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Higher Symmetries and the Neutron-Proton Magnetic-Moment Ratio*
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A quark model of SU(4) is developed in which the quarks possess charge —,
* and —xs and baryon number

fit = —,'. The new particles predicted are characterized by a quantum number W'WO (superstrangeness); they
possess integer charge but fractional hypercharge ~ or -'„and are called hyperquarks. A spin extexlsion of
SU(4) is formulated and leads to the study of the group SU(8) and the subalgebra SU(4)EMU(2). The
baryons and isobars are grouped in the representation 120 and the mesons in the adjoint representation 63.
It is found that the F/D ratio in SU(8) is uniquely specified by the scheme. The ratio of the magnetic mo-
ments of the neutron and proton is uniquely determined by assuming that the magnetic-moment operator
transforms as the adjoint representation of SU(8), and by specifying the extended Gell-Mann-Nishijima
relation for the quarks. The value —-', is found for the neutron-proton magnetic-moment ratio in agreement
with the result found in SU(6). The selection rules forbidding processes like p ~ osr and s-+&~ sr+&+y
are obtained from the conservation of the four quark spins. These results strongly indicate that the physical
predictions of a symmetry scheme like SU(6) are not unique and that there exists a hierarchy of symmetries
all possessing equally good (or bad) physical predictions, but with new quantum numbers associated with
superstrange particles.

classified as particles having a zero eigenvalue of
strangeness, and no reactions involving these particles
were forbidden. Similarly, if the new additive quantum
number, which we shall denote by 8' and call "super-
strangeness, " has a zero eigenvalue for the known
particles, then no known reactions involving these
particles are forbidden. Lipkin4 has pointed out that
superstrange particles should be produced as strongly as
ordinary particles albeit at a reduced rate due to their
higher mass values. This could indicate that the higher
symmetry scheme is badly broken' although the situa-
tion is not yet clear. It is possible that there exists a
heirarchy of symmetries going up to the highest ener-
gies. ' The elementary-particle physics world up to about
800 Mev would appear to us as an SU(2) scheme. Up
to, say, 30 BeV the world would appear approximately
SU(3) symmetric; with the discovery of new resonances
at higher energies we should perhaps be induced to con-
sider a higher symmetry, e.g. , SU(4)—and so on. This
leads us to the question: "Does there exist a unique
internal symmetry group of elementary particles of
reasonably small dimensions P" To answer this in terms
of particle classifications is begging the question, since
these classifications belong to the specific energy regions
available for study with current accelerators. An at-
tempt to answer the question at a more fundamental
level is exemplified by the bootstrap program in which
the symmetry may be derived from the dynamical
scheme. '—' S'uch attempts suffer at present from the
difhculty of being based on special models.

It is our purpose to investigate to what extent the
successful experimental predictions of SU(6) can be

I. I5'TRODUCTION

HERE have been two main reasons put forward
for studying a higher symmetry scheme of strong

interactions. The first was to circumvent the fractional
charge of the quarks by introducing a new additive
quantum number. ' The second was to explain the
following facts which go beyond the SU(3) scheme:

1. The origin of the co-p mixing.
2. The decay of F*—+ Zm appears to be forbidden.
3. The decay p —r psr is forbidden.
4. The reactions sts~nsr and sr+% —& ir+E+p are

known to occur at a reduced rate compared with the
production of the ar.

5. The relation between the masses of the vector and
pseudoscalar octet E*'—p'= E'—x'.

The second selection rule is definitely in disagreement
with SU(3). If the mixture of the P and to is prescribed,
then the selection rules (3) and (4) are accounted for in
terms of an apparently accidental cancellation of SU(3)
amplitudes. Any proposed higher symmetry must ac-
commodate these selection rules and at the same time
preserve the selection rules and properties of SU(3). A
higher symmetry will incorporate new quantum num-
bers that predict new selection rules which could dis-
agree with experiment. 2 3 The introduction of the con-
cept of associated production based on the strangeness
number selection rule provides a clue to the nature of
the higher symmetry. The pion and the nucleon were
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repeated in a higher symmetry scheme. The SU(4)
model provides the simplest extension of SU(3) as a
strong interaction symmetry scheme and has been
studied with different points of view by various au-
thors. '~" The symplectic group SP(6) has also been
studied as an alternative scheme, ' and recently Van
Hove' has made a nonrelativistic spin extension of
SP(6) and SO(6) to SO(12) and SP(12), respectively,
for the case of basic particles possessing integer charge.

