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Using linearized rate equations, we have calculated the intensity fluctuations expected in the output of
four-level cw laser oscillators. Intrinsic quantum effects have been included by restricting the eigenvalues
of photon and atomic population operators to discrete integral values and by using equivalent noise sources.
The total output fluctuations increase monotonically with output power; the relative fluctuations decrease
monotonically, and at high output levels inversely as the output power squared. The low-frequency fluctua-
tions differ in that the relative fluctuations increase with output below threshold (noise amplifier region)
but decrease sharply above threshold (dynamic saturation region). Curves typical of gas, solid, and diode
lasers are illustrated. The theory agrees well with preliminary experimental results.

1. INTRODUCTION

N single-mode operation continuous-wave (cw) laser

oscillators are characterized by an output spectrum
having a narrow but finite width. It has been recog-
nized! that, as in more conventional oscillators,? this
residual width results primarily from frequency (or
phase) modulation by noise and that at high power
levels amplitude (or intensity) modulation by noise
contributes insignificantly. The suppression of ampli-
tude or intensity fluctuations in the high-power oscilla-
tor is intimately connected with the nonlinear satura-
tion mechanism which determines the operating power
level of the laser.? Below the oscillation threshold or in
the extreme wings of the spectral line this saturation
mechanism is inoperative (in the latter case because of
time constants in the saturation process), and noise
phase modulation and noise amplitude modulation are
comparable. In this paper we indicate correlation ex-
periments which can be used to verify the amplitude
stability of cw lasers and compute the amplitude fluctua-
tions expected in four-level lasers having negligible
population in the lower laser level. In a subsequent
paper (II) we shall discuss the amplitude stability of
systems which have significant lower-level populations,
and in a later paper (III) we shall indicate jointly with
M. Lax how the rate-equation results of the first two
papers follow as limiting cases from a more general
analysis of laser noise. Although the rate-equation
method does fail for fluctuation frequencies exceeding
the homogeneous atomic or cavity linewidths,* it ob-
tains over the frequency range for which intensity
fluctuations are most important. Moreover, it has an
inherent physical simplicity which it is useful to ex-
ploit. High-frequency corrections will be computed in
Paper III.

Our present results differ from those of the Van der
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Pol model used by Haus®¢ and others primarily through
our inclusion of the dynamic (rather than instantaneous)
response of the atomic populations to changes in laser
intensity. This difference, which is less important in gas
lasers than in solid or diode lasers, is responsible for
“spiking” resonances which have been observed experi-
mentally” 8 and which are discussed in Sec. 6 below. A
detailed examination of the Van der Pol model will be
postponed to Paper III.

For mathematical simplicity we assume in this paper
that on the time scale of interest, the atomic spectral
line is homogeneously broadened and that in multi-
mode lasers the population rate-equations can be linear-
ized about spatially uniform atomic populations. Al-
though these assumptions encompass a large class of
lasers, especially if coupling parameters are adjusted to
compensate known inhomogeneities, phenomena which
depend explicitly upon the existence of such inhomo-
geneities will not be adequately represented. Examples
are the Lamb dip in gas lasers® and mode locking in
lasers having three or more excited modes spaced uni-
formly in frequency. To include such phenomena accu-
rately, a more detailed treatment along lines previously
charted by Lamb3? will be required.

A complete statistical description of the output of a
laser oscillator requires the specification of an infinite
sequence of field correlation functions!®

Gn(xl,. < x]_/,‘ . .’xn’)
= <E(‘—)(x1). . .E(—)(xn)E(+)(xn/). . .E(+)(x1’)>, (1‘1)

where E®(x) and E®(x) are, respectively, the
positive-frequency and negative-frequency electric-field
operators at the space-time point x= (r,/). In a second-
quantization formalism E®(x), when acting on states
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7 J. E. Geusic, in Proceedings of the Physics of Quantum Elec-
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pany, Inc., New York, 1965). Lo

8 N. Bloembergen and S. Dimitrewsky (private communication).

9 R. A. McFarlane, W. R. Benett, and W. E. Lamb, Appl. Phys.
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to its right, is a photon annihilation operator, and
EC)(x)=EM(x)t is the corresponding creation opera-
tor.l® The simplest correlation function Gy(x1; x,”) re-
lates to the spectrum measured by familiar dispersion
or diffraction spectrometers.#11:1? As we have noted,
the finite width of this spectrum for laser oscillators
results primarily from frequency or phase modulation
induced by noise. The theory of measurement of more
general functions (1.1) has been discussed in detail by
many authors,!?-15

An important subclass of the correlation functions
(1.1) is the set of intensity correlation functions

Fﬂ(xly et )xﬂ) = G”(xls Tt * ’xﬂ) ) (12)

which relate field intensities I(x)=E®(x)E®(x) at
different points. Such correlation functions can be meas-
ured by correlating (with appropriate time delays) the
output of # photomultipliers or similar intensity-
measuring devices.’*~1416 They also relate to the mo-
ments (N™) of the number NV of photons measured in
some fixed interval 7" at any one detector.'%17 In what
follows we shall be concerned with the simplest intensity
correlation function Fa(x1,%2).

Apparatus useful for the measurement of this function
have been described by Hanbury Brown and Twiss,!8
by Rebka and Pound,!® and by other authors,6:7:20-24
Hanbury Brown and Twiss (HB&T) correlate the
intensities measured by two separate photomultipliers
in an extremely stable linear multiplier. To within the
frequency-response limitations of the components, its
output gives Fa(x1,%s) directly. The power spectrum or
Fourier transform of Fa(x,x2) can alternatively be ob-
tained by frequency analyzing the output from a single

xﬂ; xl’. .
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properly used [G< (RiR2)"1/2], Eq. (1) does not describe the de-
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detector®:7:2¢; however, in this case the desired informa-
tion is superimposed upon shot noise and internal de-
tector noise.’® In the two-detector HB&T system the
uncorrelated detector and shot noises of the separate
detectors average to zero in the final output. Rebka and
Pound!® and others?*—2% measure the function Fa(x,%s)
indirectly by counting coincidences in the production of
photoelectrons by a pair of photomultipliers. The useful
information is here superimposed upon the average num-
ber of chance coincidences which would occur if the
emission of photoelectrons in the two photomultipliers
was completely random.

Although shot and detector noises average to zero in
the HB&T method, there are instantaneous noise
fluctuations in the output from the linear multiplier.
The intrinsic signal-to-noise ratios of the HB&T and
coincidence methods are comparable; however, an
upper bound on the counting rate imposed by the re-
quirements of multiple-coincidence resolution limits the
coincidence method in practice to systems in which the
correlation effects are relatively strong.'® HB&T have
used their apparatus with considerable success to meas-
ure the very weak correlations in radiation from broad-
band stellar sources. For strong sources for which shot
noise is less of a problem, it is often practicable to use
the simpler single-detector system.®7-24

If 7,(¢) is the field intensity at the jth photomultiplier
(=1 or 2) and if the real function B,(¢) is the intensity-
impulse response function for that detector and its
subsequent electronics, then the output signal from de-
tector channel j is

Ji(H)= / t dt B;i(t—t)I;(t). (1.3)

The different apparatus described above all measure
various properties of the output correlation function

Co(r)={J1(t47)72(0))e, (1.4)

where { ), denotes a time average. In the single-
detector system J1(£)=J2(f).

In order to express Co(7) in terms of the intensity
correlation function

Cr(r)=Ii(t+7)Ia(D))e, (1.5)
a special case of the function Fa(x1,%s), it is convenient
to introduce the power spectra or Fourier transforms of
the correlation functions (1.4) and (1.5). Typically,

Pr(w)=/w dr e"Cy(1), (1.6a)
* dw
Ci(r)= —e T Pr(w). (1.6b)
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If we also introduce the frequency response function

biw)= f Cde B =b—a)*,  (L7)

which is the Fourier-Laplace transform of the impulse
response function B;(f) of Eq. (1.3), then it is easy to
demonstrate!® that

Po(w)=b1(w)b2(w)*Pr(w). (1.8)

For notational brevity we assume that the two detector
channels are identical: b1(w)ds (w)*=[b(w)|2

In the limit |7| — the field intensities on the right-
hand side of Eq. (1.5) are uncorrelated:

Cr(7) T Cr()=(L)(L=(t))e. (1.9

Subtracting this constant from Cz(r), we obtain a
function

ACr(1)=Cr(7)—Cr(>), (1.10)

which describes the nontrivial intensity correlations and
whose power spectrum

API((:.))=/‘NJ dr e AC(7) (1.11a)

=P1(w)—27rC1(00)6(w) (1.11b)
is a smooth function of w. Using this spectrum in (1.8),
we see that the output correlation function (1.4) is

Co(r)=[6(0) [*C1()

dw
+ | —eior|b(w)|?APr(w). (1.12)

w0 2T

If 5(0)=0, as is easily arranged, the first term on the
right-hand side of (1.12) will vanish and Co(7) =ACy(7).

If in the HB&T apparatus the signal from channel 2
is delayed a time 7 relative to that from channel 1, the
average output from the linear multiplier and its subse-
quent integrating circuit is precisely the correlation
function (1.4) or (1.12).

