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CONCLUSIONS

In summation, we suppose that gold impurity can
take both substitutional and interstitial positions in
lead. Substitutional gold migrates by a “deviated-path”
vacancy model, and interstitials migrate interstitially.
At low pressures both mechanisms operate simul-
taneously with inseparable activation energies, the
former mechanism being more effective than the latter.
At high pressures only interstitials keep migrating,
while the contribution from the vacancy mechanism
becomes negligible.

In our experiment the temperature interval of the
diffusion measurements has been extended to very low
values: The experimental point at 60°C in the 4000

PHYSICAL REVIEW

GUARINI,

VOLUME 141,

AND KUSTUDIC 141
kg cm=? plot (Fig. 1), perfectly fitting the same
Arrhenius straight line as all other points at the same
pressure, rules out the contribution, once postulated,’
of diffusion along internal surfaces, at least in the
gold-lead system.
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Calculation of Thermal Conductivity by the Kubo Formula
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The Kubo expression for lattice thermal conductivity is analyzed by the method of the double-time
Green’s function. The usual relaxation-time formula of kinetic theory can be obtained from the Kubo

formula by suitable approximations only.

1. INTRODUCTION

HE Kubo formula for the thermal conductivity
is

kB > [#
=—f dtf dNQ-Q(+iN)), 1)
32/ 0

where Q(¢) is the energy-flow vector operator at time ¢
and the brackets { ) stand for thermodynamic aver-
aging, namely, for any operator O

(0)=TrePEQ/Tre—#H

where H
B=(kT)

Recently Luttinger! has given a ‘“‘mechanical” deriva-
tion of this expression by introducing a varying gravita-
tional field. In principle, Eq. (1) is more general than
any transport equation. For a lattice, the energy-flow
vector has also been rigorously deduced by Choquard?
and for the spherically symmetric dispersion formula,
it is the usual Peierls expression

Q) =2 v joor .oy (2)
P

is the Hamiltonian of the system, and

in units with Z=1; v, ;= Viwy; is the group velocity,
wy; is the energy of the kth normal mode in the jth

17, M. Luttinger, Phys. Rev. 135, A1505 (1964).
2 Ph. Choquard, Helv. Phys. Acta 36, 415 (1963).

branch, and 7y ;= ayx;fax; is the number-density opera-
tor of the phonons in the second-quantized form. Thus,
by the works of Luttinger and Choquard, it is possible
to compute lattice thermal conductivity from the gen-
eral expression

% 0 s
K=— Z Z dt/ dkvk,qu'j,
3Q xia, Sy 0
X, j0q,iFr iy, (N, (3)
where
Py ji qir (11IN) = (i (0) mg o (14H0N)) . 4)

Essentially one has to calculate the correlation func-
tion of two number-density operators at different times.
In this paper we shall discuss an approximation scheme
which leads to the relaxation-time formula of kinetic
theory for thermal conductivity as it has been reviewed
and discussed by Carruthers.?

2. RETARDED TWO-PARTICLE GREEN’S
FUNCTION

The correlation function Fy j;4;(¢) is an integral over
the Fourier transform of the associated Green’s function

G, o(t—1) = —i0(1—1'){[ma(t),mq(¢') )
= ((m(),mq(1))) -

3 P. Carruthers, Rev. Mod. Phys. 33, 92 (1961).
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For simplicity in notation we shall omit the branch Ref. 4, we shall define the Fourier transforms as
indices from here onwards. The relationship between oo
correlation functions and Green’s function and their ()= / dw et f(w) . (5)
properties have been discussed by Zubarev.*Following .
Then
+00
qu(t)zif dw e“i“”[Gkk,q(w—}—ie)—Gkk,q(w—ie):l/(eﬂ“’— 1) . (6)
Substituting this in Eq. (3) for the thermal conductivity, we obtain
kB . to dw
K=—73 ViV, Im / [Grr,o(w+t1i€) —Gir,o(0—7€)]. O]
3Q kq 129/ (w—10)?

This expression looks badly divergent in view of the factor (w—36)~% However, we shall show that symmetrized
Gk, o(wti€)—Grig(w—1ie) is an odd function in w. To prove this we note that

Gkk,q(w-i-ie)—Gkk,q(w—ie):—-i;/ﬁ: dt eX[n(t),n4,(0)]),

and

(L2(),m4(0) 1) = {[14(0),o(— ) )= — ([1(—1),m:(0) ]) .

