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A recently proposed method for calculating partial-wave inelasticity dynamically is applied to the high-
energy p-p scattering. The two nucleons are considered spinless. Their left-hand-cut contribution is calcu-
lated by making a §-function approximation of the absorptive part in the crossed channel. Partial waves
with /<[, are taken to be completely imaginary and those with 1>/, are considered to be given by the Born
term. Certain interesting features of the present model are discussed.

I. INTRODUCTION

METHOD for calculating partial-wave inelas-

ticity n;=e¢2 ™% where §; is the phase shift, has
has been proposed recently.! The basic assumption of
the method is that above the inelastic threshold a large
number of reaction channels open so that the partial-
wave amplitude is essentially imaginary in the inelastic
region. Correspondingly, Reé;=#nmw, where # is an
integer, above the inelastic threshold. In this paper, we
apply the above method to high-energy p-p scatter-
ing.>~* The problem of explaining p-p scattering at high
energies has been considered by many authors.’~2 We
assume that the two protons are spinless and that their
left-hand-cut contribution is given by a é-function
approximation of the absorptive part in the NN channel.
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Partial waves with orbital angular momentum I<1, are
taken to be imaginary (ie., they are diffraction
scattered), and those with />, are considered to be
given by the Born term and therefore are real.

In Sec. II the present model is formulated. In Sec. III
the results of calculation are given. In Sec. IV certain
features of the model are discussed and compared with
other models.

II. FORMULATION OF THE MODEL

We first recall here some of the basic equations which
are needed for calculating the inelasticity 5; dynami-
cally.! The physical partial-wave amplitude is given by

Ay= (¢1—1)/ Zip= (nie* Ret1—1)/2ip, ey

where p=[»/(v+1)]/% and » is the square of the c.m.
energy.* A function 6, is defined in the following way:

pr12 /°° Imés;(v')dv’

v VG =)

0,=

2

™

where v; is the inelastic threshold. If now a new partial-
wave amplitude a; is constructed by writing

14-2ipay=e*[1+2ip4,], )
then @; can be expressed as
;= (62ial— 1)/21[) , where «a;=206,—0;. (4)

Since Imé;=Iméb,;, o, is real throughout the physical
region (»>0) and a;, therefore, always obeys elastic
unitarity. For »>w; we can write ,=A;+7Ims;, so
that from Eq. (2),

Al(u) 1 fw Im&z(v')dv’

w Loyming =)

= ©)

VH-1/2 T

Equation (5) can be inverted by using the following
boundary conditions!:

(i) Imé;(v)=0 at vy=u,,
(i) Imé;(»)/»*1/2 vanishes when » — o,
(iii) 6;(v)/v*+/2 behaves as a constant when » — 0.

Condition (i) follows from the fact that at the inelastic
threshold only the elastic channel is open and no

24 The proton mass is taken as unity. Also, c=F%=1.
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reaction occurs. Conditions (ii) and (iii) are essentially
contained in Eq. (2). In this equation, we have assumed
that

/‘w Imé;(»")dv’

b V() — )

is a well-defined integral and this implies that
Imé;(v)/»*+/2 should vanish for »— . Condition (iii)
indicates the threshold behavior of the function 6,(»).
This behavior in turn is imposed so that the partial wave
amplitude a;(») has the same threshold behavior as the
physical partial-wave amplitude 4;(»). After inverting
Eq. (5), we obtain

Im&z(u) _ (V"‘Vi)lﬂpfw Al(vl)dl/’
piti/2 T vi ylH12 (1,’- V€)1/2 (V’_ y)
_ r— Vi)”zP/w Red; (v")dv'
T Vi V’H—1/2(V’_ Vi)llz (V/—"V)
(v—wa)l12 = a;(V)dv'
[ o o=y ©

(using o= 51— 01= Reaz— Az) .
Equation (6) is exact. In the model proposed to calcu-
late inelasticity, »; is assumed to be large so that Red;(»)
in Eq. (6) can be approximated by its asymptotic value
nm; the phase shift a;(»"), on the other hand, is obtained
from a given force (or left-hand-cut contribution) and
the elastic unitarity, using N/D or inverse technique.
Equation (6) thus furnishes a dynamical method for
calculating inelasticity.

