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The properties of angular-momentum tensors described in a previous paper are used to develop tests for
the spins and parities of resonances. Fermion resonances decaying into particles of spin zero and spin one-
half or spin zero and spin three-halves and boson resonances decaying into particles of spin zero and spin one
are considered in some detail. Attention is given to angular correlations between production and decay con-
figurations, both generally and in special cases such as forward production, low-energy production, and
peripheral collisions. A moment analysis of the decay distributions is developed.

I. INTRODUCTION

NVESTIGATION of the spins and parities of
resonances has been simplified in the past by means
of the principle “presumably, the spin is less than two.”
This principle no longer serves. In higher spin situations,
any given experimental test is less likely to speak
decisively, and the number of conceivable tests can be
quite large. It becomes worthwhile to study the
methodology of resonance analysis as a subject in itself.
Among recent studies along these lines we may cite the
formalisms of Byers and Fenster,! and Ademollo,
Gatto, and Preparata.?

Our own approach has much in common with these,
but relies on a tensor formulation of angular momentum
(see preceding paper’) which, we feel, has special
advantages of simplicity and versatility of application.
This paper makes specific application, in Secs. III,
IV, and V, to resonances with decay products of spin
zero and spin one-half, zero and one, and zero and
three-halves, respectively.

II. INGREDIENTS OF THE ANALYSIS
1. Types of Reactions to be Studied

The resonance X appears in a production process
followed by a decay process:

A+B— X+C+D+---, (2.1a)
X —atbtct---. (2.1b)

The notation identifies production particles A, B, C, D,
- and decay particles a, b, ¢, - --. The same symbols
can be used for the four-momenta: A= (E4A),

A?=E *— A?=m 2 etc.
In this paper, we study three-body productions
A+B— X+C (2.2a)
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followed by two-body decays,

X—at+d (2.2b)

which may be followed by subsequent decays, e.g.,
b—ad+0b. (2.2¢)

The physical data consist of the measured energies and
momenta in the total process

A+B— C+a+d 0. (2.2d)
Amplitudes for different steps of the process will also
depend on spins. Ultimately, for a comparison with
experiment, the spin states of each particle are either
averaged over, or identified in terms of a momentum in
a subsequent reaction. If we make no use of dynamical
principles, but rely only on rotation and reflection
invariance, all useful data are expressible as angular
correlations, or, at least, correlations in angle-depend-
ent quantities.

2. Tensors

Systems of integral spin j and half-integral spin
Jj+7% are described by tensors 77, T#1/2,, . as discussed
in I. This notation manifests the rotation properties of
the tensors. Manifest convariance under pure Lorentz
transformations is not needed in our contemplated
applications.

We use special notations for the spin wave functions
of particles of low spin: (Pauli) spinors u, v for spin %,
vectors e, f for spin 1, and spinor-vectors E, F for spin .
These symbols have components as follows:

u= (ulyu2)=u47 a= 1) 2 ) (23)
e=(eyenes)=e€m, m=1,2,3, (2.4)
E=Epne, a=1,2; m=1,23. (2.5)

The spinor-vector obeys the constraint ¢-E=0, and
hence also E*-¢=0. If we apply o to these equations
and use o.0;=08;;+1o4e'’%, we get

iexE=E,
E*X (ie)=E*.

(2.6a)
(2.6b)
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3. Amplitudes

In order to make manifest the rotational invariance
of a reaction amplitude M, one can write it as a sum
over rotationally invariant terms built out of the
three-momenta and spin wave functions of the particles,
the different terms being multiplied by coupling con-
stants or energy-dependent form factors. As emphasized
in I, there is no need to refer all the variables to a
common frame of reference. We prefer, following
Stapp, to express M in terms of proper variables, by
which is meant the following :

(a) Each spin wave function is referred to the
particle’s rest frame.

(b) Each three-momentum is referred to the center-
of-mass frame of the reaction in which it occurs. Thus,
A, B, C in (2.2) are referred to the A+B center of
mass; the spin wave function of 4 and the momentum
of &’ are referred to the & rest frame (called dRF
for short).

(c) The relation between the center-of-mass frame
(CMF) of a reaction and the rest frame (RF) of one of
of the reacting particles whose spin state is being
described must be that of a pure velocity transformation
defined by the velocity of the particle in the CMF.

The motivation is this: Firstly, the sum or average
over spin states is accomplished more easily; there are
no relativistic projection operators to worry about.
Secondly, the phase-space factor for the momentum
distribution of a particle has the nonrelativistic form
(see below).

The reason for (c) is inherent in the procedure by
which an amplitude is expressed in terms of variables
referred to different frames.

Now let E7,, denote a spin wave function for X. The
production amplitude for (2.2a) will be of the form

E":Mp 2.7)

and the decay amplitude for (2.2b) or (2.2b) plus
(2.2¢) will be

M D: E7. (28)
Then Mp and Mp will be tensor functions of the data.
The combined amplitude for production and decay,
summed over the spin states of X is proportional to the
tensor product:

MDP=MDZMP. (29)

It is often convenient to call Mp, Mp themselves the
decay and production amplitudes and omit mention of
Ei,.

Table I contains general forms for the more common
amplitudes Mp, Mp for a resonance. The two-body
processes are written as decays and the three-body
processes as productions because our application is of
this type. The notation already defined has been
adhered to.
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In the three-body productions in Table I, P represents
any vector in the production plane, ie., any linear
combination of A, B, C. Q is the production normal;
Q= A xC. The P’s used in the same expression refer, in
general, to different linear combinations. In this way,
the complexity of the general form can be comprehended
in compact expressions from which theorems on angular
correlations (see below) can be derived.

The number of terms in an amplitude is fixed by
simple angular momentum counting, Thus the 0—+3+—
3*4X entries have one nonspin-flip term with orbital
angular momentum /=j and three spin-flip tensors,
with I= j+1, I=j, I= j—1. Combinations not appear-
ing in the given enumeration can always be reduced to
a sum of terms of the types considered. For example,
tensors with two or more occurrences of Q can be
reduced to tensors with one occurrence of Q or none.

4. Counting Rates and Phase Space

Let a, b be two particles among the products of a
reaction. The phase space will include the factor

(da/E.) (db/Eb)8® (a+b—R), (2.10)

where R includes all the other four-momenta. Let a
be the three-momentum of @ in the CMF of a+5 and
(pav)u= (Eas, Pas)=(a+d), be the momentum of the
diparticle with mass m,5; Ma?=pa2= (a+b)%. To re-
express (2.10) in terms of dadp,s, first set

64(a+b—R) = /dmub26 (maz,?—p,,bz)d‘pab
X84 (a+b— pav)8*(pas— R)
=/(2mabdmab) (dpab/2Eab)

X54(d+b—pab)54(pab—R). (2.11)
Putting this in (2.10) and integrating over b and the
magnitude of a, we get the usual two-body phase-space
formula:

dadb adQ,
64(a+b_pab) - )

Mabp

(2.12)

pRaAT )

where @ and dQ, have a restricted meaning; they refer
to the (a+b) CMF. The general rule for “diparticle”
phase space is

b dpub
5@ (a+b—R) = a dQ% dma—3® (pop—R)  (2.13)

b ab

which can be used recursively for a many-body final
state. Consider the whole process (2.2d). The resonances
X,b, give factors like

[X?— (mx—3il'x)? ] (2.14)
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TasBLE 1. General forms for the amplitudes of two-particle decays and three-particle productions of resonances
in the tensor formulation. For notation, see Sec. II.

P=0-1+2",- " iP=0+12% - -
Process G+HHP=47,8%%, -~ G+HDHP=35 4,5 -
1) X—-0+0" none Ti(a)
2) X->0+41- yTi(a---ae*)+z(ae*)Ti(a) Ti(a---a aXe*)
(y=0 for 7=0) (0* case absent)
3) X—->0+3 w*Ti(a)®, u*(g-a)Ti(a)®,
(or u*Tit1(a)-g)
4 X—-0+3* [yTi(a---a aXE*) [yTi(a---aE*)
+2(E*-a)(0+2)T7(a) ]®, ~+2z(E*-a)Ti(a) ],
(y=0 for j=0) (y=0 for j=0)
(5) O-HF -0 +X @LTi(P---PQ)+Ti(P) (0 P) Ju 0.LTi(B)+Ti (P)o-Qlu
(6) O+t —4r+X Ti(P)+(0-Q)T#(P) Ti(P---PQ)+(e-P)Ti(P)

+Ti(P---PaXP)
+Ti(P---PQo)

+Ti(P---PaxQ)
+Ti(P---Pg)

in the amplitude for (2.2d). These produce é functions
like
B(Xz'—sz)

in the absolute square of the amplitude if the widths
are small. In this case the counting rate is proportioned

to

dC da da’ db’
IMDPi25(X2—mX2)5(b2"mb2)_‘ —_—
EC Ea Ea' Eb'

X8® (energy-momentum). (2.15)

Applying (2.13) three times and dropping over-all
constants and momentum factors fixed by kinematics,
we obtain the physical counting rate:

da"\' | Mpplzd COSOC dﬂadﬂa' . (216)

Some version of (2.16) is always valid in a cascade which
proceeds via two-particle final states. In the case of a
three-particle decay, the above approach leads to a
“triparticle” phase-space formula

dadbdc dma p2dmgc?
8@ (g+b+c—R)=———d ¢ dcosh
EaEbEc ”labc2
Pabe
nga'dmab,; 5@ (pabc""R) 3 (2'17)

abe

where ¢, 0, ¢’ are Euler angles for the configuration
(a,b,c), viewed in the triparticle rest frame, and
dmgi?dm.c? is the phase space of the Dalitz plot.