If in the coincidence method 7z is the coincidence re-
solving time and 7 is the relative delay time of the two
input channels,~2% the counting rate is proportional to

TR

Ce(r,rr)=| [dr’ Ci(r+7') (1.13a)
-
=2TRC1(°°)
*® dw SinwTg
+273f —¢ i APr(w). (1.13b)
—cp &T WTR

It is sometimes useful to interpret the coincidence ex-
periments in terms of an intensity correlation time 7r
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defined by the equation'®:?®
7'1=/ dr AC[(T)/CI(OO)=AP[(O)/C1(°O). (114-)

If the coincidence resolving time 7z is long compared
with 77 (poor resolution),?6 we see from Egs. (1.13) and
(1.14) that the ratio

Ce(0,72)/Ce(®,7r)=1+711/278

gives a direct measure of 77. In the opposite limit of
high resolution (7z<<7s), this ratio is

Ce(0,78)/Ce(,78)=14+AC1(0)/Cr(),

independent of both 7z and 7;.

To interpret the single-detector measurements, it is
useful to assume that the impulse response function
B;(t) of Eq. (1.3) describes the “shot” response to a
single detected quantum (photon) of the radiation field.
If APy(w) represents the power spectrum of the intrinsic
intensity correlations, as it does in the preceding two-
detector systems, the single-detector method measures
the power spectrum!®:%

(1.152)

(1.15b)

AP1(0) | guge = 0@ [*[n{I())eF-n*AP1(w)], (1.16a)

detector

where 7 is the detector quantum efficiency and {I(¢)),
is the average incident intensity in photons per second.
The latter rate can be determined from the average dc
output from the detector, which is

J@)e=1000) | n{I(2)):.

If in the single-detector method the frequency analyzer
passes signal components whose frequencies lie in
the narrow,frequency bands fo—3Af<|f|<fot+3Af,
AfK fo, the root-mean-square output from the frequency
analyzer is (w=27f)

dw
rms(fo) = { / —APy(w)
IfleCfokdar) 2m

= (2AN)1*[b(27 fo) [ {n{I(®)).
+0*AP1(27 fo)}11?,

if APr(w) and &(w) do not vary significantly over the
interval Af.

Just as it is convenient to avoid calibration difficulties
in the coincidence method by measuring the dimension-
less ratio (1.15), it is also convenient in the single-
detector method to measure AP;(w) relative to shot
noise.®72¢ For this purpose it is useful to know that, if
the radiation from a black-body thermal source tra-

(1.16b)

}”2 (1.17a)

single
detector

(1.17b)

% E. M. Purcell, Nature 178, 1449 (1956).

26 More precisely, Eq. (1.15a) obtains when AP;(w)=~AP(0)
for all le sz—l.

2§, 0. Rice, Bell System Tech. J. 23, 282 (1944) ; 24, 46 (1945).
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verses an ideal passive filter which transmits only in
Lorentz-shaped lines centered about the optical fre-
quencies v, and having full width Av<v,, then the
intensity-fluctuation power spectrum APr(w) is?8

47Av
2

— . (1.18
- (2rAv)? (118)

APy (w) black-body; = <I(t)> ¢

Lorentzian

In the broad-band limit As>> f, and in the limit of weak
intensity (Z(£)):— 0 or low quantum efficiency » — 0,
shot noise will dominate the single-detector measure-
ment (1.17). This fact suggests? that in single-detector
measurements on an unknown source one measures for
each frequency f, both the frequency-analyzer output
rms(fo) and the average detector output (J(¢#)).. If one
then adjusts the intensity of a broad-band black-body
source so as to reproduce the output rms(f;) and meas-
ures the corresponding average detector output, it
follows immediately from the preceding expressions that

@) broad-band D)+ 772| 5(0) 'API(Z"rfO) , (1.19)

source

where the quantities on the right-hand side refer to the
unknown. Equivalently,

AP1(2nfo) _ [3(0)]
Ci(e)  (J@)*

x| v,

bmad-band—ua)»]. (1.19b)

source

In the following sections we compute the intensity
correlation function ACy(r) or, equivalently, its power
spectrum AP;(w) for simple models of a four-level
steady-state laser oscillator perturbed by noise. The
noise sources most relevant to amplitude or intensity
fluctuations (in contradistinction to frequency or phase
fluctuations, which we do not consider here) are
(1) quantum noise and (ii) pump fluctuations. Because
h>kT in lasers, thermal noise is not important.
Population pulsations, driven by beating optical fields,?
can also modulate the intensity spectra of multimode
lasers, and this effect is discussed further in Sec. 4.

28 A representative derivation is contained in Refs. 18. In the
range |w|<&2wAv the magnitude of the spectrum (1.18) varies in-
versely as Av. We wish to emphasize that this is a special property
of the black-body thermal source whose features enter the HB&T
analysis in the assumption of random phases for the different fre-
quency components of the Fourier decomposition of the electro-
magnetic field. That the random-phase assuméJtion is equivalent
to the assumption of a normal or Gaussian distribution for the
electromagnetic field (appropriate to a thermal-equilibrium dis-
tribution of the field in a Aoklraum) follows from the central limit
theorem of statistics [H. Cramér, Mathematical Methods of
Statistics (Princeton University Press, Princeton, New Jersey,
1946)]. The random-phase assumption does not apply, for ex-
ample, to spectra which derive their width from frequency modula-
tion. Laser sources display the 1/Ay dependence below threshold;
above threshold saturation stabilizes the intensity and modifies
the simple 1/Av dependence.
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In lasers having a single photon mode A, the intensity
power spectra (1.6) and (1.11) reflect the time develop-
ment of the photon number operator b\16\, where by
and by\! are the usual annihilation and creation opera-
tors describing the electromagnetic field: [8),6x]=0,
[oanbat]=1. If the width of the intensity-modulation
spectrum APr(w) is less than the homogeneous atomic
and cavity linewidths and if nonresonant components
are neglected,? the time development of 5,'55(¢) can
be described by rate equations which only involve
electromagnetic field operators in the combination
bthr(f)—that is, which only involve diagonal elements
of the photon density matrix. In Sec. 2 we base our
analysis of single-mode lasers upon such rate equations
quantized in the manner of Shimoda, Takahasi, and
Townes by restricting the eigenvalues of photon and
atomic population operators to discrete integral values.3°
Unquantized rate equations were developed for lasers
by Statz and DeMars®! and have been used for the
analysis of laser transients by several authors. A review
is given by Kleinman.??

Using the results of Sec. 2 as a guide, we develop in
Sec. 3 a convenient Langevin model with white-noise
sources which, when used with the unquantized rate
equations, reproduce the Shimoda, Takahasi, and
Townes quantum effects. The mathematical simplifica-
tions of this model permit us to extend the single-mode
results of Sec. 2 to multimode cavities in Sec. 4 and to
general pumping schemes in Sec. 5. In treating multi-
mode lasers, we use modified rate equations which in-
volve electromagnetic field operators in the bilinear
combinations &,16,({)— that is, which involve off-
diagonal as well as diagonal elements of the photon
density matrix. Our treatment correctly predicts popu-
lation pulsations, but it does not lead to mode locking.?

In the final section, Sec. 6, we summarize our princi-
pal results and discuss numerical examples for typical
lasers. Readers not interested in the details of special
cases or in derivations may turn directly to this last
section after reading the first few paragraphs of Sec. 2,
especially Egs. (2.1)-(2.3) and (2.12), where the impor-
tant laser parameters are defined.

® Similar assumptions have been used by Lamb, Ref. 3, Egs.
(38) and (70).

¥ K. Shimoda, H. Takahasi, and C. H. Townes, Proc. Phys.
Soc. Japan 12, 686 (1957).

3 H. Statz and G. DeMars, in Quantum Elscironics, edited by
C. I:;I Townes (Columbia University Press, New York, 1960),

p- 530.

2 D. A. Kleinman, Bell System Tech. J. 43, 1505 (1964). The
parameters of Sec. 2 become in Kleinman’s notation m\=1/ts,
m=1/tp, and Ty=1/4,. In typical systems my<v», I'z; this fact is
used in our analysis. If the relaxation from level 2 to level 1 in the
system of Fig. 1 is primarily by spontaneous emission, then
[Kleinman, Eq. (7)]

m 1= (8mv:es3/3) Vi Av,

where ¢, is the spontaneous-emission lifetime, #.¢ is the index of
refraction, V is the cavity volume, and Aw is the width of the
frequency-» atomic line. Formulas of this type are generally valid
only if mi,<1.
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F1c. 1. Atomic energy levels of prototype four-level laser.
Pump excites ground-state atoms to level 3 from which they
quickly decay incoherently to upper-laser-level 2. Atoms in this
level decay by emitting laser photons (solid line) or by other in-
coherent processes (wavy lines). The lower-laser-level 1 depopu-
lates rapidly to the ground state.

