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The transmission of protons into an in6nitely absorbing Eckart-Bethe diBuse-nuclear-potential well has
been calculated exactly as a function of nuclear size, proton energy, and angular momentum. The trans-
mission varies by an order of magnitude from that computed by others in the critical energy range where the
peak of the evaporated proton spectrum occurs. The computed transmission is used to calculate the spectra
of protons emitted from excited nuclei and the reaction cross sections for (p,pn), (p,2n), and (p,2p) processes.
The 6t with experimental data is excellent.

excited state, are what are needed and the use of the
imaginary part of the optical-model ground-state nuclear
potential violates the fundamental assumption of the
evaporation theory that the mean free path of a nucleon
in the nucleus is much shorter than the nuclear radius.
It is more consistent with this fundamental assumption
to assume that the nucleus will absorb all protons which
penetrate into the nuclear well and reduce the computa-
tion of inverse proton cross sections to a computation
of the transmission through the Coulomb barrier.

A numerical solution to the radial wave function for a
proton in a difFuse Eckart-Bethe (Woods-Saxon)
nuclear potential and a Hofstadter charge distribution is
presented in Sec. II as a function of nuclear size and
proton energy and angular momentum. The calculation
of neutron spectra presented previously' has been ex-
tended and refined to include proton evaporation in
Sec. III. A calculation of proton spectra and multiple-
particle-reaction cross sections for which experimental
data exists is given in Sec. IV; the agreement is well
within the uncertainties introduced by an uncertain
knowledge of competition with gamma emission and
neglect of nuclear shell eGects occurring at low excita-
tion energy. The results are summarized in Sec. V where
a discussion is given of the relevance of this calculation
to our long-range eGort of analyzing high excitation
( 100 MeV) in terms of the properties of nuclear
matter.

I. DTTRODUCTION

'N a previous paper' treating neutron evaporation we
~ - derived a quantitative theory of nuclear level
densities in a disuse nuclear potential using no param-
eters based on evaporation experiments. This work was

a modish. cation and extension of Bethe's' basic theory.
The theory of the evaporation of particles from an ex-
cited nucleus proceeds from a consideration of detailed
balance'; hence, the result includes the cross section for
the inverse process, the capture cross section of the par-
ticle by an already excited nucleus. In contrast to the
ease with which neutron capture cross sections may be
approximated, the Coulomb barrier greatly complicates
the calculation of proton capture cross sections. A few

of the publications which have contributed a great deal
to our present understanding of charged-particle re-

actions are the ones by Bethe and Konopinski, ' Bethe, '
Blatt and Weisskopf, ' Huizenga and Igo, ' Scott, ' and
Kikuchi. '

Theoretical proton transmissions are very sensitive
to the assumed nuclear-well shape, positive-charge dis-

tribution, and calculational approximations used in their
derivation. The use of a square well, point positive
charge, or the %KB approximation' may aGect the
spectral shape and cause the total reaction cross section
to vary by more than an order of magnitude from an
exact calculation using a more realistic potential and

charge distribution. The optical-model well has also
been used with parameters fitted by scattering experi-
mepts from nuclei in their ground state. Unfortunately,
the capture cross sections of nuclei, while in a highly

II. PROTON TRANSMISSION THROUGH
THE COULOMB BARRIER

%e assume an incident proton experiences a potential
*Assisted by the U. S. Atomic Fnergy Commission, Contract field of force given by an attractive disuse nuclear po-

No. AT(11-1)-34 Project 26. tential given by (i)
t Now at the 'University of Kansas, Lawrence, Kansas.
f Now at the University of ¹vada, Reno, Nevada. V,t = —Us[1+expst(r —8)]—', (1)
& D. B. Beard and A. McLellan, Phys. Rev. 131, 2664 (1963).
' H. A. Bethe, Rev. Mod. Phys. 9, 69 (1937). where the constants, Vo, R, and g have been fi.tted fromP. F. Weisskopf, Theoretica/ Nuclear Physics