5. Euler Angles and Internal Variables

Let (N',N2N?) and (n',n%n?) be orthogonal bases of
unit vectors for the production particles and decay par-
ticles, respectively, of (2.2). For the moment analysis
(see next subsection) we define N! as the beam direction
and N2 as the normal to the production plane, also n? is

the direction of a and n' is in the plane of a and a’. The
Euler angles a8,y which relate (n',n%n?) to (N, N2,N?)
are defined in terms of the scalar products n™-N™ as
in I, Sec. VI.

Let cosf=a-d’. The angular phase space of the pre-
vious section becomes

dQa0Q = da dcosf dy dcosd, (2.18)
and counting rate for A+B — C+a+a'+b' is
do=3|Mp: M p|?*dcosbc de dcosB dy dcosf, (2.19)

where the summation is over spins, if any. If the decay
of b is not observed, then we have

do=3_|Mp: M p|*dcosbc da dcosB

as the rate for 44+ B — C+a-+b.

We emphasize again that ¢ is measured in the 4+ B
CMF; a,8,y connect a coordinate system in the A-+B
CMF and a coordinate system defined by a as seen in
the XRF, and o’ as seen in the 6RF. Also, cosf=4-a’
relates a direction in the X RF to a direction in the
ORF.

The internal variables of the production are 6¢ and
the incident center-of-mass energy Eo; the decay of
(2.2) has only one internal variable 4.

(2.20)

6. Density Matrices and Tensor Moments

Let X have spin J (integral of half-integral) and let
S be the angular-momentum operator on the spin space

of X. We use the tensor operators T*(S), 0<%< 27,
normalized to

Tr{T*,.(S)T¥,, (S)} =611 PF e d s

as discussed in 1.

Lef. ) N—_— = (M p)m(M*p)m be called the production
density matrix. The tensor moments A¥,, of A appear as

(2.21)
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coefficients in the expansion of A in tensor operators:

27
)\=M}>M*p= Z dJk*lTk(S) tAF (2.22)
k=0
whence
Ar=M*p:T*(S)M p. (2.23)

Similarly, there is a decay density matrix ¢ for X:

27
e=M*pMp= Z dJk—lTk(S):q)k (2.24)
k=0
with
<I>"=MD:T’°(S)M*D_ (2.25)
The full reaction amplitude squared is
|[Mpp|?=Tr(\¢)=2 dsi'AF: @%.  (2.26)

At some point, the spins of the production and decay
particles must be summed over or represented by
further momenta. When this is done A* and &* are
tensor functions of momenta only. If the production is
carried out on a polarized target, the A* will also depend
on the target polarization vector.

A* and ®* can be further expanded in terms of the
basic vectors NI, N2, N® and n!, n2, n? of Sec. IL.5 above.
The desired expansions define functions of the produc-
tion variables Eo, 8¢ and of the decay variable 6:

+k
AF= Z CkM'_”?T"'M,(N))\ka(Eo,@c), (2.278.)
M=k

+k
F= Y cpar 2T ()* i 6) . (2.27b)
M=k

Section VI of I discusses the relation between rec-
tangular bases (N),N2,N?) and spherical bases
(N+,N°,N-) and connects up the tensors T7# with the
familiar spherical harmonies and rotation functions
Dipraer (@,8y7).

Now substitute (2.27) into (2.26) and then into (2.16).
With the aid of (6.17) and (6.42) of I, we get

do=23 "k, m.0 Qs N (Eo,0c) 0rar (0) D¥ arars (,8,7)
Xdcosf¢ da dcosfdy dcosf.  (2.28)

In this equation, the dependences of do on the three
different classes of variables are explicitly separated.
These dependences were, of course, well defined before
the introduction of the density matrix formalism. The
purpose of the formalism is to express do in terms of the
DF e in such a way that the coefficients can be calcu-
lated straightforwardly from M p,M p. The calculations
are based on (2.23), (2.25), (2.27) and Table III of I.

As a step in analyzing (2.28), we defined projected
cross sections doara

doxymr =/ D¥yp*do . (2.29)
a,B,7.0c
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Then

darsm = Ry orn (6)dcost; (2.30)

Ry = 81r2d1k_1/>\kM/ (Eo,OC)dcosec . (2.31)

The ¢k (6) depend on the assumed spin J of X, on
the coupling constants for the decays, and are other-
wise completely defined. These doxary contain all and
only that information about the reaction which depends
on the decay mechanism but not on the production
mechanism. The £=0 term is merely another expression
for the decay distribution itself:

do’ooo’\' l MD | 2dcosd. (232)

We recall the procedure for obtaining a quantity like
doraar from a set of data: Each event ¢ defines a set of
values (6¢)i, 0;, ai, Bs, etc. Separate the data into bins,
each bin defined by values of 6 in specified intervals.
Then for each bin,

OkMM'/ACOSU )expt=2 i " pmarr” (3yB4,Y2)
(d /dcosf) 2o D¥arar™* (iBiyy.)

the sum being over all events in the given bin. The
D¥pp’s are complex, as they have factors ei™a gid’,
As a practical matter one will want to work with linear
combinations of them proportional to sines and cosines
of a,y, and with the corresponding combinations of the
oraum’s which are real.

The projected cross sections with large % will have the
least statistical significance for a given amount of data
because of the oscillating character of the D’s. In a
clean experiment without background, the cases £=0,
k=1, plus some other one-angle correlations as dis-
cussed below may provide fully adequate information
and corraboration for the spin, parity, decay parame-
ters, etc., of X. But these tests may fail if the data is
contaminated with background. Now, suppose that
much of the background consists of configurations of
lower spin than the spin J of X. Then contamination
will be absent, or greatly reduced, in the partial cross
sections with the largest & values, k=27, k=27—1.
This is a way of defeating the background problem, but
at the cost of requiring more data for statistical
significance.

(2.33)

III. FERMION RESONANCES WITH DECAY
PRODUCTS OF SPIN 0 AND SPIN 1

1. Preliminaries

We study angular correlations in the processes (2.2),
especially their dependence on the spin (j+3) and the
parity of the fermion resonance X. Suppose that 4, a,
and ¢’ are 0~ particles (pions or kaons) and that B, b,
and b’ are 3* particles (hyperons). Processes (2.2a),
(2.2b) will be considered parity conserving and (2.2c)
parity violating [as in K+4p—n+V* (1385),
Y*—x+A, A— p+7]. The derived correlations which
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do not mention a’ or b’ are, of course, independent of
any assumptions about &-decay.

A number of the topics considered in this section have
a wider applicability and the results can be taken over
in Secs. IV and V.

From now on, A, a, a/, etc. denote unit vectors. The
unit normal to the production plane is Q. The ampli-
tude for & — d’+a’ is taken as

M= (u*y |y+za-a’|uy) 3.1)
whence
T M=) tpeeaju) (31521 G2

with p=2 Re(y*2)/(|y|?+|2|?). Hereafter, we shall
usually omit explicit mention of the spinors for B, b, 4.

The form of the X — a+5 amplitude depends (see
Table I) on which parity sequence is being considered.
We write this amplitude as

Ti(a)Z,®,
for both cases, with the understanding that

(3.3)

Ze=1 for %+3 %_) %+7' ) (3421)
Zo=(0+a) for 3-,§%,35--. (3.4b)

In both cases,
z2=1. (3.5)

We also define a new unit vector e related to a and a’ by

Z.(14pe-a")Z,=14p0-a. (3.6)
Then
a=a" if Z,=1 (3.7a)

a=—a’+2(a’-a)a (3.7b)

Equation (3.7b) defines the familiar ‘“magic direction”
a, obtained by rotating a’ by 180° around an axis
along a.

In discussing counting rates, we shall not watch the
over-all multiplicative constants too carefully. In view
of the foregoing, the counting rate for A4+B—C
+a+a’+b’, summed over the spins of B and ¥’ is

do=Y_ | M pp|%dcosfc dQ; dQu ,

if Z,=¢-a.

