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Spin-Lattice Relaxation in Some Rare-Earth Salts. I. Temperature Dependence*
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We report measurements of the spin-lattice relaxation rate T& ' for several magnetically dilute rare-earth
ions in the temperature range 1.2'6 T~S'K, using the transient recovery of the microwave paramagnetic
resonance in the frequency range 8 &v & 18Gc/sec. Data are given for Sm'+ and Dy'+ in the double nitrate
LasMgs(NOs)rs 24HsO; for Pr+, Sme+, and Er+ in the ethyl sulfate La(CsH&SO4)e 9H&O; and for Ce'+,
Nd'+, Pre+, Sm'+, Ere+, and Tb'+ in the ethyl sulfate Y(CsHeSO4) e 9H,O. We observe the temperature de-
pendence for the direct process Tq 'cc T; for the Orbach process T& 'cc exp( —tt/T); and for the Raman
process T~ 'cxT7 or Te. The magnitudes of the processes are in reasonable agreement with simple theo-
retical estimates. The observed rates are shown to be independent of paramagnetic ion concentration in
the range 0.1 to 1%.For Pr in the ethyl sulfate, we observe, as expected, a phonon bottleneck rate Tq

' cc Ts
rather than the direct process. In several cases the Orbach process determines a previously unknown value
of the crystal-Geld splitting 6, while in some cases it shows that the value of 6 in the dilute salt is signiGcantly
different from the value determined optically in the concentrated salt.

I. INTRODUCTION
' ~ URING the last few years many experiments have

been reported' " on paramagnetic relaxation of
rare-earth ions at low temperature, especially for ions
diluted in diamagnetic host crystals, where a particu-
larly useful method is to observe the transient recovery
of the microwave paramagnetic-resonance absorption
following a saturating pulse. The older classical
theories" '4 have been reexamined and put into a
phenomenological form by Orbach, "which facilitates
the calculation of theoretical estimates; in general,
reasonable agreement is found with the experimental
results.

In this paper we report on some further measurements
and theoretical calculations on a number of rare-earth
ions in the host crystals: lanthanum magnesium double
nitrate LasMgs(NOs) ts 24HsO t

"LaMN"); lanthanum
ethyl sulfate La (CsHsSO4) s 9HsO P'LaES "$; and
yttrium ethyl sulfate Y(CsHsSOe)s 9HsO f"YES"j.
Basically this paper is an extension of the work of Scott
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and Jeffriess (SRJ), to which we refer for fuller details.
Here we are primarily concerned with the temperature
dependence of the various relaxation processes in the
liquid-helium range. In a later paper we will discuss the
dependence on magnetic field and orientation of the
crystals, as well as cross relaxation e8ects.

After a brief review of the theory in Sec. II, we
describe the apparatus and the crystals in Sec. III. In
Sec. IV are presented the data and the theoretical
estimates for a number of cases.

II. REVIEW OF THEORY

For a magnetically dilute single crystal in a magnetic
field H and immersed in a liquid-helium bath at tem-
perature T we take for the static Hamiltonian of the
electronic ground state

X=BC,.+X,+fez,
the terms representing the spin-orbit, crystal-field, and
Zeeman interactions. To fix ideas we consider the Ce'+
ion with a ground state 4f' 'Fsts, as in Fig. 1. The spin-
orbit interaction places the next multiplet, F7/Q higher
by 2240 cm '. The crystal field in YES splits the ground
multiplet into three levels, the spacing between the
lowest two being 8~=17.4 cm '. The magnetic field
further splits these into Kramers doublets ~a) and

~ b),
( c) and [d), and

) e) and [ f); each are characterized to
a good approximation by a linear combination of the
basic spin functions

~
J,J,), where J=-', is a good

quantum number. The Zeeman splitting is usually
given, e.g. , for z~~P, by

J &=8=2~(a)APPJ. )a) [, (2)

where A is the Lande g factor and P is the Bohr
magneton.

The basic problem, of relaxation theory is to calculate
the transition rates between'these'I)evels due to the
lattice vibrations. It is now, 'well'established that the
Van Vleck-Kronig-Fierz'~'4'5' mechanism of thermal

"'M. Fierz, Physics 5, 433 (1938).
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The important point here is that for the well-known
crystals we have used, the values of the crystal-field
parameters'„(r") and the wave functions Ia), lb), ~ ~ ~

have in many cases been determined by optical spectro-
scopic and paramagnetic resonance data. For example,
Fig. 2 shows the values of As'(r'), A4'(r'), As'(r'), and
Ass(rs), the only nonvanishing terms for the rare-earth
ethyl sulfates, which have C» point symmetry about
the rare-earth site; the data are mainly taken from
Hufner's review" for the magnetically concentrated
salts, but the parameters for ions diluted in LaES and
YE$ are known to be similar except in cases noted
below. By 'analogy to Eqs. (3) and (4), it is reasonable
to assume that the average thermal lattice strain &

produces a deformation given approximately by
FIG. 1. Splitting of the F7' ground state of magnetically

dilute Ce'+ in YES. The value of A~/bc= 17.4 cm r is taken from
the observed Qrbach relaxation term. The arrow in the energy
column on this diagram and any that follow means that energy
values above the arrow are calculated while those below are
experimental; otherwise the values are all experimental numbers.
Paramagnetic resonance and relaxation are observed between the
ground doublet lo), ib) where S=hv.

X,'=eP s„",

which acts as a random time-dependent perturbation
to induce relaxation transitions between the states of
Fig. 1, with a typical matrix element

modulation of the crystalline electric fields is dominant
over the Wailer mechanism of modulation of magnetic
dipolar coupling between paramagnetic ions. Although
a proper approach is through the normal modes of the
vibrating charge complex surrounding the ion,"the low-
point symmetry of the rare-earth site in our crystals and
the fact that J is a good quantum number leads to a
simple phenomenological approach introduced by Or-
bach, "based on the static-crystal-Geld theory for these
salts, '~" wherein one writes an expansion

&130. 'I f» = e 2 o-"(~"»-&&
I o-"If».

The dynamic-crystal-field parameters a„may be ex-
pected to have the approximate magnitude of the static
parameters 2„;however, the deformation may have
such low symmetry that all the a„are nonvanishing,
so that a scheme for estimating the many a„ from the
few measured values IA„ I, , is necessary. At least
two approximations have been used. For the double

X =P V„"= P A„G "(hays)
n=2, 4, 6—n&m&n

(3)
500—

where the G„are unnormalized Legendre polynomials.
The matrix elements of the expectation value of 3'.,
over the f electrons of the ion can be evaluated using
the operator equivalent method:

200—

Ae(r')—

A~(r*)-

(~I3c.lf)=Z ~-™(r"»-(~io-"I&),

where X„are operator equivalent factors, equal to the
a, p, and Y of Stevens" for 1=2, 4, and 6, respectively.
The o„are operators in J, and J~, defined by o„+~
+o„=O„~,where the O„are operators listed by
Orbach. ' Tables of matrix elements are available.

r' K.W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952)."R.J.Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London)
A215, 437 (1952)."R.J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London)
A218, 553 (1953).

+ R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London)
A219, 387 (1953).

~II. R. Judd, Proc. Roy. Soc (London) A227, 552 (1955)."B.R. Judd, Proc. Roy. Soc. (London) A232, 458 (1955).
~H. A. Buckmaster, Can. g. Phys. 40, 1670 (1962); R. C.

Mikkelson and H. J. Stapleton, report by Dept. of Physics and
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Materials Research Laboratory, University of Illinois, Urbana,
Illinois, 1964 (unpublished); M. T. Hutchings, Solid State Phys.
16, 227 (1965).

~ S. Hiifner, Z. Physik 169, 417 (1962).

FIG. 2. Qptically measured values of the crystal 6eld parameters
I A „~(r")

I
for the concentrated ethyl sulfates X(CsHeSO4) I 9HsO.

This diagram is taken from Hiifner (Ref. 23) with additional data
added for Nd'+ (Ref. 36) and Pr'+ (Ref. 33).
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FIG. 3. Schematic thermal block diagram of the microwave
oscillator, paramagnetic spin system, lattice phonon system, and
the helium bath.

g (mj

ja ~j =I IA oj ™~~&IAoj &~&+Is (Sb)

Equations (Sa) and (Sb) yield dynamic terms most of
which are two to ten times smalIer than those estimated
using Eq. (7). Anticipating our results, we note that in
cases where the ap occur (that is, when 7~3) they
usually dominate the calculations and scheme Eq. (7)
gives better agreement with experiment. However, in
the ethyl sulfates, the four cases where J=—', (Sm'+ and
Ce'+ in both LaES and YES) are better explained
using scheme Eq. (Sa).