2. FOUR-LEVEL LASER, SINGLE
PHOTON MODE

Consider initially the prototype four-level laser of Fig.
1. For simplicity, assume that the average level popu-
lations N1(#)=N3(#)=0 and that No(¢f)=DNr, the total
number of active atoms in the laser cavity. Also assume
that the cavity is resonant at only a single photon mode
A and that the average number of photons in that mode
is Py(¢). If R(2) is the rate at which ground-state atoms
are excited to the upper laser level by the pump and if
Ny(t)—N1(t)=N»(¢) is the atomic inversion, rate-
equations describing population changes with increasing
time are’!-32

(8/30) Na(t)=R({)— TalNo(t) — m[ 1+ Pr(t) INa(t) , (2.12)
(8/8) Pr(t)=s()+m[14+Pr(t) IN2() =7 Pr() . (2.1b)

Here m\, the mode rate,® is the average rate for spon-
taneous emission into the laser mode, I'; is the average
rate of decay from the upper laser level by other than
laser-photon emission, and ¥, is the average rate of
decay of photon number in the undriven laser cavity.
The term s(¢) is a small noise signal to be described
further below and in Sec. 3.

If P\, N2, and R are the time-averaged values of
P(t), Nao(#), and R(t) in steady-state operation, then
Egs. (2.1) imply [average value of s() vanishes]]

R=TNotm(1+Py)N:, (2.22)
nPA=m1+P))N.. (2.2b)

If pa(t), mo(t), and 7(f) are small fluctuations of
P\(t)=Pr+pi(2), etc., about these average values, then
to first order in the small fluctuations Egs. (2.1) give

(8/0)na(t) = 7’(t)— [I‘2+7r)‘(1+P)\)]n2(t)_

_ —mNVopa(8)
(8/3)pA (1) = s(8)Fmr(A1+Pr)na(2) B
—(n—mN)pa(). (2.3b)

Above threshold where nonlinear saturation effects are

(2.3a)
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important, the fluctuations are known experimentally to
constitute only a small modulation of the steady-state
output, and Egs. (2.3) adequately approximate Egs.
(2.1). (Systems having intense “spiking” in their
outputs®? are, of course, exceptions and are excluded
from our analysis.) Below threshold the relative fluctua-
tions may be large; however, the nonlinear terms in
Egs. (2.1) are then small, so that the linear approxima-
tion does not generate significant errors. In the im-
mediate vicinity of threshold the errors may be more
significant,? but we shall use the linear Egs. (2.3) for
want of a better tractable approximation.

Shimoda, Takahasi, and Townes (STT)% have em-
phasized that the eigenvalues of the photon number
operator b\'h\ and of corresponding atomic population
operators an'e, are not continuous variables but are
constrained by quantum mechanics to integral values.
This constraint is important to our analysis because it
is the source of quantum shot noise. Following STT, we
introduce the probability P(n,p;#) that at time ¢ the
level-2 atomic population and the mode-A photon
population, respectively, have the integral values (z,p)
in an ensemble of identically prepared systems. Under
the conditions for which Eqs. (2.1) were derived, this
probability is governed for increasing time ¢ by the
differential equation

(8/00)P(n,p; )= R()P(n—1, p; 1)
+To(n+1) P(n+-1,p; )+s@t) P(n, p—1;1)
+(p+1)P(n, p+1; ) +ma(n+1)pPn+1, p—1; 1)
—[R(O)+Ton+s(t)+vrp+mm(p+-1)1P(n,p; 1)
(2.4)

plus initial conditions. Summing Eq. (2.4) over admissi-
ble values of (#,p), we correctly find that the total
probability is a constant of the motion.

The probabilities P(#,p; t) can be viewed as diagonal
elements of the ensemble density matrix. It is not
necessary to introduce supplemental off-diagonal ele-
ments, because such elements play no role in Egs.
(2.1)-(2.4). However, off-diagonal elements are rele-
vant to multimode systems, and they will be mentioned
again in Sec. 4.

Multiplying Eq. (2.4) by # and summing over (x,p),
we obtain Eq. (2.1a):

(8/3)No(2)
=R(t)—TaN3(t)—m\ Xnp n(p+1)P(n,p;1) (2.5a)

= R()—ToNo(t) —m[ 14+ Pr(t) IN=(2), (2.5b)
where

No(t)=2np nP(n,p; 1), (2.6a)

Pr(t)=2np pP(n,p;1). (2.6b)

Multiplying (2.4) by p, one can similarly reproduce Eq.

# M. Lax and R. D. Hempstead (private communication).
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(2.1b). The approximation (2.5b) is justified in these
cases because M.

In the steady-state limit {—co the function P(%,p; ()
approaches a fixed limiting form P(#,p) independent of
initial conditions. Using that limiting form in Egs.
(2.6) to define N and P, and making an approxima-
tion similar to that of Eq. (2.5b), we can easily verify
the steady-state relations (2.2).

The importance of Eq. (2.4) is not that it is equivalent
in the manner we have indicated to Egs. (2.1)~(2.3) but
rather that it can be used to specify the initial conditions
to be utilized with those equations. If in Eq. (1.5) the
intensity 7;({) incident on the photomultiplier 7, j=1
or 2, is proportional to the radiation intensity in the
laser mode A, it follows from the general theory of optical
measurement!?-1% that the intensity correlation func-
tion Cr(r) is proportional to®

Ca(7)=Oat oM+ | 7 )oa(t+ | 7])oa(®)  (2.7a)
and the function AC;(7) of Eq. (1.10) to
ACW(7) =Cn(7)—((Brtha))?,

where b),007 are the photon annihilation and creation
operators introduced in Sec. 1 and the expectation value
refers to a stationary ensemble of laser systems whose
populations are described by the steady-state proba-
bility P(n,p).

Given a 720, let P(n,p;t+7)\,: be the probability
that the operator (bx16,)(¢+7) in Eq. (2.7) will measure
the eigenvalue p and that an atomic level-2 population
operator would correspondingly measure the eigenvalue
n. This probability is governed in its 7 dependence by
Eq. (2.4) and has the properties previously ascribed to
P(n,p;8). If ®,, is the projection operator for states
with eigenvalues (»,p), then

P(n,p; 1 1)x,e=(Oa () B p(t47)00(1))/

an<b>\f(t)‘pnp(t_'l‘7')b)‘(l)>

=\ () Pnp(t+7)01(0))/Pa,
where we have used the completeness property
> np Pup=1 and have replaced (bp76)) by P,. Taking
averages as in Egs. (2.6), we obtain the functions
C2)\(T)=P)‘ an "P<ny P) t+7))\,t _
=P\No(t+7)e, (2.92)

Ca(7) =Py Xnp pP(n, p5 141t
=P\P\(t+)r:. (2.9b)

That the function (2.9b) is identical to the function
(2.7a) follows from Eq. (2.8). As before, we remove
large-r limiting values to obtain

ACa\(7)= Cz)\(‘r)—f_’;\]vz ,

(2.7b)

(2.8)

(2.10)

% Constants of proportionality connecting Cr(r) and Cy\(7)
cancel from ratios of the type (1.15) and (1.19b): Ci(+)/Ci()
=Cn()/Cx(), AP1(w)/C1() = AP (w)/Ca (), etc.
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etc. Power spectra follow as in Egs. (1.6) and (1.11)
if, consistent with (2.7a), we define ACa(—|7|)
=ACa\(|7]), etc.

Because the functions Ca(7) and Cha(7) have been
identified in Egs. (2.9) with populations described
by Egs. (2.1)-(2.3), the functions (2.10) will satisfy
in the linear approximation (2.3) the differential
equations (7>0)

((6/67)']' F?)ACM(T)—“’II')\NzAC)\)\(T)

=(O\Or@E+7)0\()), (2.11a)
—ma(1+Pr)AC(7)+((8/07)+ ) ACk(7)
={bt()s@t+7)b(2)), (2.11b)

in which for notational conciseness we have introduced

= F2+1r)‘(1—|—P)‘) ,
Nn=n—mNo=n/1+Py).

Assuming that the noise sources 7(f), s(f) on the right-
hand side of Egs. (2.11) represent only bona-fide ex-
ternal noise signals, we must supplement Egs. (2.11) by
the quantum initial conditions

(2.12)

AC(0)q=0Qa, ACM(O0)e=0, (2.13)
where from the definitions (2.8) and (2.9)

On=Xonp p(p—DP(np)—Pi?,  (2.14a)

On=2np npP(n,p)—NsPy. (2.14b)

The subscript Q in Egs. (2.13) indicates that the given
initial values relate only to intrinsic quantum fluctua-
tions and that additional contributions to AC\(0),
etc., can result from the noise sources 7(¢), s().

Because Egs. (2.11) are linear, we can write their
solution as the sum of that solution of the homogeneous
[r(), s(t)=0] equations which satisfies the quantum
boundary conditions (2.13) and that particular solution
of the inhomogeneous [7(z), s(¢)%0] equations which
vanishes when 7(f)=s(f)=0. Consider the inhomo-
geneous equations first. Assume that 7(¢¥) and s(¢) are
real stationary classical variables with power spectra
A,PRR((.O), APRs(w)= APSR("—O)), and APss(O)), where
typically

APprg(w) =f dr e"“”(r(t—l— T)S(Z))t . (2.15)

In much the same way that Eq. (1.8) follows from Egs.
(1.3) and (1.7), it follows from Egs. (2.11) that the com-
ponent AP\(w)rs of the power spectrum AP (w) of
AC\\(7) which derives from the pump fluctuations 7(¢)
and the noise signals s(¢) is

AP)\x(w)Rs= {71').2(1+P).)2APRR(40)+7FX(1+P)-)
X [(iw+T2)APrs(w)+(—iw+T2)APsr(w)]
+ (@ T2)APss(w)}/ { (TetmmPr—w?)?

