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The 7w problem, as the simplest case of the pseudoscalar-meson and vector-meson system, is discussed
from the standpoint of the S-matrix approach. A general procedure of constructing invariant amplitudes in
spin and isospin space of the pseudoscalar-vector system is given, and for mw scattering, a set of invariant
amplitudes are conveniently chosen and their crossing properties are discussed. These amplitudes are ex-
pressed by one-dimensional representations which are derived from the Mandelstam representations by the
Cini-Fubini technique. Partial-wave expansions as well as projections are done by the use of the Jacob-Wick
helicity amplitudes. A prescription for calculating the driving forces from the exchange of particles is pre-
sented and applied to the exchange of the p and B mesons in states of the two possible quantum numbers
JP=1%*and 2~. The procedure consists of a zero-width approximation to the transition amplitudes in states
of given J and L, crossing-symmetric relations, and the one-dimensional dispersion representations of the
invariant amplitudes. The relationship between the invariant amplitudes and the helicity amplitudes
greatly facilitates this procedure. The ¢-channel reaction is also analyzed. A method of solution of the partial-
wave dispersion relations is discussed based on a recently developed formalism, and is extended further to
avoid the difficulty associated with the zeros of the driving forces. A systematic program to understand the
quantum numbers of the B meson as a ww resonance is also discussed. The qualitative nature of the forces due
to the B exchange in states of each possible quantum number is briefly sketched. A model calculation which
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favors a 2~ state of the B meson is presented.

I. INTRODUCTION

N recent years, a great deal of progress in the study
of strong-interaction physics has been introduced by
the dispersion-theoretic approach to elementary-particle
physics.! The idea in this approach is to try to compute
the physical scattering amplitudes from the knowledge
of their singularities in the energy and momentum-
transfer variables. However, the dispersion relations
as applied to scattering have displayed only limited use-
fulness; we know no simple general rule for localizing
all singularities of the amplitudes. A prescription pro-
posed by Mandelstam? allows one to obtain a partial
understanding about the momentum-transfer proper-
ties of the scattering amplitudes, when only two par-
ticles are present in both the initial and the final states
of the scattering process. Also this prescription allows
us to derive dispersion relations for the partial-wave
amplitudes for which the unitarity relation takes a
simple form. An approximate representation® for the
amplitude of two-particle scattering has been deduced
from the Mandelstam representation, by neglecting
consistently inelastic processes in the unitarity condition.
Despite the lack of general methods for a complete
calculational framework of the .S matrix, such as the
Feynman rules in the case of perturbation theory, the
dispersion-theoretic approach to the problems of strong
interactions has provided a theoretical framework in
which phenomenologically existing information can be
analyzed and summarized, thus giving a better theoreti-
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cal understanding of many problems. In particular, the
problems of the pion-pion,? pion-nucleon,® and nucleon-
nucleon® interactions have been extensively explored by
many authors and the Mandelstam representation has
provided a dynamical scheme for the discussion of scat-
tering to obtain many quantitative features of the sys-
tems. In many cases, the dispersion-theoretic handling
of the problems enabled us to predict a reasonable por-
tion of the driving forces of the system via the Mandel-
stam prescription.

In the present article, we consider the pseudoscalar-
meson—vector-meson scattering through the approach
of dispersion theory. We would like to have a theoretical
framework for understanding the existing experimental
data, such as the mw resonance’ called B, and the two
mp resonances®? A; and A, Owing to the different

1 G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467 (1960) ;
J. W. Moffat, sbid. 121, 926 (1961). More references can be found
in K. Kang, 2bid. 134, B1324 (1964).
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D. Y. Wong, Phys. Rev. 120, 2250 (1960); A. Scotti and D. Y.
Wong, Phys. Rev. 138, B145 (1965) in which further references
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7M. Abolins, R. L. Lander, W. A. W. Melhop, N. Xuong, and
P. M. Yager, Phys. Rev. Letters 11, 381 (1963).

8S. U. Chung, O. I. Dahl, L. M. Hardy, R. I. Hess, G. R.
Kalbfleisch, J. Kirz, D. H. Miller, and G. A. Smith, Phys. Rev.
Letters 12, 621 (1964) ; G. Goldhaber, J. L. Brown, S. Goldhaber,
J. A. Kaduk, B. C. Shen, and G. H. Trilling, sbid. 12, 336 (1964).

9 R. T. Deck, Phys. Rev. Letter 13, 169 (1964) has suggested
that a kinematic enhancement in the mass spectrum of the final
mp scattering could be responsible for the lower (the 4,) of the two
peaks seen in the experiments of Ref. 8. This suggestion makes it
difficult to interpret the 4, peak as a resonance, because the mp
system associated with the kinematical peak does not occur in a
definite angular momentum state. Experimental evidence in
support of this suggestion has been presented by M. A. Abolins,
D. D. Carmony, R. L. Lander, and N. Xuong in Proceedings of
the Second Topical Conference on Recently Discovered Resonant
Particles (Ohio University, Athens, Ohio, 1965) (to be published).
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isotopic-spin quantum numbers of the mesons belonging
to the pseudoscalar and vector-meson families,'® we are
unable to incorporate universal isotopic-spin projection
operators for all systems of meson families. Thus we
shall primarily consider 7w scattering as an explicit
example, for a given value of the total angular mo-
mentum J. For then a complete characterization of any
pseudoscalar-vector scattering for a given total J will
be easily accomplished by means of appropriate pro-
jection operators of the isotopic-spin states. Even
without the isotopic-spin operators, the problem is con-
siderably complicated by the presence of spin.

The pseudoscalar-vector system can be either in a
spin-singlet or spin-triplet state. For each process, the
Feynman amplitude can be expressed in terms of four
invariant functions of the energy and the momentum-
transfer variables.

In the next section, the usual scalar variables are de-
fined and the singularities in the direct as well as crossed
channels are described. We have outlined in Sec. III the
procedure to introduce invariant amplitudes for the
pseudoscalar-vector system in spin and isospin space.
As for the ww scattering, the isotopic-spin space appears
trivial since the reaction goes through only the I=1
state. The crossing properties of the four invariant
amplitudes of the 7w scattering are also discussed in
Sec. IV. These four invariant amplitudes are expressed
by the Mandelstam representation.? By using the
Cini-Fubini technique,® the double dispersion relations
are approximated to the one-dimensional representa-
tions which will be useful when the lower partial waves
give dominant contributions to the absorptive parts of
the invariant amplitudes. Partial-wave decompositions
are considered in Sec. V. This is done by a modification
of the Jacob-Wick formalism!! of scattering. Singulari-
ties of the partial-wave amplitudes are sketched. Section
VI contains calculations of the helicity amplitudes. The
polarization vectors of the massive photon are dis-
cussed and expressed in terms of its helicities, so that
one may calculate the helicity amplitudes. In Sec. VII,
a general procedure to derive the driving forces is
discussed. The procedure is verified by reproducing
the Born terms of the vector and an axial-vector ex-
change as those from the Feynman graphs. The 2~ ex-
change!? as a possible quantum-number state of the B
meson is calculated. Here a narrow-width approxima-
tion to the absorptive part of the transition amplitude
in the physical region of the crossed channel and crossing
relations of the invariant amplitudes are incorporated
with the one-dimensional representation of the ampli-

10 Tn order to construct a general theory, one should consider all
possible combinations of the pseudoscalar mesons (r,7,K,K) and
the vector mesons (p,w,¢,K*,K*).

M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959).

12 The B meson has G parity+1 and isotopic spin 7 =1. Possible
quantum numbers of spin and parity J¥ are 2~ and 1*. A 1~ inter-
pretation of B is not likely to be due to nonobservation of KK.
See A. H. Rosenfeld, A. Barbaro-Galtieri, W. Barkas, P. Bastien,
J. Kirz, and M. Roos, Rev. Mod. Phys. 36, 977 (1964).
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scattering.
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tudes to give the Born terms. The knowledge of the effec-
tive interactions at the vertices of the Feynman diagram
is not necessary in our approach. Also we will see the
correct kinematical factors to be removed in the partial-
wave amplitudes in states of given JZ, as a consequence
of making the invariant amplitudes free from kinemati-
cal singularities. In Sec. VIII we discuss the method of
solution of the partial-wave dispersion relations based
on a recently developed formalism.!* This formalism
gives a manifestly symmetric solution which does not
depend on any subtraction parameters. The method is
extended to avoid the difficulty associated with the
zeros of the driving forces. Finally, Sec. IX deals with
concluding remarks. A systematic approach to under-
stand the B meson in the viewpoint of a dynamical
theory of the 7w interaction, which is under way, is de-
scribed as an application of our theory, and a model
calculation favoring a 2~ state of the mw resonance is
discussed.

II. KINEMATICS

Scattering amplitudes for the process p1-+g1— patga
shown in Fig. 1 are considered as a function of the three
scalar variables

s=—(prtq)*=M>+m’+2k*

+2L (kM) (2 +mH ]2, (la)
t=—(p1— p2)?=—2k2(1—cosb;), (1b)
u=—(p1—q2)?=2(M*+m?)—s—t, (1c)

where we have denoted the four-momenta of the
pseudoscalar mesons by 1 and p,, the four-momenta of
the vector mesons by ¢; and ¢, the vector-meson mass
by M, the pseudoscalar meson mass by m, and the
center-of-mass momentum and scattering angle by &,
and 6,, respectively.