In calculating relaxation rates one requires the
square of the magnitude of the matrix element of Eq.
(6), which raises the question of the coherence of the
various terms. SRJ conclude that the best approxi-
mation is to assume each term '02', 02+', 02 ', ~ ~ in-
coherent. %'e explicitly take

I(~IX ~-"Ib&I'=XI(~le-"Ib&I'

Ix„z„~- IA„o(.-&l...(alo.-jb&j', (9)
e =2, 4, 6—n&m &n

where the I A„o(r")I, are measured in ergs.
Our experiments are performed in the He4 tempera-

ture range, where usually only the lowest doublet I a),
Ib) is appreciably populated. We monitor the popu-
lation diQ'erence p=E,—X& by Inicrowave paramag-
netic resonance at frequency v=8/k, and measure the

TAnLE I. Values of the normalizing factors g ~~~ used in Eq. (7).

nitrates, the dominating crystal Q.eld is icosahedral, '4

with a weaker C3, symmetry component, yielding the
empirical rule that IB„ I

= IB„'I in a normalized
spherical harmonic expansion B„r"I"„of3C,. Thus
SfkJ arrive at the approximation

I~-"I =g-~"~IA-'I-. , ~=2, 4, 6 (7)

with the factors g ~ ~ given in Table I. I'or the ethyl
sulfates Orbach has suggested

transient return to thermal equilibrium after the spin
temperature has been raised to inanity by a saturating
microwave pulse. The recovery is usually found to be
exponential, with the observed time constant denoted
by T&, the "spin-bath" relaxation time. The schematic
thermal block diagram of I"ig. 3 indicates the arrange-
ment: after the pulse the spins relax to the lattice
phonons at the rate T»—' sec '; the phonons relax to
the helium bath at the rate Tvh

—' sec '. If o =—(C,/C„)
)&(Tvh/Tr)((1, where C,/C„ is the specific-heat ratio
of spins to phonons, then the phonon temperature is
maintained at the helium-bath temperature T; the
observed time constant T~ is thus expected to be T».
On the other hand, if 0.))1, the phonons cannot trans-
port the excess spin energy to the bath rapidly enough,
and a phonon bottleneck develops. In this case, the
observed time constant becomes To= Tvh(C, /C„), as
discussed in detail by S8zJ: the experiment yields the
phonon-bath relaxation time T~J, rather than the spin-
lattice relaxation time. More explicitly, the observed
relaxation rate is expected to be

1 12m vsAv ( kv
cothl =DT2

Ts TvhtPc E 2k T
(10a)

where p is the crystal density and e is the velocity of
sound. For most of our work coth(8/2kT) =2kT/8, and
so Eq. (10b) can be rewritten as

1/Try= A T. (10c)

The condition that the direct process not be bottle-
necked is DP&)AT in Eqs. (10a) and. (10c). Although
Eq. (10b) is suitable for a non-Kramers doublet Ia),
Ib), it vanishes in zero order for Kramers doublets;
one must then take account of admixtures into

I a) and
jb) of the higher states through the Zeeman pertur-
bation 3'.z. The result is

where hv is the EPR linewidth, e is the velocity of
sound, and c is the number of paramagnetic ions per
cm'.

At the lowest temperatures the dominant contri-
bution to the spin-lattice relaxation rate T» ' is the
direct process, in which the spin Qips give their energy
to phonons of the frequency v, yielding a relaxation
rate

I SkJ, Eq. (17)$

3 ( b

I

—
I
Zl(~le-"Ib&l'«thl, (10b)

Try 2orpesk (hi &2kT

a=2
I=4
n=6

4.90
8.95

12.9

2.45
6.32

10.2
23.6
20.2

8.37
11.2 52.7 15.2

1 3 ~b ' 2PA
((~IH Jls&(slv

Trq 2s pesk(k

s/2kT
+(~js ™Is&(sjHJjb&) I

—=A' T, (11)
'4 B. R. Judd, Proc. Roy. Soc. (London) A241, 122 (1957);

B. R. Judd and E. V. Kong, J. Chem. Phys. 28, 1097 (1958);
A. G. McLellan, r'Md 54, 1350 (196.1). where

I s& is one of the states for each higher Kramers
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FIG. 4. Block diagram of the bridge spectrometer used for
measuring relaxation times at v=9.3 Gc/sec.

XP l(~lv "Ib&l T'=c'T', (14)

where
I i) is one of the states for each higher doublet.

To summarize, we assume that all the processes add
to give a total spin-lattice relaxation rate for a ground
state doublet Tq ' T~q '——+Tqo '+Tqg '.

For evaluating the matrix elements and the sum of
their squares in the above expressions we have used an
IBM 7094 computer with a program based on one
written by Mikkelson and Stapleton. "

doublet. For axial crystals we take H J=H(J, cos8

+J, sin8).
If the crystal Geld splitting 6& is less than the Debye

energy k Q~ (QUA=60'K for our crystals), then relaxation
between

I a& and Ib) may proceed through a two-step
Orbach process involving a transition from

I b) up to
an excited state Ic), and then back down to Ia); the
resulting relaxation rate is

1 3

Tgo 2v pv'k k l

X
(2 l(alv--lc) I'+2 l(clv-"If'& I')

X (12a)
exp (A ~/k T)—1

In most cases exp(A&/kT) —1=exp(A&/kT), and Eq.
(12a) can be approximately written as

IH. APPARATUS AND TECHNIQUES

The spin-bath relaxation time T& was measured by
the method described in detail in S8rJ, in which the
recovery of the microwave paramagnetic resonance is
monitored at a very low power level, following a satu-
rating microwave pulse of duration r. Several different
microwave spectrometers were used: the transmission
type shown in SR J Fig. 2 operating at a 6xed frequency
of v= 9.3 Gc/sec; and a bridge-type spectrometer, with
a tunable cavity, shown in Figs. 4 and 5. Varian X-13
and X-12 klystrons provided cw power in the range
8.2—18 Gc/sec; an automatic frequency control (AFC)
circuit was used to lock the k1ystron to the frequency
of a cavity wave meter. A wave guide switch with an
off-on ratio between 20 and 50 dB was used to provide
the saturating pulse. Two switches were used in the
8.2—12 Gc/sec range: the one described in S8zJ; and
a Philco switch 'mount P901A with L4146,.'or L4136
gerrnaniurn diodes. In the 12-18 Gc/sec range the

1/Tao Bexp (—Ag/k T) . —— (12b)
Stainless
Wave guide

If instead of an excited singlet
I c) we have a Kramers

doublet Ic) and Id), a term for Id) must be added to
Eq. (12a) similar to that for I c). The two terms are in
fact equal, so that for an excited doublet we need only
multiply Eq. (12a) by a factor of 2.

The higher order Raman process involves the simul-
taneous absorption of a phonon of energy 5~, and the
emission of another of energy 82——8q+8, along with a
spin Rip from

I b) to Ia). The relaxation rates due to this
process are approximately I cf. S8zJ Eqs. (27) and (28b))
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duces II=19 kQe in a 2 in. gap.

"R.C.Mikkelson and H. J.Stapleton (private communication).
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following arrangement was used: the SRJ switch was
mounted in one side arm of a hybrid tee, the other arm
being connected to a slide screw tuner and a variable
shorting plunger. It was possible to then balance for an
off-on transmission ratio of 20—30 dB between the E
and H arms.

The transient recovery of the signal from the super-
heterodyne receiver (type APS/19) was observed with
an oscilloscope, photographed, and replotted on a
semilog graph to determine if the decay was exponential,
and to obtain the time constant Tq. After an initial
rapid nonexponential recovery due to amplifier over-
loading and possible cross relaxation within the line-
width, the signals were generally exponential in the
tails, and did not depend on the pulse length or pulse
power except as noted below. Because of the large
amount of data involved in this work we often used a
direct electronic method of observing the recovery, as
shown in Fig. 4:at the end of the saturating microwave
pulse an exponential generator is triggered to produce
a voltage V = —Vs[1—exp( —i/r')j, where z' is ad-
justable by a calibrated EC network. The signal voltage
from the superheterodyne receiver is given by
Va= Vp exp (—t/T &), so that a straight line V„=V,+Vs
of slope 45' appears on the scope if r' is adjusted to the
value T~. Besides being much faster than the photo-
graphic method, this technique has higher accuracy
and reproducibility (&S%%uo) because it involves a visual

integration of several seconds, which increases the
signal-to-noise ratio over that of a single photograph.
The raw data were first plotted Tq ' versus T on log-log

paper, to see if terms A T and CT' could be recognized;
then T~ '-AT-CT' versus T ' was replotted on semilog
paper to determine any Orbach term of the form
8 exp( —6/kT). In the later experiments a least square
computer program was used to 6t the raw data.

