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It is shown that a wave function which is a simple product of two-particle correlation functions gives a
smaller short-range three-body correlation energy (calculated as the ground-state expectation value of the
kinetic energy and short-range part of the interactions) than the approximate Faddeev wave function used
in the recent work of Bethe. Thus for a plausible nucleon-nucleon interaction, the short-range three-body
correlations contribute less than 1 MeV per particle to the energy of nuclear matter.

1. INTRODUCTION

HERE is still some question concerning the
magnitude of short-range three-body correlations
in nuclear matter and in particular their contribution to
the binding energy. According to the approximation
used by Bethe, Brandow, and Petscheck (BBP)!
such correlations would contribute to the order of 45
to 10 MeV (per particle) to the energy.? However, the
BBP approximation includes only a part of the impor-
tant short-range correlation diagrams, mainly the one
indicated in Fig. 1(a). Recently Bethe? has pointed out
that it is also necessary to include three-hole diagrams
of higher order, e.g., the one shown in Fig. 1(b). Indeed
in order to accurately evaluate the terms proportional
to (density)? in the low-density expansion of the energy
(per particle) it is, in principle, necessary to solve the
three-body problem exactly.* [Similarly, in order to
evaluate the terms proportional to p, we must solve the
two-body problem. For example, in the low-density
limit, we obtain the well-known result E/A4~O(pa)
where ¢ is the zero-energy scattering length of the two-
body interaction.] While the three-body problem is
analytically soluble only for very special potentials,
Faddeev® has developed a very powerful method for
treating this problem.

In this paper let us consider a greatly simplified
three-body problem. We split the assumed two-body
interaction into short- and long-range parts vs and
v, the dividing line being made so that zs alone gives
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zero scattering length.® The short-range potential
contains a repulsion with an attraction outside. As has
been shown previously, it does not give any energy
shift for a pair of zero relative momentum. Also it
follows from the above remarks that with vg alone the
term proportional to p in the energy expansion vanishes.
However, vs gives a “wound” in the two-particle wave
functions as illustrated in Fig. 2. The wound disappears
outside the potential. The difference function 7(¢p—y)
is roughly proportional to sin(377/c) ; thus the momenta
contained in this function are of order iw/c for a core
radius ¢~0.4 F. On the other hand, the Fermi mo-
mentum at normal density is only about 1.35 F-I.
Thus for the purpose of treating short-range correla-
tions, it is a good approximation to keep only the lowest
term of the power-series expansion in krc. (Of course,
the remaining long-range part of the potential mixes in
low-momentum components into the wave function
and here the low-density expansion fails. However, a
conventional perturbation expansion in powers of v,
converges quite rapidly for reasonable potentials.® In
the present note we consider only the effect of 15 and
neglect entirely all effect due to vy including the dis-
persion correction, which is of the form shown in Fig.
1(a), and which involves both 5 and 7. We will also,
following Bethe, assume that vg depends only on inter-
particle spacing and is independent of spin and isospin.
Under these conditions it follows from the work of
Rajaraman’” that direct and exchange terms add. Each
diagram in which all three particles have different o,
and 7, quantum numbers is then the same as it would be
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Fic. 2. (a) The unperturbed and
correlated two-body wave func-
tions ¢ and ¢ for zero relative c d r—
energy and zero scattering length;
(b) the corresponding difference
function r(¢—y).
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if the particles obeyed Bose statistics. Thus the three-
body problem considered here is essentially the problem
of three zero-momentum bosons interacting via two-
body zero-scattering-length potentials.

2. THE APPROXIMATE FADDEEV WAVE
FUONCTION

In the three-body problem?3, there are three pairs of
interacting particles, namely 12, 13, and 23. Interactions
can occur between any pair, any number of times.
However, in the reaction matrix formalism we define,
say gis, which sums all 232 occurring in immediate
succession; i.e.,

£19= V12— V196 1ot V126 006 g0 ¢ - -, (1)

where e is an appropriate energy denominator. Thus
the two-body wave function can be written as

Yie=¢—elg10. (2)

¢ is the unperturbed wave function. Apart from a
normalization factor, ¢=1 for zero momentum and we
shall use this value from now on. Clearly no g;; can occur
twice in succession without a different interaction line
intervening. Faddeev® defines a three-body wave func-
tion ¥ which includes, besides the unperturbed wave
function, all diagrams in which the /as¢ interaction line
involves particle ¢. Thus for ¢V, for example, it is g2
or g1s. Suppose it is g12. Then the preceding interaction
line must be either gi3 or gs3 (or no interaction at all).
This describes precisely the wave function ¢¥® in our
notation. Thus Faddeev’s equations can be written as

YyO=1—egf®—e gy @, )

and two others which can be obtained from Eq. (3)
by cyclic permutation of the indices. Once the y® are
obtained, the complete wave function is given by

WO—¢)+ YO —¢)+ ¥V —¢)=200—¢). (4

All diagrams in which the last interaction is g,; are
included in botk ¥ and . This is the origin of the
factor 2 on the right-hand side of Eq. (4).