However, Eq. (6) as it stands is not suitable for
calculating Imé&;(v) when » is large and / is large. This is
because of the factor »"*/2 which will multiply the right-
hand side of Eq. (6) in the evaluation of Imé§, The
factor /2 occurs in the theory because in defining 6,
by Eq. (2) we imposed the threshold behavior for this
function. What is needed now is a suitable asymptotic
behavior for ;. Let us require that for |v|—oo,
|6:(»)/¥2| =0(1/|v|€) where e>0. An important con-
sequence of this asymptotic behavior is that the defini-
tion of 6; used by us [Eq. (2)] will be the same as that
given by Froissart.?® The equation for 8;(»)/»*/2 corre-

25 This can be easily shown in the following way: Using the
identity
1 5l oyfn 't

v —v 2o v"+1+ (' —v)

in Eq. (2), we have

6; =19, 1 © Imé;(»')dv’
T 20 ,ﬁ'*’ VI —p)
where
l « Iméz(v’)du
Tt

Now, for |y|—w, ]0;/1:”1/2]-—0(1/ |»|¥*+€). Therefore, from the
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sponding to Eq. (6) is
0,(») 1 r Red; (v")dv'
(r— w)”"’v’“”_; /” Y2 () — U2 (5 — )
°° a;(v)dv'
—— - .
wi )y, VG — )2 — )
We expand (»'—»)~1in the following way :
1 1 vl vt
——— @
V—v v v v Wi =)
Inserting Eq. (8) into Eq. (7), we get
0:(») -1 M,
(v—pi)2pttis2 - =0 pt1
1 i Red; (v)dv'
viwt J o, VIR — )2 (0 — )
1 = a;(v)dy
i o

v J o, VIR — )2 (0 — ) ’
where

el [0

Re&l (V’)dll

’l—n+1/2(v — )1/2

1 = ar(v)dv'
o 2T (o)
7‘.7’ vi V’ l—n+1/2 (VI_ V’i)ll2
Now, the assumed asymptotic behavior for 8;/»!/2
requires
0;(») 1
=0 when |v|—w. (11)
(y— vi) V212 | | His2te
From Egs. (9) and (11) we therefore get
M,=0, »n=0,1,---,1—1 (12)
and
6:(») 1 = Red; (v")dv'
(=) 2 g VIR — )1 2(y —v)
1 r a;(v")dv'
— : . (13)
i J oy VIR — ) 2( —)

above equation it follows that 91, =0 and

W2 Imé (v')dv'

1=

7w Sy VIR —v)

which is the definition used by M. Froissart, Nuovo Cimento 22,
191 (1961).
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Fi1c. 1. The normalized differential elastic cross section X is
plotted against the invariant momentum transfer —¢ for po=11
GeV/c. The experimental points are: O Foley et al.,? [] Diddens
et al.,> ® Cocconi et al.t

From Eq. (13) we have

(v—ws)V2pli2 = Red; (v")dv'
Im&l (V) = P/
™ vy V2 — )20 —)
| =)ty ar(v)dy

=+ / . (14
T v V2GS — ) 12(0 — )

Instead of Eq. (6), Eq. (14) can now be used to calculate
Im&l(v).

To obtain (), let us first consider a fixed energy
dispersion relation :

1 /‘” A (s,t)dt ' 1 /’“’ A (s,u)du’
) .
4 4

A (s, cosh)=—

™

: (15)
2 U—u

w2 Bt T
Here, s=4(v+1)=square of c.m. energy, i=—2v
X (1—cosh), u=—2p(1+cosf), and §=c.m. scattering
angle; 2u is the mass of the lowest intermediate state in
¢ and # channels. In Eq. (15), 4:(s,t’) is related through
crossing symmetry to the absorptive part in the ¢
channel, where ¢ is the square of c.m. energy and s is the
momentum transfer. Similarly, 4,(s,s") is related to
the absorptive part in the # channel, where #’ is the
square of c.m. energy and s is the momentum transfer.
Since the amplitude 4 (s, cosf) will be an even function
of cosf for identical spinless particles, therefore, by
interchanging ¢ and # in Eq. (15), we get A.(s,t)
=A4,(s,'). The invariant partial-wave amplitude which
we obtain now from Eq. (15) is

1 1

A;(») =5/ d cosfP;(cosh)A (s, cosh)
Jateny
- 2wy

/w A t(S,t’)Ql(l-l"'zt—)dt’ . (16)

If a simple §-function approximation for A,(s’) is
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made, say,
A t(s’t,) =7T’)/5 (t'_ m02) ) (17)
then Eq. (16) gives the following Born amplitude
ABW)=(v/v)Qi(1+me?/2v) leven,
=0 ! odd. (18)

We can take, as an approximation, Eq. (18) to be also
the Born term of the purely elastic amplitude a;; that
is, we are approximating the left-hand-cut contribution
of a; by that of 4;.

At high energy (v large) the amplitude a@; which
obeys elastic unitarity throughout the physical region,
can be considered to approach its Born term,? ;%
= (v/»)Qi(1+me?/2v). Again, for large », the phase
shift e; can be considered small so that

a;= (e¥1—1)/2ip=au/p. (19)
Equating Eq. (19) with a,?, we thus obtain
ar()=[v/vP(+1)"*1Q(1+me*/20).  (20)

Equation (20) is essentially the asymptotic value of a;.