The crystals were always immersed in the liquid
helium which filled the cavity; data were taken over
the range 1.2& T&5'K by pumping or pressurizing the
helium; the pressure was stabilized with a Cartesian
manostat; the temperature was obtained from the He4

vapor pressure.
The crystals were grown in a dessicator at O'C from

a saturated aqueous solution of LaMN, LaES, or YES
containing a small fraction of the paramagnetic rare-
earth ion X under investigation. The concentrations
of X quoted in Sec. IV refer to the relative concen-
tration in the growing solution, which is probably close
to that in the crystal, except in cases noted below, where
the paramagnetic ion is highly rejected. The growing
solutions were prepared from 99.997'P~ La, 99.9999%Y,
and 99.9%%u~ X, all obtained from Lindsay Chemical
Corporation. The magnesium nitrate was Mallinckrodt
Analytical Reagent, containing less than 0.0005/~ Fe.
The ethyl sulfates were prepared from barium ethyl
sulfate, City Chemical Corporation, Electronic Grade,
with Fe impurities less than 6 ppm, Cr impurities &18

ppm. The procedure of Erath" was used in synthesizing
the rare-earth ethyl sulfates.

The rhombohedral crystal structure of CeMN is
well known"; it is isostructural with LaMN; there is
only one rare-earth site, surrounded by 12 oxygen atoms
(belonging to 6 nitrate ions) at the corners of a some-
what irregular icosahedron. The La-La spacing is
approximately 8.5 A. The crystals grow in Qat hexagonal
plates with the s axis of the g tensor perpendicular to
the plate. Our crystals were typically 1.5 mrn thick and
6 mm in diameter.

The ethyl sulfates LaES and YES are presumably
isostructural, "but the crystal-field parameters and the
g factors are occasionally noticeably diferent, as men-
tioned in Sec. IV. We often used YES rather than
LaES because the available purity is an order of
magnitude higher. There is a single rare-earth site of
C3@ point symmetry, with two nearest rare-earth
neighbors at 7A along the z axis, and 6 next-nearest
at 9 A. Since the s axis is not always recognizable by
visual inspection we oriented the samples by use of
x rays. There is some evidence for Dy and Yb in LaES
that there are six magnetic sites but for the cases
reported in this paper only one site in the ethyl sulfates
was observed.

IV. EXPERIMENTAL RESULTS AND
COMPARISON TO THEORY

A. Ce'+ in YES

We have already discussed in Sec. II the crystal 6eld
splitting of the free-ion ground state 4f"Fs~s for Ce'+
in YES, as shown in Fig. 1.We found the paramagnetic-
resonance spectrum to consist of a single line, for which

g, l
=3.810+0.005 g~ ——0.20&0.02.
Relaxation measurements were made on a crystal of

2%%uo
Ce'+ in YES, shown in Fig. 6; the data can be fitted

by the expression

Ts '= 1.0Ts+5.1X10' exp( —25/T) sec '

indicating a dominant Orbach process and a weaker
and less well determined Raman process. The value of
6/k can be determined to &1'K by our measurements.
Spin-lattice relaxation measurements have previously
been reported for both Ce'+ in LaES' and the con-
centrated CeES salt. '

The g-factors are given by g„=2A[(i(J,(i)( and
gr=2A](i[7 [ j)(, where [i) and [ j) are a Kramers
doublet, and A=6/7 is the Lande g factor. In first
order, neglecting admixtures from the 'Fq~2 multiplet,
the axial field of Css symmetry cannot admix the

~
J,)

states in this lowest J=—,
' multiplet. The Kramers

"E.H. Erath, J. Chem. Phys. 34, 1985 (1961).
~~ A. Zalkin, J. D. I'orrester, and D. H. Templeton, J. Chem.

Phys. 39, 2881 (1963).
s' J.A. A. Ketelaar, Physica 4, 619 (1937);D. R. Fitzwater and

R. E. Rundle, Z. Krist. 112, 362 (1959).
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I I I I I I I II Since the static crystal field parameters have not
been determined experimentally for Ce in YES, LaES,
or even for concentrated CeES we erst proceed by
extrapolating the parameters given in Fig. 2, finding

10"—

5000—

As'(rs&=32 cm '

A4'(r )=—95 cm ',
As'(rs&= —55 cm—',
A s'(r'& =800 cm-'. (17a)

I

C0 1000—
01

I—

500—

I-

ioo—

50—

u = 9.36 kMc/sec

H = 4220 Oe

COI'$IOI I

C C1XIS H

I/TI, = I.OT + 5.l x IO e 2 ~

2% Ce In Y(CgH5SO4)g'9H~O

One should not expect these values to be quite correct
for Ce'+ in YES, for several reasons: First, the mo-
lecular volumes of LaES and CeES are more than 3%
larger than that for YES," while the three water
molecules nearest the rare-earth ion are about 4%
farther away in CeES than in YES. Thus, the Ce'+ ion
should see a stronger field in YES than in LaES or
CeES, since elementary calculations show A „o-1/G"+',
where a is the interatomic distance to the ligands. Still
conQning our attention to the lowest multiplet I=—,',
we note further than the splitting between the lowest
doublets is given by

E+i~s—E+s~s ——1.032 s'(rs&+0. 381A4'(r'&. (17b)

20
1

I I I I I IIII
2, 4 6 8'10

T (oK
30

doublets are thus

Ib&= I-,'&,

(16a)

(16b)

yielding g»=4.29, g&=0;

FIG. 6. Observed relaxation rate Ts ' versus 2 for 2% Ce'+
in YES, showing a Raman and an Orbach process.

Using the extrapolated values Eq. (17a) in Eq. (17b)
yields E~&~2—E~5~2= —3.24 cm ', indicating that the
J,=+—,'doublet is lowest; this actually agrees quite
well with the measured splitting of 3.94 cm—' for Ce'+
in LaES.

It is possible to explain both the value of 6 and the
g factors observed for Ce'+ in YES by assuming that
in addition to crystal field terms of Eq. (17a), corre-
sponding to Csz symmetry, we have a term A4'(r'&
=+84.1 cm ' corresponding to a small Cs, distortion. '"
This particular value yields the new ground states

Ic&= I

—
s& (16c)

(16d)

I
G&=0 952

l
--'&+o 306I s& ~

I
b)=0.952I —,'&—0.306I —s&,

(18a)

(18b)

yielding g»
——0.85'7, gi= 2.57; and

If&= ls&

(16e)

(16f)

for which g» ——3.80, g&
——0.20, which are quite close to

the observed values; inclusion of this A4' term also puts
the first excited state at A/bc = 17.4 cm—', corresponding
to 6/0 =25'K, with wave functions given by

yielding g» ——2.57, go=0. We thus tentatively identify
Eqs. (16a), (16b) as the ground state and explain below
the observed g factors. We note that for Ce'+ diluted
in LaES" there is an excited doublet at A/bc=3. 94
cm—' described by Eqs. (16a), (16b), and a ground state
described by Eqs. (16c), (16d). Thus there is the rather
unusual result that the two lowest doublets are inverted
and also 6 is much changed between YES and LaES.
However, in concentrated CeES" the lowest doublet is
described by J,= &—,'.

I' D. P. Devor and R. H. Haskins, Bull. Am. Phys. Soc. 6, 364
(1961}.

3 G. S. Bogle, A. H. Cooke, and S. Whitley, Proc. Phys. Soc.
(London) A64, 951 (1951).

I c)=0.3061 s)—0.952 (19a)

Id&=o 306l s&+0952I —s&, (19b)

yielding g»=0.38 and g&=2.36. Attempts to observe
directly the paramagnetic resonance of the excited
state were unsuccessful. An alternative explanation of
the observed 6 and the g factors for Ce'+ in YES could
no doubt be derived assuming admixtures from the
upper 'F7~2 multiplet.

Using Eq. (17a), with the wave functions Eqs.
(18a,), (18b), Eqs. (19a), (19b), and Eqs. (16e), (16f),
the crystal density p=1.8 g cm—' and v=2.0)&10'
cm/sec, and scheme Eq. (8) we thus calculate from
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Eqs. (11), (12), and (14) the relaxation rate of Ceo+ in

YES,

Ti '=0.56T+0.57X10 T'+7.54X10'
Xexp( —25/T) sec ', (20)

for the explicit case of Fig. 6. The alternative scheme
Eq. (7) yields

T,—'= 19.6T+0.83Toj2.87X10'o

Xexp( —25/T) sec '. (21)

FzG. 7. Relaxation rate
versus T for Pr'+ in LaES,
showing a bottlenecked di-
rect process ~ P' and an
Orbach process.

10

5 x10

10

= 9.27 kMc/sec
= '2394 Oe

tlH

= 5 x105 T2

+ 6M 107 -21rr

If, instead, we use the wave functions Eq. (16) we find
for scheme Eq. (8)

Ti '= 0.048T+1.8X10-'T'+4.1X10'

Xexp( —25/T) sec ', (22a)
and for scheme Eq. (7)

T,—i 3 39T+1 OTo+3 2X10io

Xexp( —25/T) sec '. (22b)

Either Eqs. (20) or (22a) give a good explanation of the
observed Orbach relaxation data; the Raman rate is
in better agreement with Eqs. (21) or (22b). The direct.
process is too weak to be observed.

