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Theory of Superconductors Containing Magnetic Impurities*
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We have studied in detail and extended the recent theory of Gor'kov and Rusinov which describes super-
conductors with ferromagnetically aligned impurities, under the assumption that the electron mean free
path due to spin-orbit interaction is small as compared with the coherence distance. We show that all usually
considered physical quantities of such a system are identical to those of a superconductor containing
magnetic impurities with randomly oriented spins, and point out those vertices for which differences should
arise. In addition, we investigate the magnetic properties of such systems. The upper critical Geld as a
function of impurity concentration and temperature is calculated, and it is shown that the specific heat at
the transition point in the presence of a field is a function of temperature only and does not depend on the
magnetic-impurity concentration. The last results can explain the recent experimental 6ndings by Finne-
more et al.

I. INTRODUCTION

'HE question of whether or not ferromagnetic
alignment of impurities can occur in a supercon-

ductor if it occurs in the normal state of the same metal
has been of considerable interest. It is well known that
the momentum-dependent electron-spin susceptibility
x(q) vanishes for q=o at zero temperature if the system
is in the BCS-superconducting state. Since g(0) is
related to the spatial average of the electron spin density
it seemed dificult to understand some experimental
results, ' which indicate that ferromagnetic alignment of
the impurity spins in certain superconducting systems.
It is well known, however, that the ability of magnetic
impurities to Qip the electron spina gives rise to a finite
spin susceptibility in superconductors. Furthermore,
spin-orbit interactions, which seem to be important in
the materials of interest, can lead to a spin suscepti-
bility in the superconducting state which is almost
identical to that in the normal state. This was first
pointed out by Ferrell and Anderson in connection with
the Knight-shift problem. Under these circumstances
it seems plausible that the impurity spins will line up
also in the superconducting state if they do so in the
normal state. Gor'kov and Rusinov, ' in fact, showed
in a detailed analysis that there will always be a region
in the temperature-versus-impurity-concentration plane
in which the superconducting state will have non-
vanishing average electron-spin polarization. While, in
the absence of spin-orbit interaction, this region is
limited to low temperatures and small concentrations,
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the above authors obtained the result that in the case
of large spin-orbit interaction (i.e., the mean free path
l„between spin Qips is much smaller than the co-
herence distance $o), this region can be extended con-
siderably. In the limit l ~0, the alignment of the
impurities does not reRect itself in the dependence of
the transition temperature on impurity concentration,
which is the same as for impurities with randomly
oriented spins. '

The aim of this communication is twofold. First, we
want to extend Gor'kov and Rusinov's formalism so that
the spin-orbit interaction is included explicitly in the
Green's function. For short spin-orbital mean free path
the calculations simplify considerably and by including
terms of order /„/$o, but no higher, the problem of
ferromagnetically aligned impurities can be reduced to
that of impurities with random spin orientation for
practically all physical quantities. This will be done in
the next section. Second, we want to investigate the
magnetic properties of superconductors with magnetic
impurities and compare them with the experimental
endings by Finnemore et a$. This is done in Sec. III. In
Sec. IV the conclusions of this work are assembled.

II. FERROMAGNETIC SUPERCONDUCTORS
WITH LARGE SPIN-ORBIT

INTERACTION

In the following calculations we will assume that in
the solvent material (e.g. , lanthanum) the electrons
have a mean free path between spin-fiips due to spin-
orbital interaction which is at least one order of magni-
tude smaller than the coherence distance. This inter-
action can be caused by nonmagnetic impurities, dis-
locations, and inhomogeneities in the sample. The mean
free path / between collisions which do not involve an
electron spin-Qip, will be somewhat smaller than l.,

We calculate now the temperature Green's function
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~ ~a su erconductor with magnetic impurities using a
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In the limit of a short spin-orbital mean free path, /, ,
the expressions simplify considerably. In that case we
introduce two new quantities I, v dered by

I=-', (I++I ), t =-,'(I„-ss )

and expand in powers of e. It is shown in the Appendix
that up to terms linear in s, a combination of Eqs. (13)
gives

M 1 1 I 7'80—=I + +O(r,.'ls) . (16)(1+I')'I' rsvp 2A

a = 1/rsvp+ lsr„/2A. (17)

This equation is of the same form as the one found by
Abrikosov and Gor'kov' for the case of magnetic im-
purities with random spin orientation. Those authors
showed that the most important eRect of such impurities
is to break electron pairs and that the strength of the
depairing e6ect is characterized by a depairing param-
eter n which equals ts= 1/rsvp. Equation (16) shows that
the same features hold also for ferromagnetically aligned
impurities with the only difference that the depairing
parameter is now of the form