Uohn +/icy fk Sons, Inc. , New York, 1952). Iow-energy scattering experiments' to be Vo ——42 MeV,
4E. V. KonopinskiandH. A. Bethe, Phys. Rev. 54, 130 (1938). 8=1.35 A t F, and sf=1.45 F, and (ii) a repulsive
e J. R.. Huizenga and G. I. Igo Nucl. Phys. 29, 462 (1962).
e J. M. C. Scott, Phil. Mag. 45t, 441 (1954). e A. A. Ross, H. Mark, and R. D. Lawson, Phys. Rev. 102,
'Ken Kikuchi, Progr. Theoret. Phys. (Kyoto) 17, 643 (195/). 1613 (1956).
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electrostatic potential given by

Z zpe(rs' 2—rsrt +rr' rr' 2zpe
Vn, t=—+

~

——+ (rrs r'—)' r&rr
rs 3& r2 3

mpo (rs—r)rr'-
=—+ (rs' —2rsr'+re)—

rs 3(rs —rg)
ry&r(r2

f2+'f, (2)

where
po= (3/w)Z/(rt+rs) (rr'+rs') .

d'U) 2M
V„„,t+ Vn. t+ l(I+1) Ut =0. (3)

2M

The effective potentials for two representative wave
functions are illustrated in Pigs. 1 and 2. It is convenient
to represent the eRective potential by the convenient
approximate potential suggested by Kikuchi'.

V+V e b(a r)— — r&a
=2v&—v&—v2e-'(-&,

=Z/r+( '/tt2M)l(I+1)/r', c&r,

where the constants V~, V2, c, b, and c are chosen to
best 6t the actual eRective potential. The approximate
potential is also illustrated in Figs. 1 and 2.

The solutions for r&c are Bessel functions of complex
argument and order.

Ut =Jo[2i((2M Vs)'t'/Ab) exp —b(a —r)/2j, r &a (5)

Ut= J;v[2(+2M Vs/Ittb) exp —b(r —a)/2j, r) a, (6)

where
I=2[2nt(E+ Vr) jr t'/I'tb

Z is the atomic number of the target nucleus and r~

and r2 are given by Hahn, Ravenhall, and Hofstadter'
to be

rt=1.0/ A' t' —1.5 F, and rs 1.07 A't'+1. 5——F.
Thus the Schrodinger equation for the radial wave

function of the proton Rt ——Ut/r is

Tt(E) for three representative nuclei are illustrated in
Figs. 3—5. The partial cross sections, vr)w, s(2l+1)Tt(E),
are shown for three representative nuclei in Figs. 6-8.

The total cross section is also very useful to have

a...(E)=P, z V(2t+1)rt(E).
The total cross section is graphed in Fig. 9 for Yb'" and
compared to the geometrical cross section, two experi-
mental points, and an early exact calculation given by
Blatt and Weisskopf3 for a square well with radius
1.5A'~' F. It is apparent that even the use of as large a
nuclear radius as 1.5A't' F (instead of the more realistic
radius of 1.35A't' F) causes the transmission to be
signilcantly underestimated in the critical proton
energy range of 5—10 MeV where most of the proton
emission occurs. The increase in transmission that
occurs from using a diRuse nuclear well rather than a
square well has been stressed some time ago by Kikuchi'

P= 2[2tn(E —2Vs+ V r) )'t /hb.

For r&c the solutions are the well-known Coulomb
wave functions. ' These solutions are matched by means
of an IBM-1620 computer and the transmission of each
partial wave is thus obtained in an elementary way (see,
for example, Beard"). The partial-wave transmissions

B. Hahn, D. G. Ravenhall, and R. Hofstadter, Phys. Rev.
101, 1131 (1956).

'e Milton Abramowitz, Tables of Collomb Wave Fnnctv'ons
(U. S. Department of Commerce, National Bureau of Standards,
Applied Mathematics Series No. 17, Washington, D. C., 1952}."D. B. Beard, Qnantnm 3fechanv'cs (Allyn and Bacon, Inc.,
Boston, Massachusetts, 1963).