If the diagram in Fig. 1 is considered to represent the
annihilation of two vector mesons ¢; and —g; into two
pions —p; and p,, then we can write

t=4(g+M)=4(p*+m?), (2a)
= —p2—q*4-2pq cosb;, (2b)
w=2(M?*+m?)—s—t, (20)

3 G. Q. Hassoun and K. Kang, Phys. Rev. 137, B955 (1965).
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Fi16. 2. Kinematics of the reactions (1), (2), and (3).

where p and ¢ are the center-of-mass momentum of the
pseudoscalar and vector meson, respectively, and 6; is
the scattering angle in this channel.

Figure 1 can also be interpreted as representing the
scattering process pi1+(—ge) — po+(—¢1). Then the
role of s and # is interchanged;

u=M*4-m?+2k,2+2[ (k24 M2) (R 2+m?) 12, (3a)
t=—2k,2(1—cosb,), (3b)
s=2(M2+m?)—t—u. (3c)

In (1), (2), and (3), there are only two independent
variables because of the usual relations (1c), (2c), and
(3¢), and we have used a convention a-b=a-b— a,.

The boundaries of the physical region for the s channel
are given by the limiting values of cosf,=4=1. We obtain
a curve

(4a)

stu=2(M2+m?) (4b)

as shown in Fig. 2. The physical region for the # channel
is symmetric to that of the s channel about the line
s=u. If there occurs a single-particle exchange of mass
m, say smaller than the threshold value M-+, then
the pole appears at s=m? and at #=m2% The point
where s has the least permissible value for %, to be real
has the coordinates (s,?,%) = (M +m)%,0,(M —m)?) while
the corresponding point in the # channel has
(Syt)u) = ((M—m)zao:(M'l_m)z)

The physical region for the ¢ channel is bounded by a
branch of (4a) and the point with the least permissible
value of ¢ for ¢ to be real is (s,t,) = (— (M2—m?), 4M?2,
— (M*—m?)). But there are also threshold singularities
for intermediate states of lower energy involving pions,
namely, t=4m?, or 16m? and so on.

su=(M?2—m?)?
and a line

III. CROSSING SYMMETRY

Let us first consider the process pi+q1— p2+¢a. If
this is to represent the nw scattering, the reaction may
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take place only in the isotopic spin state 1. If this is to
represent the mp scattering, then the reaction will take
place in any of the three isotopic-spin states =0, 1,
and 2. For this process, the projection operators for
isotopic spin states are

Co=31I;- L+1)I;-L—1), (5)
C1=—2"I;- L+2)I;-I,—1), (6)
(P2=6_1(Il'12+ 1)(1112+2) s (7)

where I, and I, are the usual isotopic-spin operators for
pion and p meson, whose elements are given by

(| I7]B)= —itjas. (®)

As for the 7K * scattering, the projection operators of the
I=% and =7 states are given by

0)3/2=3—‘1(2+I"E) , (9)
C1p=371(1-I-%), (10)

where I and = are the usual isotopic operators for = and
K*, while as for the KK* scattering, we have

Co=4"1(1—=1 72) (11)

and

C1=471(3+ 71 72). (12)

Since the spin of the pseudoscalar-vector systems is
0+1=1, we observe that for a given value of the total
angular momentum J, the orbital angular momentum L
can be J or J=1. For L=J, one amplitude is sufficient,
as parity conservation forbids transitions to L=J=1,
while for L=J=1, three amplitudes are required to de-
scribe the transitions J+1<>J41, J—1<>J—1, and
J—1<> J+41, respectively. Because of time-reversal
invariance, the transition amplitudes for J—1— J41
and J+1<> J—1 are equal. Thus, there must be four
invariant amplitudes describing the scattering, and four
independent combinations of the spin are necessary.

The usual procedure to include the spins and charges
of the particles is to define the usual Feynman ampli-
tudes as an operator in spin and isospin space and to
situate the operator between the appropriate spin and
isospin state vectors.

We shall write the Feynman amplitude F for process

p1+q1— p2+ge in the form

4
F(slt’u)=2 Z F;‘I(S,t,u)Oi(pI,

I i=1

(13)

where F;(s,t,u)’s are functions of the invariant variable
s, t, and # and the O/s are the four independent com-
binations of the spin nature of the particles involved.
We can treat F as a matrix in isospin space. However,
we shall discuss this procedure for the mw scattering for
which the reaction will take place only in the =1 state.
The Feynman amplitude F and the scattering amplitude
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f are given by
(14)

F=28rs'/2f, (15)

where €; and €, are the initial and final vector-meson

polarization four-vectors, normalized to unity, and «

and B are the isospin indices of pions.

Let us write

mpv=F16M"+F2PMP"
+F3R“R,,+2_1F4(PuRv+Pva)+F5q2yqu
+2_1Fﬁ(q2qu+qlva,)+2_1F7<q2pRv+q1an); (16)

where F; through F; are scalar functions of s, ¢, and #,

and

Fag= F&,,g = mpyfzyelv‘saﬁ
and

P=prta, (172)
R=pr—as, (17b)

then we notice the P2=—s and R?= —u. Only four of
the seven functions Fy through F7 actually count, since
we will be working with the subsidiary condition

€10, = €247, =0 (18)
and F(s,t,u) becomes
F(s,t,u) = (61' Ez)F1(S,L’,%)
+(e1- P)(ey P)Fo(s,t,u)+ (e1- R) (€2 R)F3(s,t,u)
4271 (e1- P)(e2- R)+(e1- R) (€2 P)F a(s,t,m) . (19)

Thus we have identified the 0;’s.1¢

As for the process p1+(—g2) = po+(—q1), the Feyn-
man amplitude will have a representation analogous to
(19) with (g1,&1) and (—go, €2) interchanged. This pro-
cess also takes place only in the I=1 state, and
furthermore

F(s,t,u)=F(u,t,s). (20)

On the other hand, the invariant operators O; must also
be crossed, thus giving the crossing properties of the

1 Psuj(xay)
Fj(S,l,M)= Pj(s)tyu)_l'_

o0 00
/ dx / d
w2 J (ar4m)y? (M+m)?

where the term P;(s,t,u) denotes the single-particle ex-
change terms such as the p-exchange terms in the s and
u channels of the mw scattering, and the anomalous

14 This choice is equivalent to that of M. L. Mehta, Phys. Rev.
134, B1377 (1964). Construction of invariant scattering am-
plitudes for arbitrary spins are discussed from group-theoretical
considerations by A. O. Barut, I. Muzinich, and D. N. Williams,
Phys. Rev. 130, 442 (1963).

Y =) o—u)

y———

1 00 0
+— dx / d
w2 (M+m)? 4m?
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Fi(ut,s)= é XiFi(stm) (1=1,2,3,4) (21)
with -

100
1o o0 1
)=y 1 o

0
0
0 (22)
1

000

This relation is useful in obtaining the 7w interaction
generated by the exchange of resonant or single-particle
intermediate states in the # channel.

In the ¢ channel where two pions annihilate into two
w mesons, the only allowed isotopic state is 7=0. More-
over, the orbital angular momentum in this channel is
uniquely related to the total angular momentum J.
Bose statistics restricts values of J=L only to even
values; thus the ¢ channel may not contribute when
the odd-parity or the I=1 particle exchanges are con-
sidered in all the channels. One can also easily verify
for this process that!®

Foag=3"12F(t,5,1)048. (23)

The crossing relation under s<> ¢ with % fixed can be
worked out in an analogous manner as in the =N scat-
tering. We will relate the F; of the mw scattering to the
production amplitudes fin,;00, Where Ay and A, denote
the helicity of the two w mesons, when we discuss the
partial-wave amplitudes.

IV. AN APPROXIMATE REPRESENTATION
OF THE INVARIANT FUNCTIONS

According to Mandelstam’s postulate,? each of the
four invariant amplitudes F; is an analytic function of
the energy-momentum variables except where s, ¢, and
# equal the thresholds for energy conserving inter-
mediate states:

pstj(x$y) 1

. © puﬂ'(x,y)
d dy—————, (24)
/;M+m)’ x/;rn’ y(x_“)(y“t) (

threshold cuts are neglected. We shall overlook the
possibility of subtractions. The spectral functions
p(x,y) are not independent, but it follows from (21)

(x—s5)(y—1t) =*

18 Following the method of W. R. Frazer and J. R. Fulco, Phys.
Rev. 117, 1603 (1960), we write the isotopic-spin decomposition
as (a@w|F|Ba)=F (t,s,u){a@w|g|Ba), where a, B=1, 2, 3 and
&= |I=0, I,=0(w)){((x)I=0, I,=0] is the projection operator
for the I =0 state. Thus one can easily get (Gw|g%|Ba)=3"5g.
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and (22) that

psi’(%,9) =pus’(y,2) for j=1,4,  (25a)

ps(%,9)=pui(y,x) for j=1,4,  (25b)

Psu2(x1y)=9u33(y,x) , (25())

Pstg(x,y)=put3(y,x) y (25d)
and

pu(%,9) = psP(9,) . (25¢)

We can also derive from (24) one-dimensional disper-
sion relations with one of the s, ¢, and # variables fixed.
It is convenient in our case to write a fixed-# dispersion
relation, which then still exhibits the s-# symmetry.