The recent successes'~" of the extension of Wigner's
supermultiplet theory of the nucleus to the elementary
particles provides the motivation for deriving here a
nonrelativistic spin extension of an SU(4) quark model
of strong interactions. The group used in the theory is
SU(8) which has a subalgebra SU(4)gSU(2). The
group SU(8) also has as subalgebras SU(6) and
Wigner's /SU(4)]s .

The particles with 8'@0 have integer charge but
fractional hypercharge (s or —,') and we call these
particles "hyperquarks. " These particles are produced

by associated production and occur as triplets and
sextets.

The basic result obtained in the scheme is the famous
ratio of —~~ for the ratio of the neutron and proton mag-
netic moments. ""This strongly suggests that internal
synnnetry schemes like SU(6) are not unique and that
there exists a hierarchy of symmetries possessing equally
good physical predictions which are Neiqlely determined

in the spin —unitary-spin scheme as soon as the quantum
numbers of the quarks are specified and suitable trans-
formation properties are assumed.

In Sec. II, we study a quark scheme of SU(4) in which

the charge operator is not a generator of the group. The
quarks consist of a triplet t,= (tt, ts, ts) and a scalar s.
They possess charges —

3 or 3 and baryon number 3.
The mesons are formed from a quark-antiquark system
and the baryons from the direct, threefold product of
quarks, as in SU(3) and SU(6). We do not concern
ourselves here with the problem of whether or not the
quarks have physical reality. In Sec. III, we take up the
problem of the nonrelativistic spin extension of SU(4)
which leads us to study SU(8). The particle assign-
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ments are discussed in Sec. IV. It is pointed out that the
F/D ratio is determined uniquely by the scheme, as is
the case in SU(6). In Sec. V, the ratio of the magnetic
moments of the neutron and proton is calculated in
terms of the vector model and the ratio ——', is obtained
in good agreement with the experimental value —0.684.
This calculation is unique once the transformation
property of the magnetic-moment operator is prescribed
and the Gell-Mann —Nishijima relation for the quarks is
determined. In Sec. VI, it is pointed out that the quark
spin conservation in SU(8) leads to selection rules which
suppress processes such as& ~ps. and s.+1V~7r+S+P.
This implies invariance properties in subalgebras of
SU(8). Section VII ends the paper with a few concluding
remarks.

= '2
$3

which transforms according to the four-dimensional
representation of SU(4). The representation 4 has the
SU(3) decomposition

4=les. (2)

SU(4) is the covering group corresponding to the
rank-three simple Lie algebra A3. The three conserved
quantum numbers Ie, Y, and X are related to the charge
Q by the extended Gell-Mann —Nishijima relation '

Q=Is+s F+aX+blV,

where we have included the baryon number X and a, b
are certain numerical coeKcients that depend on the
specific model considered. The superstrangeness number
is defined by W=aX+bS.

Other authors have restricted themselves to basic
particles possessing integral charge. In the following, we
shall study a new SU(4) model in which the basic
triplet and singlet form "quarks'"' "with nonintegral
charge and baryon number. We choose

(4)

and adopt the quantum numbers associated with the
quarks in Table I. The operator Q is not a generator of
the group SU(4).

The outer Kronecker product of 4 and 4* gives

4@4'=1+ 15

~ M. Gell-Mann, Phys. Letters 8, 214 (1964).
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II. SU(4) QUARK MODEL OP
STRONG INTERACTlONS

Let us examine the basic properties of the SU(4)
scheme of strong interactions based on quarks. One
starts with a four-component spinor
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TABLE I.The quantum numbers Iq, P, X, E, and Q for the
quarks in SU(4).

1
3

2
3

4

1

3
4

3
1
a
1
3
1
3

and the mesons are assigned to the adjoint representa-
tion 15.This representation has the SU(3) content

15=1+3+3*+8. (6)

20'= 3+3*+6+8

20= 1+3+6+10.