+o(Tat72)% . (2.16)
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It remains to compute that component AP\(w)q of the
power spectrum which describes the intrinsic quantum
noise. Solving the homogeneous [7(¢), s(t)=0] equa-
tions (2.11) subject to the initial conditions (2.13), we
find

AP (w)e=2{ [1r).(1+1—2x)Q2>.+ T20a]
X @ Lat-mmP A w?)Fw(Tot-72)0n}/
{(TeF-mmPr— o) (Te+7)2) . (2.17)
Summing the components (2.16) and (2.17), we
obtain the total power spectrum of the function (2.7b)
AP (@)= {m2(1+P\) [ APgr(w)+Arr ] +m(1+Py)
X [(W‘l‘ Fz)[APRS(w)+ARS]+ (“'iw-l‘ r‘z)
X[APgrs(w)+ArsJH-(0*+T9?)[APss(w)+Ass 1}/
{(MDetmmPr— o) +w2(To+-92)2) . (2.18)

In this equation we have eliminated the initial values
(2.4) in favor of new real parameters

Arr=2[T:Qu+1P0n],
Ars=Asr="PrOn+ (T2+72)0n

—m(14+P)0x, (2.19)
Ags=2[TOn—m(14+P)0n],

which are undetermined to within an unspecified con-
stant Qg. It will prove useful below and in Sec. 3 to
arbitrarily fix Qs by the moment relation

Q22=2np n(n—1)P(n,p)—Ny?

analogous to the definitions (2.14).

To evaluate the parameters (2.19), we use the STT
method. Setting R({)=R in Eq. (2.4), passing to the
steady-state limit [{—c, P(n,p;t) — P(n,p)], and
successively computing the second-order moments of
Eqgs. (2.14) and (2.20), we obtain the three equations

NPr2= —m\(14+P)0ar+710m,
PAI=m\(14Pr) 02— (Tat+7) 0 —Pr0On,  (2.21)
0="T402+7\Pr02 .

Comparing Eqgs. (2.19) and (2.21), we see immediately
that

Arr=0 , Ars=Agr= —’7)\13)\2, Ags= 2’7)\P)\2. (222)
Substituting these results into (2.18), we obtain for the

(2.20)
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quantum-fluctuation component (2.17) of the power
spectrum

AP).A(‘")Q=2’7)\PA2(°32+:£‘2T‘2)/
{(MTeAmmPr—o?)? o (Tet-10)% . (2.23)
Actually solving Egs. (2.21) for Qx, which is feasible for

this simple example, we obtain the total integrated
quantum-fluctuation power spectrum

NPT oTo - TetmmPy)
(Totm) (T tmnPy)

For weak pumping, well below threshold, AP
L a=mm+1Tey/(1+P,). If the noise signals 7(¢)
and s(¢) are statistically independent [APgg(w)=0],3°
then

ACW(0)e=

(2.24)

APa() 1r)\2(1+]3>\)2APRR(w)
Ao = —
i AT
AP +29,\P»2
+ s8(w)429\P (2.250)
w2+7)2

The total integrated intensity (2.24) of the quantum
fluctuations is

ACW(0)q - =Pz, (2.25b)

pump

There is no amplitude stabilization. Noise amplitude
modulation and noise phase modulation contribute com-
parably to the observed spectral linewidth of the laser
output. The intrinsic intensity fluctuations are those ex-
pected from a thermal-equilibrium photon field having
an exponential distribution (Bose-Einstein-Planck dis-
tribution) with an average number Py of photons.3¢ If
vo=wo/2m is the photon frequency, the noise tempera-
ture is

T|  =thw/kIn[(14Py)/Py]—— twoPr/k. (2.26)
weak B>>1
pump
For strong pumping, well above threshold, P,>1 and
P> 9,\Te. In this case, if 7(£) and s(¢) are statis-
tically independent,?®

(7T)\P)\)2APRR(O))+ (w2—|- I‘22)APss(w)+2(w2+ I‘zI‘z)’nyk
AP\\(w) = - — (2.27a)
Strong (M Pr— 0?24 w(To+72)?
and _ » 4
Dolly+mayaly ot
ACw(0)e] =™ . (2.27b)
spong - (e A1) Aow ™

3 Generalizations appropriate to APgs(w)#0, etc., can easily be derived from APy, (w)rs equations like (2.16).

3R,

J. Glauber, Phys. Rev. Letters 10, 84 (1963), and Phys. Rev. 131, 2766 (1963); E. Wolf and C. L. Mehta, Phys. Rev.

Letters 13, 705 (1964). [L. Mandel and E. Wolf, Phys. Rev. 124, 1696 (1961), assume a Gaussian electromagnetic field distribu-
tion to describe the output from lasers. This is consistent with our weak-pump results (2.25) and (2.26) but not with our strong-pump

results. (Compare Ref. 28.)7]
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Here there is appreciable amplitude stabilization.
Quantum-noise amplitude modulation contributes in-
significantly to the spectral linewidth of the out-
put. The intrinsic intensity fluctuations (2.27b) are,
to within the Pj-independent constant (T's+vx)/m,
those which would be expected from a classical field
having a Poisson distribution (Maxwell-Boltzmann
distribution).36

At low frequencies the stabilized spectral function
(2.23) is less than the unstabilized function (2.25a)
evaluated for the same value of P). At very high fre-
quencies both functions approximate

AP\(®) | nigh trea. = {m*(1+P1)*APrr()
Fw?[APss(0)+27\Pr2]} /wt.  (2.28)

In this high-frequency limit amplitude stabilization is
ineffective because the population inversion with its own
finite response time is unable to follow and (thereby
stabilize) the fluctuations of the photon field. At in-
termediate frequencies the function (2.23) does in some
cases exceed the unstabilized function (2.25a). This is a
resonance phenomenon and will be considered in more
detail in Sec. 6.

3. LANGEVIN TREATMENT OF QUANTUM
FLUCTUATIONS

In the preceding section we used the STT method?®
to compute the intrinsic quantum population fluctua-
tions of a simple four-level laser. While the STT method
clearly demonstrates the physical origin of the quantum
noise, it is cumbersome and not well suited to the analy-
sis of more complicated laser systems. For the prototype
system of Sec. 2 it is feasible to actually solve Egs.
(2.21) for the initial-condition parameters Qy, etc., and
to use the results to complete Eq. (2.17); however, the
algebraic complications in this approach are so severe
in more general systems that it is important to develop
a simpler but physically equivalent alternative to the
STT method. Because the differential equations (2.11)
can be directly inferred from the linearized rate-
equations (2.3) without using Eq. (2.4), the essential
problem is to incorporate the STT boundary conditions.

By introducing constants (2.19) which add to the
noise spectra (2.15), we can always incorporate the
quantum-fluctuation power spectrum (2.17) into the
noise-signal spectrum (2.16). This suggests that we in-
terpret the intrinsic quantum fluctuations of systems
described by rate-equations in terms of fictitious
Langevin noise sources 7(f),s(!) whose spectra (2.14)
are the frequency-independent constants (2.19).

Shot noise associated with é-function impulses arriv-
ing (or departing) at a prescribed average rate has a
frequency-independent or while-noise power spectrum.
If the impulses in a signal 7(¢) have constant integrated
intensity « and if their average rates of arrival (4«)
and departure (—a) are respectively Ry and R, then

OUTPUT OF c¢cw LASER OSCILLATORS. I

313

the average value of 7(f) is?

r@)=a(R—R-), (3.1)

and the power spectrum of the autocorrelation func-
tion (2.15) is??

APgp(w)= f dr e ([r(t+7)—F[r(t) —71):

=(40)?Ry+(—a)?R_=a*(Ry+R_).

The cross-correlation function of two different signals
has a similar form,

APpry(@)=o[(Ry+R ) —(Ry+R)-], (3.2)

except that the rates describe impulses which occur
simultaneously in both signals, (R,+R_); being the
rate of impulses which have the same sign in both sig-
nals and (R;+R_)_ being that of impulses with differ-
ent signs.