Fj(S,t,u)=Pj(S,lf,%)

1 = AJ(xt) 1 > A (y,)
+- d +- f dy——"2 . (26)
T J (r4m)? =S5 7w J @rtm)? y—u
Then Eq. (24) shows
1 pr Ps f(x,t')
A () =- / ==
T J 4m? y—t
1 e Psuj(xyul)
+- du' 27
T J (M+m)? u'+x+t—2(M2-|—m2)

KYUNGSIK KANG

and o
Auf(y,t)=1 /w dt'pwj(y,t )
T J am? t'—t
+1 ) ds’ pulls) . (28)
mJ aremyr 8" Fy+i—2(M2+m?)
From (25), one finds
AJ(x,)=A(x,t) for j=1,4, (292)
AP2(x,)=A4.3(x,t), (29b)
AB3(x,t)=A4,2(x,1). (29¢)

The functions 4:(s,t) (i=s, u; =1, 2, 3,4) are to be
calculated by considering the absorptive part of the
amplitude for the mw reactions. However, we shall
adopt a modest attitude of treating the low-energy
region and make here an approximation to (24), using
the technique introduced by Cini and Fubini.? This
approximation is believed to give the essential structure
of the invariant amplitude in the region of low-energy
and low-momentum transfer. From unitarity, the
A#(x,t) can be expressed as the sum of contribution
from lower mass intermediate states involved in the
elastic 7w scattering and an inelastic contribution where
additional mesons are produced in the intermediate
state:

Aﬂ'(s,t,u)= A,—l"(x,t)-{-A ihj(x,t) , (30)

where the contribution from the higher mass intermediate states 4;4/(x,t) vanishes in the low-energy region, say,

for x<(M+2m)2 Then we can write (26) as

1 = A (xt) 1 =
Fj(s,t,u) = Pj(s,t,m)+— dx +- f dx
(M+m)?

T J (M+4m)? X—Ss ™

Aulj(x;t)

X—u
1 e Agi(zt) 1 Aun(,t)

4 e [ R
T J (M+2m)? x—s T J (M42m)? x—u

In the first two integrals of (31), it is easy to understand from Fig. 3 that the lowest singularity in ¢ starts at
16m?, while for the last two integrals in (31), the nearest cut in ¢ begins at 4m? with the cuts in s and % at (M—42m)>2.
We shall expand the third integral in power series of s and #, keeping only the first few terms. Then

1 = Agf(x,t) 1 o ad({t,su) 1 ®
—/ dx =—/ i dx/ du' ,
T J (M42m)? x—s T J am? V—t w2 J (arvomy? rmy? (W Hx1—2M2—2m?) (x—s)

where

1 ©
asi(t' s, )=~ f d
T J (3+2m)?

Treating the fourth integral in (31) in the same manner, we get

1 p= Auwilxt) 1 1~ a{,s,u) 1 ©
- / dpr———=— / & —F— dx / ds’
T J (M+2m)? x—u T J am? V—t w2 J (ar42my? (M4m)? (s’+x+t—2M2—2m2)(x— un)

Psuhj(x;u',)
(32)
Poer’(%,t)
e (33)
Xx—3
psuhj(slyx)
(34)
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with

1 puin’(x,1')
a’({t ,s,u)=— f dx—i——— . (35)
(M+2m)?

™ Xx—u

The second terms in (32) and (34) should have only a
weak dependence on all three variables since the cuts
are all distant and they will be expressed in a pheno-
menological manner; furthermore they will be assumed
to be absorbed in P;(s,t,#) which contain adjustable
parameters in general.

Thus we obtain an approximate representation for
the invariant amplitudes F;(s,t,u%):

1 o Aszj(x,t)
Fi(s,tu)=Pi(s,t,)+— dx—
T J (M+m)? x—s
1 ® Aulj(x;t) 1 © af(x,s,u)
+- a0 [ do——" | (36)
T J (M4m)? Xx—u T J 4m? x—t
where
a¥(x,5,u) = a7 (x,5,u) + a7 (x,5,1) 37)

is a sum of a real polynomial of low degree in s and a
polynomial in #, and 4.(s,t) is a real polynomial of
low degree in ¢.

The use of unitarity to calculate A4u%(x,) and
a¥(t,s,u) in (36) is simple, since they are given by the
imaginary parts of the low partial waves of the reac-
tion in question and the related crossed processes. The
integrals of (36) will get dominant contribution from
the imaginary parts of partial waves in which a reso-
nance is present in the corresponding channel.

In the ¢ channel, the nearest singularity is at ¢=4m?
as shown in Fig. 3. This two-pion state must occur in
the I=0 state, and have even values of the orbital
angular momentum. Thus the s and d waves will be im-
portant in our approximation. A possibility of the /=0
d-wave resonance of two-pion called f° has been con-
firmed,!® and even the 7=0 s-wave resonance of a two-
pion state has been reported.l” Furthermore there seem
to be two possible candidates in this state and the mix-
ing of these two scalar resonant particles has been
argued,!® while in some calculations,’® and in some semi-
empirical analyses,?® a strong final-state interaction is
favorable in the I =0 s-wave state instead of a resonance.

If we do not assume any I=0 two-pion s-wave reso-
nance, then the nearest singularity in ¢ occurs further

16 W. Selove, V. Hagopian, H. Brody, A. Baker, and E. Leboy,
Phys. Rev. Letters 9, 272 (1962); Y. Y. Lee, B. P. Roe, D. Sin-
clair, and J. C. Vander Velde, ibid. 12, 342 (1964).

17 M. Feldman, W. Frati, J. Halpern, A. Kanofsky, M. Nuss-
baum, S. Richert, P. Yamin, A. Choudry, S. Devons, and J. Grun
Haus, Phys. Rev. Letters 14, 869 (1965) ; W. Selove, V. Hagopian,
J. Alitti, J. P. Baton, and M. Neveu-Rene, Bull. Am. Phys. Soc.
11, CB7 (1965). Not all the experiments seem unanimous for the
existence of a scalar meson. For example, see W. D. Walker, in
Proceedings of the Second Topical Conference on Resonant Particles
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Fi16. 3. Determination of the lowestsingularity in s and ¢
of the 7w scattering.

away in the last two integrals of (31). The pole coming
from f° exchange in ¢ channel locates much further.
Thus effectively the lowest singularity in ¢ will start
further at t=16m? and in s and % at (M- 3m)? for the
last two integrals in (31). The last integral of (36) will
have thus a weak dependence on s, f, and # as the
cuts will effectively be distant. In particular, if only the
p and B exchanges are considered in all the channels,
then the third integral in (36) will not appear.

V. PARTIAL-WAVE DECOMPOSITIONS

It is convenient to express the S matrix in terms of
transition amplitudes in states of given quantum num-
bers of the total angular momentum J and parity. We
will treat reactions of 7w, employing the formalism
developed by Jacob and Wick.!! This formalism has an
intrinsic simplicity of expansion in terms of amplitudes
for transitions between states of given helicities.

We define the T matrix by the relation

Ti=(Si—87:)/(2ik s %12 (38)

where ks and k; refer to the center-of-mass momentum
in the final and initial states of the 7w scattering and in
the case of elastic scattering ky=Fk;=Fk. The scattering
amplitudes of Jacob and Wick can be expressed for
given helicities A; and A; of the initial and final & mesons,
as follows:

Ol fIN) =R 212 3 (2T 4-1)
XA TT | NoYdagn, 7 (0)ei e - (39)

where dy,,7(0) is the reduced rotation matrix and
| T7| Ny means (JM;\;|T|JM;\;). Without loss
of generality, we shall set the azimuthal angle of the
final momentum of w equal to zero. For the helicity
amplitudes, the invariance under space inversion implies

MITT VY= (=N TV [ =) (40)
and time-reversal invariance gives
A TT N =N T [Ns). (41)
Using (40), (41) and the relation
Do (0)=dx; 7 (0)=(=)"NMdrp,7(0)  (42)

one can again reduce the possible nine helicity ampli-
tudes to four independent ones, say, fi+, f—+, fot, and
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foo- Here the helicity of the w meson is labled by +, —,
and 0.

The parity operation P on the helicity state |JM; \)
produces the effect

PlJM; Ny=n(=)""5|TM; =), (43)

where S and 7 are spin and intrinsic parity of the
meson, and the helicity and intrinsic parity of the pion
are omitted in forming the helicity state |JM; A) of the
7w system. Explicitly n(—)7~% in the present situation
is (—)7. Now we define eigenstates |JM; \).. of parity
such that

PlIM; Ni==%(=) [TM;N)s.
This is satisfied by
| JM 5 N = 27402 | TM )= | TM; —N)).

