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The use of the concept of an effective electron-atom ratio, N, ff, which contains a solute size correction

(rather than the usual ratio N used in Matthias' rule), introduced earlier in correlating superconducting

critical temperatures of some dilute solutions of transition elements of the 4th, 5th, and 6th columns in

niobium, has been extended to include some other transition-metal solutes of columns 7, 8, 9, and 10 in

niobium. The concept has also been tried on some other transition-metal solid solutions of wider range of
composition. For these latter alloys the analysis reveals that peaks in the curve of T, versus electron-atom

ratio occur at N, ff~4.4 and 6.6, whereas with the uncorrected electron-atom ratio, these peaks tend to
occur near N~4. 7 and ~6.4. The variation of H, g with N, ff for alloys of transition metals of columns 4 and

5 suggests that the maximum values of H, ~ also occur near N, ff =4.4. Both peaks in T, versus N, ff and

H, 2 versus N, ff seem to be independent of whether the solvent or solute atom is in the 3d, 4d, or 5d series.

INTRODUCTION

'HE principal successful guide in describing the
occurrence of superconductivity in the periodic

system has been the empirical rules proposed by
Matthias. '—I For an element, alloy or compound, a
function T(X) describes qualitatively variations of
critical temperature T, with average number of valence
electrons per atom, E. This considers all electrons
outside a ulled shell. X is often referred to as an elec-
tron-atom ratio (e/a) or valence-electron concentration.

For transition elements T(E) peaks when X is equal
to 5 and 7;4 while for the transition-metal alloys, the
peaks, though not strictly 6xed, are assumed to occur
in the vicinity of X equal to approximately 4.7 and 6.4.
More speci6cally, these latter values refer to a series of
transition-metal binary alloys of columns 4, 5, 6, and 7
of the periodic table. These alloys overed the erst op-
portunity to examine Matthias empirical equation in
systems that were primary solid solutions with a
relatively wide range of solubility and with a simple
body-centered cubic structure. ' For transition metals
forming complex phases with 0.- or e-Mn structures, 6 the
distribution of T, as a function of electron-atom ratio
appears to show a peak when the mean number of
electrons is 6.6-6.8.

Attempts have been made to study and discuss these
peaks in their relationship to parameters suggested by

the BCS theory. ~ For example, an important comparison
has been made between T, and. y, the coe6cient of the
electronic specific heat related to the parameter X(0),
the density of states at the Fermi level. s' Further
studies to examine the strict validity of the BCS theory
in describing the occurrence of superconductivity in
transition metals in the periodic system are, at the
present time, a subject of much interest. ~'4

Recently, the critical temperature of some dilute
solutions of transition elements of the 4th, 5th, and 6th
columns in niobium (body-centered cubic structure)
have been found to correlate better with an eGective
electron-atom ratio X,ff which contains a solute size-
dependent correction than with the usual ratio E.15 In
this report we have extended this analysis to include
some dilute solutions of transition elements of columns

7, 8, 9, and 10 in niobium. The approach has also been
extended to a wider range of concentration of some
binary substitutional solid solutions of groups 4, 5, 6,
and 7 of the periodic table. For these transition-metal
alloys, the analysis reveals that the peaks in the curve
of T, versus electron-atom ratio occur at E,ff 4.4 and

6.6, while with the uncorrected electron-atom ratio,
these peaks tend to occur near E 4.7 and 6.4. The
analysis has also been tried on the variation of H, 2 with
this parameter for metals of columns 4 and 5, where it
is found that II,2 also tends to peak near Ã, ff 44,
similar to the peak occurrence in T,.
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DISCUSSION AND RESULTS

A. Effective Electron-Atom Ratio

According to Matthias, "the relationship between T,
and T(N) may be written as follows:

T,~ V*T(N).