We note that Eqs. (18) and (19) are the eigenfunc-
tions of the spin-orbit and crystal-field interactions; as
such they are sufficient for evaluating Eqs. (10b),
(12a), (13), and (14). However, in evaluating Eq. (11)
for the direct process in a Kramers doublet we require
nondegenerate basic functions, and so we have always
used combinations of la) and Ib), etc. , for the other
doublets, which are eigenfunctions of the Zeeman
perturbation APH J at the particular angle of interest.
To be specific we replace I a) and

I b) in Eq. (11)by

I1 -I g
I
1+ cose

I l~)
'«2 E g

)1/2

r
c»0

I lf)

io)=(—)
—(1— case) is)

v2 g

1/2

costs)
I b), (23)

5% Pr in la(C&H5SO„j&.9H20

5 x10 I l I 1 I l 1

4 6 8 10

T PK)

state energy
(cm ')
a. b.

275.5

2257 CITI
'

time measurements made at any point within the line-
width (500 Oe) on a given hfs line yielded the same time
constant. The data for the no~= 2 line for a single crystal
(average thickness=2 mm) of 5% Pr'+ in LaES are
given in Fig. 7, to which has been fitted the expression

To '=5X10'T'+6.5X10 exp( —21/T) sec ', (24)

where the exponent is determined to an accuracy of
A/k =21&4'K. Thus, instead of a direct process linearly
dependent on T, we find a phonon bottleneck propor-
tional to T' as in Eq. (10a). The Orbach term is not
very accurately determined, the pertinent data being
over only a narrow temperature range.

Data taken on a crystal of 5% Pr'+ in YES, where
224r= —-'„v= 9.40 Gc/sec, H= 7010 Oe, and sIIH could
be reasonably 6t to the expression

To—'=4.1X10'To+3.8X10' exp( —19/2') sec ', (25)

where the exponent is experimentally determined to
the accuracy 3/0=19&5'K. The second term in Eq.
(25) can be repla, ced by a Raman term 30 Tr, with an
equally good 6t, however. Likewise for the data of I'ig.
7; thus although the data are accurate to within 5%,
this is not quite good enough to determine whether the
rapid process is Orbach or Raman. The data for Pr:
LaES can also be fitted to the expression T~ '=4.9

where 0= g s, II and g'= g, P cos28+g, 2 sin'0.

B. Pr'+ in YES and LaES

The paramagnetic resonance spectrum of Pr'+ (4f',
'H4) in LaES" and in YES" is essentially the same,
consisting of 6 broad hyperfine (hfs) lines due to the
100% abundant isotope Pr'4' (I=24). Our relaxation

"B.Bleaney and H. E. D. Scovil, Phil. Mag. 45, 999 (1952).
42 J. M. Baker and B.Bleaney, Proc. Roy. Soc. (London) A245,

156 (1958).

FrG. 8. Energy levels
of concentrated PrES
showing the crystal-6eld
splitting of the 'B4
ground state, as given
by (a) Hufner (Ref. 23)
and (b) Grnber (Ref.
33).

PrES

free ion

)97.6
I95.6 l8 l

le&
167. l l75

ll 9 !2.2
0 0

Ic&

Ib&

C3h Ia)

crystal field H
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1 1 6k'Pg(AH)
T'=DT' sec '

Tb Tph 7l A &&

(29)

where d H is the EPR linewidth, and g is the "effective"
g factor of the line. We evaluate Eq. (29) for our case
using ii= 2.0X10' cm/sec for the ethyl sulfates, g= 2.76,
c=1.82X10' cm (we have divided the Pr'+ concen-
tration by six since we consider only one of the six hfs
lines), EH=500 Oe, to find

1 8.68&(10 4

Tb
T'sec '. (30)

If we define a mean free phonon path L=T~~v, this

"J,B. Gruber, J. Chem. Phys. 38, 946 (1963).

X10'T'+16T +1.2X10' exp( —32/T) sec ' but this
value of 6 is considerably larger than the value 6/k
=17'K in PrES. This is shown in the energy level
diagram for concentrated PrES in Fig. 8, showing the
optically measured splittings" " which indicate a
singlet

I c) as the first excited state at Ai/hc —12 cm—'.
we take as wave functions"

I a) =0.914
I 2)—0.407

I

—4), (26a)

I f)=o »4I —2)—0.40714& (26b)

Ic&=0.707(I3&—
I

—»), (26c)

I d) = 0.407
I

—2)+0.914
I 4), (26d)

I
e&=0.407

I
2)+0.914

I

—4), (26e)

where Eqs. (26a), (26b) give g&, =1.62, gi=0, compared
to the measured values" of g«=1.525&0.02, g&=0, for
YES' and g«=1.69&0.01, go=0 for LaES" The
crystal-Geld parameters found by Gruber" for PrES
are A2'(r'&=1S.3 cm ', A4'(r'&= —88.3 cm ' A6'(r')
= —48.76 cm—' and A6'(r )=548 48 cm. ' as shown in
Fig. 2. Calculation of the various processes, with sIIH,
and using scheme Eq. (7), gives

Ti '=5X10'T+1 7T'+4.2X10'
Xexp( —20/T) sec ', (27)

while using scheme Eq. (8) gives

Ti '=3.6X10'T+6 2X10 'T~+5 9X10i'

Xexp( —20/T) sec ' (28)

where in both calculations we have used the splitting
d,/k=20'K. In either case the direct process is strong
enough to be consistent with the observed bottleneck,
since AT&&DT'. If the relaxation is really by the
Orbach process then scheme Eq. (8) agrees best with
the data, Eq. (25).

No comparison can be made between theory and
experiment for the direct process since it is bottle-
necked, but we can use the data to estimate the phonon
lifetime T~h. Equation (10a) can be rewritten as

I
cf.

S8rJ Eq. (38a)]

IO'—

5x IO—

Ioo Io'

O
(3
CD

I—

I
0'

50—

5% Pr": LaES
Z IIH

~=9.27 Gc

H = 2394 Oe

mx =+3~2

U S ING:

Pulse Width-' IO to 50msec
Pulse Interval: 500 msec-

Diode Switch Off-On
Ratio: 40d1

(on power - 300 mw)

I'IG. 9. Diagram showing
the large discontinuity in
the relaxation rate observed
at the ) point of liquid
helium when large saturat-
ing microwave power is
used.

I I I I I I III
2 4 6 IO

34 D. J. GrifBths, Thesis, University of British Columbia, 1965
(unpublished); R. J. R. Hayward and D. E. Dugdale, Phys.
Letters 12, 88 (1964).

35 B. Bleaney, H. E. D. Scovil, and R. S. Trenam, Proc. Roy.
Soc. (London) A223, 15 (1954).

together with the measured value D=S)&10' sec '
('K) ' yields &= 0.35 mrn. This is an order of magnitude
smaller than our average crystal thickness of =2 mm.
Our result roughly indicates that the hot phonons are
not getting to the surface or else that the effective
spin-phonon linewidth AII is much greater than the
EPR linewidth.

Another feature worth discussing is the heating
effects we observed at temperatures just above the
He4 )i point (2.17'K). During some of the initial meas-
urements on a LaES crystal containing 5% Pr'+ we
found a discontinuity in the measured relaxation time
as we passed through the A point as illustrated in Fig.
9. In taking the data no changes were made in the
apparatus except the temperature. Just below the )
point the observed relaxation time was 35 @sec, as
seen from Fig. 9; but as the He warmed up through
T=2.17'K, the decay abruptly lengthened, giving a
time constant of 37 rnsec. This discontinuity was
independent of pulse repetition rate, but quite de-
pendent on pulse power)&pulse width, i.e., on the energy
pumped into the spin system during the pulse. We
attribute this spurious effect to crystal heating due to
the sudden change, by a factor of 10', in thermal
conductivity of the He bath at the 'A point. It apparently
is related to other similar effects. '4 Later measurements
were always made with sufficiently low power and short
pulse length so as to hold the crystal at the helium-bath
temperature.

C. Nd'+ in YES

We found the paramagnetic resonance spectrum of
Nd'+ (4f', 'Ig~~) in YES to be nearly identical to that
of Xd'+ in LaES,3' consisting of a strong central line

I
'

I 'I I I IIII
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200-
I

'
I

'
I ' I I I I I I cm ' As (r'&= —42.7 cm ', and. As'(r')=595 cm as

shown in Fig. 2, we 6nd, with sJ B, using scheme Eq.

IOO Ti '=0.74T+3.4X10 'T' sec ' (33)

FzG. 10. Relaxation rate
versus T for Nd'+ in YES,
showing a direct and a
Raman process.