@)

©)

Because of symmetry of summation over & and ¢, Eq. (7) can also be written as

kB . +o dw
K:——‘ka.vq{»kwq hm /‘
3Q k.q €20/ ;

6§ —0

From Egs. (8) and (9) it follows that

+o0
L Grr, o(0+i€)—Grr,o(0—ie)+k <> ¢]=— / sinwi{[74(t),n4(0) ])dt,

w (w—1d

[ Grr, o(w+i€) —Grrg(w—1i€e)+k < ¢]. (10)

)2

' (11)

™

and this is an odd function of w. Hence the expression for thermal conductivity reduces to

kB

m/ 9
K=—3% Vk'qukwq;<a—[Gkkq(w+iE)_Gkkq(w—ie)""k « (I])
w

3Q kg
1k8
4 3Q k¢

Equation (12) is a very useful exact form for actual
calculation of thermal conductivity. It is generally
believeds that the correlation function dies out ex-
ponentially. From Eq. (13) we note that the commuta-
tor of the number-density operators at different times
should decrease as >~ with 6>0 for calculating a
finite thermal conductivity. To put it more explicitly,
there may exist dissipative forces in nature which do not
lead to an exponential decay law, but they are still re-
sponsible for observable effects. Such processes can be
easily discussed using the formulation of Kubo.

4D. N. Zubarev, Usp. Fiz. Nauk 71, 71 (1960) [English transl.:
Soviet Phys.—Usp. 3, 320 (1960)].

5 W. C. Schieve and R. L. Peterson, Phys. Rev. 126, 1458
(1962).

?“ZWWWJ ¢ KT (D)1a(0) -

(12)

w=0

(13)

3. APPROXIMATION TO THE GREEN’S
FUNCTION

Gir,q(t) is a two-particle Green’s function. One can
write an integrodifferential equation for it and relate it
to still higher order Green’s functions. It is not possible
to solve these chains of equations and so one is forced to
make approximations. We shall try to relate the two-
particle Green’s function to the one-particle Green’s
function by an approximation method. This scheme
essentially follows from the observation that the com-
mutator [#x(f),7, ] can be written as

[a(t),mg]= it (O Lar(t),a4t Jag+[art(®), e Jar()a,
+agtart@[ai(t),aq]+ a4 Lat(®),a,Jar(®) . (14)
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The commutators on the right-hand side of this equa-
tion in general contain creation and annihilation opera-
tors besides a c-number part. We ignore the operator
part of the commutator and assume that the contribu-
tion from these operator parts is negligible. In such an
approximation, since the commutator equals its thermal
average, we can write

(D) ,maD)=(Lar(8),aq N ari()aq)
+{Laxl(1),a0" N ar(D)ag)+{aolait () (Lar(®),a. 1)
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The method of decoupling the correlation function®”
(abed)=(ab){cd)=*=(ac)(bd)~+(ad){bc) also yields Eq.
(15). The correlation function of Eq. (1) can be directly
decoupled in this way to yield the final result, which will
be shown in an Appendix. The purpose of going through
the commutator argument is to emphasize that there
exists at least one physical system, e.g., the isotope-
defect system, where Eq. (15) can be shown to be exact.
We define the one-particle Green’s functions and the

+(agtar())[ari(t),aq]). (15) associated correlation functions as
Gro(t—1)=({ar(),a(t))),  mag(t—1")={a () ar(t)), (16a)
Dio(t—1)=(axt(0),a,'(t))),  dra(t—1")={as'(t)ar!(t)), (16b)
Er(i—1)=(ax(0),ao(1)),  erg(t—1")=(aq(t)ar()), (16¢)
and from Eq. (15),
G, o()=Gro(O)ng(— 1)+ Dig(t)ei(— 1) — Eqr(— 1) dig(t) — Gar(— )ng(2) - 17
By taking the Fourier transform of Eq. (15), we get from Eq. (8)
Gkkq(w‘l‘ié)—Gkkq(w*‘ié)=$/+w (eﬁd:o_i ){Equ(w2+w+tE) Gro(wrtw—1ie) J[Gor(wstie) —Gop(we—ie)]
F[Dro(wstwtie)— Dig(wotw—ie) L Egr(wstie)— Egp(ws—i€) ]— [ Egn(ws— wtie)— Egp(ws—w—ie) ]
X [Dro(wetie)— Dyg(wr—ie) J— [Gor(wo—wtie)— Gor(ws—w—1i€) [[Grolwartie) —Grows—ie) ]} . (18)

This is easily seen to be an odd function of w. After some manipulations, we get

d
;‘[Gkkq(w"l'ie)_Gkkq(w— lé)] ] w@=0

/ dw
=1
eﬂw.__
0 eﬂw
=27
15/ (efo—1)2

d
{—[(qu<w+ie>—~ckq<w—ie>>
1 ldw

dw{ [Grolwtie)—Gro(w—ie)]

X[Ggi(w+i€)—Gor(w—1€) JLDro(w+ie)— Dig(w—ie) I[LE gp(wtie) — E gp(w— i€)]}.