(3.8)
where

2| Mpp|*=Tr{Mr*:T/(a)(1+po-e)T(a): M p} .
3.9)

Integration of (3.9) over df,, removes the o-a term
and gives the counting rate for 4-+B— C4a+bd,
summed over B and b spins. Equation (3.9) is our
starting point for the detailed discussion of angular
correlations.

2. Maximum Complexity Theorems

Before entering upon the details, we comment on
some general features of correlations in a reaction like
(2.1) with any number of particles and arbitrary spins.
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Let V, v be directions defined in the production and
decay configurations, respectively. Let coordinate
frames be set up in these two configurations such that
V and v are the polar axes and introduce Euler angles
as in Sec. VI of I. The polar Euler angle will be defined
by cosB=V-v. If the counting rate is integrated over
a,y and all other variables except 8 and summed over
spins, one obtains the counting rate Z(8)d cosB as a
function of the correlation between V, v alone.*

M p will be made up of the spin wave functions of
A,B,---, and of polar vectors P (like A,B,C) and
pseudovectors Q (like A x C). In the same way Mp
contains polar vectors p and pseudovectors q. Thus,
with regard to parity properties, there are four types of
correlations and the corresponding types of angles can
be labeled Brp Bes, Brg Bag

The correlations have the following properties (the
first two properties are unrelated to parity conservation) :

(1) Each Z(B) is a polynomial in cosB. For we see by
(6.15) of I that each factor of sing is accompanied by
one factor of cosine (or sine) of @ or v, while each cosg
has either zero or two factors. Then the integral over
dady leaves only even powers of sin@ which can be con-
verted into powers of cosB.

(2) The highest power of cosB (the maximum com-
plexity) in Z(B) is 27 if X has spin j (and 2j+1 if X has
spin j+3). For the density matrix MpMp* when
summed over the spins of the production particles
cannot have more than 2j (or 2j+1) factors of mo-
menta in it.

(3) If parity is conserved in production, then Z(Bp)
and Z(Bp,) are even functions of cosBpp, cosBp, For
under all P——P, cosp——cosB for these cases and
Mp—+Mp or —Mp. Thus Z(8), obtained from
| M p:Mp|2, is unchanged when cos@ ——cosg for these
cases.

(4) If parity is conserved in decay, Z(Bpp) and Z (Bq,)
are even functions of cosBpy, cosBqp. Same reasoning as

in (3).

These theorems are not quite the same as the
Johnson-Teller type of maximum complexity theorem
derived for nuclear physics.® The latter states that the
complexity of a distribution does not exceed 2L, where
L is the maximum orbital angular momentum of the
incident state. This principle does not require a special
proof in our tensor formalism as it is already imbedded
in the notation.

3. Forward and Backward Production
(Adair Analysis)

We return to (3.8) and (3.9). Suppose that only
events with [cosf¢|=1 are counted, that is, events in

¢ Examples of this procedure are given in C. Zemach, Phys.
Rev. 133, B1201 (1964). There are minor differences between the
definitions of «, v in this reference and in the present paper.

8 See, for example, E. Eisner and R. G. Sachs, Phys. Rev. 72,
680 (1947) and C. N. Yang, Phys. Rev. 74, 764 (1948).
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which A, B, and C are aligned. We refer to this as
forward and backward production or, simply, “forward”
production even though events in which C goes directly
backward (cosf¢=—1) are also included.

Then M p is characterized by a single vector A:

(3.10)

with 2, defined like 2, in (3.4), and obeying Z,*=1.

Recalling from I that

Ti(a):P,Ti(A)= (27+1)
XL(j+1)P;(x)—io-axAP/(x)],

Mep=0,Ti(A)Z4

(3.11)

[where x=a-A, P;(x) is the Legendre polynomial], we

have, by (3.9)

2| Mpp|*= 25+ 1) (j+1)P;(x)
+(1=2)[P/ (@)} .

The result is independent of « and of the parity of X.
The Legendre formulas

(3.12)

xPj'=P; y'+jPj=Pi.'— (+1P;, (3.13a)
®Pip =P+ (j+1)Pjy1,

xP, y'=P/—jP;;, (3.13b)

(1—=a®)P;/ = (j+1)(xP;j—Pj31) (3.13¢c)

often help to simplify expressions like (3.12). We have
(1=a)P;/Pj'= (j+1)xP;P/— (j+1)Pjp.Pi
= GG+ DP[Pui'— (j+1)P]]
—(+1)Py. P/

whence, dropping over-all factors,

(3.14)

Z|Mpp|*=P;Pjy'—P;, Py (3.15)

Equation (3.15) is the Adair distribution,® proportional
to 1, 14322 1—24%+544, for spin 3, £, 5, etc., but ex-
pressed in compact form.

Now consider the more general amplitude

Mpp=(y+z0-2")Ze{ QT (a): ®, TI(A)
+®T*(a): @, T*(A)
+e(0-a)THa): @, T'(A) (o-A)} 4.

We write (3.16) in order to consider the effect of inter-
ference between a dominant resonant amplitude (the j
term) and other, possibly weaker, nonresonant ampli-
tudes. The % term is in the same parity sequence as the
j term, while the / term is in the opposite parity
sequence. As is known, useful information can be ob-
tained by looking at interference contributions as a
function of resonant-invariant mass, taking account of
the special behavior expected of the coefficient functions
Q, ®, e.

The calculation of |Mpp|? proceeds as before. In

¢ R. K. Adair, Phys. Rev. 100, 1540 (1955).

(3.16)
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calculating the j—/ interference, one encounters

(0" a)[(_7+ 1)P,~—z'o'-a XAP,"]
= (o-a)[(j+1)Pj+xP/]— (e-A) P/

= (0+a)Pj/— (e-A)P/ (3.17)
and
(0'A)[(l+1)P1+iG'a XAP1:|= (G‘A)PI,.HI—‘ (o—a)P,'
(3.18)

and finally the trace

3Tr[(0-A)Pys/—(e-a)P/][(0+a) Pjyi'— (0-A)P}']
=Py (xPjp,'—P{)— P/ (Py' —xP))
= (j+1)[Pis'Pis1— P/P;]. (3.19)

The result following from (3.16), including the j term
and interferences with it is

2 IMpp|?= (j+D[| @|*(P;Piys— PiiPy)/ (2j+1)
42 Re(G®*) (P;Prss — PiPy)/ (2k+1)
+2 Re(QC*) (Pjy1 Py — P;PY)/ (204+1)]

+2p(e-a xA){Im(Q®*)[(j+1)P; P’
+ (k+1)PrP;]/ (2k+1)+Im(GC¥)
X (P{/P/—Py/P;ipy)/(2+1)}. (3.20)

4. Peripheral Production

Figures 1(a) and 1(b) illustrate peripheral mecha-
nisms for producing X. Suppose that G has spin zero in
1(a) and spin % in 1(b) and that one of these processes
dominates the reaction.

In the first case, one may pretend that X is produced
in the simplified reaction

B+G— X — a+b. (3.21)

The production is characterized by a single vector B
in the XRF. Hence formulas (3.15) and (3.20) above
are applicable to this case, except that the definition of
% is x=B-a with B viewed in the XRF.

In the second case, one may use the model

A4G— X - a+b, (3.22)

assume that the G beam is unpolarized and again
arrive at the Adair analysis formulas.?

To verify this, let w,, =1,2,3,4 and #., a=1,2 be
the Dirac spinor and rest-frame spinor, respectively,

a

b C C a b
X X .
3 S Fic. 1. Peripheral mecha-
nisms for the production of a
B A B A
) (b)

resonance X.

{a

7 This result has already been obtained by P. Schlein (private
communication).
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for B. Then

Mp=0,T/(A)Fa, a=1,234, (3.23)

where A is in the XRF and F,, expressed covariantly,
is (we write only the spin-dependent factors)

Fa'\" [('YG+MG)’Y§]¢§’LUﬁ or Fa'\’ [‘YG"*"mGJaﬂwﬁ )
(3.24)

depending on the parity of G. Since M p multiplies M p
which, in the XRF, has only upper spinor components,
we need only the upper components of F,. One finds,

Fa=[fo+f1iG'B xG]“ﬂuﬂ; ayﬂ= 1)2 ) (325)

where fo, f1 are real functions of the energies. Hence
the density matrix of G, given by

Z FaFa'*=[f02+f12(B XG)2]6aa’ )

B spin

(3.26)

is isotropic, justifying the model of G as unpolarized.

When G has spin greater than %, the model is still
valid provided the polarization of G, determined by the
(GAC) or (GBC) interaction and not necessarily iso-
tropic is taken into account. The role of peripheral
collisions in angular correlations is a subject in itself,
which has received attention from a number of authors,
and we shall not pursue it further here.