Fxe. 1. Nuclear VN, electrostatic V~, total Vg, and approxi-
mate Vg, radial potentials for Sn with l=O, ra=1,35; E. is jg
fermi, V in MeV.
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where Ks(E') is given by

Ks(E') =
I

En1,—B1p—Bgp—E'

N s~(E)E')dE

&m—&1p—&an—&'

~r..(E,E')dE+ J'~.~(v), (»)

Ns~(E, E') and Ns„(E,E') being the spectra of second
emitted particles (proton or neutron) with energy E
following a first proton with energy E'. When the first
emitted particle is a neutron, op in (14) must be re-
placed by o-," mR'. Fortunately, when the first emitted
particle is a neutron most of the residual nuclei are left

in a higher state of excitation than for proton initial
emission and have approximately the same excitation
since the neutron spectrum peaks sharply at neutron
energies around one or two MeV. Hence an adequate and
simple approximation to (15) may frequently be made
by setting E' equal to a constant (say zero) and avoiding
the complicated twofold integration implicit in Eqs.
(14) and (15).This approximation was made in our pre-
vious work' and can be made here for (x,np) reactions,
but the full labor of the twofold integration must be
undertaken for (x,2p) reactions.

It is frequently convenient and adequate to use the
method of steepest descent or the temperature approxi-
mation to the residual level density in performing the
integrations in Eq. (15).Thus

where

E &Epr

&» Ep'

1V~(E')dE, ' Ko,"(Es')/no( f")] ' '1—expL4n(sE„—B )]'"T 'I' exp( —E—o'/T),

T= E(E-—Bn)/no]'",

E ~~(1 5T)0.4n0. 6L1 0 17(T/n)0. 6]

f" 204/T"—n"

(16)

iV„(E')dL~"= N„(E')dE' K(ET+T') ex—p( —E/T)o. "(E)(2~no)'"T '~' exp[4ns(E —B )]'~' (17)

cV„(E')dE'=Ko,"(T/2~no)"' .expL4ns(E„—B )]'~'{1—(1+E/T) exp( —E/T)), (18)

where E —8 is the maximum possible residual excita-
tion energy and T= ((E —B„)/one]'I'.

The spectrum of protons emitted following neutron
emission is given approximately by

N(E)dE consto. p(E)Qs '~4

Xexp2(nsQs)'"(1/Ti+1/Ts) 'dE, (19)
where

Tg= L(E —B.)/ns]'I', Qs E B„B„E, —— — — —

Ts = (Qs/«)"'

IV. COMPARISON WITH A FEW REPRE-
SENTATIVE EXPERIMENTS

Allan" has measured the proton spectra emitted in
the backward direction resulting from 14-MeV (d, t)
neutron bombardment of Fe'4. The binding energies of
the possible emitted particles are such that only first
emitted protons and protons following neutron emis-
sion need to be considered since the (n, 2p) reaction is
negligible compared with the (n,pn) reaction. Binding
energies of the possible reaction products were obtained
from Baker' s" mass formula and substituted into Eqs.

2' D. L. Allan, Nucl. Phys. j.0, 348 (1959).
ss G. A. Baker Jr., Can. J. Phys. 34, 423 (1956).

(11) and (19) and the result is compared to the experi-
mental observation in Fig. 12.The excellent fit much be-
low 3 MeV is entirely fortuitous in view of the uncer-
tainty in binding energies, gamma-ray competition,
the theoretical approximations to the level density
(ignoring shell effects at low energy), the integrals in
Eq. (15), and the use of Eq. (19) at low excitation
energy.

The absolute number of protons emitted as second
emitted particles is adjusted to form a best fit to the ex-
perimental points although it was not necessary to nor-
malize the (n, n p) proton distribution in this way.
Fifteen percent of the first emitted particles are protons.
Twenty-six percent of the first emitted neutrons leave
the Fe nucleus sufficiently excited to emit a proton
with energy greater than 3.5 MeV below which energy
the uncertain knowledge of level density and gamma-ray
competition obviates the necessity for a precise cal-
culation. The (n, 2n) and (n, 2p) processes are negligible
because of the 14-MeV binding energy of a neutron
in Fe'4 and the competition of the (n,pn) process
after the Q.rst proton in Fe" is evaporated. There-
fore, the area under the curves for the (n,p) process
and the (n,n'p) process should be approximately equal

(15% 0.85 X26%) as indeed they are for the two curves
in Fig. (12).
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the ever-prevalent uncertainties in this work due to the
use of our higher energy approximation to the level
density in the residual nucleus and the rough estimate
of the competition due to gamma rays.

