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Algebra of Currents and Getting SU(6} Results from SU(4)*
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Within the framework of the algebra-of-currents approach of B.N. Lee, it is shown that apart from a
slight complication the SU'{6) results for the ratios, Gg/Gy and p~/p, are still obtained when the assumption
of SU(3) invariance is relaxed and only isospin t SU'(2) jsymmetry is required.

' 'T has now become clear that fundamental difhculties
- ~ of principle are encountered by any attempt to
understand the higher symmetry groups recently
introduced' as groups of invariance either of a Lagran-
gian or of an 5 matrix. %e refer here to the fact that
these groups are compatible neither with the principle
of unitarity on the one hand nor with charge-conjuga-
tion invariance, ' as usually defined, on the other (both
dif5culties being simple direct consequences of the non-
covariance of the free-particle equations). The alterna-
tive point of view which interprets these symmetries
merely as sets of prescriptions dictating the form of the
various matrix elements in leading approximation is, of
course, unassailable, but even it appears unsatisfactory
in view of the poor agreement between many of the
predictions and the experimental facts. There remains,
however, the perplexing problem of explaining the
undoubted successes of this whole development while
at the same time avoiding the troubles which it has
encountered.

An encouraging advance in this direction has recently
been achieved by 3. %. Lee.' This work suggests that
many of the results of the nonrelativistic SU(6)
theory4 can be explained in terms of the algebra of the
currents, ' coupled with the assumption that the form
factors of the currents are highly convergent and that
SU(3) is a good invariance of the dynamics of strong
interactions. In particular, SU(6) invariance of the
strong interactions or any part of them is not assumed.

One of the more interesting questions prompted by
Lee's work is whether the assumption of SU(3) in-
variance of the strong interactions is essential to obtain
his results. SU(3) symmetry is after all quite badly
broken in certain respects; it seems, therefore, worth-
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while to discover whether any or all of the SU(6)
results survive the breaking of the unitary symmetry.

Authors' who assume the existence (in the senses
explained above) of a group of invariance which merges
the spin and (he internal symmetry have already
studied this question within that framework and have
shown that the central results of the SU(6) and U(12)
symmetries survive when these symmetries are scaled
down to SU(4) and U(8), respectively, by reducing the
internal symmetry from SU(3} to SU(2) (isospin
invariance). We wish to report in this note that sub-
stantially the same is true when we adopt Lee's ap-
proach although there is a slight complication here, not
present in Lee's treatment.

Our starting point is the algebra generated by the
quantities

A ' &= (t' '(x t)d'x A '0& = 8;"'(x t)d'x

V, &-& = u, ~.& (x,t)d'x,

where 8;t &(x,t), (t,&'&(x,t), and 'U;& '(x, t) are, respec-
tively, the space components of the axial-vector iso-
vector current, the space components of the axial-
vector isoscalar current, and the time component of the
vector isovector current (the indices i and a running
over 1, 2, and 3). In a model based upon a fundamental
isotopic doublet field»t (x,t), these currents are given by

e,&.& (x,t) = i' (x,t)q,~,(r./2)P(x, t),
8;@&(x,t) =y(x, t)yO»tt (x,t),
'Uo (x,t) =y(x, t)y (r /2)lP(x, t);

the quantities A;& ', A;&", and Vo& ~ then obey the
commutation relation

LA, & &,A tt'&$ =it'&;,tp„vo'~'+. .',ib t&f;,pA &,
-"& (3)

9'e now assume that this commutation relation is still
satisfied by the physical-current integrals (1) even
though the model from which it is derived may have no
physical validity.
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The next step is to take the matrix element of this
relation (3) between the zero-momentum states of
various physical particles. The states which we consider
are those of the nucleon S and the (3,3) resonance E",
and we denote the former by ~

o,s), where &r is the isospin
and s is the spin index. In order to derive the conse-
quences of taking these matrix elements we insert a
complete set of states between the two operators in the
commutator on the left-hand side, but we immediately
make the assumption that this complete set may be well
approximated. by taking into account only the two
lowest lying groups of states, namely those of the
nucleon and E~ themselves. Kith this approximation
and the definition

omitted terms play no role in what follows. Then, on
defining

(a', s'D'OR; '&&io,s)= pout(o', s')o,~(o,s),
and

(a', s'~9R;& &~a,s)=t«ttt(o', s')o, (r /2)N(&r, s), (10)

and taking the matrix elements of Eq. (8) between the
zero momentum states of the nucleon and X*as
before, we find that

p&lpo= G, (11)

lf pp is assumed not to vanish.
In order to deduce the ratio of the magnetic moments

of the proton and neutron we require a definition of the
charge operator Q. We adopt the definition

(o',s'iA;& &

i &r,s) =Gut(o', s')o;(r /2)N(a, s), (4) Q= & +0&0&+ +0&3& (12)
where I (&r,s) is a constant four-component spinor
representing the nudeon, we deduce that

G= &5/3, (5)

which apart from the uncertainty of sign is the SU(6)
result. '

Turning now to the question of magnetic moments,
we define the isoscalar and isovector magnetic-moment
operators, respectively, by the expressions

This choice is motivated by the fact that the nucleon
and S~ states can be regarded as constituting the basis
of a 20-dimensional representation of U(4), and if they
are so regarded the above will be the form of the charge
operator. It follows then that the physical magnetic
moment operator is

(13)

and consequently we have

5R,"&=xgc;f$ x%)&,&"(x,t)d'x+p 1,&'&(x,t)'d'x, (6)

5R;& &=-', e,;„x,'U & &(x,t)d'x+t&, 9,& '(x, t)d'x (7).
Here UI, «) and 'U~& & are the spatial components of the
isoscalar vector current and of the isovector vector
current, respectively, while 9"~«) and V'g, ~ ) are likewise
the spatial components of the isoscalar tensor covariant
and of the isovector tensor covariant, respectively. The
inclusion of the second terms in (6) and (7) is quite
essential, for they introduce terms corresponding to'
I.=O without which the magnetic moments mould be
exactly zero. ' Such terms mill be present if the quarks
have intrinsic anomalous magnetic moments.