(44)

(45)

When the parity is conserved, 7" matrix will have the
nonvanishing elements only between the same parity
states:

(IM; N | T TM Ny
=\ TTN)= (=N | TN, (46)

Let us define parity-conserving scattering amplitude
by the rule*

Al fEIN)
=[2V2 cos(8/2) J-IM+MI[ 212 sin(§/2) TNl
X s | fINe)==(=)2sAm[ 2112 sin(f/2) J-hit M1
X[2%% cos(8/2) M MK—Ns| fIN),  (47)
where
Am=max(| ], [N]).
Finally, one can express (47) in terms of parity-
conserving 7-matrix elements:
Al fEIN)y=2 (2T +1)
XLeranTH(O) LT M5 N | T|TM 5 M)y
Fen, 7(0) =(JM; N | T|TM; \i)], (48)
where
exinH(0) = 21212 cos(8/2) TPhs# 1
X[2172 sin(8/2) ]~ Mldy .7 ()
£ (—)N+An[ 212 in (/2) T+
X212 cos(6/2) - M-Mdy 0,7 (6)) . (49)
For completeness, we give the partial-wave projections;

H{TM M| T TM ),

e ] d(cosB)[Cran™ O} 4100

+Ca 7= (O)N] TN, (50)

2t We follow the definition of M. Gell-Mann, M. L.Goldberger,
f‘ . E.)Low, E. Marx, and A. Zachsiasen, Phys. Rev. 133, B145
1964).
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where
Coang:(6)= 2 [ 212 cos(6/2) I+
X L2472 sin(8/2) JHMdy, 7 (6)
= (— )Mt rn—1 2112 gin(/2) M+l
X212 cos(8/2) JMMldy, 7 (0)} . (51)

We shall use notations Ty, 7= (JM; N | T|JTM;No)
and fap, == (\s| f£]N:). From (47), one finds

foi—=+4cosf)"1fy  —(1—cosO)f_,, (52)
feat=(4cosb) " fyp+(1—cost)f ., (53)
fort=2[sin0] foy, (54)

and
Jfoat=2fo0, (55)

while from (50), the partial-wave amplitudes in states
of given parity and total spin are given:

T/ —=21 f 1 d(cos®){(27+1)7*

-1

XL(T+1)Ps_1(cosd)+T P s1(cosb) I fi4™

. +Py(cosh) fr++}, (56)
Ty = 2—1/ d(cost){(2T+1)!
X[(J+1)Ps_1(cos8) 4T P si1(cosd) ] fas—
“+Py(cost) f+i7}, (57)
1

ot =241 [ deos
X [P r41(cosd) — Ps_s(cosd) I for F WM, (58)
Top?t=271 f d(cos) P s(cosb) fos LMW1, (59)

—1

Here T'o.7+ and Tg’+ are modified by the factors M/W
and (M/W)? to remove the kinematical singularities in
fort and fogt as will be seen later. This will necessarily
modify the partial-wave expansions (48) so that W/M
and (W/M)? should be multiplied to fo4+ and foo™,
respectively. W is given by (M24-£%)V2 in the center-of-
mass system. The expression for the transition ampli-
tudes in states of given orbital angular momentum L are
readily obtained by using the relation??

|TMLS)=[(2L+1)/(2T+1) ]2
X\ C(LST; ONC(SuSS; N0) | JM 5 N),  (60)

where the summation is over the helicity states of
w and S, and S, are spins of w and pion, respectively.
Here we have explicitly put the helicity of the pion
to zero. We shall denote the transition amplitude
(JMLS|T|JML'S)by T7(L <> L’). Let us first consider
the singlet state L=J. (60) gives

T7(J e =Ty " —T_47;
2 See the Appendix B of Ref. 11.

(61)
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thus from (46)
T/(J o N)=Ty'~ (62)

As for the triplet states, where L=J+41, we get as
follows:
VJ—1eJ-1)=02/+1)"

X{(T/2D)Too" T+ 1) T4 7+

+27(T+1) Tty (63)
TI(J =1 J+1)= 2]+ 1) [J(J+1) ]2
X{—2 1Tt T I+
—[270+DT 2Ty, (64)
TI(J+1> JH1)=(27+1)!
X {2—1(]+1)T00"++JT++']+
—[27(T+1)2Te 7} . (65)

Partial-wave projections in the ¢ channel can also be
carried out by constructing?

| JM 5 00),.= 22| JM ; 00) (66a)
and
| JM 5 Ao =272 | TM ; Aho)+ | TM 3 Aoh1)
+IM; —N—=N)+|TM; —Ne—N1)} . (66b)

The T matrix becomes
HKIM A T TM;00),=2X2V2\:\2| T7|00) (67a)

or
Tapng;007T=2X212T n5:00” (67b)

where A\ and A, are the helicities of the two w mesons in
the final state. Again we define the scattering ampli-
tudes by the rule of (47) in which X; and A, are replaced
by 0 and A\;— A\, respectively. The scattering amplitude
in terms of 7" matrix is then given by

f)\l)\z; oo+(l, 0;) = g1/2p—1 129—1
X (sinfy)~M2al 57 5 (2T +1) [dong,”

F(=)NMldgy, 37 (0) 100", (68)
where
Tapgio0”F=—1271(pg) "2 ags00”+ (69)
Finally we get the partial-wave amplitudes
1
T)\l)\% 00J+= 4—]P1/2q—1/2f d(COSg;) (sin@;)l)‘l_“'
-1
X [dong—ne” (02)F (=) M 2eldgy, 3 7(6) ] fapsoo™.  (70)

One can relate T n,;00’" to the invariant function F;
by calculating (8#/2)~1F(¢,s,u) in the barycentric sys-
tem of the ¢ channel for the corresponding helicity states

% When both helicities A1 and As equal to zero and
e (—)81+82=1 Eq. (45) gives |JM; 00)+—21/211M 00) and
|JM ; 00)_=0. See footnote 8 of Ref. 21. As for the wd state, we
have to use a correctly symmetrized wave function, since & is
treated the same as w. Starting with an eigenstate of the exchange
operator  P1z,27V2{ |JM; MAe)+ [JM ;A9\1)}, one obtains the
parity eigenstate (66b). Notice that only even values of J are
allowed for the ¢-channel process.
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of the two w mesons. In doing so, one also obtains the
relations between the invariant amplitudes and the
amplitudes for production of two w mesons with helicity
A1 and \,. For example,

Frti007 (2, cosby) = — (16X 31/ 2 1/2) 1
X p?sin0 [ Fot+-Fs+-Fo]. (71)

Singularities of the partial-wave amplitudes T',,"*
defined by Egs. (56)-(59) will occur when the curves
stu=2(M2+m?) and su= (M2—m?)? meet singularities
of Fi(s,t,u). Thus a pole in the # channel at u=m? will
give a branch cut in the s plane from s= (M2—m?)2/m?
to s=2(M?*+m?)—m? The normal threshold in s gives
a branch cut s=(M-+m)? to s=« while the normal
threshold in # giving a branch cut s=(M—m)? to
s=—oco, The normal threshold in ¢ at {=4m? gives a
branch cut s=—(M2—m?) to s=—» and a cut along
the circumference of a circle | s| = M2—m?2 Finally there
will be a pole at s=7? corresponding to a bound state.
However, we can avoid consideration of such cuts on the
complex domains, by evaluating exchange terms directly.

VI. CALCULATION OF THE HELICITY
AMPLITUDES

Before we consider the nw interaction generated by
the exchange of resonant and single-particle intermedi-
ate states in the £ and # channel, we shall first calculate
the helicity amplitudes in terms of the invariant
amplitudes.

The scattering amplitude may be calculated for the
given helicity states of the initial and final w. One can
easily obtain the helicity amplitudes in terms of the
invariant amplitudes from Eq. (19):

Fi=2"114cosO)[ F1—k2(1—cosb)F3;], (72)
Py =2"1(1—cosf)[F1+E(1-+cosh) I3 ], (73)
Fop=—2"12~1sinf[ WF1+k2(W cosb+ L) 5
+27A(WHE)F], (74)
F00= M_2[<W2 COSG—k2)F1
+5k2Fo+E2(W cosb+ E)*F;
+SUZBAW cosf+E)F(], (75)

where £ is the barycentric momentum, W= (M2} £2)1/2,
LE=(m*+-k)2, s=(W-+L)?, and Fy\;=8mrst/2 f;. The
parity-conserving amplitudes defined by (52)—(55) are
given by

Fyym=—FkFs, (76)
F+1_+=F1+k2 COSer, (77)
Fot=—=2Y2W/M)[F1+k*(cosb+E/W)F;
2SR, ], (78)
=2(W/M)?[(cosf—k*/W2)F,
+ W—2k2sFo-+W—2k2(W cosf-+E)2F,
+k212(W cosb+E)F4]. (79)
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Thus by identifying the invariant functions, one can
readily calculate the parity-conserving amplitudes and
the transition amplitudes for given angular momentum
L from (62)-(65) of Sec. V.

Before closing this section, let us write down the p
exchange and axial-vector meson exchange (4 exchange)
terms in the s and % channels (Fig. 4). The prw and Amw
vertices shown in Fig. 5 are described in terms of the
effective interactions,

(gpﬂ'w/mﬂ)‘;aiénv)\deﬂ(“’)kﬁ)\(ﬂ)qv (80)
and

(81)

In (81), the d-wave interaction eu(4)k.e(w)p, is
neglected. One can easily verify the contributions of the
p and 4 exchanges in the s channel to the invariant
amplitudes as follows:

garaM adaieu(w)eu(4).

