ —-573 —56.8 —557 —534 —49.6 —437 —355 —95 —0.1
of Ref. 22a
v (a) State 2;+ —71.5 =712 =700 —67.3 —623 —545 —440 —11.5 +40.1
of Ref. 28
A\ (b) State 2, —580 —578 —569 —54.8 —50.7 —445 —-359 —94 +40.1
of Ref. 28

for the Soper exchange-force mixture, W(kok,") at
6=18° the value of the order of —200 MeV F3, which
is much too large; the TD 2,+-state eigenvector of Ref.
27 would have given 4.43 MeV for this state; the same
exchange-force mixture and 6 yields W (ko,ko') of the
order —17.0 MeV F? which is much too little as com-
pared with our results of Table II.

From the results of the first line of Table II, we see
that the use of nonantisymmetrized V-matrix elements
(which would have followed from a direct application of
the Feshbach® formula) leads to values of W(kok,')
that are much too large (by a factor of 2-3).

In order to understand the relative importance of the
contributions of the various types of nuclear states in-
volved, we have analyzed them, as an example, for the
case of the second line in Table II. For this case, we find
the total net contribution of all the 7'=1 states very
small (44.5 MeV F? at 6=18°). All the 7=0 states ex-
cluding the 2;* state (4.43 MeV) contribute +66.4
MeV F? at the same §=18°. The most important pre-
dominant contribution of a negative sign comes then
from the 2,+ state (it is equal to —141.0 MeV F? for
6=18°). The 6 angular dependence of all these respec-
tive contributions is like that of their sum [W (ko,ko’)].

In Fig. 1, we compare our W (ko,k,") of the second and
the third lines of Table II, with several phenomenological
potentials appropriate to 2C and to our energy wo.
Of the available phenomenological imaginary poten-
tials we have chosen the following ones

(1) the “surface absorption” Gaussian:
—Wiexp[—(r—R)*/~*]

of Nodvik ef al.3! with (a) W1=23.2 MeV, R=1.2541/3
F, v=0.25 F and (b) W;=12.4 MeV, R=1.2041/3 F,
¥=0.5 F;

(2) the “surface absorption” of the form of the deriva-
tive of a Saxon-Woods well?!

—4aW(d/dr)[1+exp{(r—R)/a}]?,

3 J. S. Nodvik, C. B. Duke, and M. A. Melkanoff, Phys. Rev.
125, 975 (1962).

with (a) W1=23.2 MeV, R=1.254'% F, ¢=0.49 F,
(b) W1=12.4 MeV, R=1.2043 F, a=0.53 F;

(3) the “volume plus surface” absorption of the Saxon-
Woods well?!

—Wf(r)—4W(df/dr),  fr)=[14exp{(r—R)/a} ]
with W=2.0 MeV, W1=20.7 MeV, R=1.2041/3 F,
4=0.53 F;
(4) the nonlocal form of Perey and Buck32
Wer)=—H([r—r'|)UG[r+1']),
where
H(x)=n"%23"% exp(—x?/8%),
Uly)= WpX4ew—R)ap[ {4-gw—R) lepT-1

with 8=1.0 F, Wp=7.0 MeV, R=1.25413 F, ap=0.65
F. Of these, the potentials (1)-(3) are appropriate to
wo=19.4 MeV and to !2C; the nonlocal potential (4)
is appropriate rather to higher elements, and at lower

204 W (ko,Ko)
in Mev F?

Fie. 1. ImUep=W (ko,k¢’) (in MeV F?) as a function of
6= (ko,ky'), nucleon energy wo=20 MeV, for the following
cases: IL: the exchange-force mixture of Gillet (Ref. 22a); ITI : the
exchange-force mixture of Vinh Mau (Ref. 22b) ; the particle-hole
eigenvectors are as from Vinh Mau (Ref. 22b) except for the state
2, which is taken as from Gillet (Ref. 22a). The corresponding
phenomenological ImUops are: (la) the “surface absorption”
Gaussian of Nodvick ef al. (Ref. 31); (4) the nonlocal form of
Perey and Buck (Ref. 32).