5. Correlations at Low Production Energies
(Table II)

When X has spin j+3 with j=1, the production
amplitude has two terms, corresponding to orbital
angular momentum j and j+1. Suppose the incident
energy so low that the De Broglie wavelength of the
relative momentum (in the CMF) is large compared to
the range of the interaction producing the X. Then the
centrifugal barrier is important and the lower orbital
term may dominate, simplifying the prediction of angu-
lar correlations.

To make this quantitative, we examine correlations
between the production normal Q, and the directions
a, a’ of the decay system. We set up orthonormal vectors
Nt N2, N2 with Q=N3,

Any P in the plane of production can be written
P=¢;N'+¢,N Orthonormal vectors for the decay are
defined by

a=nd, (3.27a)
a’=n' sinf+n? cosh, (3.27b)
e==n' sinf+mn? cosd, (3.27¢)
axaq==axa'=-4n?sind. (3.274d)

The procedure is to calculate the reaction rate as a
function of the Euler angles and average over . This
leaves a function of angles 8,a,0, related to the physical
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directions by
Q-a=cosg, (3.28a)
Q-a x a’=sing sina sinf, (3.28b)
Q-ax (axa’)=—sinB cosa sinf. (3.28¢)

Let Z(8,a’)dcosB da dcosf denote the counting rate
as a function of the indicated variables. The distribution
in cosB is Z(B);

Z(B)= /Z (8,a")da dcosh . (3.29)

Both Z(B,a’) and Z(8) depend on 6¢ also. We can now
do two things: Firstly, we can define correlations Z, by
taking only sideward production, that is, only data with
6c not too far from 3. Secondly, we can define cor-
relations Z; by taking only values of ¢ not too far from
0 or m, as has already been done above. From Table I,
line 5, we see that for the sequence §—, 31, - -, both the
forward-dominant and the low-energy-dominant term
are the same, namely

Mp=@,Ti(P). (3.30)

Thus, for low-energy production, Z;(8) and Z,(8) may
be very similar (or identical). But for 3+, §—,--- the
forward-dominant term is like (3.30), while the low-
energy-dominant term is

Mp=@,T5(P---PQ) . (3.31)

Thus Z, and Z,; come from different terms and may be
quite different. The situation provides a parity test as
we shall show.

To obtain the forward correlations in cos, we sub-
stitute &= —cosy sinB in the Adair distributions 1,
14322, 1— 2274524, etc., average over v to get

Z;(B)=1, 5—3 cos’8, 1—22 cos?8/15+cos'8,- -+ (3.32)

for spins 3%, 3+ 5+ etc. The second two functions of
(3.32) are “hill” distributions rather than “valleys,”
i.e., larger for cos3=0 than for cosg==+1.

We shall not worry about contamination by non-
resonant processes in this section. Then the forward
correlations are independent of a’ as we have seen.

The averaging over v involves, in general, calculations

of the following type:
((a-P)(a-P¥)),
=(|c1|*(a-N')?+-2 Recico*
X (a-NY)(a-N?)+[ca|*(a-N2)?),
=(|c1]? cos?y sin?8— 2 Recyco*
X cosy siny sin?8+- | cz|? sin?y sing),
= (lea[*+[e2[?)% sin?B,
((axP)-(axP¥)),
= (le1]?+ | e2|HF(14-cos)

(3.33a)

(3.33b)
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((a-P)(axa’-P¥)),
=—1(|e1]?+ | c2|?) cosB sing sine sind
~+% Imcec,* sinB cosa sinf
=—3(lc1|*+|ce|)[cosB(Q-a xa’)
+ieQ-ax(axa’)], (3.33¢c)

where
2 Imcqcs®

el ol

We are now ready to consider the correlations
Z(B,a’) for the lower spin cases. Write Mp’ for the
amplitude of X — a+b so that Mp= (y+ze-a)Mp'.
Over-all factors like (|¢1|2+ | c2|?) will often be dropped
without special comment.

Case $+: We have Mp=1, Mp'=0-a, and Z(B,a) is

isotropic. If we do not restrict the production to .S wave

we would have, more generally, M p=c¢1+ 20+ Q, leading

to

Z(B,a")=14peQ-a=1+pé[—Q-a'+ (a-a")Q-a] .
(3.35)

&= le| =1. (3.34)

Case 3: Mp=a-P,
S| Mor|?=} Tr(e- P (1+po-a)(0-P) .
Then
Z(B,a")=14pcQ-a’. (3.36)

Again, Z(B) is flat, but the Q-a’ term distinguishes this
case from spin 3.

Case 3—: Take Mp=P+%ioxP and Mp'=Mp'(raw)
= (¢-a)a so that

Mp':Mp=(o-a)(a-P—3ic-axP). (3.37)
The rate depends on
Z lMDP[2=’1‘ Tr(a-P*-l—%ic-a XP*)
X (14p0-e)(a-P—%ic-a xP)
=[(a-P*)(a-P)+i(axP)(axP¥)]
+p Im[3(a-P*)(axa’-P)
+i(axP*)x(axP)-«]. (3.38)

Then, using (3.33), we have
Z(B,a")=(5—3 cos?8)+pe[4Q-a’—2 cosBa-a’]. (3.39)

In this case and the two previous ones, there is no dis-
tinction between Z, and Z;.

Case $*: To calculate the sideward correlation at low
energy, we use M p=Q-+3i0 x Q and proceed as before.
No averaging over v is needed and the result,

Z,(B,a")=Z,(3)=1+43 cos?3,

is a valley with no dependence on a’.

(3.40)

Case 5—: We can use the raw form of Mp, Mp=PQ if
we also use the constrained form of Mp’;
Mp'=T?(a)®,

=aa—3l—%i(o xa)a—ia(o xa). (3.41)

CHARLES ZEMACH

The work is again straightforward with the result
Z,(8,a") =146 cos’8—4 cosB+pc[6 cos’8(Q-a’)

—2(cos’8—cosB)a-a’],
again a valley for Z,(8).
Case $*: The raw M p is now PP’ with P=¢;N'+¢,N?
and P'=¢,/N'+4¢,’N? and
Mp':Mp=(c-a){(a-P)(a-P’)

—4(P-P)~Hi(a-P) (-2 x P)
+(a-P)(o-axP)]}.
The a’ term of Z,(8,a’) is not uniquely determined, but
is found to be a mixture of sin8Q-a’ and sin?8 cosBa-a’.
To obtain the character of Z(8) we can write (3.43) as
My’ Mp=cic/[(a-NY—§ oo [ (a- Ny~
~+ (c16a’+caci’) (a-NY) (a-N?)

+¢- (a vector) .

(3.42)

(3.43)

(3.44)

When computing Z,(8), one finds that the three lines of
(3.44) do not interfere and the square of each averages
to a hill distribution, hence Z,(8) is a hill.

The conclusions on shape are listed in Table II. As a
practical application consider the reaction

K—+p— V*(1385)+m; Y*—>A+r  (3.45)

as described by Ely ef al.® and Shafer ef al® The
simplest mechanisms for the ¥V* production are per-
ipheral interactions with K* or A exchange. Thus the
range of the interaction is probably not greater than a
K* Compton wavelength. A production with mo-
mentum of the order of a K* mass corresponds to a
center-of-mass energy of about 2.3 BeV and an incident
lab momentum of about 2.1 BeV/¢c. Thus the Ely and
Shafer reactions, at 1.15 and 1.22 BeV/c are low-
energy productions in our sense. In both cases, the
Z,(B) distribution, with 8 the angle between the pro-
duction normal and the A direction, is a valley. This is
consistent with the $+ assignment, inferred by Shafer
by other means, but inconsistent with a $— assignment,
among others. The valley “washes out” if data with

TasLE II. Shapes of correlations in cosB=Q-a in low-energy
production of fermion resonances with decay products of spin 0~
and §*. 8 is the angle between the production normal and the
decay direction in the rest frame of the resonance. See Sec. ITII.5.

Sideward Forward and back

Spin and parity Z.(B) Zs(B)
3 flat flat
3+ 5 valley hill
.8 hill hill

8R.P. Ely, S. Y. Fung, G. Gidal, Y. L. Pan, W. M. Powell, and
H. S. White, Phys. Rev. Letters 7, 461 (1961).

? J. B. Shafer, J. J. Murray, D. O. Huwe, Phys. Rev. Letters
10, 179 (1963).
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forward angles 8¢ are mixed in® as it should, since the
forward distribution is a hill. Ely’s valley is deeper than
Schafer’s, which is reasonable since his production, at
the lower energy, should have a purer sample of the
lower orbital angular momentum. Moreover, the com-
pletely pure distribution (3.40) is a still deeper valley.

6. Moment Analysis

The analysis of the tensor moments of the decay dis-
tribution given here is similar in spirit, though not in
detail, to the work of Refs. 1 and 2.

