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Ferromagnetism is a collective phenomenon, but some properties of ferromagnetic metals can be well
understood in terms of a single-particle band picture. We investigate transport phenomena in ferromagnetic
metals by means of a simple, solvable model in which the magnetic electrons are independent except for
spin-spin correlations generated by an eRective exchange field similar to a molecular field. The explicit
solution shows that spin transport is reduced to negligible proportions, while charge transport remains the
same as in the independent-particle case.

I. INTRODUCTION
' N the case where the relevant wavelengths are long
~ - compared to the lattice spacing, one can derive the
equation of motion for the macroscopic magnetization
M by equating (d/dt)( —M/p) to the torque per unit
volume and adding a relaxation term'.

dM/dt= —~M&&H —(2A~/m &)M&&VsM

() /&&V—,s)M &cdM/dt, (1)

where y=g~e~/2trtc, A is the macroscopic exchange
stiffness constant, M, is the saturation magnetization,
and 'A specifies a spin-lattice torque responsible for
magnetic relaxation. In at least some metals, the mag-
netic electrons are highly itinerant; so a spin-transport
term must be added to the right side of the above equa-
tion. Ke propose to examine this term and to show, by
explicit solution of a simplified model, that it is gen-
erally reduced to negligible proportions by exchange-
induced spin correlations.

If one could neglect exchange correlations of the
magnetic electrons and treat them as completely in-
dependent, then one would expect the spin-transport
term to take the ordinary diffusion form DpV'M, with
diffusion coefFicient Do=-,e'~, where ~ is a mean Fermi
velocity of the magnetic electrons and 7- is a transla-
tional relaxation time which should be of the order
of the conduction-electron relaxation time as calculated
from the resistivity, since all electrons can scatter into
the same final states. As will be noted below, the ex-
perimental evidence makes it clear that no diffusion
term of such size is present. ' This is something of a dis-
parity, since the de Haas —van Alphen' and magneto-
resistance4 data for transition metals can be interpreted
satisfactorily on a Fermi-surface picture, and in par-
ticular the Hall coefficient for nickel is in accurate
quantitative agreement with such a picture with the
magnetic electrons independent and fully itinerant. 4

L. D. Landau and E. M. Lifshitz, Physik Z. Sowjetunion 8,
153 {1935);T. Gilbert, Phys. Rev. 109, 1243 (1955).

2 The necessity for an appreciable diRusion term in the Landau-
Lifshitz equation according to an independent-particle picture,
and the experimental evidence for its absence, have previously
been pointed out by Jerome I. Kaplan, Phys. Rev. 114,575 (1959).

3 J.R. Anderson and A. Gold, Phys. Rev. Letters 10, 227 (1963);
A. S. Joseph and A. C. Thorsen, iNd. 11, 554 (1963).

s E. Fawcett and W. A. Reed, Phys. Rev. Ill, 2463 (1963).
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The reason for the disparity is exchange-induced spin
correlation of the magnetic electrons, which reduces
spin transport far below the independent-particle esti-
mate while leaving charge-transport effects essentially
unchanged. This has previously been recognized in a
qualitative way, ' but we believe it is of interest to see a
little more explicitly how it comes about in a simple
model. In this paper we represent the effects of exchange
on an individual magnetic electron by a strong effective
magnetic Geld, everywhere aligned parallel to the local
macroscopic magnetization, which acts on the electron's
spin but not on its orbital motion. This exchange Geld
will cause the electron to precess at a rapid frequency
top about the local M, and to follow the relatively slow
change in orientation of the local M along its path.
Diffusive spin transport is thus quenched by the ex-
change Geld. A simplified kinetic-theoretic treatment
given in Sec.III for the case of circularly polarized waves
leads to a spin-transport term LDp/(1+icopr) JVsM,
where Do is the diffusion coefIicient which would be
calculated in the absence of the exchange Geld. This
transport term corresponds to a diffusion-like part plus
a contribution to the exchange stiffness, both of which
are found to be ordinarily small or negligible.

Our effective exchange field should be thought of as a
self-consistent single-particle effective Geld in the
Hartree-Fock. sense. The exchange interaction con-
serves total angular momentum, so when one sums over
the electrons in a macroscopic region the exchange
torques cancel out except for a relatively small remnant,
described by the macroscopic exchange stiffness, coming
from interaction with electrons outside the given region.
For this reason the "exchange precession" at frequency
coo of the individual electrons proceeds in such a way as
to give zero total precessing magnetization. The pre-
cession at frequency coo disappears from the macroscopic
equations, and coo does not correspond to an observable
resonance. If the up-down splitting of the d electrons is
0.5 eV as for the case of nick. el, ' which we will have par-
ticularly in mind, the corresponding effective Geld is
II,x.&=+M,=SX10' Oe and the precession frequency
is cog

——ynM, =10"sec—'.