In Eq. (2.4) both the photon quantum number p and
the level-2 population quantum number # change by
unit increments. This suggests that a shot-noise
Langevin model in which the quantum-noise com-
ponents of #(¢) and s(¢) are §-function impulses of unit-
integrated intensity might reproduce the STT results.
This would indeed be the case if the correlation func-
tions (2.9) had been based upon the joint probability
P(n, p;n', p'; i+, 1) that the quantum numbers (n,p)
obtain at time {47 if (#/,p’) obtain at time ¢ The
correlation function analogous to that of (2.7a) would
then have been

O (7) = {(Bat) (t4-7) (BaT52) (8)) (3.32)
=2np Lww pp'P(n, pin/, p5047,0). (3.3)

Because Eq. (2.4) also applies here, the function (3.3)
satisfies differential equations analogous to Egs. (2.11).
However, the initial conditions

(3.1b)

On'=Znp P (1,0)=Pr?=0nt-Pr, - (3.4)
Qo' =% up npP(n,p)—N:Pr=0n,  (3.4b)
Qo' = an ”2})(”:?)“]\722= Q22+N2 ’ (34C)

differ from those of Eqgs. (2.14) and (2.20). Using these
new initial conditions in Egs. (2.19), we would find the
new noise sources

Arp'=Agr+2T9No=R+ToNo+m(1+Py)N2, (3.5a)
ARS/= ASR/= ARS—’7)\P)\=—-‘IF)\(1+P)\)N2, (35b)
ASSI=ASS+2’7)\P=7I‘)\(1+P)\)N2+’Y)\P)‘. (350)

These are precisely the noise sources which would
be predicted from Egs. (2.1), (3.1), and (3.2) in a
Langevin model which associates a noise impulse of
unit-integrated intensity with each change in atomic or
photon population.
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One might object to “noise” in the above model being
associated with the transfer of excitation between the
atoms and the photon field, since that transfer is pre-
sumably described by an atom-photon interaction
Hamiltonian which does not directly involve dissipa-
tion or external reservoirs. In Paper III it will be shown
that this transfer noise is an indirect consequence of the
reservoir interaction responsible for the finite linewidth
of the atomic transition and that the noise has a band-
width comparable to that linewidth. A white-noise
spectrum results from the rate equations because in
deriving those equations one must assume that the
atomic linewidth is large compared with fluctuation
frequencies.

The two principal advantages of the shot-noise model
are that it provides a simple physical explanation of the
origin of the intrinsic quantum fluctuations and that it
permits one to infer the magnitude of the quantum-
noise sources from an inspection of the form of the dy-
namic equations (3.1), without directly using Eq.
(2.4). This simple classical model is applicable to the
function (3.3) principally because only commuting
population operators enter its rate-equation analysis.®’
Because the parameters (2.22) violate the Schwarz
inequality applicable to classical noise sources,

IAPRs(w) I S [APRR(O)APss(O)]UZ 5 (36)
it is clear that a Langevin model with classical noise
sources is not always applicable—in particular, it is not
directly applicable to the rate-equation analysis of the
functions (2.7). Lax has shown3® that the Langevin
noise sources appropriate to quantum systems are
operalors whose commutation properties cannot be
neglected. These commutation properties are responsi-
ble for the differences noted in Egs. (3.5) between the
spectral parameters (2.19) and those predicted by the
shot-noise model applicable to the function (3.3).
Although the shot-noise model is not immediately
applicable to the experimental functions (2.7) because
of their special operator ordering, it nevertheless does
provide some insight into the origin of the quantum
fluctuations, and it can be used to compute the rele-
vant noise parameters if one independently computes
the commutator-induced differences 6Azrr=Arr— Arr’,
etc. The following general remarks are relevant to the
latter calculation. Let Z,,(¢) be a set of atomic and pho-
ton populations described by rate-equations of the type
(2.1), let zn(t)=Zn(t)—Z, represent a small fluctua-
tion of Z,(f) about its mean Z,, and let the z,(?)

3 For a more general discussion of noise in classical systems cf.
M. Lax, Rev. Mod. Phys. 32, 25 (1960), especially Sec. 5, where
the connection between Markoff and Langevin methods is
considered.

38 M. Lax (to be published). These results will play a central role
in Paper III of the present series. Cf. also M. Lax, in Proceedings
of the Physics of Quantum Electronics Conference, San Juan, Puerto
Rico, 1965, edited by P. L. Kelley, B. Lax, and P. E. Tannenwald
(McGraw-Hill Book Company, Inc., New York, 1965).
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satisfy a set of linear equations like (2.3)

(8/08)2m() =20 AmnZa(t) (3.7)

where A is a coefficient matrix. In this notation the
Einstein relations (2.19) take the form?7.38

Apn=—2_1{ AniQ1nFQmi(A1)2n} . (3.8)

If Quum is defined as in Egs. (2.14) and (2.20) and Qum,’
as in Egs. (3.4), then

80mn=0mn—Qmn' =~ bpnZn (3.9)
and
0Amn= Amn_— Am:z’= — 2 1{AidQn+6Qmi(A)1a}
=AmiZnt-Zm(A) = 8Anm*. (3.10a)
If A is real
3Amn=AmnZintAnmZim=00nmn. (3.10b)

This result, when combined with the shot-noise pre-
scription for the calculation of the parameters A,.,’, per-
mits us to infer the magnitude of the noise parameters
(2.19) from an inspection of the form of the dynamic
equations without the intermediate use of the proba-
bility equation (2.4).

It is important to realize that the noise parameters
computed by the above prescription are not simply
reasonable approximations to noise sources present in
lasers but are ke noise sources prescribed by the initial
conditions intrinsic to the dynamic model. The funda-
mental and intimate general connection between the
operator Langevin noise sources of a quantum mechani-
cal system and the operator equations of motion in that
system has been strongly emphasized by Lax.%8

A shot-noise model of laser quantum noise similar to
that outlined in Egs. (3.3)-(3.5) has been used by
Haken.3®

4. FOUR-LEVEL LASER, SEVERAL
PHOTON MODES

Using the Langevin model of quantum fluctuations
outlined in Sec. 3, we can readily generalize the results
of Sec. 2 to determine the intensity fluctuations of
several modes excited by the same atomic transition.
In the same sense that N;(¢) and P,(f) in Eqgs. (2.1) are
the average values of atomic and photon population
operators with respect to some injtial-value ensemble,
we define Dy, (¢) to be the average value of the photon
operator (b,'5,)(¢) and N,™(¢) to be the average value
of the level-; population operator of atom M, M =1 to
Nr. The photon population Py(f)=Dx(#), and the
atomic population N,(£)=2_ N;(t). For each photon
mode N we introduce coefficients #, such that the
average photon intensity at atom M is

DH(t) =3 a(un™)*Dr()u,™ 4.1)

% H. Haken, Z. Physik 181, 96 (1964) ; 182, 346 (1965).
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where the sum is over the several photon modes rele-
vant to the calculation. We also define

]VJ',)\V(t) = ZM(MVM>*N"M($)”XM .

If we assume that the lower laser-level population is
negligible [NV1(¢)=0, as before], that there is no mode
locking, and that the atomic linewidth is large com-
pared with both the fluctuation frequencies and the mode
difference frequencies wy,=w\—w,, the rate-equations
(2.1) can be generalized as follows*’:

(8/3t)NoM(t)= RM(t)— 2N M(2)

(4.2)

—TONZM(t)Z pa(upM)*
X [Bpo'_l_ Dpa'(t)]uvM ’ (4‘33’)
(8/08) Dns(8) = s0(t)— [3 (vat1) Fien JD(2)
+%’”0 Zp{NL)-p(t)l:apv_i‘Dw(t)]
+Lont+Drp()IN2m(1)},  (4.3b)

where 7, is a non-negative coupling constant. If the
atoms fill the laser cavity uniformly, as we assume,
then, because the different photon modes are orthogonal,

o ZM(uy\M)*u,,M= N7\, (4.4)

where ) is a non-negative constant. In the steady state
we assume that the time-averaged fields seen by each
atom are identical. This implies with Eqgs. (4.3) and
(4.4) that

NM=Ny/Np, Nan=(mNs/m)o, (4.5a)

Dy,=Prbys, D¥=3\ m(1+P)/m, (4.5b)
where [compare Egs. (2.2)]

R=T:NoAXam(1+P)N:,  (4.62)

P =m(1+P))N>. (4.6b)

If dy(£) = Dy(t)— Dy, etc., are small fluctuations of the
variables in Egs. (4.3) about their time-averaged values,
then to first order in these fluctuations [compare

Eas. (2.3)]
(3/3t)n2 2(t) =7rs(t)— Toma o (2)
—moN2 3 oo C(No; ) d o (8)
=ra(t) = Tama ao(t) = (s /70) N oo ()

— umN 2 E)" o op(t) /70, (4.72)
(1) = s3(8) — (3 (2 +4) o Jd(t)
Iro[(1+P)+1A+P,) Jnapu(t), (4.7b)

4 Cf. Paper III; also, M. Lax (to be published). The assumption
of no mode locking enters when we use a product of averages—for
example, NoM (£)D,,(t) in Eq. (4.3a)—in place of a single average
of operator products. Although a similar approximation was justi-
fied in the single-mode Eqs. (2.5) simply because m<T', the
multimode case is complicated by beat-frequency resonances
which enhance the importance of photon-atom correlations.
(Cf. Ref. 3.)
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where [compare Egs. (2.12)]
T, Pz‘f‘Z)\ 7T>\(1+PA) ’
n=n—mlNe=m/1+P)),

(4.8a)
(4.8b)

and
C(\a;2p)=(1/N1)X ar mnMu,™(u,Mu,M)*.  (4.9)

The approximation to this last function which we have
used in (4.7a) is reasonable when Egs. (4.4) and (4.5)
obtain.