Inserting Eq. (20) into Eq. (14) and making the
approximation that Re§;=#nm and #=0 (i.e., the real
parts of the phase shifts vanish asymptotically), we
obtain

(v— vy) 12112
Imdy(y) =———
™

© Qu(l4me/20)dy
<o |
vi V(D)2 =) 2 (0 —v)

@)

To calculate the differential cross section, we have
assumed that all partial waves up to /<!, are completely
imaginary, i.e.,

Ai=i(1—n))/2p for ILI,. (22)

For I>1,, the partial waves are approximated by the
corresponding Born term, i.e.,

Az’—:AzB

= (v/»)Qi(1+me?/2v) for I>1, and leven. (23)
If we write the differential cross section as
do/d=f(0)|?, (24)
then
70)= Y (Q1)Pi(cos0) A, ()

(V+1)1/2 1=0,2,- -+
(1—771)
2p

4 @
=;—/—;{¢ l=0§ B (214+1)P;(cosh)

+ >  (@I4+1)Pi(cosh)A ZB} . (25
I=lg+2,+-
26 In potential scattering, this is known to be true; see, for
example, R. Blankenbecler and M. L. Goldberger, Phys. Rev. 126,
766 (1962).
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F16. 2. Im §; as a function of / and the impact parameter b.
The crosses indicate the calculated values. The dashed curve
represents Ima () as given by Serber (Ref. 5).

It is to be noticed that the amplitude f(6) has a real part
coming from the partial waves with />1,. The real part
can be exactly calculated by using Eq. (23) and the
formula

Y QHDP@0E)

l=nt2,nt4,- -

(n+1)

92— x2

[#Pn41(%)Qn (2) = 2Pn(%)Qnsa(2)]  (26)

for # even. This formula is obtained by using Heine’s
expansion for (z—x)~! and Christoffel’s second summa-
tion formula.?”

III. RESULTS OF CALCULATIONS

There are four parameters in the present model,
namely, #o, vi, v, and l,. The imaginary parts of the
phase shifts have been calculated numerically from
Eq. (21) using the Brown University IBM 7070
computer. It has been found that for reasonable values
of mo and »;, vy is negative. This means that the force
or the left-hand-cut contribution is repulsive. Calcula-
tion of Iméd; shows that with increasing / it decreases.
This is physically expected, since partial waves with
large I are not as strongly absorbed as those with small
I. We have also found that after a certain value of /,

2 Higher Transcendenial Functions, edited by A. Eredlyi
(McGraw-Hill Book Company, Inc., New York, 1953), Vol. 1,
p. 162.
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which we call /;, Imé; as calculated from Eq. (21) be-
comes negative. This implies that for >/, the partial
waves have to be purely elastic. The results of our calcu-
lation for p-p scattering at proton incident momentum
po=11 GeV/c are given in Figs. 1 and 2. The values of
the parameters are? mo=0.2, y=—1.25, »;=1.5 and
1,=30. In Fig. 1, we have plotted the normalized cross
section X against the momentum transfer —£. The cross
section X is defined by X=(do/dQ)em./(kor/4r)?,
where or is taken as 40 mb. Some of the experimental
results*~* are included for the purpose of comparison.28
It will be seen that the calculated angular distribution
has a diffraction peak, a sharp fall with increasing
momentum transfer and a flattening of the cross section
at large momentum transfer. These are the character-
istic features of high-energy p-p scattering for given
incident momentum. However, the theoretical cross
sections are larger by two orders of magnitude than the
experimental cross sections for wide angle scattering.4
Our calculated values for gy, oiot, and ce/oge are
respectively 11.26 mb, 36.76 mb, and 0.306; these are
to be compared with the corresponding experimental
values 11 mb, 40 mb, and 0.28, respectively.? Of the
total 11.26-mb elastic cross section, the amount con-
tributed by the real part of the amplitude is only 0.08
mb. We find the ratio of the real part to the imaginary
part of the amplitude in the forward direction to be
—0.250. This is in agreement both in sign and in
magnitude with the experimental results.2—3 The
imaginary part of the amplitude is found to be positive
throughout the whole momentum-transfer region, while
the real part is observed to change sign a number of
times. The oscillatory character of the angular distribu-
tion at large —¢ is due to these changes of sign of the
real part. In Fig. 2 Imé§; is plotted against / and also
against the impact parameter b= (I+31)/k. For the
purpose of comparison, Imé(d) as given by Serbert® is
also plotted. We have also calculated the angular dis-
tribution for po=16 GeV/¢c. It is found to be very
similar in magnitude to that for po=11 GeV/¢. On
the other hand, experimentally* the wide-angle cross
sections for 16 GeV/c are smaller by a factor of 10 than
those for 11 GeV/c. This indicates that the present
model is inadequate to explain the strong energy de-
pendence of high-energy p-p scattering.