5 C. Herring, article to appear in Magnetism, edited by G. T.
Rado and H. Suhl (Academic Press Inc. , New York, 1966),Vol. IV.

e J. C. Phillips, Phys. Rev. 133, A1020 (1964).
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In this paper we consider only the transport of trans-
verse magnetic moment in the weak-signal limit. The
transport of the s component, which can become appre-
ciable in the vicinity of the Curie temperature, has
been considered by other authors. ~

Then the magnetic equation (1), with diffusion added
and the dynamic fields assumed small, becomes

0)fÃ = +BIgb

+ (yH p+ (2Ay/M, )q' iD—q' (i(u—X/yM, ))m. (3)

II. EXPERIMENTAL SIGNIFICANCE OF
A DIFFUSION TERM

The classic theory of the eGect of diGusion on electron
spin resonance in nonmagnetic metals was given by
Dyson. ' In such metals the time for an electron to
diffuse through the skin depth, Tn (D/os) ', is typi-
cally much shorter than the electron spin relaxation
time T2. Thus, a resonating electron can diGuse into
and out of the skin depth repeatedly, retaining spin
"memory" from one visit to the next, with the exciting
fields in the skin depth always in phase with the
"remembered" spin. The resultant resonance line shape
has a broad weak background of width corresponding
to TD, upon which is superposed a distorted but still
narrow resonance of width corresponding to the spin
relaxation time T&. We remark that although Dyson's
theory was given in terms of single-particle Green's
functions, it could have been formulated as a macro-
scopic magnetic equation including diffusion, to be
solved with Maxwell's equations and appropriate
boundary conditions. '

The results of diffusion in ferromagnetic resonance
are very different from those in Dyson's case. The
reason is that the dynamic permeability, instead of
being small, is now large compared with unity, and the
magnetization is strongly coupled into the Maxwell
equations. Whereas in the Dyson case the diffusion-
determined penetration depth of the resonating elec-
trons is large compared with the rf skin depth, in the
ferromagnetic case the dynamic E, II, and 3f fields are
all essentially characterized by a single penetration
depth which is determined self-consistently and de-
creases at resonance.

Dynamic diGusion effects in a ferromagnetic metal
are physically akin to those of exchange stiffness. Ex-
change stiffness, like diGusion, will cause a sharp local
variation in M introduced at a given time to subse-

quently dissipate away; however, the exchange stiffness
will support standing-wave oscillations, whereas the
diGusion term will not. The mathematical relation
between the two terms is especially simple in the case of
circularly polarized fields, which is appropriate to the
geometry with the dc field Hos perpendicular to the
sample surface:

M=M, z+m(*"+ij) expi(qs —(ot),

H=HpS+h(i+i)) expi(qs —ppt) .

7 D. Cribier, B. Jacrot, and G. Parette, J. Phys. Soc. Japan 17,
Suppl. BIII, 67 (1962); H. Mori and K. Kawasaki, ibid. 17,
Suppl. BI, 75 (1962).

s F. J. Dyson, Phys. Rev. 98, 349 (1955).

In this case the diffusion term is mathematically
equivalent to a negative imaginary part of the exchange
stiffness.

The problem of ferromagnetic resonance in a bulk
sample with exchange stiffness and diffusion can be
handled by the mathematical apparatus' " which has
been set up to handle the problem with exchange stiff-

ness only. In general, the practical mathematics of the
solution is complex, but for the perpendicular-field case
it can be shown by the methods of Ref. 8 that the
following result holds to good approximation, under the
assumptions of zero surface-anisotropy energy and
normal conductivity:

where p,q„ is the "equivalent permeability, " Z is the
surface impedance, o. is the conductivity, q= Hp/4rM. ,
0=s)/4s M,y, 1.= ) /M, y, and e = f (2A/M, iD/y)—
X(2vram/c')(1/ n4. M))'~' Imp&0. For the case of dif-

fusion dominant over exchange stiffness, this solution

gives a power-absorption resonance curve which is

symmetric about its center and approximately of ordi-

nary relaxation shape, its width being

dLH ($(D//47rM, y) (27rGOO/c') y'+ rd)//4% My y') 47rM8 .

Results for other geometries will not differ greatly from
this.

For nickel at room temperature we estimate the mean
Fermi velocity as 10 cm/sec and p. 10 "sec. The in-

dependent-particle assumption would give a diffusion

coe%cient Dp ——e'r/3-0. 3 cm'/sec at room temperature
and increasing proportionately to the conductivity at
lower temperatures. This would predict low-tempera-

ture ferromagnetic resonance linewidths many times

larger than the observed values. " A diffusion term of
this size would also require that in thin-61m spin-wave

resonance experiments the higher modes should be
strongly damped, and is in conQict with experimental
observations in which modes as high as the 17th have
been observed. " We conclude that the independent-

particle estimate of magnetic diffusion is incorrect.