The first-order equations (4.7) effect a separation be-
tween diagonal (A=») and off-diagonal (A>%») elements
of the averages Dy,(¢) and N (f). This separation has
the physical implication that population pulsations
driven by the beating fields from different modes will
not be observable in the photon intensities Px(¢) = D (?).
Beats will be seen by detectors which measure the off-
diagonal elements Dy, (), As%», and population pulsa-
tions will be seen by those which detect the emission
from separate atoms or small groups of atoms—that is,
by detectors which measure the atomic population
N¥(2).4 An experimental measure of the accuracy of
the first-order theory of this section is the extent to
which the diagonal elements Dy\(¢) are free from beat-
frequency pulsations.

In multimode lasers the intensity correlation experi-
ments described in the introduction measure the cor-
relation functions!®—1%

C oy ooy (T) = (T {0t ()b 1t 7)o\ +7)0,()})  (4.10a)
and

AC ony o) (1) =C vy 6wy (7)
—((on o) (t4-7)){ (B, 10,) (1))

where 7' indicates time ordering such that the opera-
tor ordering in (4.10a) remains as indicated for 7>0 and
such that the &' operators are interchanged and the &
operators are interchanged if r<0. Because the en-
semble implicit in the expectation value is assumed
stationary, it follows that

Comyom(=[7[)=Comorn(lr]). (4.11)

The functions (4.10) reduce to the functions (2.7) for
single-mode systems. When Egs. (4.7) obtain, the func-
tions (4.10) are different from zero only when (A\=X’,
v=v") or (\=2, v=N\). Corresponding to these two
cases, we introduce new functions

Cn(m)=(T{BA OO\ (1) 00+ 7)0. (D)},
AC\(1)= CM(T)—-P)\P;: R

(4.10b)

(4.12a)
(4.12b)

4 The photon modes A enumerated in the equations of Sec. 4
are not a complete set of modes for the radiation field but are only
the low-loss modes relevant to laser oscillation. [Cf. A. G. Fox and
T. Li, Bell System Tech. J. 40, 61 (1961)]. It is to the latter modes
that Eq. (4.4) and the concomitant separation of Eqgs. (4.7) into
diagonal and off-diagonal components pertain. Equation (4.4)
does not pertain, for example, to spontaneous emission perpendicu-
lar to the axis of a gas laser.
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and

ON (7)=(T{o\I()b, (14 7)on(tH7)8u(2)})  (4.13a)
=ACY (7). (4.13b)

The functions (2.7) are the functions (4.12) with A=».
[The functions (4.13) are not to be confused with the
functions (3.3) used in Sec. 3.]

The functions (4.12) and their linearized equations
of motion (4.7) involve only diagonal elements of the
photon density matrix; the functions (4.13) involve
off-diagonal elements. Because it is not our intention
to discuss phase fluctuations in this series of papers and
because the functions (4.13) are not relevant to the
calculation of the functions (4.12) with Egs. (4.7), we
shall be content with the following approximation to
the functions (4.13):

Cx,.’(’r) = <b)\f(t)b)\(t+ T))(byT(IH— T)by(l» .

This approximation is exact in the two extreme cases
that the photon fields have second-order coherence!?
or that they have the coherence properties of black-
body radiation. In this approximation the power
spectrum

(4.14)

AP)\,,’(w)=/’ dr e ACy, (1)

*® d
=/ ——gx(w+d>)g,,(&), (415)

where . -
gx(w)=/‘ dr e (O ()oa(i+1)). (4.16)

AP (0) gs=(—iwty2) " (tw+y,) l <

PRNZES

X/ dr ei‘”{{Wx(l-}-P)\)r([“I—T)—I—(—iw—}—f‘g-]— >

AN — w7,
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The spectrum (4.16) is that which would be measured by
familiar dispersion or diffraction spectrometers. The
power spectrum AP,,’(w) is peaked near the difference
frequency wa,.

In what follows we concentrate exclusively upon the
functions (4.12) whose analysis parallels that of the
functions (2.7) in Sec. 2. Making the ansatz 7(¢)
= (m\/mo)r(t), defining sx(¢)=sx(¢), and introducing a
function Csn(7) similar to that in Eq. (2.9a), we ob-
tain from Egs. (4.7) [compare Eqs. (2.11)]

((8/87)+T)ACo(7)+ 3 MV 2ACK(7)

=B, O)rt+1)b.0)), (4.17a)
—m(14+Py)ACo(1)+((3/97)+T2)ACK(7)
= (B, ()s\(14-7)B,(£)).  (4.17b)

The noise sources 7(#) and s\(¢) include fictitious
quantum-fluctuation noise sources as well as bona-fide
external signals or fluctuations. Using the method of
Sec. 3 to compute the quantum-noise spectral param-
eters, we find [compare Egs. (2.22)]

Arr=0, Apv=2Mr=—7D22, An=2nP\%,, (4.18)
where in the subscripts we have written A in place
of S)\.

If APy (w) is the power spectrum of ACy(7), let us
separate AP),(w) asin Sec. 2 into a component APy, (w)gs
describing bona-fide pump fluctuations and external
signals and a component AP),(w)q describing intrinsic
quantum noise. Solving Eqgs. (4.17), we write the com-
ponent APy, (w)gs in the form [compare Eq. (2.16)]

5 mm@)z}“l

P

_—
————)SMT) NS

N — i+,

—su(t+ T)}

— - WPVPPP — Tp
X [rv(1+Py)r(t)+<iw+I‘2+ > -'———-)S,,(t)——'nyy > - sp(t)]} , (4.19)
ad iw+'7p t-averaged

pFY 1.w+')_/p

where we identify the power spectra APgg(w), etc., as in Eq. (2.15). To obtain the power spectrum of the intrinsic
quantum noise, we replace the power spectra AP gg(w), etc., in (4.19) by the quantum-noise spectral parameters
(4.18). Doing that, we obtain the diagonal elements [ compare Eq. (2.23)]

M'YMP Y P -t 7 'Vu
APM(OJ)Q=(®2+%2)'1{<F“+Z7:‘ . "> < -2 balle ) } {2‘)/>\P>\ I:( o2 atleal >
gy ¥t P wtty,
><<

vy vl T2y P
(1 Py S T ") (1—2' o ’) ]HWPx g T "} (4.202)
A wi-y,2 wEN 27,2 wEN @wi4-y,2
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and the off-diagonal elements (A5%»)

Tyl u‘Y
Az’h(w>q=<—m+w—1<w+m—1{(r2+>: )
N

X { 3,P; 27T>\(1+P>\)< +1>(iw+ T3
— w5,

X| —iw+Tat 2

AN — i+,

( TP
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u7u A
(-2
» w2+7#

S 2y
ik > 7Py w,(1+P)(—il+1>
b 1w+, 1w+

m2Py 2y, P
- ")} (4.20b)
AN w2+'7,.2

2P,

wt+yy  —iwty,

These functions have the property APy, (—w)=AP,\(w) required by the time symmetry (4.11). The expression
(4.20a) reduces to (2.23) when only one photon mode is significant.

Only photon modes for which there is significant stimulated emission need be explicitly included in the preceding
calculation. The effect of all other modes can be absorbed in the relaxation rate I's.42

An important special case is that for which all lasing modes have identical parameters

TA=Te, VA=Y, P)\=P. (4.21)
If in this case there are  lasing modes, Eqgs. (4.20) become
29 P [Ty + (m— 1) oy P— w? P+ wX(3+ T9) 2+ (m— 1) w2y 2P2—1(14P) Ty (w?+52)}
AP (w)e= — — — (4.22a)
(@) [Ty +mroyP— o P+o(7+T2)?)
and for Ay _ _ _ _
—29P* 2wy P(3T2:— 0®) +m(woyP)24m(14+P) Ta(w?+72) }
APy (w)q= . (4.22b)

(@) [Ty +mmeyP—o? P+ w2 (y+ T2)?}

For m>2 these expressions differ significantly from the single-mode expression (2.23) and from the power spec-

trum describing fluctuations in the total photon output Pro=

2 P, especially in their low-frequency behavior

when ¥ — 0 (P — ). For the case (4.21) the power spectrum describing the fluctuations in the photon output of

n<m modes is*

AP(w)Q n of

modes

=2 MVYuld Pru(w)g \ (4.23a)
& W of m modes
B 2nyPH{(w?+ Do To—nmo(14+P) D+ (m—n) 20y P(Toy— 0?) +m(reyP) 2]/ (w0?+52)} (4.23b)

[Toy+mmeyP— o P+w(y4Ty)?

When #=m, this has the form (2.23) of the single-
mode power spectrum. Note that when the output from
all modes is detected (z=m), the power spectrum (4.23)
does not have the “weak pump” (w?+¥%)~! behavior
[compare Eqs. (2.25)] present in (4.22).

These expressions illustrate an important general

% Because I'; appears in the final spectra (4.19) and (4.20) only
through T, and because T, in Egs. (2.12) and (4.8a) includes
radiative relaxation, it is clear that T'; should include all upper-
laser-level relaxation processes not explicitly included elsewhere
in the rate-equations. [The T'y in the numerator of (2.23) is more
appropriately written T;—\(14-P,), the expression ppearing in
the numerator of (4.202).]