The p exchange:

Fa(s,t,u)=sk? cosO[vy,/(m,2—s)], (82)
Fo(stu)=—(E2—k2 cosO)[v,/(m,2—s)], (83)
Fy(s,tu)=—s[v,/(m,—s)], (84)
Fuy(st,u)=2Es"[~,/(m,*—s)]. (85)
The A exchange:
Fi(stu) =24/ (ms’—s), (86)
Fa(s,tu)=ma 2y 4/ (ma*—s), 87
Fs(s,tu)=F(s,t,u)=0. (88)
Also the exchanges in the # channel give:
The p exchange:
F1(u,t,s)=[Fk* sin®0+ k2 (E24W2) cosf+2k2EW ]
X[vo/ (m—u)], (89)
Fa(ut,s)=—ulv,/(mi—u)], (90)
Fi(ut,s)=— (E*—k? cosO)[ v,/ (m,2—u)], (91)
Fy(u,t,s)=—2[k*(14-cosd)— E(E—W)]
X[ve/ (mS—u)]. (92)
The A4 exchange:
Fi(ut,s)=va/(ma2—u), (93a)
Fs(ut,s)=ma2va/(ma2—u), (93b)
Fo(u,t,s)=F4(u,t,s)=0. (93¢)

Here, v,= (goro/m,)? and ya= (gaxata)®
Indeed, the invariant amplitudes satisfy the crossing
relation (21) of Sec. II, if we notice the following rela-
tions under s <> %, £ <> 4:
sks? cosfl, — uk.,? cost,
=k, sin®0,+ (E2+W?2)k2 cosf,+ 2k 2EW ,

ks? cosf,— E? — k2 cosl,— k., 2—m?
=k,? cosf,— E?,

(99)

(95)
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SV2E=2"1(s+m?—M?) — [u(k2+m?) ]2
=E(E—W)—k2(14-cos8;), (96)
where E= (k2+m?)'? and W= (k24 M?)1/2. Those re-

lations are trivial consequence of the two invariants

2k2(1—cosl,) = s+u—2(M2+m?)
=2k, 2(1—cosh,,) ,
2sk2(14-cosfs) = (M2—m?)2—us

=2uk,*(1+cosb,,) .

o7

(98)

Finally, the exchange of a scalar meson (s exchange)
in the ¢ channel gives

Fl(s7t:u)=2><3_1/2 -s‘/ (t_msz) )
Fg(s,t,u)=F3(s,t,u)=F4(s,t,u) =0 ’

where vs="%srrYs0o- Here we have also neglected the
d-wave interaction (ei-ks)(e2-k1). Thus the parity-
conserving amplitudes for given helicity states are
readily obtainable from (76)-(79), and then their
partial-wave projections will immediately follow.

(99)

VII. BORN TERMS

While we were calculating the helicity amplitudes in
the last section, the method of localizing the poles of the
S matrix was also mentioned on the basis of the Feyn-
man graphs of perturbation theory. It should be noticed
that in dispersion theory a single-pole term includes all
effects from propagator and vertex renormalization and
all kinds of stable particles whether elementary or com-
posite give rise to poles according to the same rules.

In this section, we shall outline a general procedure to
derive the driving forces. The advantage of this general
discussion is that we can obtain the Born terms of
particle exchanges in any spin-parity state. This formal-
ism will become very useful in the 7w scattering when
we want to use the experimental information such as
the exchange of the B meson for which we do not know
yet the definite J¥ state.’? The B meson should be in-
cluded in the discussion of the rw scattering along with
other possible exchanges, particularly when we want
to understand the 7w resonance and its spin and parity
state. One should naturally consider all possible assign-
ment of the J¥ state and observe the characterization
of the driving forces in each of the possible states.

Our procedure will be carried out essentially through
two steps: First we shall make use of a narrow-width

N
/\

THE p EXCHANGES THE A EXCHANGES

F16. 4. Diagrams representing the exchange of the p and
A(a 1t state of the B) in the s and % channels.
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resonance approximation in particular transition ampli-
tudes, and secondly, from them we shall calculate the
contribution of the crossed 7w cut by using crossing
symmetry The procedure will be justified by reproduc-
ing the p and A4 exchanges (82)-(88) of Sec. VI.

Let us first invert the relations (76)-(79) of the last
section and get

Fi(s,t,u)=Fy F+cosf F T,
Fo(s,tu)= (sk?)!
X[271M2F o5+ 212M (W cosb+E)Fo,+
+ (W2 cosf+2W E~+F2)Fy 4+
+ (k2 COSO“‘Ez)F.}_.l__] 5

(100)

(101)

F3(s;t;u')= _k_2F++_ ) (102)

Fy(s,t,u)= (s72k%)1
X[—22MFot—2WF, ++2EF, ;~ 7,
(103)
where

Fo E2=3 Q74+ D)[T(T+1)T[ P (cosd) Ty

+PJ” (COSO) (COSGT++J:I:— T++J:F)__J s (104)
Fot=—(W/M)2 (2T +1)

X[J(T+1)T 2P (cosb) To 7+, (105)

Foot=(W/M)* 3 ;(2J+1) P s(cos6) Too”*. (106)

Here P;/(cosf) means dP ;(cosf)/d(cosf) and again we
mention that Fy2=8ms'/2fin*.

By substituting now a narrow-width approximation
for the transition amplitude of given J and L state, we
can evaluate contributions to the partial-wave ampli-
tudes with given helicity from (62)-(65) of Sec. V. One
then obtains the parity-conserving amplitudes from
(104)-(106) which in turn are used to calculate con-
tributions to the invariant amplitudes by the relations
(100)-(103). Finally from crossing symmetry, we get
the Born terms.

We shall now verify our procedure by reproducing the
p-exchange terms. The p meson comes into the 7w scat-
tering as its bound state. It has J=L=1. Thus we put

T"='(11)=D,,
T7=1(0 > 0)=T7=1(0<> 2)=T7=1(2+ 2)=0,
where D, is essentially a pole term with correct thresh-

old factor and a kinematical factor which will remove
kinematical singularities in the invariant amplitudes.

(107)
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From the relations (62)-(65) of Sec. V, (107) becomes

T++1—= Dp , T++1 = To+1+= T001+= 0 (108)
and we get from (104)-(106) that
Fioy==@/2)D,, Fiyt=Fot=Fot=0. (109)

By substituting (109) from Egs. (100)-(103), the con-
tribution to the invariant amplitudes becomes

Fy(s,tu)=% cosf D,,
Fo(s,tu)=2(sk®)~1 (k2 cost—E2)D,,

(110)
Fs(stu)=—3%k2D,,
Fa(s,t,m)=3(s12k2)"ED,.
Thus if we take
D,=3sk¥v,/(m?—s)], (111)

then (110) becomes the p-exchange terms (82)-(85) of
Sec. VI and the form of (111) has not only a correct
threshold behavior but also makes the invariant ampli-
tudes F; free from kinematical singularities. It should be
noticed that our procedure necessitates in a natural
way the use of the sk? in order to impose the threshold
condition on the partial-wave amplitude 77=1(1 < 1)
which has no kinematical singularities.? Using the rela-
tions (94)-(96) under s <> % crossing, (110) with (111)
gives the contributions due to the p exchange in the %
channel, which are (89)-(92) of Sec. VI. Thus the Born
term or the driving force due to the p exchange is ob-
tained. For completeness, we give the contributions of
the p-exchange pole in the # channel to the parity-
conserving amplitudes from the relations (76)-(79) of
the last section.

Fy —=k%E*—k2 cost) v,/ (m2—u)], (112a)
Py t=k(k2+2WE-+W? cosb)[v,/(m2—u)], (112b)
Fot=—212MENE+W cos)[v,/(m2—u)], (112c)
Foot=—2M?k2 sin?0[ v,/ (m,2—u)]. (112d)

From (112) and the relations (56)—(59) of Sec. V, the
partial-wave projections and thus the transition ampli-
tudes are readily available.

Let us next look at the exchange of the B meson. In
Sec. VI, we discussed the contributions to the invariant
amplitudes due to an axial vector exchange assuming
only s-wave interactions. We shall first reproduce
them from the procedure developed in this section and
then derive the Born terms due to the particle exchange
with J¥=2~ assuming p-wave interactions. If we assume
that the B meson has J¥= IT, then the interaction can be
either s or d wave. Neglecting d-wave interactions, we
then put

T7=(0>0)=Dy,

113
T7=1(1 > 1)=T7=10 > 2)=T7=1(2+> 2)=0. (113)
2 This statement supports the choice of the phase-space factor

for the 1~ amplitude of the 7w channel made by J. Fulco, G. Shaw,
and D. Wong, Phys. Rev. 137, B1242 (1965).
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Equation (113) gives

Ty =To =T =(2/3)Ds, T4+:7=0, (114)
which results in
Fy ¥=Dy, Fot=—2YW/M)Dy,
Fogt=2 cosO(W/M)*D,, Fy,—=0. (115)
Therefore we obtain
ImF(s,t,u)=ImDy,
ImFo(s,tyu)=Im(Dy/s), (116)
ImF3(s,tu)=ImF 4(s,t,u)=0.
Here we take
Da=ms*s[ya/(ma*—s)] (117)
and make an approximation
ImDg=myam s 256(s—m42). (118)

Again we mention that the amplitude 77=1(0 <> 0)/s
will have no kinematical singularities. It is easy to
observe that (86)—(88) of VI is reproduced when (116)
with (118) is used to evaluate the first integrals in Eq.
(36) of Sec. VI;

1 r= A szj(x,lf)
Fj(s,t,u)=—f dx

T J (M4m)? x—s

(j=1,2,3,4), (119)

where A /(x,6)~ImF (x,t,u). From crossing symmetry,

it follows that
ImFy(ut,s)=myama"ud(u—m4?),
ImF3(u,t,s)=myama20(u—m42), (120)

ImFyo(u,t,s)=ImF(u,t,s)=0.