W. S. Ament and G. Y. Rado, Phys. Rev. 97, 1558 (1955).
~P L. L. Hirst and R. E. Prange, Phys. Rev. 139, A892 (1965)."S. M. Bhagat and L. L. Hirst (unpublished).
"M. H. Seavey, Jr., and P. E. Tannenwald, J. Appl. Phys. 30,

227S (1959).
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3E,
J(r, t) = dI'„ e "'—vp—(r t v t')

p T
(5)

where dP, is a normalized velocity distribution and
(M,/tie) gives the number of magnetic electrons per
unit volume. The rate of increase of the magnetization
per unit volume at (r, t) due to spin transport, i.e., the
spin-transport term to be added. to the right side of
Eq. (1), is —V J(r,t). Our problem is to calculate
ti(r, t; v, t').

Our scattering assumption means that each magnetic
electron in a given volume has equal probability of being
scattered; and since M= (li)M, /tiii, where the brackets
denote averaging over a physically small volume, it
follows that on the average the moment of an electron
immediately after scattering at (r vt', t—t—') is
(tiki/M, )M(r vt', t t').—This i—nitial condition plus the
precession equation will determine p(r, t; vt'). We
assume the transverse components of magnetization
and spin moment to be small, so that their cross
products can be ignored; this means the precession
equation becomes linear and it is sufricient to consider
a single sinusoidal component of transverse M in order
to establish the form of the spin-transport term. We also
assume Acids of positive helicity, so M(r, t) has the
form (2). The corresponding effective exchange field is
H. .i,=nM (r,t).

Consider the precessional motion of an individual
electron of moment p in a primed coordinate system
traveling with the electron and rotating about the
z-axis so as to keep the x' axis parallel to the local m.
The rate of rotation is co~

——co—q.v, the Doppler-shifted
frequency of the magnetic wave as seen by the electron.
The precession equation is

(dti/dt) =—p&e2X p+ (dip/dt)&idea
= (—~ga+yn(MA+m))Xp.

The solution can be written as a "driven" term with p
at rest parallel to the apparent field in the rotating
system, lip„. ,„(t)=tiiiL9+Ynm(t)/(oop —ooq)], plus a
"homogeneous" transverse term which rotates in the
primed system at frequency ~p—co& or in the fixed
system at frequency ~p.

The initial condition fixes the "homogeneous" term
at time t—t' as

tMg ( p~a tie f
m(r —vt', t—t')l = m(r, t)l —— e' "'

3f, oooo ops MN ~pip

IIL SOLUTION IN THE EFFECTIVE-FIELD
MODEL

Let 1p(r, t; v, t') denote the statistically averaged
moment of electrons at (r, t) having velocity v whose
last collisions occurred, at (r vt—', t t')—As.sume the
scattering to be isotropic and spin-independent and to
occur with probability 1/r per electron per unit time.
Then the dyadic magnetization current is

and so we 6nd

ynm(r, t))
t(r, t'v, t)=t~l &+

GOp
—

GOES

p@ Md

+ m(r t) — le-'&"p—"'&"
Mg pip pod'

p~ tet'
M (r,t)+ l m(r, t)

JIt/18 3fz KCOp Cgd, '

X (1 e
—i(so—&as) &')

Substituting this into Eq. (5) with the approximation
cop—coz=~p, we obtain finally

—~ J(r, t) = — dP„(v p')(v p)

—e ' '—(1—e '"")m(r,t) (6)
T GOp

D= (~'/3pip) pipr/[1+ (pipr)'], (7a)

3I, v'
A=A„+

2p 3pip 1+ (Gppr)

(7b)

Here A„ is the exchange stiffness for 7 ~~ such as
might in principle be obtained from a band-theoretic
calculation with correlation corrections. In Eq. (7b)
the v= ~ part of the transport term has been sub-
tracted since it is to be thought of as already included
in c4

For nickel, we estimate D= 0.03oopr/(1+ (pi r)')
which has a maximum at r=1/ ooo10 "sec occurring
at roughly 600 K. The discussion in Sec. II indicates
that the criterion for diffusion efFects to be experi-
mentally appreciable is D&2Ay/M, and for nickel at
low temperatures 2Ay/M, =0.1 cm'/sec. Diffusion
e6ects thus should be negligible at ordinary tempera-
tures. The ~-dependent variation in A reaches a rnaxi-
mum of about 30%%u~ of the low-temperature A value, but
occurs only at high temperatures where it is masked by
the fall-off of A„near the Curie point. Numerical esti-
mates for iron yield similar results.