We first give a simple proof of the maximum com-
plexity theorem for the polarization of the decay
fermion, which was used in Ref. 9. The polarization in
the direction Q is given by

Po= / (@’-Q)X | Mpp|%dQu . (3.46)

We ask how Pq depends on cos=a-Q. If we refer to
(3.9) and also (3.7), (3.4), we see that Pq is a poly-
nomial in cos?8 with maximum term (cosg)? for X in
the 3t sequence. But the maximum term is (cosB)?+2
for the 3~ sequence as a,, has two factors of a which can
combine with Q’s in Mp,Mp*. On the other hand, if we
look at Pg,, with Q,=—Q+2(Q-a)a, this counteracts
the effect. Pq,, has maximum complexity (cosB3)?*? for
the 4+ sequence and (cosB)? for the 3~ sequence. As may
be noted from the results of the previous section, the
complexity may not reach its maximum value if only
the lower orbital term of the production amplitude is
observable.

We now calculate the projected cross sections doxara-
using (2.25), (2.27b), (2.30). We want ®* for the whole
decay X — a+-a’+b’, summed over &’ spin:

4=} Tr[ (1-+po- @) TH2(a)*: THS) T#2(a)] . (3.47)

We refer to lines 7,8, Table III of I. This gives, dropping
normalizations,

&*=T*(a), (k even)
®*= (j41)T*(a- - +-ae)+3(k—25j—1)a-aT*(a),
(kodd). (3.49)

These are to be converted to the form (2.27b) using
(3.27) and n'= (n——n*)/V2. Then

da’kOM' = Rle dcosd )

dokosr = Ry cosb dcosh,

(3.48)

(k even) (3.50)
(k odd) (3.51)

dow1yr=—dogim
=t Riar [k (R+1)T2(j+1) sind dcosh,
(& odd) (3.52)
other dozaar=0. (3.53)

10 J, Shafer (private communication).
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The upper sign in (3.52) is for the 7~ sequence, and the
lower sign for the 3t sequence. The spin and parity can
be determined by seeing which do s are nonvanishing
and by considering the ratio of (3.51) to (3.52).

The situation may be summarized by saying that we
have a series of test functions characterized by three
quantum numbers and one continuous variable. The
dowary are nonzero for k equal to or less than twice the
spin of the resonance and for M =0, % even, and M =0,
=1, k odd. They also vanish for odd M’, by parity con-
siderations, if the production normal is taken as the
polar axis of the production configuration. The experi-
mental evaluation of those doir predicted to vanish
is useful as a check on the background.

In the Byers-Fenster approach, the total counting
rate do=3_; dyiIA*%: ®*d cosfcdQ2,dQy is multiplied
by ¥i,(Q) and by (a’-n)Y%, 2 (2,) and integrated over
d2,dQ, to obtain the moment (¥%,x) of the intensity
and the moments (P-nY;, ) of the components of the
polarization P of the & particle. Here, £, is referred to
axes defined by the production process. With ®* given
by (3.48), (3.49), the integration over (a’-n)dQy
reduces ®* to zero for £ even, while for £ odd, reduces
®* to 3(k+1)T*(a) if n=a (longitudinal polarization)
and to £(j+1)T*(a---am) if n-a=0 (transverse
polarization), with the sign depending on the parity of
the resonance. It is seen that the Byers-Fenster in-
tensity moment corresponds to our projected cross
section for the M=0, 2 even case, their moment of
longitudinal polarization to the M =0, % odd case, and
their transverse polarization moments to our M ==+1,
k odd case.

IV. BOSON RESONANCES WITH DECAY
PRODUCTS OF SPIN 0 AND SPIN 1
1. Preliminaries
We now discuss
A+B—X+4+C, X—atb, 4.1)

where 4 and @ are 0—, B and C are 3*, and b is 1, e.g.,
a p or w meson. Let e be the spin wave function of 4. The
decay amplitude can be written

Mp=Ti(a---af), (4.2)

where
f=axe for 1—,2+ 3,---, (4.3a)
f=ye+za(a-e) for O, 1%, 2+.-.., (4.3b)

and y, 2 are possibly complex coupling constants; y=0
for 0. If the X decay is a low-energy decay, i.e.,
|a] Xrange of decay interaction <1, then the y term,
carrying orbital angular momentum I!=j—1 may
dominate over the z term which includes /= j+1.

We consider two possible decay modes for &:

b—ad'+b or b—ad+b+c, 4.9
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where all primed particles are 0—. In the first case b is,
or is like, the p meson and has a decay amplitude

My=a'-e. (4.5a)

The second case corresponds to the w meson with decay
amplitude
(4.5b)

where q is the normal to the decay plane; g=a’XDb’.
The amplitude for the over-all decay is then propor-

My=q-e,

tional to
> MiMp. (4.6)
b spin states
Since
Z €e;= 5.‘1' ’ (47)

b spin states

Eq. (4.6) is just the instruction to substitute a’ or q for
e in (4.3) to get the amplitude expressed in terms of
observable vectors. We shall continue to use the
symbole e, and write cosf=a-e. Experimentally, this
6 is the angle between a, in the XRF and a’, or q in the
bRF.1! The Euler angles 8, o will relate e to the pro-
duction configuration.

In these examples of b decay, e is effectively a real
vector. If, on the other hand, b were, say, a 1+ particle
decaying into three 0~ particles, the decay amplitude
might be

Mb': (x13'+x2b’) € (48)

with the ratio x;/x» complex. Then additional variables
are needed to describe the & decay. We comment
briefly on this more general situation at the end of the
section.

2. Correlations in Special Circumstances

Complexity of correlations. The maximum complexity
theorems derived in Sec. III are applicable here.

Forward and backward production. The Adair-type
distributions are less interesting here than in Sec. III
because even if A, B, and C are aligned, there are still
two independent production amplitudes, namely

T/ (A)+2.T/(A- - -Ao xA) for 0, 1% 2----

(xe=0 for 0-) (4.9a)
and

21T9(A- - -Ag)+x2(0-A)T/(A) for 1-,2+,3—--..

(4.9b)

These are not likely to be helpful in determining the
spin and parity of X unless something is known about
the fermion polarizations. But if the X quantum
numbers are known, fitting the data to these ampli-
tudes may clarify the production mechanisms.

11 C. Zemach, Nuovo Cimento 32, 1605 (1964). In this reference,
eis taken in the XRF. This has the advantage that the correlation
angle is given as the difference between two directions in the same
frame, It has the disadvantage that the density-of-states factor is
not simple dcosf, but rather [1—a?cos®/E2]52dcosf. This
reference also gives correlations appropriate to coherent produc-
tion as may occur in a heavy-liquid bubble chamber.
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If a “low-energy production” approximation is ap-
plicable, and X is in the 1~ sequence, then (see line 4
of Table I of I)

Mpp=Ti(a---aaxe):T/(A---Ag)
=(A-axe) (o-a)P; (x)— (o-A)P;_," (x)]

+o-axeP/(x), x=a-A. (4.10)
Summing over fermion spins,
2| Mpp|*=(A-axe)
X{(P/ V4 (P;-")?
_ 2xP,-" j—ln_ ZPJ-._IHP,-'}
+(axe)!(P/)?.  (4.11)
For the lower spin values, we then have
do/dQdQ.= (axe)?, (1), (4.12a)
=ax2(axe)+ (A-axe)?, (2%) (4.12b)
= (522—1)?(a x e)>48(5x2—1)
X (A-axe)?, (37) (4.12¢)

and so on. Integrating over dQ,—this is equivalent to
applying (4.7)—gives the rate as a function of one
variable:

do/dx=1,1,9+2222—15x* for

respectively.

Peripheral production. Referring to Fig. 1(b), if G is
0~ then x must be in the 1~ sequence, and the amplitude
for (3.22) is

Mpp=Ti(a--raaxe):T/(A)=A-axeP/(x) (4.14)

so that

1-,2+3-, (4.13)

do/dudQ.= (A-ax )| P/ @) |2  (4.15)
do/dx=(1—2) (P} (x))2. (4.16)

Notice that (4.15) results from the second, rather than
the first term of (4.9b). This serves as a warning that
when the reaction goes by a specific mechanism, pref-
erence may be given to the higher rather than the lower
orbital term, even in a low-energy production.

If the exchanged particle has spin %, the possible
amplitudes for the simplified process has the same gen-
erality as (4.9). But there is a special case which may
be interesting. Suppose B and G in (3.21) are nucleon
and antinucleon. For a nucleon-antinucleon system,

(4.17a)
(4.17b)

Thus if X has definite 7 and G and the production con-
serves these quantum numbers, only one term in (4.9a)
is present. The amplitude for the 0—, 1+, 2—, - - - cases is
then either
Mpp= T-"(a- . -af): T’(A --Ae XA)
~ (o-Axa)[A-DP/ (@)~ (a-DPry"(2)]
+(e-Axf)P/(x) (4.182)

G parity (triplet spin state)= (—1)*I,
G parity (singlet spin state)= (— 1)+,
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. MDP=T5(a---af):Ti(A)
=f.AP/(x)— ({-a)P,_/'(x)  (4.18b)

depending on the G and I of X. These expressions are
easily converted into cross sections and summed over
b spin if that is desired. They serve as further examples
of how the tensor notation, with a few key formulas,
allows us to go from a well-defined spin situation to a
calculated angular correlation with a minimum of
difficulty.