The terms e~'g;; are of course integral operators;
thus we have three coupled integral equations w'ich
must, in general, be solved numerically. Since this is a
difficult task, it is reasonable to look for approximate
solutions. One very plausible approximation is to replace
the e'g;; by a simple function of the interparticle
coordinates:

e7'gi=n(riy)=ny=1—fi;. ©)
This procedure is exact for the two-body problem and
thus it should be satisfactory also for the three-body

problem. With the above approximation, the Faddeev
equations become

YO =1—1p® — 1p® | (6)

etc. The three linear algebraic equations (6) can be
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solved explicitly. Thus we obtain

YO = (1—91) (1 —n3)QAF, )

where

QAF = (1 —n1an13— n1omes— n1snes+2m12mianes) L. (8)

Using Eq. (4) we obtain the complete wave function
YA = (1= 1n12) (1= 113) (1= 723) QAF, ©

where AF stands for ‘“approximate Faddeev.” This
wave function clearly has the right qualitative physical
behavior, i.e., if particle ¢ is far away from j and &,
then #;;=7.4=0 and the wave function reduces to the
two-particle correlation function. On the other hand,
if all particles are at the same point, then all  are equal

[=7(0)] and
YAF= (1—17(0))/(14+25(0)). (10)

For a hard-core potential 7(0)=1 and ¢AF vanishes as
expected. Using a wave function of essentially the
form® of Eq. (9) and a two-body potential of the form
proposed by Wong,® Bethe estimates a three-body
correlation energy of only ~0.6 MeV/nucleon at normal
density (kr~1.35 F~!). Wong’s potential has a rather
small core e~0.30 F. Even with a larger core radius of
¢~0.4 F, Bethe’s estimate would give only about 1
MeV/nucleon for the three-body correlation energy.
In any case, the short-range three-body correlation
energy is quite small compared with other sources of
error or uncertainties, e.g., the parameters of the two-
body interaction.

3. THE PRODUCT WAVE FUNCTION

While the AF wave function may be quite accurate
for describing short-range correlations, we propose a
slightly different wave function which is simpler and
may be even more accurate, namely a simple product

wave function
¥?= fuafuisfas, (11)

(12)

The physical assumption underlying Eq. (11) is that
the two-particle correlations act independently. Thus

¢AF=¢1’QAF. (13)

Clearly y» has the correct behavior in the limits
rij, 7ix—> © and r;,=r;=r,. In the latter case,

¥ — £3(0), (14)
YAF— 3£(0); (15)

i.e., as f(0) — 0, the product wave function goes to
zero faster than does the AF wave function.

where
Jr2=1—1np.

while

® Bethe uses an improved treatment of the energy denominators.
His calculations are, however done directly with y®, Y@ and @
and not with yAF,

® C. W. Wong, Nucl. Phys. 56, 213 (1964).
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4. THREE-BODY CORRELATION ENERGY
WITH PRODUCT WAVE FUNCTION

While neither ¢¥® nor ¢AF is an exact solution of the
general three-body problem, it is useful to compare these
two wave functions to see which is more accurate.

The short-range three-body correlation energy may
be estimated using the variational expression

E=Q|H|¥)/@|¥), (16)
where H is the assumed three-body Hamiltonian.
H= _ (h2/2m)( V12+ V22+ V32)
+vs(r12)+vs(ris)+os(res). (17)

The more accurate the three-body wave function, the
lower should be the energy expectation value. In this
section we calculate the latter using a product wave
function. As before, we assume that f;; is the exact
solution of the two-body Schriodinger equation:

(#/m) Vi fi=vs(rij) fis. (18)
It is readily verified that the energy of a triplet is given

tl)fi%% ] f / Vi(f1) - Vi(f1s)) fedridradirs.  (19)

The quantity  denotes the normalization volume and,
Wly=ao1+o@)---1. (20)

Note that the energy includes both kinetic and poten-
tial contributions. Some of the kinetic-energy terms
involve an integral over (Vifis)2. Consequently, if f
is a step function, then the kinetic and potential energies
are both infinite; however, the sum of Eq. (19) is
finite. For a many-particle system, N>>1, the number of
interacting triplets is given by $V3¢. Here ¢ denotes the
fraction of triplets in which all three particles have
different o, and 7, quantum numbers. For a total S, T
degeneracy g, we have

o= (1—g M) (1-2). (21)
Thus for nuclear matter, g=4 and ¢=4§. (A boson gas
corresponds to g= and ¢=1, while for liquid He?
or a neutron gas g=2 and ¢=0; i.e., for the latter, it is
not possible to form triplets of the kind discussed here.)
Since ¢ depends only on interparticle spacings and not
the absolute coordinates we can keep one of the co-
ordinates fixed, and integrate first over the other two.
The integral over the remaining coordinate, say 7y,
is done last and gives a factor 2. We obtain

Er/A= (W*/m)yop*I”,
p=A4/Q=(2/3n")k s’
is the particle density, and

(22)
where

(23)