4 The intensity spectrum measured by allowing the output
from several modes to fall on the same photomultiplier will con-
tain contributions from the beat spectra (4.13) as well as the spec-
tra (4.22). However, if, as is often the case, the optical beat fre-
quencies are much larger than the fluctuation frequencies of inter-
est, the beat spectra (4.13) can be neglected.

result. When one or more modes are strongly pumped,
the nonlinearity inherent in the rate-equations (4.3)
stabilizes the quantum fluctuations in the fofal rate of
photon output but does not stabilize the output of
individual modes. For example, the low-frequency
divergence in Egs. (4.22) and (4.23) when ¥—0
(P — ) results from fluctuations in the partition of the
total output between different strongly pumped modes.

A more detailed discussion of fluctuations in multi-
mode lasers will be given elsewhere.

5. INTERMEDIATE ATOMIC PUMPING
LEVELS

A careful inspection of Egs. (2.1) and (4.3) and of
Fig. 1 will reveal that the pumping rate R(¢) used in
those equations represents the rate at which atoms are
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excited to the upper-laser level 2 and that R(¢) is only
indirectly related to the strength R.(#) of the actual
external pumping field which excites ground-state atoms
to the intermediate pumping level 3. In this section we
consider how R(z) relates to R,(f) and show that addi-
tional shot noise does not result from level-3 to level-2
transitions. It is sufficient for these purposes to consider
the single-mode system of Sec. 2, extending Eqs. (2.1)
to include the level-3 population NV;(z).

Assuming that transitions from level 3 to lower levels
7=0 and 2 are described by relaxation rates w;; and
assuming as before that N,(#)=0, we take in place of
Egs. (2.1)

(8/30)N3(t) =r3(t)+ R o(t) — (wos+we3) V3(2) , (5.1a)

(8/3t) N 2(2) =73(t) + w23 N3(t) — T'oNo(t)
—m[14+Pr(®)IN=(2), (5.1b)

(8/8) PA(t)=s(t)+m[+Pr(&) IN() —mPr() . (5.1¢)

Here s(2), 72(¢), and 7;(¢) are fictitious noise signals which

D. E. McCUMBER
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reproduce the intrinsic quantum fluctuations (Sec. 3)
and R,(¢) is the rate at which atoms are excited by the
external pump to level 3. In steady state the average
populations satisfy [compare Egs. (2.2)]

Re=(wos+w2s)Ns,
woslN 3= TN y+m(1+Pr) N>,
’Y)\Px=7r)\(1+13)\)]v2-

The linear equations describing small fluctuations about
these average values are [ compare Egs. (2.3) and (2.12)]

(a/at)%s(t) = 7’3(t>+7’g(t) - (w03-I-W23)n3(t) s (533.)
(0/6t) nz(l) =79 (t) +7I)231’L3(l)

— I—‘zn»z(l)'—ﬂ'xﬁzp)\(t) , (53b)
(8/0)pA(8) = s() +ma(1+-Pr)na(t) —rapr(2) . (3.3¢)

Using these equations to compute the photon power
spectrum by the method outlined in the preceding sec-
tions, we find

(5.2)

7|'x2(1+PR)2{W232APRR(‘°)e/[w2+ (w03+w23)2]}+2'7xpx2(w2+ TaTy)

APw(w)=

(5.4)

(T mmPr—w2) 2w (Ty+42)?

where

APRR(w)e=f dr e (r.(t+m)r.(t)):  (5.5)

—o0

is the power spectrum of the external pumping signal.
Comparing Eq. (5.4) with Egs. (2.16) and (2.23), we
see that the result (5.4) is identical to that obtained
before if we set

APRR(CU) = (wzsz/[wz‘f‘ (w03+w23) 2])APRR(w)e-

This same power spectrum would obtain if the signal
r(t) was obtained by passing 7.(¢) through a filter with
transfer function

(5.6)

(5.7)

yzs(w) = wzs/(w03+w23_ iw) .

Because this is precisely the transfer function pre-
dicted from Eq. (5.3a) if 7(¢)=wsasns3(¢), a choice con-
sistent with Eqgs. (2.3a) and (5.3b), we conclude that
for any given external pumping signal the results of the
preceding sections correctly represent all intrinsic
quantum fluctuations and all bona-fide pump fluctua-
tions provided only that in Egs. (2.16) and (4.19)

APgrg(w)=|Y(w)|*APrr(w)., (5.8)

where ¥ (w) is the transfer function describing how bona-
fide pump fluctuations 7.(f), exclusive of quantum
noise, are reflected in the rate at which atoms are ex-
cited to the upper laser level.

b

6. CONCLUDING REMARKS AND
EXAMPLES

In the preceding sections we used rate-equations to
compute population power spectra of four-level lasers in
which the lower-level population N(¢)=0. These spec-
tra pertain to the intensity fluctuations in the output of
cw laser oscillators as measured by apparatus described
in the Introduction. Such fluctuations stem from two
distinct sources: (i) quantum shot noise intrinsic to the
laser and (ii) random external fields perturbing the laser.
The physical origin of the quantum noise is discussed
in detail in Secs. 2 and 3; briefly, it arises because atomic
and photon populations are characterized by integral
quantum numbers, not by continuous variables. The
importance of external perturbing fields depends to a
large extent upon the environment of the laser and
upon the method used for atomic pumping.*

In Table I we have listed parameters typical of some

TasLE I. Typical laser parameters.

Solid-state
Gas laser Solid laser  diode laser
T'o(sec™?) 108 108 10°
m(sec™?) 101 10-6 108
v (sec™) 107 100 1ou

#1,, J. Prescott and A. Van der Ziel, Appl. Phys. Letters 5, 48
(1964); J. A. Collinson (to be published).
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gas (volume ~100 cc), solid (volume ~1 cc), and solid-
state diode (volume ~1078 cc) lasers. We have taken
T'; equal to a typical rate of spontaneous radiative re-
laxation of the upper laser level®? and have used
Kleinman’s Eq. (7) with this rate and typical inhomo-
geneous linewidths to compute m).%2 Using these param-
eters in the expressions of Sec. 2, we have computed the
intensity-fluctuation properties of these typical lasers
in single-mode operation. As we showed in Sec. 4,
qualitatively similar results pertain to the fofal output
of multimode devices.

Considering first the intrinsic quantum fluctuations,
we have plotted in Fig. 2 the dimensionless ratio®
[compare Eqgs. (2.7) and (2.24); notation defined in
Egs. (2.1)-(2.3) and (2.12)]

Ia(Tolo Al mayn P
ACI(O)Q/CI(OO)=%:( 2 2+’Yx—z vax_x) 6.0
(T (TemmaPy)

as a function of the average photon population P,.
This ratio is a measure of the relative mean-squared
intensity fluctuations (summed over all frequencies)
and is pertinent, for example, to the 7=0 HB&T meas-
urement (1.12) and to the high-resolution coincidence
measurement (1.15b).#5 Of particular importance is the
fact that these fluctuations are always less than (or
equal to) those predicted by the approximate expression
(2.25b) for weak pumping

AC1(0)g/Cr() lg;f;};: 1.

(6.2)

The latter large fluctuations would obtain if the laser

102

0 WEAK PUMP _

L1072

1074

1076

T

10-8

10-10

10712

RELATIVE MEAN-SQUARE INTENSITY FLUCTUATIONS

] ] | ] ] I 1
1072 10 102 104 108 108 10 o2
AVERAGE PHOTON POPULATION P

F16. 2. Relative intensity fluctuations AC7(0)o/Cr(%) versus
average photon population P, for the lasers of Table I. The solid
curves represent the function (6.1), the dashed curve the ap-
proximation (6.2) appropriate to weak pumping.

4 While the relative fluctuations (6.1) decrease monotonically
with P, (Fig. 2), the absolute fluctuations ACy\(0)g increase
monotonically with P,.
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F16. 3. Normalized power spectrum at zero frequency of in-
tensity fluctuations $va\APr(w)q/Cr(=) versus average photon
population P, for lasers of Table I. The solid curves represent the
function (6.3), the dashed curve the approximation (6.4) appro-
priate to weak pumping. These curves equivalently give [com-
pare Eq. (6.3)] the correlation time 7; defined in Eq. (1.14).

operated as a noise amplifier with fixed gain.* In fact,
the gain is not constant but depends dynamically upon
the photon population P\(f); the dynamic feedback
(saturation) stabilizes the intensity fluctuations.®®

This stabilization is most effective at low frequencies
where the atomic population inversion can respond to
the photon fluctuations. In Fig. 3 we have plotted the
zero-frequency spectral density®* [compare Egs. (1.10),
(1.14), and (2.23)]

3NAP1(0)o/Cr(®)=3va7r _
=yalaly/(MTatmnP)?  (6.3)

as a function of Py. The correlation time 77 is relevant
to the low-resolution coincidence measurements of Eq.
(1.15a). Because ya=v»/(1-+Py), the ratio (6.3) is in-
dependent of v, Here, as before, the weak-pump
approximation

37AP1(0)o/Cr() [;vggnl;= (A+Py), (6.4)
based upon Eq. (2.25a), overestimates the low-frequency
fluctuations.

In Fig. 3 the relative low-frequency intensity fluctua-
tions increase with photon population Py>1 until they
reach a maximum near the threshold value?