50-

l

C3

o 20-O
CD
V)

5—

Nd +: YES
ZI. H

v = 9.40 Gc

H=5390 Oe

o I0%
A O.I%

+ 1.59xlO T'—
I r I i I i I I I I I I

2 4 6 8 IO

T ('Kj

Ti '=0 24T+. 3 3X1.0 'T'sec '. (34)

D. Sm3+ in LaMN

The paramagnetic resonance spectrum of Sm~ (4f',
sHs~s) in LaMN is the same as that for concentrated
SmMN reported by Cooke and Duffus. '~ In the dilute
salt S8rJ find g„=0.736+0.005 g,=0.363+0.10.

Relaxation time measurements made on a concen-
trated crystal of SmMN by S8tJ indicated a bottle-
necked direct process and a Raman process:

This is felt to be in satisfactory agreement with Kq.
(31), considering the many approximations in the
theory. If on the other hand, we use scheme Eq. (8) to
perform the calculation we 6nd

due to even isotopes, Qanked by two sets of eight hfs
of Nd' and Nd' '. Relaxation measurements were
always made on the central line for which we found

gl I
=3.665~0.005 gg= 1.980&0.005 these are close to

the values for Nd'+ in LaES (Ref. 35): g„=3.535,
gj = 2.073.

Relaxation-time data taken for a crystal of 1%%uo
Nd'+

in YES, oriented with sJ H, are shown in Fig. 10 and
are fitted by the expression

T '=1.32T'+5X10 'T' sec '. (35)

They also took data for 0.05%%u& Sm'+ in LaMN but
only over a limited temperature range, finding

(36)Ts '=8T+4X10 'T'sec —'

Ke have made supplementary measurements on
Sm'+ in a LaMN crystal grown from a 10%%uz solution
of Sm in LaMN, for which line intensity measurements
indicate an actual Sm'+ concentration of 1%. The
data from these measurements, with sllH, is plotted
in Fig. 12 and is fitted by the expression

Ts '=1.2T+1.64X10 4T'sec ' (31)

clearly showing a direct and a Raman process. Data for
a crystal of 0.1%%uo

Nds+ in YES are also shown in Fig.
10.There is no observable dependence on concentration
as expected for the true direct and Raman processes.
Spin-lattice relaxation measurements have previously
been reported for both Nd'+ in LaES' and the con-
centrated NdES salt. '

The energy-level diagram shown in Fig. 11 for NdES"
indicates a first excited doublet 6/bc= 149 cm ', much
too high to lead to an Orbach process. The wave
functions calculated from the measured crystal field
parameters" are given by

I~)=o »91 —s)+03821 s)

Ts '=3 4T+1.3X10 sTs+1.6X10'o

Xexp (—55/2") sec-', (37)

where the value 6/k is determined to &3eK. The
high-temperature data clearly indicate a Raman term
plus an Orbach term corresponding to a level at

state energy
(cm I)

Zll

279

l870 ctn '

(32a)

(32b)
FzG. 11.Energy levels

of concentrated NdES
showing the crystal-Geld
splitting of the 'I9]2 ~ 9/2
ground state, as meas-
ured by Grub er and
Satten (Ref. 36).

l b) =0.919
l

—,')+0.382
l
——',),

lf&

IC)

l54
lc)= I

—s), (32c)

(32d)

le&=0 749I ——:&+0665ll), (»e)

If& o749l=s)+0665I s) — (»f)
Equations (32a) and (32b) yield g» ——3.7, g,=2.0, in

good agreement with the measured values. If wc use
the parameters" A (r'&s=58.4 cm ', A4e(r'&= —68.2

NdES

Ib&

0
la)

~h
H

crystal fieldfree ion

"A. H. Cooke and H. J. Dufus, Proc. Roy. Soc. (London}"J.B.Gruber and R. A. Satten, J.Chem. Phys. 39, 1455 (1963). A229, 407 (1955).
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FIG. i4. Energy levels
of concentrated SmES
showing the crystal-Geld
splitting of the OH5~g

ground state, as taken
from Hufner (Ref. 23).

llOOcm-'

6
„H~rz

SmES

state
ff&

Ie)
Id)
lc)

energy
(cm ')
63.6

53.8

free ion

lb&

C
H//z

crystal field

spectrum" due to the even isotopes of Sm'+ in LaES
for crystals containing 1% and 0.1% of the magnetic
ion. The data with llP are given in Fig. 13, and are
found to 6t the expression

Ts '=10T+3 1X10 'T +5 8X10 exp( 46/T—)
+6.1X10ioexp( 72/T) sec ~ (41)

where the estimated errors in the exponentials are
A~/h=46+2'K and hs/k=72&10'K. For sJ P, we
6nd the direct process to be T~q '=3.3T sec ' but the
Raman and Orbach terms are unchanged as expected.
The large error in D2, due to the small temperature
range over which it can be measured, results roughly
in an order of magnitude uncertainty in the coefficient
B. The energy levels of concentrated SmES,' Fig. 14,
indicate a Kramers doublet at h~/bc=53. 8 cm ' and
at hs/he=63. 6 cm ', so high that an Orbach process
would not be normally expected. However, the data of
Fig. 13 de6nitely require, in addition to the Raman and
erst Orbach term which provide a good fit to the data
below 3.8'K, some additional term above 3.8'K.
There seems to be a definite break in the data around
3.8'K, as shown by the semilog plot of Fig. 15, which
shows two straight lines with two diGerent slopes. %'e

have interpreted this result as two Orbach terms; the
second term becomes dominant only at the higher

temperatures. Both 1 and 0.1% crystals showed this
same behavior. This result suggests that the levels
hq/bc=53. 8 cm ' and hs/bc=63. 6 cm ' in SmES are
shifted to the values 32~2 cm ' and 50~7 cm ' in the
dilute salt.

Some spurious sects in the relaxation measurements
made on this salt are of interest. With short saturating
pulses ( 10 @sec) the signal recovery seemed to be
nearly exponential, but the dominant time constant
was found to be quite dependent on pulse width and
pulse power for all temperatures. Unless pulse widths of
at least 1 msec in length and pulse power of about 15
m% were used, the major recovery occurred in a short

"G. S. Bogle and H. E. D. Scovil, Proc. Phys. Soc. (London)
A65, 368 (1952).
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C3~ IO'
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FIG. 15. Relaxation rate versus 1/T for Sml+ in LaES, plotted
on semilog paper, showing the evidence for two Orbach processes
via two diBerent excited states.

~ K. D. Bowers and W. B. Mims, Phys. Rev. 115, 285 (1959);
W. Ii. Mims, K. Nassau, and J. D. McGee, ibid 123, 2059 (196.1).

variable spectral diRusion' time rather than in the
longer spin-lattice time. Actually this is a general
feature of pulse-recovery measurements on all salts,
but was particularly noticeable for Sm'+ in LaES.
Thus, a short or weak saturating pulse will result in
some degree of saturation in only part of the inhomo-
geneous line, after which the process of spectral dif-
fusion quickly brings the entire line to a common
temperature; then spin-lattice relaxation brings the
entire line to the bath temperature. One thus sees some
of the signal recover quickly, followed by a anal slower
recovery. If the pulse width or power is increased the
spectral diffusion (i.e., cross relaxation) can take place
during the pulse, the entire line can thus be saturated,
and the major recovery observed is due solely to spin-
lattice relaxation. It is always necessary to show experi-
mentally that the recorded relaxation rate is inde-
pendent of pulse power and width.

If we neglect admixtures from the 'Hq~2 rnultiplet
level we have for the ground-state multiplet 'II5~2 three
Kramers doublets:

(42a)

(42b)

(42c)

(42d)

(42e)

(42f)
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mental value hr/bc=35. 5 cm ', we find for sJ H, from
Eqs. (12a) and (14) and scheme Eq. (8a)

Tr '=0.56T+1.3X10 'T'+3.7X10'
X (exp —51/T) sec '. (47a)

Using scheme Eq. (7) the calculation gives

Tr ' SOT——+8.4X10—'T'+2.4X10"
Xexp (—51/T) sec—'. (47b)

The Orbach term in Eq. (47a) is about 4' times larger
than the experimental value given in Eq. (46), while
the Raman term in Eq. (47b) provides good agreement
with the corresponding term in Eq. (46).

We have made additional spin-lattice relaxation
measurements on a crystal of concentrated. SmES for
sllH at v=94 Gc/sec and H=11015 Oe. In this
orientation the central line due to even isotopes was
approximately 30 Oe wide and the remaining spectrum
was clearly resolved. Our data fit quite well the
expression

Tg
—'——0.25T'+5.8X10 'T'+9.5X10'

Xexp( —51/T) sec ', (48)

indicating a phonon bottleneck instead of a direct
process and a Raman and Orbach processes. These
latter two processes in Eq. (48) are quite similar to the
corresponding ones found for Sm'+:YES given in Eq.
(46), where the splitting in both cases is given by
hr/bc=35. 5 cm ', a value more than 30% smaller
than that reported from optical measurements" on
the concentrated SmES salt where Ar/bc=53. 8 crn '
as shown in Fig. 14. We have no explanation for this
discrepancy.