This approach regards the variation of T, with vol-

ume independent of the variation with E. Recently,
Harrison" has suggested a speciac form for the volume
dependence of the valence-electron concentration which
takes the size of a solute atom into account. A similar

suggestion had been made earlier by him in the theory
of electrical resistivity; namely, that if a solute atom is
larger than that of the solvent, the lattice is expanded
locally and, therefore, the region behaves as if the solute
had a lower valence than in the undistorted case; or
if the solute atom is smaller than that of the solvent,
the lattice contracts locally and, therefore, the region
behaves as if the solute has a higher valence than in the
undistorted case. This suggestion has been used in
examining the resistivity of some nontransition-metal
alloys" ";and more recently it has been shown to be
e6ective also in some transition-metal systems. "

Following Harrison's suggestion, we may write the
eRective electron-atom ratio X,ff for dilute homogeneous
binary solid solutions

6V
Xaff=ZO+Cx (Z—Zo) —Zo

V

where Zo is the valence of the solvent, Z is the valence
of the solute, bV is the local change in volume, V is
the original cell volume, and C~ is the atom fraction of
the solute. The equation computes the electron-atom
ratio in the solvent itself. For general ideal solutions, the
expression becomes

COZ0+CiZi+C2Z2 C Z
N, gf= (3)

C0+Cg(Vg/Vo)+C2(V2/Vp) . C (V /Vp)

where Co is the atom fraction of the solvent; C~, C~ ~ - ~

are the atom fractions of solutes 1, 2, respectively; Zo
is the valence of the solvent; Zj, Z2 are the valences
of the solute atoms; Vo is the unit cell volume of the
pure metal solvent; V~, V~ are the unit cell volumes
of the solute metals. The numerator alone gives X as
used in Matthias' rule.

B. N, fg and T, for Some Dilute Solutions of Niobium

The change in electron-atom ratio, with and without
solute size correction, compared to critical temperature
for some dilute solid solutions of niobium, is illustrated
in Fig. 1. In determining E,~~, the cell volume V and
local lattice distortion BV have both been roughly ap-
proximated from the atomic diameters. The definition of
atomic diameter is that assumed by Hume-Rothery'—
namely, the closest distance of approach between atoms
in a crystal of the element. A more rigorous calculation
of the local change in volume and the lattice parameter
change is given by Eshelby. "

FIG. 1. The change in elec-
tron-atom ratio (e/a) with and
without solute size corrections,
and critical temperature when
10 at. % solute is added to
niobium. The dashed circles
are speculative extrapolation
of T, for hypothetical alloys—Nbp. gScp. 1, Nbp. gLup. 1, and
Nba. 9+p.1.
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"W. A. Harrison, reported in Ref. 15."F. J. Blatt, Phys. Rev. 108, 285 {1957).' B. A. Green, Jr., Phys. Rev. 126, 1402 (1962).
p W. Hume-Rothery, Atomic Theory for Studewts of Metallurgy (The Institute of Metal, London, 1960), Chap. 15, p, 121.
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In addition to presenting the correlation of T, and
ff of the transition metal solutes of columns 4, 5,

and 6 in niobium shown earlier, " the correlation has
been extended in Fig. 1 to include the T, data of
Geballe" on the alloys niobium-ruthenium, niobium-
osmium, and niobium-iron (solutes of coiu~~ 8) and
the T, data recently obtained~ on niobium-rhenium
(solutes of column 7), niobium-rhodium, niobium-
iridium (solutes of column 9), and niobium-platinum,
niobium-palladium (solutes of column 10). The solute
concentration in each case is 10 at. %. In these dilute
solutions of transition-metal solutes in niobium, the
simple relationship between T, and X,~f, 6rst established
with the solutes of columns 4, 5 and 6, seems to be
appropriate also for the transition-metal solutes selected
from columns 7 through 10 of the periodic table. It is
to be noted that this relationship appears to be inde-
pendent of whether the solute atoms are in the 3d, 4d,
or 5d transition series. Extending the empirical relation-
ship to include solute atoms of column 3 would indicate
that the primary substitutional alloys of niobium-
scandium, niobium-lutetium, and niobium-yttrium, if
they could be fabricated, would perhaps be expected to
have T, well above 9'K.

It is to be noted that for the niobium-iron and the
niobium-palladium systems correlation of the modi6ed
electron-atom ratio with T, shows a larger variation
from the linear relationship. This behavior would indi-
cate an abnormal enhancement of T, of the alloy by
the solute atom. Geballe" has suggested that the concept
of interaction through virtual states might account for
such an enhancement in the niobium-iron alloy. The
variation in the niobium-palladium aHoy is not clear.