These absorptive functions give the Born terms by
evaluating the second integrals in Eq. (36) of Sec. IV;

1 r> Auzj(x,l)
Fj(uyt’s)='~'/‘ dx——— (]= 11 2: 3 4)’ (121)

T J (34m)? x—u
where
A ulf(x,t)zIij(x,t,s) )

which have a cut along the crossed 7w cut and are
analytic everywhere else in the s plane. Equations (120)
and (121) give the contribution from the crossed
channel to the invariant amplitudes, thus reproducing
(93) of Sec. VI. Again, we give the contribution of the
axial vector exchange in the # channel to the parity
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conserving amplitudes:

Fiym=—ma %k ya/(ma’—u)],
Fyyt=(14ma=%? cost)[va/(ma—u)],
Foyt= =212~ W+m 4~22W cosb+E)]
X[ya/(ma*—u)],
Fogt=2M"?[W? cosf— k>+m 4~ 2%k%(W cosf+E)?*]
X[va/(ma®—u)].

From (122), the partial-wave amplitudes and the transi-
tion amplitudes are easily obtainable.

So far we have considered a possible assignment of
JP =1+ for the B-meson exchanges. There is still another
possible JZ state which has not yet been excluded from
the experimental information, that is, JP=2-, We
have noticed that this J? state can give rise to three
transitions. However, we shall assume again the lowest
partial-wave interactions only in calculating the Born
terms. If the B meson has J¥=2~, then neglecting f-wave
interactions we put

T7=*(1<>1)=Dr,
T7=2(2 > 2)=T7=2(1 <> 3)=T7=2(3 > 3)=0,

(122)

(123)

where Dy is a propagator with correct threshold and
kinematical factor to make the invariant amplitudes
free from kinematical singularities. Equation (123)
gives

Ty=0,
(5/3) T4 2= (5/2V3) Tos*=(5/4) Tos* =Dr (124)
and therefore
F—l—l—~= _%DT ’
F,,t=3 cosdDr, (125)
Foyt=—3V2(W/M) coséDr,
Fogt=2(W/M)*(3 cos?§—1)Drp.
We obtain
ImFy(s,t,u)=% cosf ImDy,
ImPFo(stu)=3(sk?)1
X (k2 cosf+E2—2W?/3) ImDy, (126)

ImFy(s,tu)=3k~2 ImDy,

ImPF(st,u)=—3(s/2%2)~1E ImDyp.

Notice that (126) is very similar to those of the p
exchanges (110) but ImPF,(s,t,u) which behaves like
s~%~2 ImDy. Taking a narrow-width-resonance approxi-

mation with an appropriate kinematic factor for ImDy

in the form of
ImDyr=2nyrs*k25(s—my?), (127)

we obtain the absorptive amplitudes

ImFy(s,t,u) =wyrs{4[s— (M —m)*][s— (M~+m)2]+s[M2+m2— 271 (s+u) 1} 6(s—mr?),

ImFy(s,tyu) =wyr{3[s— (M —m)*|[s— (M~+m)? ]+ s[M?/342m2— 271 (s+u) |} 6(s—mr?)

ImF;(s,t,u)=myrs?(s—mr?),
ImFy(s,t,u) = —myrs(s+m2— M2)6(s—mzp?) .

(128)
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From crossing symmetry, ImF;(u,t,s) is readily available and thus we get the Born terms from (121):
Fy(u,t,s)=me* {47 [me?— (M —m)*Jmp*~ (M +m)* 1+ mr? [ M2+m*—27(s+mz?) BLyr/(mr*—u) ],

Fy(u,t,s) =mp*[yr/(mr*—u)],

Fy(u,t,s) = {37 [mz®~ (M —m)*I[mz*—~ (M+m)*1+mr?[M?/ 3+ 2m*— 27 (s+mz*) ]} [yz/ (m2*—u) ],

F4(u)t)s) = mT2(mT2+m2___ MZ) [’YT/(mTZ_ u):l .

The parity-conserving amplitudes are then given by

Fa=— B3 [ — (U —m) I — (M +m)* T+ me? DM/ 3+ 2m— 2 st-ma?) Y Dy / (mat—2)],

Fo = {4"mp[me?— (M —m)? [mr*— (M +m)%]

+mp [ M24m2— 27 (s+mz?) J+E2 cosO[3[mp?— (M —m)*[me?— (M+m)*]

Foyt=—212W/M){& my*[mg>— (M —m)*][mr?— (M ~+m)* ]+ me* [ M>+m?— 27 (s+mz?) ]
+E2(cosb+E/W) [3 [mr>— (M —m)* L mr>— (M +m)*]+-mp?[37M*-2m>*— 27 (s+mr?) 1]

(129)

(130a)

+mp[ 37 M2+ 2m2— 27V (s+mr?) ]I} [yz/ (me®—u)], (130b)
— 2512 2 2 WY (mmp2fm2— M2) Y yr/ (me?—wu)], (130c)

Fogt=2(W/M)*{(cosb—k2W=2) [4"mp2 [mp2— (M —m)*[mp2— (M +m)*J+mp* [ M2+4m>— 27 (s+mz?)]]
+ sk2mr* W2+ k*(cosf+EW)2[37 [ mp>— (M —m)*][mp?— (M +m)*]
[ 32— 2N (s -mg?) T]— SR cosb+E)yme?(mz?+mi— M)} [yz/(mr*—u)], (130d)

from which one can have partial-wave projections.

Partial-wave projections to the states of JZ=1%, 2~
from these exchange forces are explicitly given in the
Appendix.

VIII. PARTIAL-WAVE DISPERSION
RELATIONS

Having the Born terms of the transition amplitudes
determined, we come now to the method of solution of
the partial-wave dispersion relations. Dispersion rela-
tions are often used as a tool to impose the unitarity
condition on the partial-wave amplitudes in the physical
region when the driving forces are known. In the 7w
scattering, one can assume that the driving forces are
given by the Born terms due to the p and B ex-
changes. The elastic unitarity condition on the partial-
wave amplitudes in this problem might be permitted
up to a considerably high energy because of the em-
pirical absence of significant connection to the r¢ chan-
nels. Once the Born terms are given, one can solve the
partial-wave dispersion relations by various methods.

The well-known N/D method? has been applied to
many calculations with various approximations. In some
cases, the integral equations have been reduced to
computationally simple forms. Also a cutoff parameter
has often been introduced for all dispersion integrals
to avoid the difficulty of the well-known divergent be-
havior associated with forces arising from the exchange
of spin-one or higher spin particles. Indeed the Born
terms evaluated from the p and B exchanges (for both
possible JZ states of B) of the last section behave like

25 See the first reference of the footnote 4; additional references

on the N/D method can be found in G. Shaw, Phys. Rev. Letters
12, 345 (1964).

s Ins for large s. Terminating the dispersion integrals at
a finite energy will yield a one-parameter solution for
all partial-wave amplitudes, provided unsubtraction
relations are used for both N and D equations.

In a recent paper!® we have discussed another method
of solution (which we will call the L/F method) of the
partial-wave dispersion relations. The L/F method
gives a solution of the partial-wave amplitude 4 as

A=(s)=[LF1}

=L-l<s>—f:—1(s>E /c,, a

1 /‘ p ’Re[L(s’ )—A(s") ] ImF(s")

=S

LR

s'—s

]L—%s) ,
(131)

where L(s) is the left hand-cut contribution, and Cg
and Cy, denote the right- and left-hand cut, respectively.
This solution is free from any subtraction parameter and
is manifestly symmetric if one notices

™

Re[L(s)—A(s)] ImF(s)=R(s) Im(4A~1(s))R(s), (132)
where for s on Cp,
R(s)=ReA(s)—ReL(s) (133)
and
ImA=Y(s)=—[R(s)+L*(s)]™
X (ImL(s))LR(s)+L(s)T*. (134)

The kinematic factor p(s) is given by the unitarity
condition
ImA~(s)=—p(s),

for s on Cpg, (135)
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which has one element for transitions in states with
J=L, while it is a 2X2 diagonal matrix, for the scat-
tering amplitudes in the triplet states with JL. One
can think of various approximations as was discussed
in Ref. 13.

Still another possible approximation? is to use a
zero-width form consistently to evaluate the second in-
tegrals of (131), that is, to approximate R(s) of (133)
by the same pole term as that used to obtain the Born
terms L(s); namely R7=1(1> 1)=D,(s) as defined by
(111) of Sec. VII, and

o (DA(s) 0) o (DT(s) 0)
RI=1,P=t+1— or RIJ=2.P=1— ,
0 0 0 0

depending on the assumed quantum numbers of the B
meson. Again D4(s) and Dz(s) are defined in the last
section. In the sense of an effective-range calculation,
however, we may neglect the integral over Cy, in (131)
and try to obtain a one-parameter solution depending on
a cutoff introduced for the dispersion integral over Cp
in (131). The solution given by (131) forces the partial-
wave amplitude 4 (s) to have zeros at the same position
where L(s) vanishes. There is likely to be zeros for L(s)
which is obtained by the exchange of spin-nonzero par-
ticles. In such cases, we propose to use instead a new
L(s) which is divided out by its zeros and evaluate a
new F(s) by a similar procedure as that of Ref. 13.
In particular, if L(s) has a zero on real axis of s at
s=s1, then we use Li(s)=(s—s1)"L(s) and write
A(s)=Li(s)F(s)~1, where

PO 1
§ T

F(s)=——7—1rfCRd

Here a zero of L(s) means a zero of detL(s) in general.
After putting the identity relation

ImZLi(s)=[ImA(s)]J[ReF(s)]
+[Red(s)J[Im#(s)] (137)

ImF(s’)
ds’

(136)

s'—s rJey s'—s

into the definition
Ile(S ’)
S (AR

Ll(s)=7-1r/%d

and interchanging the order of integration in correct
manner, one gets the solution

pgm g O

! [ p
1 R(s")(ImA~1(s"))R(s")
- ds’"

+7r /cL (s'—s1)2(s'—s)

which is again symmetric and does not force 4A(s) to

(138)

s'—s

S—Nn
S,Lx(S')p(S’)Ll(S’)

s'—s

]Lr’(s) (139)

26 This approximation is suggested by J. Franklin, Phys. Rev.
139, B912 (1965).
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have the same zeros as those of L(s). It should be stressed
that in arriving at the solution (139) it is necessarily
assumed that A(s) is to be nonsingular. We would also
like to remark that one would get still the solution (139)
even if a once-subtraction dispersion relation was
assumed for F(s) instead of (136). This is not surprising
since the solution should not depend on the subtraction
parameter as we have discussed in Ref. 13. This method
can be easily generalized for the case of finitely many
zeros of L(s).