(8)

Mass relations for the baryons have been obtained"

"S. Coleman and H. J.Schnitzer, Phys. Rev. 134, 8863 (1964).

The mass relations for the mesons have been calcu-
lated by several authors. """An obvious generalization
of the procedure in SU(3) is to assume that the mass
operator transforms like a member of the adjoint
representation. The resulting mass relation is well

satisded by the immerse squares of the masses as sug-
gested by the model of Coleman and Schnitzer. "It is
not well satis6ed by the squares of the masses. ""If the
vector mesons and pseudoscalar mesons are assigned to
the adjoint representation but the mass operator is
assumed to transform as the octet part of the repre-
sentation 20", then the mass relations are well satisfted

by the squares of the masses. "Gerstein and%hippman'5
make the additional requirement that the model should
explain the anomalously small decay width of p ~ ps-.

They found that if they place the vector mesons in 15,
the pseudoscalar mesons in 20", and assume that the
mass operator transforms as the octet part of 20", then
the mass relations are well satisfied by the squares of the
masses and the decay width I'(P ~ ps) =0.3—0.6 MeV.

Thus SU(4) predicts the correct mixing angle be-
tween co and p. The vector octet and singlet appear in
the same representation 15 of SU(4) and their mixing is
prescribed. The octet and singlet have superstrangeness
JV= 0, whereas the meson hyperquarks predicted within
the multiplet have 8"&0 and fractional hypercharge.
The ninth pseudoscalar meson is identified with the X
meson (t)2s.) at 960 MeV with J=O .

The baryons in the scheme are formed from the
product

43484=4+2(20')+20. (7)

The J= ~+ baryons are assigned to the 20-dimensional
representation 20'.~ The octet in 20' has X= as and
therefore has W= 0. The J= as+ isobars are Placed in 20
which contains a decuplet with 8"=0.The representa-
tions 20' and 20 have the SU(3) contents

including the familiar Gell-Mann —Okubo mass relation
when the superstrangeness number 8' is conserved. The
representation 20 is described by a one-row Young
diagram and satisfies a linear-spacing law including the
usual decuplet mass relation.

In view of the number of parameters involved in the
mass formulas, no definite predictions can be made at
the moment about the masses of the baryon hyper-
quarks. By a suitable choice of parameters these par-
ticles can be made to lie well above the known strange
baryons.

In view of the fact that the singlet s quark possesses
7=0 and the triplet of quarks t~, t2, and I3 have Y= 3,
F 3 and Y= —3, respectively, the superstrange par-
ticles with tV/0 have fractional hypercharge but do
have integer charge. The hyperquarks appearing in
triplets and sextets can only be produced by associated
production, and it is not known whether 8' is conserved
weakly or semistrongly. It is possible that the hyper-
quarks do not satisfy the 6I'= 1 rule of weak
interactions.

TanLE IL Some representations in SU(8) and their
SU(4) 3SU(2) decompositions.

Labeling

Clj
Cl'3
L23
D'j
$21'j
D'3
P3
$21$

Dimensions

8
28
36
56
63
70

120
168

Unitary spin and sp1n
multiplicities

(n,m)

(4,2)
(10,1)+(6,3)
(6,1)+(10,3)
(20',2) + (4+,4)
(15,1)+(15,3)+(1,3)
(20",1)+ (1,5)+ (15,3)
(20',2)+ (20,4)
(4,2)+ (20',2)+ (20',4)+ (20,2)

III. THE REPRESENTATIONS OF 8U(8) AND
QUARK SPIN CONSERVATION

The representations of SU(8) can be characterized by
seven nonnegative integers (Xt) sos) 4Xshs) 7) where the
X s are functions of the seven Casimir operators.
Table II shows some of the lower dimensional repre-
sentations of SU(8) and their SU(4) SU(2) content.
The lowest nontrivial representation $1$ has eight
dimensions and represents a fundamental SU(8) octet
with ordinary spin -,'. Its SU (4)8$ U (2) content is (4,2),
while the conjugate representation $1'j describes the
anti-octet with the content (4*,2).