We can estimate the size of the bottleneck coeflicient
D from either Eq. (10a) or Eq. (29), where we take
g=0.611, AH=30 Oe, v=2.0X10' cm/sec, and. c=1.3
X102r atoms/cms (the even isotopes which contribute
to the main line are 61% naturally abundant). Using
these values and an average crystal thickness of 1 mm
we estimate D=1.57X10 '/T, h ——0.31 sec ' ('K) '
since T~h=l/v=0. 5X10 ' sec. The direct process for
this orientation as measured in Sm'+:YES is 0.76T
sec ' while for Sm'+:LaES it is 1.0T sec ', so that we
might expect here also a comparable rate. Thus we
expect AT&DT'; a bottleneck is not unexpected in
concentrated. SmES under these conditions.

g&=8.923~0.016 due to the even isotopes, Banked by
two sets of six hyper6ne lines due to Dy'" and. Dy'".
We performed relaxation time measurements on a
crystal grown from a 50% Dy'+ in LaMN solution, for
which line-intensity measurements indicated on actual
content of 1% Dy'+. Measurements made on the
strong central line with sllH are shown in Fig. 17; the
data can be 6t by the single term

T~ '=7.0X10' exp( —22.0/T) sec '. (49)

3 x10
I I 1 I l I l

2x]0~—

10i

5000—

1% Dy in

Lci,Mg, (NO, )„.24H 20

v = 9,35 kMc/sec

H = l55S Oe

zllH

I

a
C
+v 2000

—'1/7b = 7.0 x10

1000—

500—

This result indicates an excited state at A/bc=15. 3
cm ' which is responsible for an Orbach process that
dominates other processes over the liquid-helium
temperature range.

Judd, ' assuming icosohedral symmetry, has given
the wave functions for the ground doublet of Dy'+ (4f,
'Hrs&2) in the double nitrate:

I
a&= 0.274

I 13/2& —0.706
I 2&

—0.436
I 2)

+o.4'I
I

——,')+ 0.103
I

—11/2)

lb&=0.2741 13/2)+o 706
I

—
2&

—o.4361 —k)
—0.476I-', )+0.103

I 11/2&, (50)

which yield gl l
—4.53 and, g,=9.07; in reasonable

agreement with the experimental values.

6. Dy'+ in LaMN

It becomes increasingly difficult to grow the heavier
rare-earth ions into the LaMN lattice. However, Park4'
was able to see a paramagnetic-resonance spectrum due
to Dy'+ in LaMN, by using crystals grown from a
solution of 50% DyMN and 50% LaMN, which forces

1% of Dy+ into the crystal. The EPR spectrum
consists of a central line with g» =4.28~0.006,

~ J. G. Park, Proc. Roy. Soc. (London) A245, 118 (1958).

200—

100
1

l l I I I lL.
4 6 8 10

7{K)

FIG. 17. Relaxation rate versus T for Dy'+ in LaMN, showing
only an Orbach process. The crystal was grown from a solution of
50 j& DyMN and 50% LaMN, by volume.
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l I I I I I III0

5 x10

I I I— We made relaxation time measurements on a crystal
of 1%%uo

Er'+ in LaES, for sJ H and for sllH, with the
results shown in Fig. 18; the data are 6tted by a least-
squares computer program to the expressions

10

5000—

I

c 10000
EJ

500

100—

50—

1% Er in

La(CqH, SO~)3 9H20

v = 9'.36 kMc /sec
o zlH

H = 755 0e
~ ZllH

H = 4540 Oe

1/TI, = 11.5 T + 10 T

+ 4 1 x 1PTO
—sBIT

Ti, = 4.0T + 0.5 x10 T

1 pl
0 —60/T

Ts i=114T+1X10 sTs+2 9X10io

Xexp( —57/T) sec ', (52)
for sJ H, and

Ts '=4 2T+4.4X10 'T'+4 5X10"
Xexp( —59/T) sec ', (53)

for sllH; the estimated errors in the exponential are
~4'K. These expressions differ only slightly from those
given in Fig. 18 which were obtained by a hand fit
before the computer program was available. Measure-
ments on a crystal of 1% Kr'+ in YES, with sJ H,
v=9.31 Gc/sec, H= 759 Oe, are fitted by the expression

Ts '=5.9T+3X10 'T'+5 OX10"
Xexp( —63/T) sec ', (54)

while measurements taken on a 0.1/o Kr'+ in YES
crystal with sJ H 6t the follow'ing:

Ts '=4.8T+3.2X10 'T'+5.8X10"
Xexp( —64.6/T) sec ', (55)

I I l l I I I II
2 4 b 810

T ("Kj

I I I

20 50

Fxo. 18. Relaxation rate versus T for Kr'+ in LaES, showing
direct, Raman, and Orbach processes.

H. Er'+ in the Ethyl Sulfate

The paramagnetic resonance spectra of Er'+ (4f",
'Iis~s) in LaES4' and in YES are quite the same, con-
sisting of one strong central line Qanked by eight
hyper6ne lines. For Er'+ in YES we measure gll = 1.50
~0.05 and g&=8.77&0.03; in I.aES the g factors are

gll = 1.47, g~= 8.85.
's B. Bleaney and H. E. D. Scovil, Proc. Phys. Soc. (London)

A64, 204 (1951).

Since there has been no optical work on this salt,
there are no data on the crystal-field parameters, the
splittings 6;, and the wave functions of the excited
states. We can, however, knowing 6i/he=15. 3 cm ',
make a reasonable estimate of the Orbach process from
Eq. (12a) if we take as a typical value of the matrix
element required Z

I (a I
v„ I e) I'=7X10s cm ', the

average value found by SRj for a number of similar
rare-earth salts. The result is

Tie ' ——3.1X10'exp( —22/T) sec '

in satisfactory agreement with Eq. (49). The direct
and Raman processes can be similarly estimated to
find T~~

—'~2T sec—' T~g
—'=0.2T'sec—' which are so

small compared with the orbach process as to be un-
observable in our experiment.

TM
—'=9.4T sec '. (57b)

This agrees reasonably well with the experimental

again showing a gratifying independence on concen-
tration. Figure 19 shows the energy levels in concen-
trated ErES taken from the work of Erath"; note that
the first excited state at 6/he=44 crn ' compares
closely to the values 6/bc=39. 6 cm ' and 41.0 cm '
taken from Eqs. (52) and (53).

The wave functions which we calculate from Erath's
work on KrKS are

I ~)=o »3
I
-l)-0.701I-,'), (56a)

I ~)=o.713I-;&—o.7oll —;-&, (56b)

le)=0 539I —iS/2)+0. 527 I-:)—O. 6S7I —s&, (56c)

2)+o 527
I

——:)—o.6s7

Ie)=0.837I 15/2) —0.420I-:)+0 350I —
$&

I f)=0.837
I 15/2) —0.4201 s)+0 3—so

I s) (56f)

I
s) =o.7o1

I

——,')+o.713
I
s), (56g)

I s)=0.701I —;)+o.713
I

—s). (56h)

Erath finds the crystal field parameters A,'(r')=125.8
cm ', A 4'(r') = —81.19 cm ', A s'(r') = —31.06 cm ', and
As'(r')=387. 19 crn '. Using these parameters we cal-
culate, for sJ H, using scheme Eq. (7)

Ti ' ——4 ST+1 1X10 sTs+9.2X10M

Xexp( —63/T) sec '. (57a)

For sllH, the direct process is changed to



141 S P I N —L A T T I C E R E L A X A T I 0 N I N S 0 M E R A R E —E A R T H S A L T S . I 475

Tyg '=015T sec—'. (58b)

I. T13+ in YES

The energy level scheme of Tb'+ (4f,rFs) in con-
centrated TbES'3 is shown in Fig. 20, assuming a
nuclear spin of zero. The paramagnetic resonance of
this non-Krarners ion was first studied in YES by
Baker and Bleaney" who found the lowest levels to be
two singlets Ia) and lb) with a spacing 0.4 cm '.
Since the only stable isotope Tb'" has a spin of I=—'„
there are, in fact, two zero field lines observed in
Tb:YES at 12.018 and 14.932 Gc/sec, for the mr= +-,'
and mz= ~ ~ transitions, respectively. These are shown
in Fig. 21; when a magnetic 6eld is applied with zIIII
one observes the four lines indicated for a microwave
frequency of v= 17.00 Gc/sec. The effective spin
Hamiltonian32 is

X=gPIIS,+A+,+AvSv+AS, I„ (59)

with S=is, I=as, g„=17.72, and. Ap/he=0. 387 cm ',
where Ass= A,'+6vs.