We feel that we have thus far prepared to understand
the mw resonances which lie in the elastic region of the
7w scattering, and the procedure we have developed will
shed light in extending our discussion to the other
pseudoscalar-vector systems. In the next section, we
will outline the programs concerning the application of
our theory, and present the results of a model calculation
of the ww resonance.

IX. DISCUSSION

We have discussed the construction of the invariant
amplitudes in the case of the ww scattering which is
the simplest example of the pseudoscalar meson and
vector meson scattering problem. These invariant ampli-
tudes are expressed by an approximate one-dimensional
representation. By the use of the Jacob-Wick helicity
amplitudes, the partial-wave expansions as well as the
partial-wave projections of the scattering amplitudes in
a definite parity state are obtained. A prescription for
obtaining the driving forces is discussed. The procedure
is checked to reproduce the same vector and axial-
vector exchange terms as those of the Feynman dia-
grams and is further applied to calculate the 2~ ex-
change terms of the B meson. Also we have discussed
the method of solution of the partial-wave dispersion
relations. Although we have considered mainly 7w
scattering, the theory can be extended to the other
pseudoscalar and vector system where more than one
isotopic-spin state is present.

To this end, we want to make some remarks about
the 7w resonance. Since the discovery of the B particle,’
several authors?—3! have discussed its possible quantum
numbers, using a dynamical scheme in analogy with
the pion-nucleon scattering. A static-model calculation??
for the B meson in the 7w elastic scattering as well as a
relativistic calculation® suggested a 2~ state, while
another relativistic calculation?® favored a 1* resonance.
Recently the existence?! of a reciprocal bootstrap mecha-
nism3 between the p and a 2~ state of the B meson has
been discussed in a static-model calculation, in analogy
with the reciprocal bootstrap between N and N*

27 W. Frazer, S. Patil, and L. Watson, Phys. Rev. Letters 11,
231 (1963).

28 R, F. Peierls, Phys. Rev. Letters 12, 50 and 119 (E) (1964).

2 E. Abers, Phys. Rev. Letters 12, 55 (1964).

® T, K. Kuo, Phys. Rev. Letters 12, 465 (1964).

8 J, Franklin, Phys. Rev. 137, B994 (1965).

8 G. F. Chew, Phys. Rev. Letters 9, 233 (1962).
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in the wV scattering.?® It should be noticed that the
relativistic calculations?+3 assumed the dominant force
from the p exchange only and the force due to the ex-
change of the B meson itself was absent. We feel that
the B-meson exchange is very important even in a quali-
tative discussion of the mw scattering. Furthermore, if
one wants to accept the analogy with pion-nucleon
scattering, the B exchange must be brought into the
calculation; namely, the exchange of the B meson in the
7w scattering may give rise to a sufficiently strong
attractive force to produce the p meson as a 7w bound
state. The static-model calculation, on the other hand, is
limited to providing relations between the pmw coupling
constant and the width of the B resonance, as the cal-
culation of Ref. 31 indicates. This is due to the fact that
in the static theory, the masses of the p meson and
the B meson are each separately controlled by a cutoff
parameter. Thus a fully relativistic calculation including
the B-meson exchange itself will be necessary to discuss
the quantum numbers of the B meson. In order to
treat the p-meson pole and the B resonance on an equal
footing in the calculation of 7w scattering amplitudes,
the #-channel contribution may need to be considered,
recalling our experience with the p exchange in ¢ channel
of NV scattering. We have also sketched the possibility
of taking into account the exchange of a two-pion reso-
nance in the s-wave state of the ¢ channel. However, the
experimental information on the existence of a scalar
resonance of the two-pion state is not yet very con-
clusive.34 If this is a nonresonant state, then one can
expect the effect to be absorbed in the other parameter,
such as the cutoff, of the scattering amplitude, in the
sense of the Cini-Fubini approximation.

As a preliminary step to understanding the quan-
tum numbers of the B meson, we have made a simple-
minded low-energy approximation to the driving forces
and solved an approximate relation for the partial-wave
amplitude in the Appendix. The scattering amplitudes
in the states of 1+ and 2— are effectively represented
by the transition amplitudes in the s and p states,
respectively, so that we may have to solve a one-
channel relation only. Furthermore, the driving forces
are used by the threshold approximation, and the con-
tributions from the two-pion states of the ¢ channel are
neglected in this estimation.

An axial vector exchange of the B meson gives a
very weak repulsion to the JP=1— state, while a 2~
exchange of the B meson shows an attractive force to
the 1~ state. The p exchange gives an attraction to the
1+ state but much smaller than a 1+ exchange of the B
meson. The 2~ state gets the most attractive force from
the p exchange. Thus the existence of the reciprocal
bootstrap mechanism between the p meson and a 1+

# A relativistic calculation on the reciprocal bootstrap between
N and N* has been carried out by J. S. Ball and D. Y. Wong,
Phys. Rev. 133, B179 (1964).

# See Ref. 17.
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state of the B meson is very unlikely, and 2~ appear to
be favorable quantum numbers for the B meson.

From the approximate solution of the function
(s3/2%k3/8) cotd?” obtained in the Appendix, we have
set the phase shift to be zero at the experimentally
observed energy of the B resonance. Then by varying
(v,./47) between the values 0.35 and 0.50, corresponding
to the observed width of the w meson,®®36 we have tried
to compute the width of the B meson. It was seen that
for (v,/4r)=0.4869~0.4970, the quantity yr turned
out to be in reasonable agreement with experiments
(=122 MeV). In particular, for (y,/4w)=0.49692,
we have y7r=3.0789X10-2 which gives the width
of the B-resonance I'=128 MeV from the relation
T'=(yr/127)spksd. We have also noticed that (y,/4m)
<0.52 in order to have a positive yr.

Although a numerical result of solving the matrix
equations for the amplitudes in the state of 2~ with a
correct form of the driving forces may be taken more
seriously, it is nevertheless of some interest to perform
a qualitative computation such as the one in the
Appendix that can be solved algebraically. It should be
noticed that we have no arbitrary parameters in
the calculation and that we have ended up with a
resonance whose width is in good agreement with
experiments.
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APPENDIX
I. Partial-Wave Projections of the Exchange Forces

In Sec. VII, we developed a prescription to obtain the
Born terms from the one-dimensional representation of
the invariant amplitudes. This procedure was applied
to the p and B exchanges. In this Appendix, we will
just state the partial-wave projections of those ex-
change forces to the partial-wave states of JP=1%
and 2.

A. 1~ State
The p exchange in the # channel yields

T,7=1(1 & 1)=y,(4sk>){[E*— (4EW +k%)d,
+(E24-2W2)d k2,2 100(d,)+ (4EW+E?)

—(E*+2W?)d,—k*d*—k*/3}, (A1)

35 The authors of Refs. 24 and 29 used the value 0.35 in the units
of A=c=m=1, while the authors of Refs. 28 and 30 used 0.45
after the analysis of Refs. 36 and 27.