3. Moment Analysis

In order to obtain projected cross sections dokarar,
first define the n', n? n® basis vectors for the decay
configuration:

a=n (4.192)

(4.19b)
(4.19¢)

e=n' sing+n? cosf
axe=n’sinf.
Second, write the decay amplitude in this basis:
Mp=(sin®)T/(n?---n®n?), (1-,2+,3-,:.-) (4.20a)
and

Mp= (y+2) cos§T(n®)+y sindTi(n?- - -n°nt) .
(0_’ 1+7 2_1 o ) . (420b)

Third, specialize the relevant equations of Table IIT of
I to the case where p-q=0, and drop the over-all
normalization factor a,;:

Ti(p): T*»(S)T%(p)=T*"(p) (4.21a)
Ti(p):T*"(S)T?(p- - - p@)=T(p- - - pg) : T*"(8) T (p)
=(@n/))T*(p---pq) (4.21b)
Ti(p---pq):T**(S)T7(p- - - pq)
=(n(j+1)/j(n+1))T*"(p- - - pqq)
| G=m) @n+1)(j+n+1)
' 2% (n+1)
Ti(p)T**(S)T(p)
=Ti(p---pq)T?* 1 (S)T(p---pq)=0 (4.21d)
Ti(p):T***(S)T7(p- - - pq)
=—Ti(p---pq): T***(S)T(p)
=iT*1(p---p pxq).

*T*"(p) (4.21c)

(4.21e)

Fourth, calculate the tensor moments of Mp. For the
1~ sequence, they are
Mp*:T*(S)M p
={(G—%k) (G+1+3%) (k+1) T*(n?)
+k&i(j4+ DT (0 - -n’n’n?)} sin’g,
(k even) (4.22a)
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and
Mp*:T*(S)Mp=0, (kodd). (4.22b)
For the 0~ sequence, they are
Mp*:T*(S)Mp
= |y+2|2 cos?0T*(n®)+Rey (y+2)* cosd
Xsind(k/ §)T*(n3- - -n®n')+ | y| 2 sin?

G-I GHLHD D

(n®)
72 (k+2)
k(741
Gt )T"(n3- --n*n'n!)} , (keven) (4.23a)
J(k+2)
and
M p*: T*(S)M p=Im(y*2) cosf sindT*(n?- - -n°n?) ,
(kodd). (4.23b)

Fifth, convert the T to the spherical basis by putting
n'= (n——n*)/V2, n®={(nt+n")/V2. Thus,

Tk (n3 e n3n1)

=2-12[ T* =1(n)— T* +(n)] (4.24a)
T*(n®- - -nn'n')

= }[T% ~*(n)+T**(n) — 2T*(x’- - -nmn-) ]

=3[T% ~2(m)+T**(n)—T**(n)] (4.24b)
T*(n?- - -n*n’n?)

=1[—T* ~*(n)— T**(n)— T*°(n)] . (4.24¢)

Sixth and last, use (2.25), (2.27b), (2.30) to obtain the
projected cross sections. The results for (1, 2+, 3—---)
are

for & even:

da'kOM’=RkM’D(j+1) (k+2)

+E(E+1)(j—k—1)] sin% dcosd,  (4.25a)
doromr =dor_opy = "‘RkM'%](]+ 1)
X [k(k+1) (+2) (k—1)1]1
Xsin% dcosf, (4.25b)
other dakMM' = 0 N (425C)
and for k£ odd:
dakMM»=0. (425d)

The results for (0, 1t, 2—, ---) are
for £ even:

doxorr = Rin{ | y+2|2252(k+2) cos®d
+ 1y LG+ 1) (k+2)+ R (k+1) ——1)]

Xsin%}dcosd, (4.26a)
dor-1m=—doa
=Rim Rey(y+2)*j (k+2)[k(k+1) ]2
X cosf sin dcosf, (4.26b)
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dor—on=doranm
=Riw|y|%5(G+1)
X[k (k+1) (k+2) (k—1) ]2
Xsin?d dcosf, (4.26¢)

and for & odd:

dor—1m=doriu

= Riar Im(y*2) cosf sind dcosf. (4.26d)

All other ddkMMl =0.

It is easy to see how the different equations of (4.26)
can be compared and combined to yield, in a number of
different ways, not only the spin of X but also the decay
constants. But Im(y*z)(|y|2+|2|2)~ cannot be deter-
mined. The experimental calculation of those dojarar
predicted to be zero is also useful as it gives a check on
the amount of background. The 1~ and 0~ sequences are
distinguished, among other things, by the sign of
doryam .

The %2=0 terms refer to the unprojected decay
correlations:

do‘ooo= MD*MDdC050

=sin?) dcosf, (124 -0, (4.27a)
={|y+2|225 cos®+ | y|2(j+1) sin?8}dcosd,
O, 1*,---) (4.27b)

already given earlier.?®

The tests of Ademollo, Gatto, and Preparata? carry
the same information as (4.25), (4.26) but catalogued by
a slightly different set of quantum numbers. Consider,
for example, the two simplest cases:

(da‘ooo/dCOSO) (1—) =sin?f= %[1 — P, (COSG)] ,
(doooo/dcosh) (0-) = cos®=3[1+2P;(cosh) ] .

(4.28a)
(4.28b)

The corresponding information in Tables 1, 2 of
Ademollo, Gatto, and Preparata is expressed this way:

A(20;00)/4(00;00)=—1/Z (for 1), (4.292)
A(20; 00)/4(00; 00)=~+2/vZ (for 0-). (4.29b)

We see that the coefficients of Py(cosf) in (4.28) cor-
respond, apart from a V2 normalization factor, with the
ratios in (4.29).
Finally, we note the appropriate procedure if & follows
a decay mode like (4.8). It is necessary to add to the
list (4.19)
b’=sind’ cos¢’ n'+siné’ sine’ n?+cosé’ n®,  (4.30)
where ¢’,¢’ are the coordinates of b’ in the coordinate
frame defined by a,a’. One proceeds as before, obtaining
cross sections doyar proportional to dcosf dcosd’dy’.
It is no longer true that e can be treated as real; this
means there is a possibility of calculating Im(y*z)

X (3124 |2]?)~ which could not be done by means of
(4.26).
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V. FERMION RESONANCES WITH DECAY
PRODUCTS OF SPIN 0 AND SPIN 3

1. Preliminaries
Our model reaction will be

A+B—C+X, X—atb, b—od+¥,

¥ a4, (5.1)

where 4, @, a’, @”’, and C are 0, b is 3t and B, ¥, b’
are 3*. The &’ decay will be taken as parity nonconserv-
ing. We have in mind a sequence such as K+p — K
+5*%(1820),  E*(1820) — E*(1530)+w,  E*(1530)
—A+m, A— N+4m, which has recently been ob-
served.!? As other examples, we mention reactions which
involve N*(1520) — N*(1238)+= and the decay into
N*(1238)+7 of a possible 7=% resonance® at 1560
MeV. The b’ decay is not relevant to the latter two
possibilities.

The study of correlations for (5.1)is more complicated
than in the previous cases because there are three decay
directions, a, a’, a’” about which something can be said.
Moreover, there are two orbital terms for either parity
sequence for X and the spinor-vector E combines what-
ever complexity there is in spinors and vectors. The
current experimental situation would seem to call for
an investigation of correlations involving a spin-§ decay
product, but not an exhaustive one.

We shall follow, in part, the scheme of the previous
sections, looking at Adair distributions and forward
versus sideward distributions, but assuming that only
the lower orbital term in the X decay is retained. This
may well be a good approximation for the 5*(1820) and
N*(1520) decays, both of which have a Q value of about
one pion mass. Then we shall do the moment analysis
for the lowest order term—which gives the angular cor-
relation of a and a’—and the dipole term which also
depends on a”’.