X (G gr(wtie) = Gor(w—ie))+(Dig(wtie) = Dig(w—ie)  Eqr(w+ie) — Eq(w— ie))]}

(19)

We have assumed that the Green’s function vanishes for w — = . This approximate expression (Eq. 19) is used
in Eq. (12) to obtain a fairly good estimate of the thermal conductivity.

In most normal processes the functions Dy, and Ey,, which depend on the correlation between two creation or
two annihilation operators, are negligibly small (in superconductivity® or superfluidity they are no longer so
negligible). Confining ourselves to normal matter we write the one-particle Green’s function as

Gro(w) = dkq[ 2m(w—wrt+Mi(w)) ],

(20)

where M ;(w) gives the effect of perturbation on the self-energy of one particle. The real part of M(w--ie) is the
shift in energy of the 2th mode, and the imaginary part is interpreted as the half-width of the mode. We can write

approximately

qu(w—}—ie)wakq[Zr(w— Ek-l-irk)]—l y

6 C. Bloch and C. De Dominicis, Nucl. Phys. 7, 459 (1958).

7L. P. Gorkov, Zh. Eksperim. 1 Teor. Fiz. 34 735 (1958) [English transl.:

21

Soviet Phys.—JETP 7, 505 (1958)]. D. N.

Zubarev, Dokl. Akad. Nauk SSSR 132, 1055 (1960) [English transl.: Soviet Phys.—Doklady 5, 570 (1960) ]
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where ¢ is the perturbed energy of the kth mode. Substituting Eq. (21) in Eq. (19) we get

d . . 8 o e T2
%[Gkk,q(w‘{_lé)—Gkk,q(w“le)___l | omo= —;6;04/_00 1) Lo et Fk?jzdw. (22)

For small values of I'y, the integrand in Eq. (22) is peaked around w=e¢; and we can fairly accurately represent

eBek T

d 18
E;[Gkkq(w-l"lve)*(;kkq(w—16)] | w=o§—7‘r—25kq@;__& I

Therefore, the thermal conductivity is given by

kB2 ePex 1
K=—73% wly,>—m—, (23)
3Q & (ePer—1)2 2T

which is the familiar relaxation-time expression. The effect of the frequency shift, however, has been taken into
account. We consider this derivation more satisfactory than that of the previous authors.?

APPENDIX

Using the decoupling scheme (abcd)= (ab){cd)~+{ac){bd)+ (ad)(bc) and ignoring, for simplicity, the correlations
between two creation and two annihilation operators, we get

0

kB 8
K=lim — dt e¢t Z WrWoVig* Vq/ d,B’((lkT(—' l_iﬁ/)ak('_—t—iﬁl)aq"‘aq>
0

>0 39 0 k,q

0

j2 8
~lim —E dte ety wkquk'vq/ dB{art(—t—iB")ag){ar(—1—iB")as").
0

0300 k,q

We have further

+0
nig(t—1")={ag!(t)ar(t))=1i / dw ¢ 0O [Gro(wtie) —Grolw—1ie) ],

eBo—
and
+o0 eBv
{ar(t)at(t))=1 dw—t—]———Ie_"“’(’_")[qu(w-l— 1€)— Gro(w—1€)].
— elo—

Substituting these values and performing the integration over ¢ and 8, we get

B [
K=lim — /[dwldwg Z WrWoVE* Vg
>0 30 k,q
1 1 eBw1— gBwa
X [qu(w2+ie)— qu(wz‘- ié)][qu(wl‘l-’ié)— qu(wl—ie)] .

W1—we— 1€ w3—wa (ef91—1)(efv3—1)

Interchanging w; <> w2, we can also write the above expression as

kB [
K= hrr& —36‘ /fdwldwg Z WrWaV* Vq[qu(wl—I—iE) - qu(wl— 16)]
€—> k'q

ePur—efoa ] 1 1
X [Graltor-i€)— Gralwr—ie) ]/ [(eP1— 1) (eP1—1)] —[ | ]

+
wi—wz 2lwj—wstie we—wi—1ie

Since (w;—ws—i€) 4 (wa—w;—de)~1=2imd(w;—ws), we can integrate over one of the variables. To integrate
over the remaining variable, we make the same approximation for the one-particle Green’s function as in the text
and get Eq. (23) of the text.