# F. Perey and B. Buck, Nucl. Phys. 32, 353 (1962).
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energies for 12C the corresponding well depth should be
considerably increased, according to Wilenzick et al.3?

In Fig. 1, we present the Fourier transforms (ko,ko’)
of the phenomenological potentials (1a) and (4). In
fact, those of the potentials (1b)—(3) are rather quite
similar to that of the potential (1a). Our theoretical
W (ko,ky') are of approximately the same well depth in
the forward direction (X 20°), but are much flatter for
larger 6 than the Fourier transform of the phenomeno-
logical potential (1a). The 6 angular distribution for the
potential (4) is more similar to that of our W(keko"),
only the depth of the potential (4) appears somehow to
be too shallow, in agreement with Ref. 33. It appearsthat
a phenomenological local ImU,p¢ which could correspond
to our W (ko,ko’) should have a volume absorption radial
shape of the Saxon-Woods type with a rather small
value of the parameter R. ,

The “flatness” of the 6 dependence of our W (ko,k,")
[the disagreement with the corresponding phenom-
enological W (ko,ky") at large 6 as in Fig. 17]is probably
due to the combined effect of the zero range of our
V(0,1) and the bad asymptotic (large ») behavior
of the radial wave functions of the harmonic-oscillator
potential.

Finally, we should like to remark that it would be ex-
tremely interesting to perform a similar calculation of
W(koky) with a corresponding RPA set based on
Nilsson-type wave functions of 12C, with a negative de-
formation (cf., e.g., Nilsson et al.?? for the T'=1, 1~
states). Another basis of nuclear states which could be
considered would correspond to recent Hartree-Fock
calculations with deformed orbitals.3*
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APPENDIX I

A. The Self-Energy Operator X (0,0’) in the
Green’s Function Formalism

We define the n-particle Green’s function as zero-
temperature (7'=0) limits of grand canonical ensemble
averages (cf., e.g., Ref. 13), and we use the definition:

Gn(12- - n; 12+ - )= (—10)"
X{NO|T{(1)- - - ¢(n)gt(n)- - -¢H(1)} | NO), (A1)

where N is the total number of particles (=41 in our

3 R. M. Wilenzick, K. K. Seth, P. R. Bevington, and H. W.
Lewis, Nucl. Phys. 62, 511 (1965).

#D, Kurath and L. Pi¢man, Nucl. Phys. 10, 313 (1959);
D. Koltun, Phys. Rev. 124, 1162 (1961) and thesis, Princeton
University, 1961 (unpublished); W. H. Bassichis (private
communication).
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case), | NO) represents the 7'=0 limit state of this sys-
tem (as a grand canonical ensemble).

For a particle “0” we can write the free one-particle
propagator in the form

[G1(0,0") ] = [i7(8/ dto) — ho(0) J6(0—0"),
ho0) = (— 1%/ 2m)V,2. 42
The equation of motion of the (exact) function G; can

be written in the form (in the absence of any external
forces)

[G:1(0,0)]G1(0,0")
=6(0—0")—4V(0,1)G(01-,0'1+). (A3)
Generalization of the present formalism to nonlocal po-

tentials is immediate. If the self-energy operator
2(0,0") is defined by

[61(070,)]~1 = [GI(O) (0’0’)]—1 - 2(070,) )

we easily obtain Eq. (1) of the main text.