In the by now customary notation, the decay ampli-
tudes for b — ¢’+b’, b’ — a’’+b" take the forms

My=(uy*|a’-E), (5.2)
My=(uy*|y+3z'e-a" |uy) . (5.3)

The sum over b spin states [see (3.17) of I] is
2 EuE*ig= (®o)iaiis (5.4)

b spin

which is consistent with the constraints o-E=0,
E*.0=0. But it is more convenient to insert the pro-
jection operator directly into M, (we again ignore a
proportionality factor):

Mo=(uy*|a’- @, | E)= (up*| (a'+3ia’ x0)- |E). (5.5)

2 G. A. Smith, J. S. Lindsay, J. B. Shafer, and J. J. Murray,
Phys. Rev. Letters 14, 25 (1965).

® G. Goldhaber, invited address, American Physical Society,
Washington, May, 1964; G. Goldhaber, S. Goldhaber, T. A.
O’Halloran, B. C. Shen, Lawrence Radiation Laboratory Report
No. 11445, 1964 (unpublished).
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Then, we can use

Y EiaE*jp= (1)ia;j5=8:ias -

b spin

(5.6)

The amplitude My for b — a’+a’’+b"" must now
be computed, squared, and summed over 4"’ spin:

2| My |*=E*- (a'+3io xa') (1+p0-a")
X (a'+3ia’ x0)-E. (5.7)

Equation (5.7) is somewhat similar to (3.9). If b were
3~ rather than §t, a’’ in (5.7) would be replaced by the
magic direction, (a’’).=—2a’’4(a’-a”)a’. Now the
squared amplitude for A4B — C+a-+b, averaged over
B spin will look like

2| Mpp|*=E*-M-E, (.8

where M is some function of a, and the production
angles. Correlations are computed by multiplying (5.7)
by (5.8), using (5.6) and then integrating over appro-
priate variables.

The symbol E expresses the 4 spin as the sum of a
spin-1 part and a spin-} part. Experimentally, the mo-
mentum a’ gives the direction of the spin-1 part and a”’
gives the direction of the spinor polarization associated
with the spin-} part.

We shall not attempt to find correlations in a, a’, a”’
simultaneously. To obtain correlations of a’, a and pro-
duction vectors, one should integrate (5.7) over Q,,
getting

2 (Mo |*dQu
b" spin
= X |M,|*=3(E*-a")(a’-E)
b’ spin

+iE*-E—1iE*xa’- (0-a")E

+3i[(E*-e xa')a’-E— (E*-a') (¢ xa’-E).  (5.9)

To obtain correlations of a alone with production
vectors, integrate (5.9) over 2. to get

Z IMbldea’=E*'(PyE

b’ spin
=E*.E+4+3E*-exE, (5.10)

which amounts to using (5.4) directly.
To obtain correlations of a, a’’, but not a’, one inte-
grates (5.7) over a’, with the result:

| Moy 2490 = (3) (B*E+%E*- 0 x E)
+p[(5i/4) (E* xa"-E)
+E*(g-a"")E—31(E*-0)(a”-E)
—1(E*-a")(e-E)]. (5.11)

In these equations, one must not apply ¢+ E=0 since
the ®, which enforces this constraint has been put
explicitly into the matrix element. One can still apply
o:E=0, and hence i¢ xE=E in Mp.

B121

The maximum complexity theorems are as valid here
as in Sec. ITI, but less interesting since, with higher
particle spins, reactions can be dominated by lower
orbital terms, giving complexities less than the theo-
retical maximum.

2. Forward and Backward Production (Table III)

We calculate the correlation in x=A-a for the case
where the production vectors are aligned and the lower
orbital term of the decay dominates. For spin §, Mp=1
or ¢-A and the distribution in « is flat. For (-, §*,- )
the reaction amplitude is

Mpp=Ti(a---aE*):®,T/(A)
= G+ 1)L (E*-A)P/ (x)— (E*-a) ;' (x)]
+ (E*-A) (io-A x a) P}’ (x)
— (E*-a)(ie-A xa)P;_,"
+i(E*-o xA)P/(x) (5.12)

with the help of Table 1 of Ref. 1. The last term reduces
to (E*-A)P,/(x) by (2.6b). This amplitude is of the
general type

Mpp=E*. (A+iBe-Q) . (5.13)

Then the counting rate, averaged over spins of B and b,
is

2 |Mpp|?=% Tr(A—iBe-C) @, (A+:iBo-C)

=W-A+A-B xC+B-BE-C. (5.14)
This gives the rate in terms of Legendre polynomials
and their derivatives.

For the opposite parity sequence 5+, §~, -+, one
replaces E* by (axE*) and T7(A) by T7(A)e-A in
(5.12) and proceeds the same way. The extra ¢-A
factor does not affect the calculation, as already noted
in Sec. IIL.

The calculated distributions for the lower spins are
given in Table III. We mention again that these dis-
tributions are also applicable to peripheral productions
if the exchanged particle has spin zero or one-half. They
also apply to two particle production processes such as
7+N — X — 74 N*(1238).

TaABLE III. Adair distributions for fermion resonances with
decay products of spin 0~ and $*. Only the lower orbital term of
the decay is taken into account. See Sec. V.2.

Spin and parity Distribution in x=A-a

353 1
3+ 1—6x2/7
5 14242
3 141022 — 104
I+ 1—4022/7+65x4/3 — 50x8/3
i 14-22/5+1944/10
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3. Correlations at Low-Production Energies
(Table IV)

We shall calculate Z(B8), the angular correlation
between the production normal Q and the X decay
direction a. Taking only the /=73 term of the decay
amplitude, and f{following the general scheme of
Sec. I11.5, we expect again that the sideward rate Z,(3)
and the forward-backward rate Z;(8) will be similar for
$- 53+ and different for §+, 3~ for the same reasons.

Setting x= —cosy sinB in Table III and averaging
over v, we get Z;(8)=1 for 3+, 3, 3, and Z,(B)
=443 cos?3, 9410 cos?8—15 cos’B, 2—cos?3 for §t,
$-, 5+, The last three are hill, valley, and hill distribu-
tions, respectively.

To obtain Z,(8), we use the M p’s of Sec. IIL.5, and
the M p’s of Sec. V.2. The latter must be written out in
the traceless, symmetric, transverse to o form, e.g.,

Mp(3+)=aE*+E*a—(3)(E*-a)l
+(i/3)[a(E* x )+ (E* x 0)a
+(axo)E*+E*(ax0)]

=4aE*+4E*a—2(E*-a)l

+i(axo)E*+iE*(axeo). (5.15)

The calculations follow the rules already developed.
For 3+, Z,(B) is easily found to be 3—2 cos?3, a hill.
The 5~ calculation of Z,(8) is somewhat longer, but has
a definite answer, 19— 16 cos?3-+27 cos?8, a valley. The
3+ distribution, as in IILS, is not completely deter-
mined. It is a hill in several special cases: 2—cos?g if
P parallel to P’, 21—18 cos?8 if P, P’ real and perpen-
dicular. It is probably a hill in general, but we do not

have a general proof. These shapes are summarized in
Table IV.

4. Further Correlations with the Production
Normal for 3¥, $—

When X has quantum numbers 3+, 3—, 3-, all the
distributions considered above are flat. To distinguish
these cases, we look more closely at correlations among
Q, a, 2/, a".

Case %t. Here Mp=1, Mp=E*.a so |Mpp|?
= (E*-a)(a-E). Invoking (5.7) and (5.6), the total

TaBLE IV. Shapes of correlations in cosg=Q-a in low-energy
production of fermion resonances with decay products of spin 0~
and spin §*. Only the lower orbital term in the decay is taken into
account. See Sec. V.3.

Sideward Forward and back
Spin and parity Z.(B) Zs(B)
3+ 3 flat flat
3+ valley hill
5 hill valley
5 hill hill
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counting rate is

do= (143 cos®) dcosf; cosf=a-a’.  (5.16)

There is no dependence on Q or a”.

Case 3. In this case Mp=0-P, Mp=(E*-a)(c-a).
Then

AZ' MppMpp*= (E*-a)(0-a)(c-P) (¢-P*)(o-a)(a-E)
= (E*-a)(14+20-Qn)(a-B),  (5.17)

where we follow the notation of (3.34), (3.7b). Then,
by (5.9), the part of the correlation independent of a’’ is

do= (143 cos?) dcosf (5.18)

as in (5.16). But there are also correlations among Q,
a, a’’ given by (5.11):

do={1+32[ Q2" —}(a- Q) (a-2") T} d2dGur
= (1420 (a-Q) (a-2")—}(Q-a") ) d%du-.  (5.19)

Case 3. We restrict the discussion to the approximate
production amplitudes used in the previous subsection,
so that Mpp=E*.P. Then (5.9) gives a rate propor-
tional to 3|a’-P|24-P*.P. Averaging this over angles
in the production plane as in (3.33), we obtain the cor-
relation in Q, a’:

do=[1—3(Q-a")*]d0% . (5.20)

Using (5.11), we derive the a’-independent correlation
do=[(14+£cpQ-a")]dQ,. (5.21)

These correlations are, moreover, independent of a,
distinguishing them from (5.19).