In our case the difference in the density of states for
spin-up and spin-down electrons is washed out by the
short electron-spin relaxation time and we are left
(because of the depairing effect) not with a BCS type
of density of states but with a type which applies to
many pairbreaking situations. '

Two-particle correlation functions which can be
related to vertex functions as discussed in Ref. 6 will
depend on ~» only if the vertex contains components
which do not commute with p&0-3. In that case, the terms
proportional to 7» ' enter with different signs into the
two Green's functions which belong to every vertex.
Inspection of the vertices in Ref. 6 corresponding to the
commonly considered physical quantities shows that
the only quantity which has a vertex which does not
commute with p30.3 is the nuclear-spin relaxation rate.
Since in that case the main contribution to the relaxa-
tion rate comes from large momentum transfer, the 7.»
dependence can be neglected here, and we are again
back to the problem of random impurity spin distribu-
tion. Thus we conclude that all physical quantities of
interest are identical for ferromagnetic and paramag-
netic impurities if the depairing parameter is modified
in the former case.

Thus the alignment of the impurities leads to an en-
hancement of the pairbreaking effect.

In order to show that all physical quantities of
interest will be unaffected by the alignment of the im-
purity spins, except for enhancement of the depairing
parameter, we have to investigate the inAuence of the
term icos which appears in G '(p, a&„) Lsee Eq. (11)].For
this purpose we introduce two functions $+ which are
defined by

$g= $&iA.

They can be readily calculated from Eqs. (10) and are
given by

(~= $+(iS./2r is) fg~/(N~s+ 1)"'j
where

1/ris ——2nsX(0) dQ Ni(8)ls(e) .

Thus we see that expressions which involve an integra-
tion of G(p, oi ) over d$ as, for example, the tunneling
density of states, will not depend on 7» and hence will
be the same as for impurities with random spin orienta-
tions. Physically and mathematically the situation is
similar to the one met in the case of anisotropic super-
conductors, where the anisotropy is washed out by the
addition of impurities, which leads to an isotropic gap
and to a sharp tunneling density of states as given by
BCS.

Gs '(poi. )=(s& +sl v —IPs~s —
kyPs

—~Pl~s) ' (20)

where q is the pairing momentum in the presence of a
current and v=p/m. The self-energy due to impurity
scattering is again given by Eq. (5) so that the Green's
function G as defined by Eq. (4) can be calculated as
easily as in the zero-current case if we restrict ourselves
to the dirty limit v.A«1. It is convenient to introduce a
quantity f defined by

,'r„(qv,)'/a- (21)

which characterizes the strength of the depairing e8ect
due to the current. In this, rt,, denotes the transport
incan free time. We obtain in analogy to Eq. (13) the

s K. Mski, Progr. Theoret. Phys. (Kyoto) Bl, 378 (1964).

III. MAGNETIC PROPERTIES

We want to study in this section the behavior of
superconductors containing magnetic impurities in the
presence of a magnetic field. This is of particular interest
in view of recent experiments by Finnemore e1 al. on
Gd-La alloys. It is advantageous to consider first the
case of a uniform current Qow in the superconductor
which is quite similar to the magnetic field case. ' Thus
we start with a zeroth-order Green's function Gs(p, oi„)
which can be written as
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following set of equations.

np 1 (5,)' 1 3
co~= oo&sI+ + +

(I s/1)r/s 27- 5s rs 2 (Ny&/1)i/s

and Eq. (24) becomes

T ooo+ rr+ f/

ln =2rrT PToo»o (&n+&) b +—I (28)

N~ (5') 1 1—+-
(up'+1)'/' 5' rs r„

—1 (5,') 1 t h(2N~' —1)
Z~= 6+
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1 — (5,') 1 1

+
(I—++1)'/' 5' rs

b

lit(s+ p+) —l((—) =0. (29)
(gs I2)1/2)

+11—
E.

Here we have dropped all terms of higher order in (rA)
and also terms of the order r/r„which we assume to be
much smaller than unity. In order to obtain an equation
for the maximum pairing momentum (later upper
critical field) as a function of temperature and impurity
concentration, we make use of the equation for the order
parameter 6 which we write as

Here p(s) is the digamma function and p+ are defined as

pg= (2~T) '{aW(b'—I )'s/') . (30)

Equation (29) can be used to determine the maximum
pairing momentum q. It also applies for the determina-
tion of the critical Geld parallel to a thin Glm and the
upper critical Geld B,~ of a bulk sample. In the former
case we simply have to replace I7' in Eq. (21) by

(23)Tr{pr&so(pp& ))
(2~)'