= (v'r/3) L1/(1+indoor))Pm(r, t) .

To get the final form we have assumed the velocity dis-
tribution to have cubic symmetry, and v' is the same
mean-square velocity that would appear in an ordinary
diffusion coeKcient.

This term is to be added to the right of Eq. 1.To put
it in the form of Eq. 3 we can regard the real part of
(v'r/3)/(1+ip&pr) as a diffusion coefFicient and. M,/2y
times the imaginary part as a contribution to the ex-
change stifFness:
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IV. CONCLUSIONS

By taking account of exchange interactions between
itinerant d electrons by means of an effective exchange
field, we have found a magnetic diffusion coeKcient
D= (ss/3&os)(&ocr/(1+ (coor)') } which approaches the
usual independent-particle form for small translational
relaxation time ~, but instead of increasing monotoni-
cally with v goes through a maximum and returns to
zero. We also find a ~-dependent contribution to the
exchange stiBness. The effect of these terms will be
small, especially at low temperatures.

Obviously, independent d electrons plus an eBective-
field type of spin-spin correlation does not tell the whole

story in a ferromagnetic metal, but we think it plausible
that the real situation can be well described by a Fermi-

liquid picture with spin splitting, with a varying axis
of spin quantization corresponding to the varying direc-
tion of the macroscopic magnetization. Such a model
would have transport properties similar to those of the
present simpli6ed model.
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For the hopping motion of polaron holes the frequency factor WD of the transition probability is deter-
mined by the observation that hole localization occurs in a molecular orbital of the irreducible set t2, of a
cation site group (with transfer integral b ), whereas the superexchange mechanism is caused by virtual
charge transfers between molecular orbitals of the irreducible set er (with transfer integral 5,). The eilect of
short-range magnetic ordering on Wo is determined by the time-dependent spin-pair correlation function
p;;(t) for neighbor cations i and j and for times t)&to=relaxation time for the correlation.

I. INTRODUCTION
' ~OR nonmagnetic ionic crystals the theory of small

polaron conduction has been developed by
Yamashita and Kurosawa, ' Holstein, ' and Sewell. ' If
one wants to apply the results to a concrete case and
calculate the dc conductivity of p-type material, one
has four unknown parameters, namely, the acceptor
concentration S~ and the activation energy E„deter-
mining the concentration of mobile holes, the hopping
activation energy Eo, and. the frequency factor of the
transition probability H/"0. A theoretical discussion of
8'0 is the object of this note. For bound holes hopping
around acceptor sites, it can be determined from the
frequency and temperature dependence of the ac
conductivity or of the internal friction. 4' For mobile
holes traveling through the lattice, an unambiguous
experimental determination of S'0 is dificult, as can be

J. Yamashita and T. K.urosawa, J. Phys. Chem. Solids 5, 34
(1958);J.Phys. Soc. Japan 15, 802 (1960);referred to as Y and K.' T. Holstein, Ann. Phys. 8, 325, 343 (1959); referred to as H.

3 G. L. Sewell, Phys. Rev. 129, 597 (1962).
D. P. Snowden and H. Saltsburg, Phys. Rev. Letters 14,

497 (1965).' S. Van Houten, J. Phys. Chem. Solids 23, 1045 (1962); S. Van
Houten and A. J. Bosman, in Transition Metal Compounds,
edited by E. R. Schatz (Gordon and Breach Science Publishers,
Inc., New York, 1964), p. 123.

seen from the attempt of Y and K to determine it
from Morin's' experimental data on conductivity and
Seebeck coefFicient. The magnitude of 8'0, however, is
of some interest because it can be quite different for
the two types of hopping transitions: Adiabatic over-
the-barrier transitions for which Ws ——coo/27r (coo——fre-
quency of longitudinal optical vibration), and non-
adiabatic through-the-barrier tunneling transitions for
which 8'0 is determined by a transfer integral between
ligand field orbitals. Therefore, we wish to discuss here:

(1) The relative magnitude of Ws for the two types
of transitions;

(2) the effect of magnetic ordering on Ws.

The erst point has received the attention of Y and K
and of Herring~; the authors come to opposite conclu-
sions. The second point has been considered by Heikes. '
His result, that 8'0 calculated by Y and K and by H is
multiplied by a factor depending on the sublattice
magnetization M characterizing long-range ord.er of the

' F. J. Morin, Phys. Rev. 93, 1199 (1953).
7 C. Herring, Proceedings of the International Conference on

Semiconductor Physics, Prague, 1960, p. 60.
R. Heikes, in Transition Meal Compounds, edited by E. R.

Schatz (Gordon and Breach Science Publishers, Inc., New York,
1964), p. 1.