We made relaxation measurements on a crystal of
1%Tbs+ in YES in zero magnetic field, with the results
shown in Fig. 22. The relaxation data for both lines
6t the expression

Ts '=30T+1X10 'T'sec ' (60)

indicating a direct and a Raman process. As expected
from the optical measurements" of the 'F6 level crystal-
field splittings in Fig. 20, the level at 6/bc = 100.9 cm—'
is too high to contribute to an Orbach process. For the
same crystal, data were taken at 17.00 Gc/sec with
sllP for the mr = —-', and rli = ——,

' lines with the results
of Fig. 23, which are fitted to the expressions

Tt '=95T+1.14X10—'T', (61)

results for the YES host lattice. Scheme Eq. (8) yields,
for sJ H,

Ti '=0 26T+'7 6X10-'Tsj3.54X10'
Xexp( —63/T) sec '. (58a)

For zllH, the direct process is changed to

state energy
(cm ')

— 304.0

6800 255.2

FIG. 19.Energy levels
of concentrated ErES
showing the crystal Geld
splitting of the 4I15/2
ground state, as meas-
ured by Erath (Ref. 26).

4)
i/ l5/

free ion

2 15.8

ID
I 72.5

II 0.2
If) lg&

74.7
Id) 44.0

(c&

Ib&

"h
Hcrystal field

F5 state e nergy
(cm- )

I 96.5
I 79.5

I
a)=0.707(l 6)+ I

—6)) cosb+sinb
I 0), (63a)

I b) =0.707(
I 6&

—
I
—6&), (63b)

I c)= o.91o
I

—5)+o.416I1), (63c)

ld&=0»ol5&+0416I -I) (63d)

I
e) =0.062(16&+ I

—6&)—o 9961o&, (63e)

with cosb=0.996 and sinb=0. 087. Now the Hamiltonian
we must consider is given by

Xs——X,.+X,+ (APII+ aI,)I,
+ (1/2)a(I+I-+I-I+) (64)

where the zero-order states Eq. (63) have been chosen
to be diagonal for only the first two terms in Eq. (64).
Since the last term in Eq. (64) involves forbidden
transitions we neglect it. Only the third term in J„
which is comparable to 60, must be considered further
in its eBect on the wave functions. All the states are
already diagonal in I, except

I a) and.
I b), and. they

can be replaced by diagonal combinations

I
A )= cos8

I a)—sing
I b), (65a)

I B)=

sinful

a)+cos8I b), (65b)

for the ml ————,
' line at 980 Oe; and

Tt '=59T+0.92X10 'T' (62)

2000cm

7F

I 6 4.9

I 46.9

for the mr= ——,
' line at 630 Oe.

From the optically measured splittings given in Fig.
20 and the crystal-held parameters taken from Fig. 2,
As'(r')=110 cm ', A4'(r')= —75 cm ', As'(r')= —34
cm ', and As'(r') =465 cm-', we are able to construct
the following wave functions diagonal in the crystal
field and spin orbit interactions.

4'J. M. Baker and B. Bleaney, Proc. Phys. Soc. (London)
A68, 257 (1955).

FIG. 20. Energy levels
of concentrated TbES
showing the crystal field
splitting of the 'Pfi
ground state, as taken
from Hiifner (Ref. 23).

Bhfree ion crystal field ~

l29. I

le& II I .2
IOO. 9

Ib& 0.4
Io&
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Tb:Y
Evaluation of this, as well as the Raman process, Eq.
(13), yields

I4.932 Gc

l2.018 Gc

O
C9
o
O

Ti ' ——17.4T+8.93X10 'Tr sec ',
for v= 12.018 Gc/sec; and

Ti '=37.0T+6.08X10 'T' sec '

(70a)

(70b)

for v= 14.932 Gc/sec. At 17.00 Gc/sec we calculate

Ti '=67.4T+4.8X10 'T'sec ' (70c)
-05—

500 I 000

Fro. 21. Energy levels with s[[II of the ground doublet as a
function of magnetic 6eld II for Tb'+ in YES, including the effect
of the nuclear spin I=). Baker and Bleaney (Ref. 32) give the
energy levels as 8=a-,'[ (g~~PII cos8+Asn&)'+apsJP, where in
our case 8=0', gII=17.72, 60=0.387 cm ' and A =0.209 cm '.

where tan29=12(APB'+aI, ) cos5/Ap. The transitions
will be given by

hv= hp(1+ tan'2f))'~'. (66)

By using Eq. (66) this can be rewritten as

2 I &-4 Iv."IB)I'=
0.700 (hv)' —0 458 (6p)'

(hv)'
(68)

Using this expression in Eq. (10b) we find that the
direct process will be of the general form

= (ICv' E'6 ps) T. — (69)

IO':

Direct calculation and evaluation of relaxation matrix
elements using scheme Eq. (7) and crystal field parame-
ters from Fig. 2, yields

I ~) I

'= 0.247+1.83 sin'0 cos'8. (67)

Although the magnitudes of the observed direct and
Raman processes in Figs. 22 and 23 are in good agree-
rnent with Eqs. (70a), (70b), (70c), the frequency
dependence is not correctly explained. Equation (69)
predicts that T1&

—' depends only on the frequency v,
our results in Fig. 23 show that it depends somewhat on
the magnetic Geld H, and in Fig. 22 for H=O we 6nd
T&& is independent of frequency. Estimates of higher
order effects Li.e., admixtures with state

I
t,'); and

effects of the last term in Eq. (64); and slight mis-
alignment of the crystal) are too small to explain this
discrepancy. Actually the discrepancy is rather small
and probably is due to cross relaxation effects. Although
the direct process is strong, estimates of D in Eq. (29)
shows that DT'))AT, so that we would not expect a
phonon bottleneck.

V. SUMMARY AND CONCLUSIONS

Table II collects all the data and theoretical esti-
mates from Sec. IV so that comparisons can be readily
made. We assume that, except for the case of Pr in the
ethyl sulfate which is bottlenecked, all the measured
spin-bath relaxation rates Tq ' represent the true spin-
lattice relaxation rate T1 ', except possibly Tb:YES.
The table shows that the observed temperature behavior
of the direct, Orbach, and Raman processes all have
the expected theoretical dependence. In three cases
(Nd:YES; Sm:LaES; Er:YES) we made variations in
paramagnetic ion concentration in the range 0.1 to
1'Po without effect on the relaxation time; this is just

500

I

C3

O
(3
CD

IO'—

50—

l% Tb"i YES

H=0

0 i =14.952 Gc
mr = + ~/2

x 1 = l2.0I8 Gc
mz= + I/2

50T + Ixl0 'T'

[ gQ y [ i [ [ [ [ I

6 8IO
T ('K)

FIG. 22. Relaxation
rate versus T of Tb'+
in YES for the two
zero 6eld lines at
14.932 and 12.018 Gc/
sec, showing a direct
and a Raman process.

IO'—

500

I

C3

D
CD
CI)

IO--2.

I% Tb":YES-
Z II H

&= 17.00 Gc

x H = 9800e
m = —5/2I

o H= 6300e
m = —I/2

+ I. I x IO T

+ 092xlO'T'

2 0 6 8 IO

T (K)

FIG. 23. Relaxation
rate versus T of Tb'+
in YESfor themr ———-',

and the ml= —
~ tran-

sitions observed at
17.00 Gc/sec, showing
direct and Raman proc-
esses.
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TABLE II. Comparisons of measured values and theoretical estimates of the spin-lattice relaxation rates for some rare-earth ions in
single crystals of the double nitrate LazMgz(NOz)zz 24HzO ("LaMN"), and the ethyl sulfates La(CzHzSO4)z 9HzO ("LaES") and
Y(C&HzSO4)z 9HzO ("YES")in the temperature range 1.2'(T (5'K.

2% Ce:YES
g =65'
H =4220 Qe

5'Fo Pr.LaES
zffII
J=2394 Qe

SVo Pr. YES
sffH
H =7010 Qe

Salt

0.1% snd 1% Nd: YES
zgH
H =3240 Oe

1% Sm'. LaMN.IfH, H=9150O.
0.1% and 1% Sm'. LaES
z

f fH, H = 11 240 Oe

1% Sm'. LaES
sJ H, H = 11 100 Qe

1% Sm.'YES
sJ H
H=11 100 Qe

SmKS sffH, H=11 015 Oe

Fo Dy.'LaMN
zffH, H=1558 Oe

1% Er:LaES
zffH
H =4540 Qe

1% Er:LaES
sJ H
H =755 Qe

0.1% and 1% Er.YES
siH
H =759 Qe

1% Tb:YES, sf fH
H =0, p= 12.0 and 14.9 Gc/sec

v = 12.0 Gc/sec
v= 14.9 Gc/sec

H=980 Oe, v=17.0 Gc/sec
H=6300e, v=17.0 Gc/sec

v= 17.0 Gc/sec

meas. , Eq. (15)
theory, Eq. (22a)
theory, Eq. (22b)

mess. , Eq (24.)~
theory, Eq. (28)
theory, Eq. (27)

mess. , Eq. (25)'
theory, Eq. (28)
theory, Eq. (27)

meas. , Eq. (31)
theory, Eq. (34)
theory, Eq. (33)

meas. , Eq. (37)
theory, Eq. (40)

meas. , Eq. (41)
theory, Eq. (43)
theory, Eq. (44)
theory, (Ref. 41)

mess. , (Fig. 13)
theory, Kq. (43)
theory, Eq. (44)
theory (Ref. 41)

meas. , Eq. (46)
theory, Eq. {47a)
theory, Eq. (47b)

meas. , Eq. (48)

meas. , Kq. (49)
theory, Eq. (51)

mess. , Eq. (53)
theory, Eq. (58b)b
theory, Eq. (57b)b

meas. , Eq. (52)
theory, Eq. (58a)'
theory, Eq. (57a)'

mess. , Eq. (54)
theory, Eq. (58a)
theory, Eq. (57a)

meas. , Eq. (60)
theory, Eq. (70a)
theory, Eq. (70b)
mess. , Eq. (61)
meas. , Eq. (62)
theory, Eq. (70c)