The right-hand side can be expressed in terms of poly-

(22) gamma functions and we obtain

with g denoting the strength of the electron-electron
interaction potential due to phonons. %e rewrite Eq.
(23) as

T
ln =7rT Q —Re

T.o - ~ (I+'+1)"'

where T,o is the transition temperature in the absence
of a current and impurities. "Re" means that the real
part has to be taken. If the transition to the normal
state is of second. order, ' we can use 6 as an expansion
parameter near the transition point. In that case Eqs.
(22) simplify to

g'-+ sr(iV+2')' (31)

where V operates on the space-dependent order param-
eter, and to multiply both sides of Eq. (29) from the
right with h(r). ro Equation (29) simplifies considerably
if we restrict ourselves to certain limiting cases.

q' —& (l eA(x)]')

where A(x) denotes the vector potential and the brackets
indicate that a spatial average has to be taken. In the
latter case we have to replace as shown by one of the
authors (K M )"

oo+ Xp a+bX+/X——, —
co =X=/I+bX /X+

where we have set I+=X+/& and

(25)
a. Random Imyurity Syin Orientation

If the magnetic impurities have randomly oriented
spins, it follows that I=O. In that case

1 (5,')+(5,') 1 1 1 (5~')
+—+i-~, &=——,. (26)S' +80 T2

Thus

where

»(T/T 0)+it'(s+po) k(s) =0

ps= (1/2rrT){1/rs+2rt, r/g'q /3)

(32)

(33)
x,=,+a b(,+~+~)/( +—~+b) (»)

for the current and parallel magnetic-Geld case, while

9 While in the case of a magnetic field parallel to a thin film or
perpendicular to a type-zr superconducting sample the transition
to the normal state is of second order, the situation considered
here, namely that of a uniform current Qowing, can lead to a first-
or second-order phase transition depending on the geometry
Lsee P. Fulde and R. A. Ferrell, Phys. Rev. 131, 2457 (1963)g.
Since we are actually interested in the magnetic-field case we
assume in our calculations a second-order transition.

po = (1/2rrT) {1/rs+ rq„spseII/3)

for the upper critical Geld case of a bulk sample.

IK. Mahi, Physics 1, 21 (1964); 1, 201 (E) (1964).

(3&)
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b. Short Syin-Orbital Mean Free Path

If the impurities are ferromagnetically aligned and
the spin-orbital mean free path is short, we can expand
in terms of b '= r„and obtain

»(TIT.o)+0'(a+ps+I'r. o/47rT) 0'(s) =0

and from that by expansion in terms of Isr /47I T

1.0 '

0.8

&H IT, —,-) 061

e~'~H„(o,o) „
0.2

I / I

o La 0.2 at. l. Gd
d

d

d
ve)

»(T/T. )+0(l+p.) O(')--
+(I'r-/4~T)4'(2+pp) =o (35)

0
0 0.2 0.4

5 o
O.b 0.8 1.0

Here g '(s) is the derivative of the digamma function and
terms of the order (r„A)' have been dropped. At low
enough temperature or high enough impurity concen-
trations the correction terms may become important
even if v„ is very small.

In Fig. (1) we have made a comparison between the
result of using Eqs. (32) and (34) and experimental data
obtained by Finnemore et a/. In those experiments the
upper critical Q.eld was determined as a function of
temperature and impurity concentration. Since no inde-
pendent measurement of the resistivity was made for
the samples involved, we don't know the mean free path
in them. Therefore we have to assume a relationship
of the form

1/r„=1/r„' +regna (36)

where r&,&" is the transport mean free time in the
absence of magnetic impurities and to determine 7.

t,
(')

and q by fitting the slopes of the curves for the La
0.2 at.% Gd and La 0.5 at.% Gd samples. The data, for
the pure La sample given in Ref. (3) cannot be used in
such an analysis because the material was swaged and
hence had an especially short mean free path. Figure 1
shows that it would be desirable to have the measure-
ments extended to lower temperatures.