5. Decay Correlations

Consider now correlations in the three decay mo-
menta a, a’, a”, summed over all production informa-
tion. For parity reasons, these correlations, are, in fact,
independent of a”, leaving us with a counting rate
do (9) which is a function of a single variable cos§=a-a’
and the coupling constants v, z. This do(f) is identical
with the projected cross section for the zeroth-tensor
moment, previously called doogo, and is given by

do(0)=Mp :M*pd cosf. (5.22)
For the 3+ sequence,
Mp M*p=[yTi(a:--aE*)+z(E*-a)Ti(a)]:®,
X[y*Ti(a- - -aE)+2*Ti(a)(a-E)]. (5.23)

When the right side is multiplied out, there are eight
separate matrix elements, if ®,~ (j+1)=+e- S is counted
as two terms, some of which are equal to one another.
All of them are evaluated in Tables I and II of Paper I.
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They are easily gathered together to yield

MD :MD*= (E*-a) (a-E)
XLEj—3)|y|*+3) (yz*+29%)+25]2|*]
+(E*-E)(j+2)[y[2. (5.24)

To express the counting rate in terms of observable
momenta, we multiply (5.23) by (5.7) and average over
spins. One sees that because (5.23) is independent of &
and symmetric under E <> E* the result is independent
of a”.

Hence, (5.9) can be used directly instead of (5.7). We
see that

> (a-B)[3(E*-a)(a’-E)+ (E*-E) J(E*-a)

pepin =143 cos¥, (5.25)
> E-[3(E*-a")(a’-E)+ (E*-E)JE*=6. (5.26)
b spin
Hence
do(0)={ (1+3 cos®)[ (37—3)| 5|2
+35(yz*+2y*)+25]2|%]
+6(j+2)|y[2} dcosh. (5.27)

To compute correlations for the 3~ sequence, it is con-
venient to use, instead of the form in Table I, the
following :

Mp={yTi(a- - -aB*+z(B*a) T+ (2)} 9, (5.28)

where, acting upon tensors of rank j+1, 9, is the
“lowering”’ operator

2,=1—C=(j+1—0-S)(2j+3)1.  (5.29)
The advantage of representing spin j+% with tensors
of rank j+41 is that the eight matrix elements of
Mp:Mp* are the same as those for the previous parity
case (with §— j41) and have already been evaluated.

The distribution for the 3~ sequence, with y, z defined
by (5.28), is

do (6)={ (143 cos’0)[— 7 (5+3) | |2
+7 (41 (2% +y*2)+2(7+1)* | 2|*]
+65(j+2)|y|2} dcosd.  (5.30)
For the cases 3*, -, y=0 and the correlation is
143 cos? in agreement with (5.16), (5.18).

If, for spins =32, we drop the z terms, as has been
done in the previous subsections, we get

j—1
do(9)= (1-!——;;; cos’0> dcost; (3—,5+ ---), (5.31)
and 7
349
do ()= (1——5]_+9 cosza) dcosf; (3,5, ---). (5.32)

6. The First Moment of the Decay Distribution

We shall not attempt a general moment analysis of
the decay distribution as was done in Secs. ITIT and IV.
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The zeroth-order moment was calculated in the pre-
vious subsection. We now calculate the first moment
and the projected cross sections oiya. For parity
reasons, these will be zero for M’= 41, and nonzero for
M'=0, corresponding to a first moment of the produc-
tion density matrix in the direction of the production
normal.
We first separate E into two parts:

E=a(a-E)+F; F=—a(a-E)+E, 6.1)

so that a-F=0, axF=axE. Then, the decay ampli-
tudes are taken as

MD=mi6)a, %+’ %." o ) (62&)
MD=mj+l-(\’),ay %_: %+’ e ) (62b)

with
Mi= (y+2) (E*-a)Ti(a)+yTi(a- - -aF*) . (6.3)

Let S be the angular-momentum operator on tensors of
rank j or j+41, depending on which parity sequence is
being treated, so that the total angular-momentum
operator is represented by S+3e for either sequence.
The component of the first moment of the decay density
matrix along Q is then

Q- ®=9':0,Q- (S+}0)I0*, (1,3, ---) (64a)
or
Q- ®=9:9,Q- (S+30)IU*, (1, 3%,+--). (6.4b)

(Note that S+j¢ must commute with @, and 9,.)

Using the commutation properties of S, we find that

(2j+1)®,Q- (S+10)
=%(2/+3)(G+1)Q-0+3(27+3)(Q-S)

+72(Qo) :72(S), (6.5a)
(27+3)2.Q- (S+30)
=—3(2/+1)(G+1)Q-e+3(2j+1)Q-S
—T72(Qe):T2(S), (6.5b)

where (6.5a) operates on the jth-rank tensors and
(6.5b) operates on (j-+1)th-rank tensors.

The evaluation of Q- ® is then reduced to the evalua-
tion of matrix elements of tensors in S. These are given
in Table III of I, lines one through six. We find, apart
from a common normalization,

M :g*= (E*.a) (a-E) | y+2]2

+1y[2(i+1) 2)F*F, (6.6)
oM S9N = — 37 (j+1)
X{2 Im[y(y+2)*(E*xa)(a-E)]
+i71y|2F*xF}, (6.7)

M TH(S)IMI=— 35 (j+1)
X{|y+z[*(E*-a)(a-E)T?(a)
+2 Re[y*(y+2) (B*-a)j71T*(aF) ]
+1y°LG+1) (2/) T (F*F)
+3(G=D(G+2) @)

X FF)T*(@)]} . (6.8)
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Of course the ¢’s in (6.5) fit in between E* and E in
(6.6)-(6.8).

If these three equations are multiplied by (5.7) and
averaged over b spin, it is found that only terms linear
in a”’ survive. Hence, it is reasonable to look at the de-
pendence of Q-® and o170 on a, a”, but not on a’ by
using (5.11) rather than (5.7). We obtain

Q- d=XD ly+zl2+X(2) Rey(y-{-z)*-i—X‘a)lylz (6.9)

where, for the 3+ sequence,
X0=8(;+1)(Q-a")—4(2j+1)(Q-a)a"-a,
X®=(2042+305+2)(Q-a")

(6.10a)

— (20,°+-307—%)(Q-a)(a”-a), (6.10b)
X®=71(=35°+22j+15)(Q-a)(a"-a)
+771(20°4+16;—9)(Q-a") , (6.10c)

and, for the 3~ sequence,

X0 =—4(j+17(Q-a")

+2(7412(+2) (Q-a) (a"+a), (6.11a)
X® = (j4+1) (+2)[ (10/2+15j46) (Q-a")
— (102+15j+14/3)(Q-a) (@"-a)], (6.11b)
XO= (j+2)[@2+3j—1)(Q-a")
— (P4+3j—HQ-a)@"-a)]. (6.11c)
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Let a basis be defined in the decay configuration by
a=n’,
a” =n! sind”’+n? cosd”’, cosf’’=a"-a.
Then the projected cross sections for the 3~ sequence are

do100=R cosb'’[4 l y+2 [ 24 (8/3) Rey(y+2)*
+71(1742+385+46) | y|*] dcosd”’

doy_10=—do110
= (R/V2) sind’"[8(j+1)|y+3z|?
+(207430j+3) Rey(y+2)*
X j71(20724-16—9) | y| ] dcost” .

The formulas for the 3~ sequence are
d0’100= R COSQ,'[— 2] (]+ 1)2 l y+z l 2
+4(+1) (G+2) Rey(y+2)*
+G+2) (43) | y|5] deost”

(6.12a)

(6.12b)

(6.13a)
do1_10=do110
= (RNV2) sing”"[—4(j+1)*|y+z[*
+(j+1) (5+2) (10,24155+9) Rey(y+2)*
+3(+2) (472+65—1)|y[*] dcos#”.  (6.13b)

The ratios of the M =0 to the M ==1 terms are inde-
pendent of the production and give information on the
decay constants. One may hope that the spin and parity
determination need not rely on formulas of this com-
plexity. Once the spin and parity are known, however,
such formulas may be needed if one wishes to determine
the decay constants. The reader will appreciate why we
do not wish to present the complete moment analysis.
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The nonleptonic K° decays are examined on the basis of the CPT theorem and unitary symmetry without
the requirement of CP invariance. It is shown that the present model (based on the CPT theorem and uni-
tary symmetry) is consistent with the various experimental branching ratios of K — 2= modes, if CP in-
variance is almost maximally violated. Further, the decays K:® — 3x® and K2® — 3#° are forbidden by uni-
tary symmetry in the framework of the boson pole model, even if CP invariance is violated.

APPARENT violation of CP invariance which ap-
pears in the decay mode K5® — wt#~ has been re-
ported.! This led to a number of attempts to explain the
experimental result without CP violation.? We examine
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Commission.
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the interrelation between CP invariance and unitary
symmetry (SU; invariance) in which the nonleptonic
Lagrangian behaves as a member of the 8 and 27
representations and the strong interactions are invariant
under the transformations of the group SU;. It is con-
venient to introduce spurions of /=% and I=% so as to
express the K decay modes in terms of SU; channel
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