The seven diagonal traceless generators of SU(8)
which describe conserved quantum numbers can be
chosen as the three SU(4) generators Is, F, and X and
the third component of the four quark spins denoted by
J&,', J&,', J&,', and J,'. These constitute the correct
number of commuting generators required by the SU(8)
group, which is a group of rank seven. Thus SU(8)
implies SU(4) invariance of the interactions and the
conservation of the four quark spins.
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83838=56+120+2(168). (13)

The SU(4) @SU(2) subduction of 120 gives

120= (20',2)+ (20,4) (14)

and the J= i~+ baryons in 20' and the J= $ isobars in 20
are grouped as a 120-dimensional representation.

An important aspect of the theory is the BB3f
coupling. In the direct product

120@120~= 1+63+1232+13104 (]5)

the adjoint representation 63 occurs only once and the
coupling is therefore unique. This observation is made
clear if we consider the direct product in SU(4):

20'*ggg 20'= 1+2 (15)+20"*+45'+45*+84+175. (16)

In this case, in ana, logy with the octets in SU(3), the
ad joint representation 15 occurs twice and there is both
an Ii and D coupling. As is the case in SU(6), the F/D
ratio is determined by SU(8).

We expect that the J= ~+ resonances in (20,4) will

decay into baryons and. mesons and we check tha, t 120
is contained in the direct product 63 120. We find that

63@120= 120+168+2520+4752. (17)

However, we 6nd that this is not so for the direct
product

(18)

IV. PARTICLE ASSIGNMENTS IN SU(8)

We assume that spin and unitary-spin independence
of the interactions leads to the introduction of SU(8)
supermultiplets which contain states with different spin
and different F spin. The group SU(8) contains
SU(4)SLSU(2)j, as a subalgebra. LSU(2)g, is the
unitary subalgebra of the Lorentz group that leaves
invariant the momentum four-vector g. SU(8) also con-
tains SU(6) and Wigner's supermultiplet scheme

LSU(4)fs as subalgebras.
Let us 6rst consider the mesons. We find that

8gg 8*=1+63.

The subduction SU(8)+SU(4) gggSU(2) gives the result

63= (1,3)+ (15,3)+ (15,1) . (11)

Thus the adjoint representation of SU(8) contains the
J=O and 7=1 mesons in the representation 15 of

SU(4) together with a J= 1 singlet. A similar calcula-
tion for the representation 70 gives

?0= (1,5)+ (15,3)+(20",1), (12)

so that 70 could accornodate the J=O mesons in 20"
and the J= 1 mesons in 15."

In the following, we shall assign the J=0 mesons to
the adjoint representation 15 and the J= 1 mesons to a
15 as well.

Let us now reduce the direct product

It is possible to discuss two-meson states by using the
direct product

63ggw 63= 1+2 (63)+720+945+945~+1232. (19)

It is worth noting that

70870= 1+63+720+2352+1764.

The representation 168 could be considered as a
possible candidate for baryon + meson resonances. Its
SU(4) gggSU(2) subduction is

168= (4,2)+ (20',2)+ (20',4)+ (20,2) . (21)

V. RATIO OF NEUTRON AND PROTON
MAGNETIC MOMENTS

If we assume that the strong interaction is SU(8)
invariant this implies that the eight states of the quarks
rotate into one another. SU(8) invariance imposes
SU(4) invariance and the conservation of all four quark
spins. This suggests that the quark spins de6ne algebraic
subgroups of SU(8).

One can use the quark spins J&„J&„J~„andJ, in the
following linear combination

S~= 3 (2Jg,~—jgg~ —Egg~ —J,~), (u= 1, 2, 3) . (22)

The operator S is a vector in ordinary spin space and
transforms like the electric-charge operator Q under
SU(4). The operator (22) is not a generator of the
gl oup.

We shall assume that the electromagnetic interaction
transforms according to the 63-dimensional adjoint
representation plus a singlet part under SU(8) trans-
formations. However, the magnetic moment part of this
belongs g,'N&g;ly to the 63 multiplet and the coupling of
the 63 to the 120 to obtain another 120 is unique. The
ratio of the singlet to the member of 63 must be specified
in the theory, and we see that it is uniquely determined
by the extended Gell-Mann —Nishijima relation for the
quarks by assigning to these particles a charge —

3 or 3
and X=3.