Py = (To/m)z>>1

4 E, I. Gordon, Bell System Tech. J. 43, 507 (1964). _

" The corresponding threshold pumping rate is Ru=TmP\/
m\(14P)) ~Taya/m\ if To/m>>1, as it generally is in practice.
The approximate form is equivalent to the familiar Schawlow-
Townes criterion [A. L. Schawlow and C. H. Townes, Phys. Rev.
112, 1940 (1959)]; however, it is less useful to us than the criterion
(6.5) because Py is extremely sensitive to very small fractional
changes in R for B~ Ru.

(6.5)
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F16. 4. Power spectrum of relative intensity fluctuations 1y \AP;(w)q/Cr(x) versus angular frequency « for different average popu-
lations Pylfor the lasers of Table I: (a) gas laser, (b) solid laser, and (c) solid-state diode laser. Low-frequency values agree with Fig. 3.
The curves for very small and for very large P, are qualitatively similar for all lasers. For intermediate Py values, the solid-state lasers
differ from the gas laser in that they exhibit sharp increases in noise at resonance frequencies lying just below the high-frequency cutoffs.

of the photon population for which Tyyx=myrP», the
boundary of the weak-pump and strong-pump regions of
Sec. 2. Above this threshold, stabilization is effective,
and the relative fluctuations decrease rapidly with in-
creasing P,. Below threshold the fluctuations follow the
weak-pump expressions. The threshold (6.5) is also the
population level at which a finite fraction (3) of any
incremental increase AR in pumping rate R is reflected
in the laser-mode output. Well below threshold
1AAP\/AR~0; well above threshold y\AP)/AR=1.

Spectral distributions of the intrinsic quantum in-
tensity fluctuations are indicated in detail in Fig. 4.
There we have plotted the relative power spectrum3*
[compare Eq. (2.23)]

31AP1(w)e/Ci(»)
12w+ T5T3)/(14+Py)

- Il maPr—w?)24w(To+92)2

as a function of angular frequency w for different values
P,. This expression is relevant to the single-detector
measurements of Egs. (1.17) and (1.19). The low-
frequency values in Fig. 4 are consistent with Fig. 3.

The parameters for the gas laser of Table I are such
(T2>7,) that the function (6.6) remains nearly con-
stant at its w=0 value for all w’<w.?, where

(6.6)

w= (TatmaPy/T2)? (6.7a)
—— Y/ (1+P))? (6.7b)
Pa<Ptn
—— 2P/ (P2 +Ph)2. (6.7¢)
P\>Ptn

For w?> w2 the function (6.6) decreases as y»2/w?(1+Py),

to within the factor (w?4-T'sI's)/(w?+T5?) which is dif-
ferent from unity only for P> Pi.*8 For very small
and for very large populations Py the solid-state-laser
spectra are similar in their general features to the gas-
laser spectra of Fig. 4(a). However, for a broad range of
important intermediate Py values the solid-state spectra
are qualitatively different. Superimposed upon the ex-
pected smooth background are strong anomalous noise
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Fi16. 5. Frequencies w, (solid lines) and w, (dashed lines) versus
phonon population P, for the lasers of Table I. Values of wy. are
only indicated for those P, such that w.,?>0; this condition never
obtains in the gas laser. At the ends of the indicated w, curves,
wn, falls abruptly to zero.

48 Recall that at extremely high frequencies our results are in-
valid because the rate-equations upon which they are based no
longer obtain.
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F16. 6. Relative response v2[AP1(w)/Ci()]/APrr(w) of the lasers of Table I to pump-fluctuation noise versus the angular fre-
quency w of that noise: (a) gas laser, (b) solid laser, and (c) solid-state diode laser. The different curves belong to different values of the

population Py.

peaks near the high-frequency “spiking” resonances of
the laser.
The function (6.6) has an extremum at w=0 and, if

o= — Dol {[Ta(Tet720) +mmPr ]2

—Toy(To+1)212>0, (6.8)

it has maxima at w=2w,. (If w,2<0, w=0 is the only
maximum; if ,2>0, w=0 is a minimum.) The condi-
tion ,,2>0 never obtains in any laser when Py=0 or
when P> Po,=max(T's/myyy/m), facts which account
for the qualitative similarity of all spectra (6.6) at the
extremes of small and large P values

21 AP(w)g/C1()
——— Y (0 Hw2)(1+P) (6.9a)
szﬁth
——— Y/ (@12 P. (6.9b)
Px))ﬁnp

The requirement w,2>0 is not met for any population
P, in the gas laser; however, it is met for some P, in the
solid-state lasers.

In the pumping range for which the anomalous peaks
are strong and sharp, the amplitude fluctuation noise
(6.1) is predominantly concentrated in those peaks.
However, notice that the anomalous w, peaks do not
influence the correlation time 7r defined in Eq. (6.3)
and that their noise contributions are not relevant to the
low-resolution coincidence measurements of Eq. (1.15a).

In Fig. 5 we have plotted the cutoff frequency w. of
Eq. (6.7) as a function of Py. Note the dip in w. at
Py=Py,. For the solid-state lasers we have included in
Fig. 5 plots of w,, for those P values for which w,?>0.

In Fig. 6 we have indicated how the lasers of Table I

9 Cf. Ref. 32, especially Eq. (56) ff, and the references cited
therein,

respond to bona-fide pump fluctuations.* We have
plotted [compare Eq. (2.16)]

1?2 APr(w)rs
APRR(LO) C1(°°)

B [mxa(1+Py)/Pr ]
(IaTetmyPra—w?)24wX(Tat-92)?

(6.10)

as a function of angular frequency  for different values
of Py. Here APrg(w) is the pump-noise power spectrum
of Eq. (5.8). As in Fig. 4, the different lasers are quali-
tatively similar at the extremes of very weak and very
strong pumping; however, the solid-state lasers differ
in the intermediate pumping region through the ap-
pearance of spiking resonances near the frequencies
F+w,.*? These resonances appear at frequencies w=Z-w,
when

wr=mnPr—3(T2+72) (6.11)
is positive. The conditions for which w,?>0 are similar
to those for which w,,2>0.

In testing the high-frequency predictions of the theory
of this paper,*® it may prove useful to modulate the
laser output intensity by modulating the cavity loss
parameter v). This is equivalent in Egs. (2.1) to intro-
ducing an external signal

s(@t)=—DPron\(t). (6.12)
If the modulation has the time dependence
Sya(t)= £y coswt, (6.13)

where the relative modulation £ is sufficiently small that
a linear analysis applies, it follows from the equations of
Sec. 2 that the relative modulation of the photon in-
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Fic. 7. Magnitude M) (w) of the relative response of photon intensity in the lasers of Table I to modulation of the cavity loss param-
eter v, versus the angular frequency w of that modulation: (a) gas laser, (b) solid laser, and (c) solid-state diode laser. The different

curves belong to different values of the population P,.

tensity is
8PA(t)/Py= — EMx(wo) cos[wot— dx(wo)], (6.14)

where
a2(e?+Ta2) 1/2
i |
(M DetmyaPr—w?)?+wX(Tet-92)?
(6.152)
and
w(T2—myPrtw?
6x(w)=Arctan{_ : —~ n )\_)‘ ) } . (6.15b)
To*y4 LomyaPr+ w72

The modulation function M»(w) has been plotted in
Fig. 7 for the three lasers of Table I. The curves show
many similarities to those of Figs. 4 and 6. Note in par-
ticular the resonance peaks at w=twys for the solid-
state systems when

wit= =T+ {[To(Tot-70)+mmPr ]
— 1—122(f‘2+’7)‘)2} 12 (616)
is positive.

We shall not endeavor to compare our results in de-
tail with measurements of intensity fluctuation noise
in lasers near threshold until after we report in Paper IT
the generalizations appropriate to finite occupation of
the lower laser level (V1520).% However, we should re-
mark that the intensity-fluctuation measurements re-
ported to date are in excellent agreement with the theory

% Tt can be shown that, as the rate of decay from the lower-
laser level increases toward infinity and N, — 0, the finite-NV,
four-level-laser expressions reduce to those derived above.

described above. Prescott and Van der Ziel?* measured
the output spectrum of a photon counter in that fre-
quency range where the intrinsic laser noise exceeds
the counter shot noise; their results for the He-Ne gas
laser are qualitatively consistent with the spectra of
Fig. 4(a). More recent gas-laser measurements by Freed
and Haus® are in quantitative agreement with our
theory, as are the measurements of Geusic? for the solid
YAIG:Nd laser. Geusic’s measurements show the spiking
resonance peak expected in the solid system and shown
in Fig. 4(b). A similar resonance peak has been seen in
the ruby microwave maser by Bloembergen and
Dimitrewsky.® Armstrong and Smith?*2 used low-
resolution® coincidence techniques to study the GaAs
diode laser; their measurements of 77 of Eq. (1.16a) are
quantitatively consistent with Eq. (6.3) and Fig. 3,
to within the accuracy of the parameters of Table I.
Multimode effects consistent with the predictions of
Sec. 4 have also been observed in the solid” and diode??
lasers.
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% If 75 is the coincidence resolving time, measurements have
“low resolution” if 7w >>1 for the appropriate P, values. In the
diode laser above threshold (compare Fig. 5) wm~wc>10°
sec>7r1=2X108 sec™? for the Armstrong and Smith resolving
time rp=5X107? sec.