In order to investigate the jump in the specific-heat
curve and the slope of the magnetization curve near
H.~, we need to know the free energy. For this purpose
we set

H,s*(T)=H, p(T) —3/ri, t)p'ers (37)

where H, s(T) is the upper critical field in the absence
of magnetic impurities. Then we can use the expressions
derived by one of the authors (K.M.) for the Helmholtz
and Gibbs free energy Ii and G of a type-Ix supercon-
ductor in the immediate subcritical region with depair-
ing taken into account. "Ke only have to replace H, & in
Maki's expressions by H, s*(T). Thus we obtain for the
difference of Gibbs free energy between superconducting
and normal state

I"xG. 1.Upper critical Geld II,~ as a function of reduced tempera-
ture t=T/T, p for different magnetic impurity concentrations
alit/rs. The experimental results were obtained by Finnemore
et al. and are compared with the present theory. Since the mean
free paths l in the presence of magnetic impurities and l(0) in the
absence of magnetic impurities are not known, an adjustment
has been made as explained in the text.

in Ref. 10. Furthermore, use has been made of a relation
between AG and AF namely

(39)

where 8 is the magnetic induction.
The slope of the magnetization as well as the jump in

the specific heat at the transition point can be obtained
from Eq. (38) directly. We find for the slope of
magnetization

BM1 '8' (H,s*—Hp)' 1
4z

c)Hp Ss' BHp (2xs (T)—1)P (2xs (T)—1)18

(40)

82
2 C, = T(AG)—

BT

T 1 /BH, s*'1)

rr, rr„* 41r(2xs'(T) —1)19k BT 3

T 1 /aH, p(T) '

4 (2a '(r)—1)pk Br )

It is interesting to notice that the parameter xs(T)
depends on the temperature T only and is independent
of 7-2. This is a consequence of the additivity of the
different pairbreaking mechanisms involved. Since
xs(T), however, also depends on r the above statement
is correct only as long as 7 does not change appreciably
if magnetic impurities are added. It would be interesting
to check the independence of the slope of the mag-
netization on the magnetic impurity concentration
experimentally.

The jump in the speci6c heat at the transition point
can be calculated from

1 (H, s*—Hp)'
BG= ——Hps+

8~ (2.,s(T)—1)P
(3g) Thus also AC1, is independent of magnetic impurity

concentration and a function of temperature only. Again
this is a consequence of the additivity of the different

where H p is the applied field and )rs(T) and P are defined pairbreaking mechanisms involved.
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Finally, we want to remark that for large a& values
(/(2& 2 is sufficient) the dependence of the slope of mag-
netization and the jump in the specific heat at the transi-
tion point on the mean free time v- is much simplified.
We obtain in that case

—42r(BM/882) = 1/2/(22(T) p (40a)

which is proportional to r' while

1 (BH.2*/BT)'
AC, =—

2.,2(T)P
(41 )

is independent of ~ and depends on T only.
The independence of AC, on the magnetic impurity

concentration was shown by Finnemore et al. thus sup-
porting our theory.

IV. CONCLUSIONS

The above calculations show that the problem of
ferromagnetically aligned impurities in a superconductor
can be reduced to the one of impurities with random
spin orientation if the mean free path due to spin-orbit
interacti(on is much shorter than the coherence distance.
The only difference arising is an increase of the depairing
parameter with impurity alignment. Thus all calcula-
tions for physical quantities such as tunneling density
of states, specific heat, electrical and thermal conduc-
tivity, etc. which were done for the paramagnetic case
apply also for the ferromagnetic case. As discussed in
the text, that is somewhat accidental since physical
quantities involving certain spin triplet vertices give
diferent results in both cases even in the limit of short
spin-orbit mean free path due to the appearance of
certain mixing terms. But none of the usually considered
quantities involves such vertices. The experiments by
Finnemore et al. on Gd-La alloys are found in good
agreement with the theory. Especially the additivity of
the pairbreaking effects of the magnetic impurities and
the Geld are nicely born out in those experiments. On
the other hand, it would be desirable to have experi-
ments performed which are designed to test the increase
of the depairing parameter due to impurity spin
alignment.

(0 1 1—=Q I+ +0( '),
r26 (u+1) / J r h(u+1) /

zI 2v
+0(2)

(u'+1) 1/2 ...~
by making use of the following expansions

(A2)

R+ Q 2N 3v

(~ '+~)"' (~-'+&)'" (~'+&)"' &0+~')')

2v

(u 2+])1/2 (u 2y1)1/2 (u2+1)2/2

Q+ u 2u f 2/2(4u2+1)
+ =

I 1+
(u '+1)"' (u+'+1)"' (u'+1)'"k 2(u'+1)'

Q+ s 2'v

(1+2u') .
(u 2+ 1)1/2 (u 2+ 1 )1/2 (u2+ 1)8/2

From (A2), Eq. (16) of the text follows immediately.
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APPENDIX

In order to derive Eq. (16) we rewrite Eq. (13) as

Ii 1 (5,') u~
I+ I

T26 52 (u~2+ 1)1/2

(1 (5,') 1 up

5' ..a)(u~'+I)"'
1 (5.') 1 u~

(A1)
r26 5' 2 0, (u~2+1)'/2

We expand the sum and difference of Eqs. (A1) in terms
of I, v and obtain