28 Qur value of X in the forward direction is <1, because the
experimental total cross section or is larger than the calculated
total cross section.
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IV. DISCUSSION

One important point the present model illustrates is
that physically meaningful inelasticities can be calcu-
lated from the left-hand-cut contribution.®* It is
interesting to compare this with the eikonal approxima-
tion where inelasticities are obtained by using purely
imaginary potential.?® The model indicates that the
scattering amplitude is not purely imaginary (we recall
that Imd; becomes negative after a certain value of 7),
but has a real part. The real part can be appreciable for
all values of —i. It has both the right sign and the right
magnitude in the forward direction. The theoretically
predicted angular distribution has the qualitative
features of the experimentally observed distribution,
namely, a forward diffraction peak, a sharp fall, and a
levelling off at wide angles. However the present model
is very inadequate to explain the strong energy depend-
ence of high-energy p-p scattering.* This probably
shows that the approximation made to obtain the left-
hand cut contribution, viz., replacing the absorptive
part in crossed-channel by a & function, is too simple-
minded. It will be interesting to see the effect of
improved left-hand-cut contributions. The fact that
A8 in the present model is the same as the first Born ap-
proximation of an energy-dependent repulsive Yukawa
potential, may indicate that at high energies the force is
perhaps dominantly repulsive.

It is instructive to compare the present model with
various other models which have been suggested to
explain high-energy p-p scattering. In the diffraction
scattering models,> 71! the scattering amplitude is con-
sidered purely imaginary. The partial-wave inelasticities
are calculated by assuming certain potential or by using
some other phenomenological description.®* In the
statistical model, '3~ one only attempts to explain the
wide angle scattering by assuming this to be due to the
decay of a compound system. The small angle scattering
is considered due to peripheral processes and therefore,
beyond the scope of this model. In nonlocal field-
theoretic model,'® one simply calculates the scattering
amplitude corresponding to some Feynman diagrams
and modifies them by suitable form factors. The scatter-
ing amplitude is completely real in this model and as
such the diffraction region is regarded outside the scope

3 In contrast, in Ref. 1 it was found that the usual one-pole and
two-pole approximations of the left-hand cut do not give physically
acceptable inelasticities at high energy.

3 R, Omnes, Phys. Rev. 137, B653 (1965) has shown how an
imaginary optical potential can be found which, when used in
eikonal approximation, fits a given scattering amplitude at high
energy.

3 %)}]’ptical-model calculation with a real part of the potential
has also been done. See Ref. 6.
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of the model. In Regge pole models,?® one tries to
explain the diffraction region in terms of the dominance
of a few Regge poles. In the large momentum transfer
region, contributions from many Regge poles and also
from Regge cuts are thought to be important and
therefore, cannot be described in a simple manner.

In conclusion, we would like to emphasize the
dynamical nature of the present model and to point out
that in a model of this type, one has to explain in a
unified manner the small-angle as well as the wide-
angle scattering.

The author wishes to thank Professor D. Feldman
and Dr. K. Kang for their interest.

Note added in proof. The following two remarks are
worth making:

(i) In the context of this paper, by »; large what has
been meant is that, above the value »;, we can physically
expect a large number of inelastic channels to be open;
partial waves with small / can then be thought of as
diffraction scattered and should be essentially imagi-
nary (i.e., Redi=0) above v;. The value »;=1.5m?
(m=nucleon mass) corresponds to s=10m? and c.m.
energy 3 GeV. This is appreciably high above the p-p
elastic threshold and we can expect a large number of
inelastic channels open at this energy.

(if) Imé;(v) as given by Eq. (21) has not been shown
to be consistent with condition (12). In fact, it is not.
The reason is that Imé;(») as given by (21) is an approxi-
mate result, while (12) will only be satisfied by the
exact result. Now, derivation of Eq. (21) is based on the
following two approximations:

(a) Red;(v)=0 for w>y;,
(b) ai(») is given by Eq. (20).

Arguments for the first approximation are given in our
previous remark. As for (b) this approximation is based
on two arguments: first, for » large a;(v) is expected to
be small, and second, a;(v) is expected to approach its
Born term a2 (v). Thus, we can consider Eq. (21) to be
a reasonable approximation. However, if condition (12)
is not satisfied, then the function 6;(v)/ (v— v;)/2'/2 cor-
responding to Eq. (21) does not have the right threshold
behavior. What this means is that Eq. (21) cannot be
considered reasonable when we are using it near
threshold, but it is a sensible approximation when we are
at high energy. For po=11 GeV/c, v=5.38m? and we are
in a region where it should be valid. It is worth noting
that if we want to calculate Imé;(v) at low energy, we
should use Eq. (7) in preference to Eq. (13), since the
former manifestly preserves threshold behavior.