From the assumed commutation relations of the
currents, we deduce that the following commutation
relation is satisfied:

[A,&~&,SR;&»j=idge, t&„y S&» (x,t)d'x

+ ', ~4&&~va5Ra "&+,-(g)

where S& '(x,t) is the isovector scalar density and the
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The first of these is the well-known SU(6) result. "Thus,
apart from this indeterminacy of sign, Lee's procedure
leads to essentially the same results, when the require-
ment of SU(3) symmetry of the strong interactions is
relaxed and only isospin [SU(2)j invariance is assumed.

The origin of the indeterminacy of sign in the present
case as against Lee's calculation is not difficult to
isolate. The essential point is that the operators defined
in Eq. (1) generate the Lie algebra of the group SU(4)
while the operators 5R;«& and 5K;& ) are tensor operators
under this group. It follows from this that the procedure
of taking matrix elements which we have employed will
yield a consistent result, provided only that the states
which we choose constitute the basis of a representation
of SU(4)."The states which we have chosen, namely,
the nucleon and the E*, constitute a basis of a 20
representation of SU(4) but, because at the SU(2)
(isospin) level there is no distinction between a repre-
sentation and its conjugate, they can also be placed in
a 20* representation. There ought then to be two solu-
tions to our problem and this is indeed what me have
found. At the SU(6) level, there is no corresponding

~o M. Sbg, B. %'. Lee, and A. Pais, Phys. Rev. Letters 13, 514
(1964).
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indeterminancy, for the states of the octet of baryons
and the decuplet of baryon resonances belong uniquely
in a 56 representation of SU(6), and cannot be put in a
56* representation. It is rather remarkable, though,
that all SU(3) synnnetry adds to SU(2) is the 6xing of
the signs of G~/Gr and p~/po while leaving their ab-
solute values unaltered.

In a subsequent paper we shall discuss in detail the
implications which are involved in the present approach.
In particular the approximation scheme employed will

be examined and additional results will be presented.
I wish to thank Professor R. E. Marshak for his

encouragement and Professor S.Okubo for his assistance
in isolating the origin of the sign di%culty.
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We examine, in this paper, the problem of formulating a bootstrap calculation when one of the scattering
particles is unstable. Having deaned the unstable-particle scattering amplitude as an 5-matrix pole residue,
we go on to discuss its analytic structure and point out that it may be determined from the usual Landau
rules. We conclude that although the instability of the external particle complicates the structure it does not
do so too severely. Therefore, we are free to postulate that, in analogy with the stable case, the unstable-
particle amplitude exhibits Regge asymptotic behavior. This assumption leads us to construct a strip
approximation to the amplitude which is a crossing-symmetric superposition of Regge pole terms. We point
out that this approximation exhibits, in some respects, satisfactory analytic structure. In particular it
takes quite well into account certain anomalous threshold effects. It satisdes a quasi-Mandelstam repre-
sentation which we use to explore the analytic structure of the corresponding partial-wave amplitudes and
their continuation to arbitrary angular momentum. We use certain simple discontinuity formulas to obtain
dynamical equations for the partial-wave amplitudes and are consequently able to construct, formally, a
complete bootstrap scheme. Finally, we mention some difhculties and unsolved problems.

I. INTRODUCTION

~

~

~ ~

~ ~ ~

T the present time qualitative success has been
achieved in some simple calculations involving

strongly interacting particles. ' More elaborate cal-
culations have been proposed and attempted; for ex-
ample, the various forms of the strip approximation to
the x-m scattering amplitude. ~"Most of these calcula-
tions make use of elastic unitarity. It has always been
intended, however, to improve on this situation by
introducing some inelastic eBects explicitly. In some
calculations this has already been done. " '4

Inelastic e6ects due to the presence of two-body
channels can be discussed by means of a 6nite-matrix
formalism which is a simple generalization of that used
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for elastic calculations. "Most inelastic e6ects, however,
are associated with the presence of many-particle
channels. The formalism necessary for discussing these
channels exactly must involve inhnite matrices of a
complicated kind. '~" It would be convenient, therefore,
to have an approximate method for dealing with many-
particle systems which is as analogous as possible to
that for two-particle systems. The purpose of this
paper is to outline such a method.

The idea, which is not new, on which the method is
based, is that the dynamics of many-body systems is
dominated by resonance-resonance or particle-resonance
con6gurations. For example, the four-pion system is,
for suitable ranges of the center of mass energy, domi-
nated by the m--or and p-p con6gurations of the pions.
Similarly the ~~X system is dominated by the x-S*and
p-E con6gurations of the particles. The experimental
support for this idea may be summed up by pointing to
the impressive qualitative success of even very simple
isobar models. "
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