3 M. Gell-Mann, D. Sharp, and W. D. Wagner, Phys. Rev.
Letters 8, 261 (1962).
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where where
di=(4k*)[s—2(M*+m*—m:?)— (M*—m?)*/s] Ay=3""me?— (M —m)*[mp>— (M ~+m)*]
(i=p,4,7), (A2) +me [ M?/3+2m*—2"Ys+mr?)], (A7)
Qo(x)=27"In[(x+1)/(x—1)], (A3)  Ay=4"Ymp[mr*— (M —m)? ] mp2— (M +m)*]
and —}-mT“[M?—i-mz—Z—l(s—l—mT?)]. (AS)
Tt D=T=(1 o D/(#) (i=p, 4,T). (AD B. 1+ State
We hav.e mentioned in the. text t.h-e remov.al of the The transition amplitude in the 1+ state can be
kinematic factor sk? from this transition amplitude. :
. . written as
An axial vector exchange of the B meson in the # ) ]
channel gives Tw T
~ Ti=t= (i=p, 4), (A9)
TAJSI(]- > 1) lei ngi
=v4(25k2)H{[(2m4*)~1(du*—1)—k?d4]00(d4) where
k22— (2mq?)4d A5
+ ( ma ) A}) ( ) Tlli—_-— TiJ=1(O<—>O), (AIO)
while a 2~ exchange of the B meson contributes ) ,
~ T1i=To'=T 10> 2), (A11)
Tr7=1(11) .
—yr(4skS) Y [E2A1(dg?—1)— 2447 10o(dr) Ti=T"2 < 2). (A12)
+24,—k?41dr}, (A6) The p exchange gives
TP =371y {—[27 1R+ 2WE)+M2EW-]1o(d,)+ [ 27 W—2M*— M2—2-\(W2+2E2) ]11(d,)
+[M2EW1— 27 2W E—k2) |I2(d,)+ [ M2—2M* W—2—2"1W2]I,(d,)}, (A13)
T12p=(2112/3)y [ — 4k 2EW )+ 41 MEW ]I o(d,) — [4 k24271 B2+ 2 M AW 21 1(d,)
—[4 QW E—E)+ 4 M2EW-1]I5(d,) + [ 2 M AW 22— 4 W2— 4 1M 2]]5(d,)}, (A14)
Toop =31y {[— 471 (k24 2W E)+ M2 EW-Io(d,,) +[ M W—2— 4 V(W24 2E%)+ M?]1:(d,)
—[471QEW — k) +M2EW1]15(d,) — [M*W 47 W24-M*]15(d,)}, (A1S)
while a 1+ exchange of the B meson gives
Tut =3y a{ — [3QR)+ EWm2) o(d) 4+ 27 W= —m g~ B Wm i) 1(da)} (A16)
T12A = (21/2/3)7A{E(4Wm,12)‘110(d4)+[2‘1m4_2— Z_IW_2+E2(2W2mA2>_1]11(dA)+3E(4WmA2)_llg(dA)} , (A17)
Tost =31y a{[3(4Y) "+ E(Wms?) Wo(da)+[5(@ma®) W2 EX(Wma)*1i(da)
—[9(4&>) 1 -3E(Wma®) 1] 2(ds)—9(dm4>)"I5(d4)}, (Al8)
where we have defined
1 /1 2
I.(x)=—- / dz , (A19)
21 x+z
so that one obtains in terms of the Legendre function of the second kind Q;(x)
Ia(x) =22 (=) aiQu(x) . (A20)
1=0
The coefficients a, are given by
a,=2"(n!)%/(2n)!, (A21)

an=[2m+1)2"n\(n/24+m/2) /[ (n/2—m/2) \(n+m-+1)!],

when #n—m is even and positive, a,=0, when #—m is odd or negative. In writing down (A20), we have used the

relation

Qu(—=x)=(=)*1Qu(x).

(A22)

As it was pointed out in Sec. VII, 7;/=1(0 <> 0)/s is a kinematic singularity-free amplitude. However, T;/=!/s
does not make (A9) completely free from the kinematic singularities. One can easily verify that in our definition

T7=1(0 <> 2)/s%? is free from kinematic singularities.
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C. 2= State
As in the case of the 1+ amplitude, we can write the scattering amplitude in this state as

Tut Tigt
T,~J=2=( g m.) (i=p, T), (A23)

T1at Tt

where

Tyi=T7=%11), (A24)
Tri=Toui=T;=2(1> 3), (A25)
T22i= T,‘J=2(3 > 3) . (A26)

The p-exchange contributions are
TP =5y {[—= M W) +471(3E2) ) o(d,) — [47 13k +3M2EW 1 I1(d,)+ [ 2M *W—2— 47 1(9E2)— 3M 21 4(d,)
+[BM2EW14-4"1(3k2) — SWEI3(d,)+[3M2—21(3W ) —3M*(2W>)1]114(d,)}, (A27)
T1pp=(6"2/20)y {[E2+ M W*]1o(d,)+ [ MEW——k*11:(d,)
+[M2*—3E*—4M W) ,(d,)+ [k2— AW E— M2EW—1I5(d,)+ [ 3M*W—2—2W?2— M*]14(d,)}, (A28)
Topp =571y {47 [ 2E2—3M W ]I o(d,)+[3M2EW1—2"1k2]Iy(d,)+[3M2— 271 (3E?) — 3M *W-2]I(d,)
+[27R2—2WE—3M2EW]I3(d,)+ [ 3M2+ W+ OM(4W?)1]14(d,)}. (A29)
A 2~ exchange of the B meson gives, on the other hand,
TuT=—10"Yyp{[W2A s—smp* W2 — LW 24 1+ 5 PEW =24 34 271(341) [T o(dr)+ [ 5k~24,+4EW 14,
—=25\PW A 1(dy) + [ — 3W2A o+ 3smpt W24 3E2W 24 1— 351 2EW 24 3+ 27141 I5(d7)}, (A30)
T127=—(6Y2/10)yr{ 27 [ A 1— WAy smp* W2+ E2W 24 1 — s\ 2EW 24 4 [T o(dr)
F42EW 41— s WA, 11 (dr) — (3/2) [ — WA o sW 2t + E2W =24 1 — sY2EW 24 34- A1 1 5(dr)
+[5(4W) 151243 —52W ) EA1I5(dr)}, (A31)
ToeT=—10" Yy {[— (3/2)(— W2A s+ smp* W2+ E2W 24 1— s 2EW 24 3) + A1 [ o(dr)
+[9s122W )14 3 — OEW 1A 1—12(2k2) 14, )1 1(dr)
F+L/2D)(—W2A o4 smp* W2+ E2W 24 1— s 2EW 24 3) — (21/2) A1 | I2(d7r)
+[25(2k2) 1A s+ 1SEW1A,— 158 2EQW )1 A3 T 3(dp)+271(254 1)1 4(d7)} .  (A32)
Here, 4; and A, are given by (A7) and (A8) and
As=mp*(mp?+m?— M?). (A33)

Again we mention that although 7,7=%(1 <> 1)/s%?2 is free from kinematic singularities, the same factor does not
eliminate all the kinematical singularities in (A23). One can see that all of these partial-wave projections have the
correct threshold behavior.

II. A Model for the = Resonance

By making the threshold approximation of the driving forces given above, we get

7,01 D,/ 3) 0+ M), = (M —m) e (A34)
Lt~ D (ra/3) ™+ 2= (M= m)? 1) gt (=m0, (A35)
Tr=(1 e D (r2/9)(A(B =0+ 24,60 =0) e~ (M —m) T e = (M —m) Tk, (A36)

21/2

J=1~v 2 (M —)2 122 — 2

e/ M = =T )=06), (A7)

1 —0(%?)
T 7=y [ a2 — (M —m)* T , A38
e mit= =m0 ) (A39)
ey [ A (U )2]_]<3—1M2k2 0(k4)> (A39)

P Y LM m O(/e“) O(ks) s \
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and

[A1(k2=0)_‘2[m1'2_ (M——m)2:|—-1A2(k2=0)]k2 O(k4)) ) (A40)

Tp7=2(yz/3) e~ (M — WTI( O(k%) O°)

One observes that an axial vector exchange of the B-meson gives a repulsive force to the 1~ state and a 2~ ex-
change of the B gives an attraction to the 1~ state, i.e., 74 (1 <> 1) <0 while 7'7'~(1 <> 1)>0. The p exchange
gives T,7=1~0(k?) compared to T4/=L The 2~ state gets attractive forces from both the p exchange and the 2~
exchange of the B meson. Thus we may conclude that the 2~ state is more favorable quantum number for the B
meson.

Since the p-wave driving forces in (A39) and (A40) are dominant to the other f~wave mixing, we shall represent
T=2(i=p, T) by their p-wave interactions and solve effectively a one-channel problem. We shall ignore the
t-channel contribution. We solve for 47=%(s)/s%? by employing an approximate form of (131), i.e., one in which
we neglect the second integral that is over Cr. The function L(s) and p(s) are given by

L(s)=(sk) (T, "=+ Tr'=H)=ay,s?, (A41)
where
a=3"M*m,2— (M —m)* T+ (yz/v,) [mz*— (M —m)*]
X{37141(k2=0)—(2/3)45(k*=0)[mr*— (M —m)*T} (A42)

and
p(s)=(s*%3/8). (A43)
Thus we obtain
s LAT=2(s) I = (s%/ary ) [1— (a,/8x?)s? ()], (A44)
where
I(s)= ds'k3(s")s™—512(s"—5) 1. (A45)
(M+m)?

In order to evaluate the integral I(s) algebraically, we approximate k3(s’) by
E3(s" )8 15" 3/2(s'— M) 1— 3m2(s'+ M2) (s’ — M?)~2] (A46)

which is sufficiently well enough for our purpose. [At s=mp?, k3= 14.626m3/2 while (A46) gives 14.545 m3/2] From
(A46), the integral (A4S) becomes

I(s)=8"1s73(s— M2)3[1—3m2(s+M?2)(s— M2)2 JH(s)+8 s~ (M +m)2
X{3(M2+m?)— 35~ m2M2—3m2 M 2(M +m)—2— Bm2M*— M) [s2+ 2"~ Y M~+m)2+3"{(M+m)~1]}, (A47)

where

H(s)=s"Y{In[(M+m)*/(s—(M+m))]+ix} for s>(M+m) (A48)
and therefore
(s%2k3/8m) cotd?(s)= (s%/ary,)[1— (ay,/87%)s? Rel(s)]. (A49)
By adjusting (A49) to give a resonance at s=mg?, one obtains
aly,/4m)=2amp~*{Rel (ms?) T. (A50)

From (A42) and (AS50), we obtain a relation between v, and v when the experimental masses of the p, w, 7, and B
mesons are used for m,, M, m, and mp=mgz, respectively. The relation (AS0) gives vr in reasonable agreement with
the experimental width of the B meson for (y,/4r)=0.49692. Moreover we see that

(vo/Am) <Tx[m,2— (M —m)* ][ M>mp* Rel(mp?) ] (A51)

in order to have a positive yz.