I”=—// Va(f122) - Va(f1sd) fas?dPradPrs. (24)
r1=0
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This result coincides with the lowest term in the cluster
expansion of Iwamoto and Yamada, [ when we assume
that the two-particle correlations satisfy Eq. (18)].
If the f are functions of interparticle spacings alone,
the integral over angles can be done very simply and we
obtain

0 O rytr3 df2(72) df2(r3)
-
! ﬁ«[)ﬁrg—nl dre drs f

X (rag?—rd—r?)ragdrosdradrs,

2(723)

(25a)

For our calculations, we chose a correlation function
of the form

=0, r<c
=(r—c¢)/(d—c), c<r<d (25b)
=1, a<lr,

which is a reasonably good approximation to the correct

correlation function.
In the limit that d— ¢, i.e., if fis a step function, the
integration in Eq. (24) is trivial and we find
IoP=23m%". (26)

For d>¢, it is still convenient to express the integral
I? in terms of 14?; thus

I*=I#R(e), @1)

d=c(1+¢). (28)

The ratio R can be evaluated analytically and it has
a simple form if e<1, (< 2c), namely

where

8 23 16 1
R(e)=14—-et+—e+—e+—¢t. (29)
3 9 15 6
The function R was also calculated numerically, and

it is found that an excellent approximation valid at
least up to e=10is

Ro(€)= (14-0.63¢)". (30)

Substituting into Eq. (22) we obtain the short-range
three-body correlation energy & of nuclear matter
(per particle) :

Er  p2 kgt
g()p =—= ———kpz"— (0.356+0.65d)4.
A 2m 8x?

(1)

For Wong’s potential, a plausible choice of parameters
to be chosen is ¢c=0.3 F, d=0.9 F. Since the correlation
function of Eq. (25a) has a discontinuous derivative at
the separation distance, the latter must be slightly
smaller than the usual separation distance ~1.1 F in
order to give a best fit to the exact short-range correla-

10 F. Iwamoto and M. Yamada, Progr. Theoret. .
19, 345 Cowny rogr. Theoret. Phys. (Kyoto)
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TaBLE I. Various contributions to three-body correlation energy
expressed in units of the energy defined by Eq. (31).

d/c I?/I» LAF/Iy? LAF/Ip  IAF/IeP
1 1.00 1.42 0.21 1.63
1.5 1.01 1.22 0.20 1.42
2 1.01 1.11 0.21 1.32
3 0.99 0.97 0.23 1.20
6 0.99 0.93 0.24 1.17

tion function.!! At normal density, we obtain §~0.4
MeV which is fairly close to the value 0.6 MeV for
the three-body correlation energy obtained by Bethe?:®
using his improved approximate Faddeev wave func-
tion, and a different method of calculation.

6. VARIATIONAL METHOD

The form of the energy expectation value of Eq. (16)
for a more general three-body wave function of the
form

Y=yPQ(r12,713,723)

can be obtained without much difficulty, provided we
assume f and Q — 1 at large interparticle spacing.
We obtain, instead of Eq. (24),

(32a)

IAlelAF—i‘IzAF, (32b)

where

IlAF'—‘—// Va(f2) Va(fs) fo?Q?dProdirs  (33a)

and

IAF= 2/ J218 fos* (VaQ) dProd®rs. (33b)
r1=0

All cross terms involving V f- VQ vanish. For the prod-
uct wave function, Q=1 and 7,2¥=0. However, for any
other wave function, the integrand in Eq. (33b) is
positive definite and thus /2 must be positive. In addi-
tion, for the AF wave function we have Q>1 every-
where. Thus the integrand in Eq. (33a) must be every-

11 See Ref. 6, p. 76.
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where larger in magnitude than for the product wave
function. Presumably then I;AF should be also larger,
though this is not necessarily the case, since the in-
tegrand can be either positive or negative.

A numerical evaluation shows, in fact, that I,AT is
larger than I? only for e<1. However, the total JAF
including both I,AF and I:AF is appreciably larger than
I? for the whole range of values considered. Table I
shows the various contributions to the three-body
energy in units of the energy defined by Eq. (31).

It is clear that the approximate Faddeev wave func-
tion gives a substantially larger trial energy than the
product wave function and thus it is presumably less
accurate. This conclusion has been verified only for a
correlation function of the form of Eq. (25b) but we see
no reason why it should not hold in general.

Of course it cannot be concluded from the above
argument that the product wave function gives the
lowest possible variational energy. Note that Bethe
uses an improvement over the simple AF wave function
which implies a better treatment of the energy
denominator. It is not inconceivable that this improved
wave function might give a lower trial energy than the
simple product wave function. However, this wave
function, like the simple AF wave function, implies a Q
function which is larger than the product wave func-
tion when several particles are closer together. In
contrast, more detailed calculations now in progress in
collaboration with G. Thomas indicate that in some
cases an even lower energy can be obtained assuming a
Q function which is less than unity when several par-
ticles are close together.

In any case the results of this paper support Bethe’s
conclusion that the short-range three-body correla-
tion energy is quite small in nuclear matter and that
it can be safely neglected in most nuclear structure
calculations.
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