Thus the fundamental assumptions are (a) the Gell-
Mann —Nishijima formula for the quarks and (b) that
the magnetic-moment operator transforms under SU(4)
like the charge operator Q and (c) that the baryons are
assigned to the totally symmetric 120 multiplet. With
these assumptions the ratio of the magnetic moments is
uniquely determined.

The ratio of the neutron and proton magnetic mo-
ments can be calculated by obtaining the ratio of the
expectation values of S between neutron and proton
states. We shall employ the vector model and calculate
the magnetic moments due to the constituent parts
(quarks) of the physical proton and neutron. In order to
do this we must consider the coupled spins of the quarks.
We observe that the proton is made up of two 5& quarks
and a t2 quark with total spin ~. Owing to the symmetry
of the two t& quarks in SU(4) they couple a.s identical
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particles to give spin 1. The physical proton then con-
sists of J&,=1, J&,=-', , J&,=0, and J,=O. The result
J&,=J,=0 follows from the fact that the I3 and s quarks
are absent. We choose the physical nucleons to be in a
state with the third component of the total spin J'= ~.
We 6nd that

and

(pl S'l p)= —', , ("lS'l")=—s. (25)

This gives the celebrated result tt(rt)/tt (p) = —ss for the
ratio of the neutron and proton magnetic moments.

The ratio —2 has also been obtained in an appro-
priate reformulation of Wigner's supermultiplet theory,
referred to as the LSU(4))sr theory. " 'o In this scheme
the charge operator also has the form

Q =singlet+ ad joint representation

under LSU(4) jar transformations. However, the choice
—,
' (-,+rs) is fixed by the Gell-Mann —Nishijima relation. "

The result tt(st)/tt(p)= —s, obtained in this SU(8)
scheme, is perhaps expected to appear from a threefold
quark. model of the type we have adopted, because
SU(6) and |vvigner's LSU(4)/sr are subalgebras of the
group and both these schemes give the ratio —3. But
this result already indicates that schemes of the SU(6)
type are nonunique in their physical predictions.

VL SELECTION RULES

In SU(6), selection rules can be obtained by assuming
that strong interactions are invariant under SU(6) and
therefore the quark spins are individually conserved. ""
The conservation of total spin implies that the reactions

p —+ 2sr and. X*~%+sr are forbidden. "The assump-
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tion of quark spin conservation leads to good selection
rules for the p and to.ss ss

Selection rules can also be derived in SU(8) by as-
suming invariance of the strong interactions under
SU(8). The conservation of total spin also has the
consequence that p ~ 2x, etc. , are forbidden. The conser-
vation of the $3-quark spin leads to the correct selection
rules for p and co. This is easily seen by means of the
following. The nucleons, pions, and p possess J&,=J,=0.
The A, Z and IC, Eall ha've J',,= —,'and. J,=0. The P has
J&,——1 and J,=O, while the co has J~,=J,=O. The
processes to ~ 3sr, 7r+ Jff ~ to+X, tb ~EC+E, and
Z+1V ~&+A are permitted by ts-quark spin conserva-
tion. The forbidden processes are p ~ 3sr, g -+ psr, and
sr+ X-+ P+X+sr.

Thus all the selection rules obtained in SU(6) follow

immediately from the quark model of SU(8).

VII. CONCLUDING REMARKS

Our conclusion is that the key experimental prediction
of the ratio ——, for the magnetic-moment ratio of the
neutron and proton can be obtained equally well from a
quark model of SU(8) provided the extended Gell-
Mann —Nishijima relation is determined beforehand.
The selection rules obtained in SU(6) follow equally
well from SU(8). The new particles with WHO possess
fractional hypercharge and therefore suggest the exist-
ence of higher resonances with interesting properties.

From the point of view of agreement with experiment
a symmetry scheme like SU(6) appears to afford no
reason for preference above higher symmetry schemes
except that it clrremtly provides the most economical
classification of particles. Whether this reason for con-
sidering SU(6) will prevail with time can only be de-
cided by larger accelerators.
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