Cohen, Newman, and Handley" have measured the
total cross sections for o(p, 2p) and tr(p, ep)+o(p, 2e)
for 21.5-MeV protons incident on Ni5' and Zn". These
are especially useful measurements to compare with
theory since relatively few of the direct-interaction proc-
esses leave the nucleus with sufhcient energy to emit a
second particle. Our binding energies were obtained
from Wing and Varley's" tables. Our computed results
are compared with the experimental measurements in
Table II. Considering the uncertainty in binding energy
upon which the cross sections are very sensitively de-

pendent, the agreement is gratifyingly good despite
the large diGerences in cross sections for Zn6'.

V. CONCLUSIONS

The partial cross sections for the absorption of a pro-
ton. by an excited nucleus have been computed by
matching wave functions at the edge of an Eckart-
Bethe (Woods-Saxon) diffuse nuclear potential including
an electrostatic repulsion based on a Hofstadter nuclear
positive charge distribution. The partial cross sections
for nuclei of atomic number 20, 30, 40, 60, 70, 80, and 90
are presented in Figs. 6—8 and the total cross sections
are presented in Fig. 10 and in the approximate formula,
Eq. (8). As can be readily seen from Figs. 10-14, the
electrostatic barrier transmission dominates the pro-
ton emission in the energy region where the majority of
the protons are emitted. Proton spectra are thus more
dependent on an accurate calculation of the inverse cross
section than on the expression used for the level density
in the residual nucleus. The spectra and, in particular,
the various reaction cross sections are extremely sensi-

tive to the size and shape of the nuclear and electro-
static potentials. Earlier estimates of the inverse cross
section di6'er by an order of magnitude from our results
as indicated by two of the pioneering estimates illus-
trated in Figs. 9 and 11.

Expressions for proton spectra resulting from (x,p),
(x,np), and (x,2p) processes are given in Eqs. (11),
(14), and (19) and some spectra are illustrated in
Figs. j.2—14. These spectra fit the experimental data
shown in these figures very well. Because of the sensi-

tive dependence of the total proton emission on the elec-
trostatic barrier transmission an even better test of the
theory is the estimate of the total reaction cross sections
given in Tables I and II. Table I of the (e,p) cross sec-
tion also lists Paul and Clarke's experimental observa-
tions which give significantly higher cross sections than

' S.L. Cohen, E. Newman, and T. H. Handley, Phys. Rev. 99,
723 (1955).

sej. Vying and J. D. Varley, Argonne National Laboratory
Report No. 6886, 1964 (unpublished).

we have calculated. Since a significant part of their ex-
perimental cross sections are due to protons produced
by direct interactions, their experiment does not con-
tradict the theory, but it does not support it very well
either; their experiment merely suggests the relative
importance of direct interaction and compound proc-
esses. Table II, listing the theoretical and experi-
mental cross sections for multiple particle emission is,
however, crucially signidcant. It is unlikely that the
direct interaction process contributes significantly to
multiple particle emission, particularly the (x,2p) proc-
ess, because the nucleus resulting from direct interac-
tion is left in too low an excitation to emit a second par-
ticle, particularly a proton.

TABLE II. Calculated and observed 0 (p,lp)+o (p,2N) and
0 (p, 2p), in rnb.

0 (p,pe)+o (p,2a)
Calculated Experimental

260 240
950 &780

o (p, 2p)
Calculated Experimental

580 680
7.2 3.8

In all of our comparison of our theoretical estimates
with experiment we believe that the greatest uncer-
tainty lies in our knowledge of the binding energies of
the various emitted particles on which the spectra and
reaction cross sections depend very sensitively. The low-

energy portion of the proton spectra (below 3 MeV)
is also quite uncertain because of the crudeness of our
approximation of the competition from gamma-ray
emission and our neglect of the shell-structure effects
near the ground states of the residual nuclei. A more
exact treatment of the latter may be obtained from the
excellent work of Bloch," Rosenzweig, " Ross, ' and
others. For very high excitation energies, particularly
when the excitation is induced by heavy multiply
charged ions, angular-momentum sects become im-
portant and cannot be neglected as we have done in the
experimental comparison presented in Sec. IV. In this
instance other approximations must be used in Eq. (10)
than the one we have adopted, and/or the partial cross
sections illustrated in Figs. 6—8 must be used.