Direct process
zz '( ')

0.048T
3.39T

&SX104T
3.6X104T
SX10 T

&SX104T
3.6X104T
SX10'T

1.2T
0.24T
0.74T

3.4T
3.4T

1.0T

0.29T

3.3T
0.69T
6.1T
0.16T

1.3T
0.56T
S.OT

(2T
4.2T
0.15T
9.4T

11.4T
0.31T
5.4T

5.9T
0.26T
4.5T

30T
17.4T
37.0T
95T
59T
67.4T

Orbach process
Tip i (sec )

5.1X10z exp( —25/T)
4 1X10z exp( —25/T)
3.2X10' exp( —25/T)

6.5X10z exp( —21/T)
5.9X10' exp( —20/T)
4.2X10' exp( —20/T)

3 SX10z exp( —19/T)
5 9X10z exp (—20/T)
4.2X10' exp( —20/T)

1.6X 10zz exp (—55/T)
4.4X10' exp( —55/T)

5.8X10z exp( —46/T)+6. 1X10 exp( —72/T)
1 5X10z exp{—46/T)+3 1X10' exp( —72/T)
1.8X10zz exp( —46/T)+5. 4X10 z exp( —72/T)

Raman process
Tzs i (sec )

1.0T9
1.8X10 4T9

1.0T9

(30T')
6.2X10 3Tz

1.7Tz

(30Tz)
6.2X 10—3Tz

1.7TV

1.64X10 4T'
3.3X10 '&
3.4X10 ~T9

1.3X10 'T'
1.5X10 'T'

3.1X10-'T9
0.89X10 'T9
3.7X10 4T'

S.OX 10' exp (—51/ T)
3.7X10' exp( —51/T)
2.4X10'o exp( —51/T)

9.5X10' exp( —51/T)

'I.OX 10z exp( —22/T)
3.1X10' exp( —22/T)

4.5X10'o exp (—59/T)
2.7X10' exp( —58/T)
7.1X10'o exp( —5g/T)

2 9X10zo exp( 57/T)—
2.'I X10' exp (—58/T)
7 1X 10' exp( —58/T)

5.0X 10M exp (—63/T)
3 5X10' exp( —63/T)
9 2 X 10' exp( —63/T)

4.0X10 4T'
13X10 'T
8-4X10 4T'

5.8X10 4T'

0.2T'

4.4X 10-3T9
1.1X10 5T9

1.5X10-&T'

1.0X10 ~T'
1-1X10 ~TO

1.5X10 'T'

3.0X10 'T'
7.6X10 'T'
1.1X10 ITQ

1X10-'Tz
8.9X10 'Tz
6.1X10—sTz
1-1X10 ~Tz

0.92X10-»z
4.8X10 'T'

5 SX IPs exp( 46/T)+6. 1XIPM exp( —72/T) 3.1X10 F'
1.5X10z exp( —46/T)+3. 1X10z exp( —72/T) 0.89X10 'Tz
1.8X10 z exp( —46/T)+5. 4X10' exp( —72/T) 3.7X10 4T

& Since the direct process is bottlenecked, only a lower limit can be obtained from Eqs. (24) and (25) by assuming AT&&DT'S. The data fit equally well
either the Orbach or the Raman process shown.

b The Orbach and Raman processes are obtained from Eqs. (57a) and (58a) by adjustment to the observed value of & =5S'K.
& All the processes are obtained from Eqs. (57a) and (57b) by adjustment to a value of 6 =58'K.

what is expected for the Van Vleck.-Kronig-
Fierz mechanism. "'4 "a

Table II shows the theoretical calculations for two
schemes for estimating the dynamic crystal-field
parameters from the measured. static parameters. For
each case the first theoretical estimate listed is based
on Eq. (8), and the second on Eq. (7). It is seen that,
for most cases, the latter scheme gives a better agree-

ment with the data than the first. S8rJ also found that
scheme Eq. (2) explained their data, which was pre-
dominantly for the double nitrates. However, it is
worth noting that for Ce, Sm, and possibly Pr in the
ethyl sulfates, scheme Eq. (8) gives a better fit to the
data for the Orbach process, whereas scheme Eq. (7)
overestimates this process by one or two orders of
magnitude.
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We have used another simple scheme to make
theoretical estimates in which we erst use Eqs. (Sa)
and (Sb) to estimate the a„parameters, and then
multiply each parameter by the factor r4+1 before
using it to calculate the matrix elements

~
(a i

v„
i b) ).

The factor n+ 1 arises if one makes a Taylor's expansion
of the crystal 6eld in ligand coordinates, assuming a
point charge model. Huang" has used this same scheme
and Ands that it gives a reasonable explanation of his
data. We have made calculations for the cases in Table
II using this third scheme and hnd that the results do
not differ much from scheme Eq. (7), except in those
few cases where the matrix elements of v6', v4', and v6'

dominate.
In only two cases, Pr in the ethyl sulfate and con-

centrated SmES, was a phononbottleneck Tb '~ T'
observed. For these cases it is expected, and for the
other cases it is not expected.

Although there is a small discrepancy in the frequency
dependence of Tb:YES, the over-all conclusion is that
theory and experiment are in reasonably satisfactory

agreement for the ions of Table II. The agreement is
considerably better than an order of magnitude for the
direct and Orbach processes; the calculations some-
times underestimate the Raman process by an order of
magnitude. In several cases LDy:LaMN; Ce:YES;
Sm:LaMN; Sm:LaES; Sm:YES) the measured Orbach
relaxation process provides a determination of a previ-
ously unknown crystal Geld splitting h. In some of
these cases we have shown that the value of 6 in the
dilute salt may differ significantly from the concen-
trated salt.

ACKNOWLEDGMENTS

We wish to acknowledge with much thanks many
helpful discussions with Dr. J. M. Baker. Thanks are
also due to Dr. P. L. Scott, Manfred B. Schulz, and
James R. McColl for assistance on various phases of
this work. We wish to thank Professor H. J. Stapleton
and R. C. Mikkelson for the use of their computer
program on which our calculations are based.

t~ 4r4~ )'&'

(8 heTheV
(II.S)

2(4 &j)&

shouM be replaced by P.

Similarly in Eq. (8), (10), and (12) on p. A979,

2(ls, lg)&
should be replaced by P .

k&0 k&0

In footnote 2, p. A978, the relation b~=b~DI, ' should
read bq=b~DI, '. Equation (13), p. A979, the coef6-
cient of F'(pp) should be 2/5 instead of 2/25.

Tunneling into Dirty Superconductors Near their
Upper Critical Fields, E. GUvoN, A. MARnxET,
J. MATRIcoN, AND P. PINcUs LPhys. Rev. 138,
A746 (1965)g. Unfortunately, several errors in di-
mensions appear in the text. The corrected equa-
tions appear below:

iV (r,(u)

lV(0)

l~(r) I'" ((2~ )'—1l
2

t (2ur)'+1]'

Relation Between Electrons and Holes in Atomic
Configurations, GUI.zARI L. MALLI LPhys. Rev.
135, A978 (1964)j. In the second term of Eq. (1)
on p. A978,

1
h,2dr instead of —— h,dr, (II.13)

4m 4m.

0.84 ec (H, 3—H)
~
~x(0)

~

= — '
her, (11.20)

0 (t422 —0.174)

0.8 ec (H, 2
—H)

t~(0)( = — h r.
~' ~ (~p—o5)

(II.22)

At the top of the right-hand column of p. A750, the
equation should read

H, 2=$0/27rrD.

The actual comparisons with experiment were made
with the correct formulas and consequently the
discussion given in the text is not altered. The
calculations of the order parameter in the text were
derived on the basis of the linearized Landau-
Ginsburg equations. The generalized nonlinear
equations valid at all temperatures are given in
K. Maki, Physics 1, 21 (1964).

and consequently the last part of (II.21) becomes

/eh~'
fp[4dr=o,

kmc)