The lowest order approximation to X is usually chosen
to follow from the linearization of the equation of mo-
tion for G, e.g., from a factorization of the respective
three-particle Green’s function Gj. Following Martin
and Schwinger,!® we can write
G2(01,0'1") = (G1(0,0")G1(1,1")

—ex)—iG1(0,0)V(0,2){G5(012,0'1'2)
—[G2(02,02)G1(1,1")—G2(02,12)G1(1,0) ]},  (A5)
where “ex” stands for the exchange terms. One possible
ansatz factorization of Gs is
G3(612,0’_1’2)’3’62((—)2,0’2)&(1,_1’)
—G5(02,12)G1(1,0)+G2(20,0'1")G1(1,2)+ 4. (A6)

The higher order terms A’ can be put in the form
A'=G2(12,1'2)G1(0,0) — G2(12,0"2)G4(0,1')
+G2(12,0'1)G1(0,2) - G5(01,0'1)G1(2,2)
+G2(01,0'2)G1(2,1") — G(01,1'2)G1(2,0)
-+other higher order corrections.

(A4)

(A7)

It is easy to see that in the noninteracting case A’=0,

On substituting Eq. (A6) into (AS) the first two
terms cancel out the square-bracket factor in Eq. (AS5).

The third term on the right-hand side of Eq. (A6)
is the most important one for long-range slowly varying
forces and for short-range forces at sufficiently low
densities. For this term both the two-particle scattering
and correlation refer to the same pair in the final formula
for =. If we drop A’ we have

G2(01,0'1)=2(G1(0,0)G1(1,1") —ex)
—1G1(0,0)G1(1,2)V(0,2)G,(20,0'1") (A8)

where “ex” stands for the exchange terms. We can now

express the solution formally in terms of the Mgller

matrix which is the Green’s function of the G, equation,
Eq. (4) of the main text.
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F1c. 2. A diagrammatic
representation of A 1)Z(0,0")
of Eq. (A10).

Consequently,
G2(01,0'1")=(01]2|01)G:1(0,0)G:(1,1).  (A9)

On substituting Eq. (A9) into (1) of the main text, we
finally obtain our Egs. (2), (3) of the same.

The contribution to 2(0,0’) of the first term of A’
of Eq. (A7) can be put in the form

A1Z(0,0)=—1iV(0,2)A1)Ge(0x,yx)[G1(y,0") ]
=—(01| T[01)G:(0,0") V' (0”,2)8(0"—0")
X(12|Q[1""2)G:(1"",1)G:(2,2).  (A10)

This contribution can be represented symbolically as
in Fig. 2. The pair correlation matrix @ we denote by a
block diagram, a V interaction by a dot (point), and a
T interaction by a wiggly line. We see that we have here
a correlation of one pair connected to a V scattering of
another one which in turn is coupled to a 7" scattering of
one member of each pair with each other. This is a
rather typical term of this group. In the case when, e.g.,
the lines 0”, 0/, 1, and 1"/ are rewritten as holes, and
2 and 2 as particles, the contribution has a “target ex-
change” character. Because of this triple “intercon-
nected” character such a A12(0,0") of Eq. (A10) is a
rather small contribution—as are the usual ‘“‘target
exchange” corrections.!® However, we have not as yet
performed any numerical calculations of such correc-
tions for our model.

The contribution of the fourth term of Eq. (A7) is

Aw=(0,0)= (01| T|01)G1(0,0") V(0”,2)
XG1(2,2)(071|2]0'1")Gy(17,1).  (A11)

A4Z(0,0") can be represented graphically as in Fig. 3.
This could be the most significant correction term, as it
represents a T scattering and an Q correlation of the
same pair with an intermediate interaction of one mem-
ber of this pair with a third particle 2 in the Fermi sea.

The other terms of A’ give quite similar contributions.
All of them should naturally be expected to be small for
a system of not too high a density. An estimate of such
terms could be attempted by using a Jastrow-type cor-
relation function replacing the Q elements (cf., e.g.,
Ref. 35).

% J. Da Providencia and C. M. Shakin, Nucl. Phys. 65, 54
(1965); 65, 75 (1965).
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Fic 3. A. diagrammatic
representation of A4)=(0,0")
of Eq. (A11).