As discussed in greater detail in our previous paper, '
our primary objective is to be able to analyze particle
spectra from nuclei excited to 100 MeV in the hope
of detecting significant experimental departures from
the present theory which could be interpreted reliably
in terms of a change in the size and shape of the nuclear
potential. This in turn would lead to an estimate of the
compressibility and other properties of nuclear matter.
First, however, we wished to be sure of thoroughly un-
derstanding the spectra from nuclei excited to 10-30
MeV in terms of our knowledge of nuclei in their ground
state. This we have done in our previous paper for
neutron spectra in which the neutron spectra were
calculated entirely without the use of parameters
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adjusted to fit experimental evaporation data. The
present calculation extends this work to proton evap-
oration and has given us conddence in the funda-
mental theory for the evaporation of any nucleon
from excited nuclei whose charge and nuclear force
distribution are known from other kinds of measure-
ments on nuclei in their ground state. With respect to
our long range objective, a very satisfying feature of the
proton emission is the enhanced sensitivity of the pro-

ton emission on the potential shape over that of the
level density on the potential shape.

The authors are very grateful to Professor Donald A.
Norton and the Davis Computer Center in general for
the seemingly infinite time made available on the IBM-
1620 computer required for computing the electrostatic
barrier transmission. The authors are also indebted to
Professor Wm. W. True for his interest and support of
this work.
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Nuclear Size Determination by Neutral-Pion Photoproduction
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The angular distributions of neutral pions produced by 166-MeV bremsstrahlung on Li, Be, C, 0, Mg, Al,
Si, S, Ca, and Cu have been obtained by coincident detection of the pion decay photons. The density dis-
tributions of nuclear matter have been inferred from the experimental data by means of a Monte Carlo
synthesis based on an impulse-approximation elastic-coherent-production model.

IN'TROD UCTIOH

'HIS paper presents the results of a recently com-
pleted set of experiments and their analysis. In

a previous paper by Schrack, Leiss, and Penner (SLP)
the technique of pion photoproduction as a means of
nuclear size determination was investigated using the
complex nuclei C, Al, Cu, Cd, and Pb.' The results
presented in that paper were in general agreement with
the results obtained by electron scattering. This set of
measurements was initiated to improve and extend the
technique and to try to resolve some of the questions
that arose as a result of the first series of measurements.

The general layout and experimental method used
in this experiment is essentially the same as that used
in SLP. A bremsstrahlung beam of peak energy 166
MeV, obtained from the NBS electron synchrotron, was
used to photoproduce neutral pions from a variety of
complex nuclei (Ã):

y+E —+ N+sr'

The decay photons from the neutral pions were de-
tected in coincidence in a set of counters designed to
provide good determination of the colatitude angle of
the pions. Modi6cations of the equipment from the
SLP setup were:

(1) The counter system was altered to improve the
shape of the angular sensitivity of the counters to the
incident photons. This was done to allow better analytic

~ R. A. Schrack, J. E. Leiss, and S. Penner, Phys. Rev. 127,
1772 (1962).

representation of the counter in the Monte Carlo syn-
thesis used to analyze the data.

(2) The x-ray beam and target were placed in a
vacuum pipe to reduce backgrounds.

(3) Mechanical stability of the system was improved
to permit more precise target and counter placement.

(4) Shielding and collima, tion were improved.

In addition, the analysis was rehned to include the
eGects of the electron pulse shape of the synchrotron,
x-ray beam alignment, target size, and counter angular-
sensitivity shape. A more complete description of
the experimental and analytical technique is given
elsewhere "

THEORY

The angular distribution of neutral pions obtained by
photoproduction from complex nuclei has been ex-
plained on the basis of an elastic coherent model in
which the spin-independent part of the interaction
plays the only important role. ' ~ Under these assump-
tions the cross section in the center-of-mass system for
production of pions of momentum k at angle 8 is

o (k,e) =A'Fs (q) (sin'8)a„(k),

where A is the mass number of the nucleus, o „(k) is the
spin-independent pion photoproduction cross section
from hydrogen, and F(q) is the elastic form factor of the

~ R. A. Schrack, Ph.D. thesis, University of Maryland, 1960
(unpublished).' J.E.Leiss and R. A. Schrack, Rev. Mod. Phys. SO, 456 (1958).