B. Approximation for the T' Matrix by Iterations
in Terms of T

The system of Egs. (2), (3), and (4) of the main text
is, in general, very difficult to solve because of its non-
linearity. Itis customary to work rather with 7@ =1 Q®
where the matrix Q® satisfies Eq. (9) with G replaced
by G, the free (unperturbed) propagators.

One practical successive-approximation procedure for
the operator Z could be developed in the following way
(in the obvious shorthand notation)

SO = —iTOGO®  TO=F1—iG,OGOT®), (A12)

Now
GCiV=G,O—iG1OVG,©® (A13)
where
G2(0) = (Gl(O)Gl(O)_ex)
—iGOGOVG,W=00GOG,© | (Al4)
and ‘[/G2 0) — T(O)Gl(O)Gl(O) ,
whence
G1V =G O(1—iTOG,OG,®), (A15)
We define now T by the equation
TO=V1—iGiVGOTW), (A16)

Thus, on eliminating V,

AT =T®—TOX_iTO(G,G,® —GOG,®)TM
i TO (GG V) — G OG,©) T
& TO (GO TOG,OGOG,®

+G1OG,OTOGOGO)T® (A17)

Thus the lowest order correction is cubic in 7 and

so is
AZWO=FO—FO = —(AT)G;.
One can see this result also from the difference
(Gl(I)Gl(l)—GJ(O)Gl(O)) in AG2=G2(1)—G2<0) and Wthh
one uses in
AZD=AVG) (G1)™?
=VQO(AG)Gi =T (AG,)Git.
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If we employ the formulas of Egs. (15) and (89)-(91)
of Puff,!! we obtain

AZ(1,1)=i(1,2| T®|12)G,©(1,17")G, @ (2,2""")
X {(1////2/! T(o) l 1//2//)(2////1///[ T(Q) l 2///1!)
_|_<1///rzll T(o) l 1/2/I><2NH1//II T(o) r 2;//1//>}

XGI(O) (2“,,2/)61(0)(2”,2)G1(0)(1“,1”/) .

This is just the result of Eq. (A17).

This expansion, with such complicated terms in-
volving products of three 7' operators as the lowest
order corrections, converges rapidly for sufficiently high
energies. Here again we have no numerical results. This
expansion in successive corrections to the mutual inter-
action of two particles (1,2)—one pair only—has ob-
viously nothing to do with the Watson multiple-
scattering formalism.

(A18)

APPENDIX II
Vopt for Infinite Nuclear Matter

Equations (2) and (11) are valid for the case of in-
finite nuclear matter in which the ground state of the 4
system is represented by a degenerate (or slightly cor-
related) Fermi sea of plane waves, and the excited states
by a complete set of the RPA states as constructed by
Sawada et al.’® for the case of the electron gas. We find

36 K. Sawada, K. A. Brueckner, N. Fukuda, and R. Brout,
Phys. Rev. 108, 507 (1957).
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E(ko,kolg wo) = A V(O)a(ko— kol) —‘% Z V(ko’— Ic)

k<KF

ne(1—n)an (% )V (x—«")100r (1 —14111)

+2 X

n KK’k

Xa ¥V (ko— ko —x+x')
— 1V (ki/+x—v'— ") (v —ko— "+ ko' —«'+x)
X[E—E,+isT", (A19)

where V(0,1) has been taken as a simple Wigner force
and the spin and isospin included implicitly. Con-
sistently with the RPA model, £, should be assumed in
the form

E,=Eyt+Aw,+h2ky"?/2m.

According to Sawada

an(¥, ¥ =x+q) =N W[ Aw.(q)— e O+, @1 (A20)
and
[N®[2=( 2 — X )
Kk <Kp K >Kp
k' >kp &k <kp
X[Awa(q) — e @ +e ]2, (A21)

where
& O=h%2/2m.

In the present paper we present no numerical results
for this case.