C. ¹ffand M~~~um T, in Some Transition-
Metal Alloys

Figure 2 illustrates the variation of T, with E and E,ff
evaluated both from Matthias' rule and. from the ef-
fective electron-atom ratio, respectively, for four alloys.
Each of these alloys has a body-centered cubic structure
and a wide range of solubility. ' The function T(Ã) has
been discussed earlier by Hulm and Blaugher. ' Of the
several alloys studied, the variation of T(1V) for these
four alloys was considered by them to be most repre-
sentative of the aQoys consisting of metals of columns
4 and 5 from which an average peak value of X 4.7
was derived. However, it is seen that, when the electron-
atom ratio is corrected to include an effective valence of
the solute in the solvent matrix, the peaks in the function
in each alloy occur at a value of approximately 4.4.
In the Nb-Ti system the two functions practically co-
incide. This would be expected, since the disparity in
atom size between the solvent and solute atom is small.
In the other three alloys, where a relatively large dis-

' T. H. Qeballe, Rev. Mod. Phys. 36, 134 (1964).~ W. DeSorbo and %'. A. Healy (unpublished).
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FIG. 2. The variation of T, with N and N, ff evaluated both from
Matthias' rule and from the effective electron-atom ratio LEq.
(3)j, respectively, for four alloys having a body-centered cubic
structure and a wide range of solubility.

~ The results for the Nb-Hf system are anomalously high for
either analysis (see also comments in Ref. 5).~E. Sucher, F. Heini er, J. Muheim, and J. Muller, Rev.
Mod. Phys. 36, 146 (1964 .

parity in atom size exists, the peak in each T (X,«) curve
is shifted to the lower value, X,ff 4.4. The results
are summarized in Table I." From this analysis it
appears that the position of the peak in T(X,ff) oc-
curing between columns 4 and 5, is not dependent on
whether the solvent or solute atom is in the 3d, 4d or
Sd series. If T(N) represents a universal form of the
d band common to the majority of transition elements
in this part of the periodic table, as suggested, ' then
the correction to this band brought about by introducing
the concept of effective electron-atom ratio would indi-
cate that the peak in the band occurs at the same value,
approximately 4.4 and not 4.7.

It is also interesting to point out that the use of the
effective electron-atom ratio, or the solute size valence
rule, ofkrs a simple means of accounting for the peaks
observed in the T;composition curves of some alloy
systems where both the solvent and solute atoms are
from the same column of the periodic table. An example
of this is the Ti-Zr system"4 which also is reported to
exist over a wide range of solubility. For such a system
the uncorrected electron-atom ratio gives a value E=4.0
for the composition corresponding to a maximum in
T, (see Table I); however, for the solute size valence
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rule, E,ff 4.5, a value more consistent with that ob-
tained for the other alloys.

The Ti-Mo system" consisting of transition atoms
from columns 4 and 6, also reveals a peak in T(N, si)

curve at N,«4.4 for a composition, Ti0.84MOO, ]sy

corresponding to maximum T, (see Table I).
Alloy systems consisting of elements of columns 6 and

7, having a body-centered cubic structure existing over
a wide range of solubility, are molybdenum-rhenium
and tungsten-rhenium. The critical temperature of these
systems has been studied, ' and T, was reported to have
a maximum value at E equal to approximately 6.4.
Analyzing the data in terms of an effective electron-atom
ratio shows the peak in T, to correspond more closely
to a value, X,ti 6.6 (see Table II). The same result
is obtained when the analysis is carried out on the critical-
temperature-composition data obtained by Schadler and
KouveP' on the Mo-Re system. The variation of the
critical temperature with composition of the system
Tc-Mo has also been reported. "The alloy found to have
the maximum critical temperature has a composition
Tco.~~Moo. 25. The effective electron-atom ratio corre-
sponding to this composition has a value of approxi-
mately 6.6 although the structure of this material may
not be a terminal solid solution. '8 Signiftcantly, these
alloy systems suggest the occurrence of a common peak
in the T(X,ri) curve existing between columns 6 and
7 at a value E,ff 6.6. The positioning of this also
appears to be independent of the nature of the d-band
electrons of the constituent metals, similar to the peak
existing between columns 4 and 5.

It is interesting to note that in the systems, such as

TABLE I. Maximum critical temperature and the electron-
atom ratio with and without solute sue correction for some tran-
sition metal solutions of the 4th, 5th, and 6th columns of the
periodic table.

TABLE II. Maximum critical temperature and the electron-atom
ratio with and without solute size correction for some transition
metal solutions of (a) the 6th and 7th, and (b) the 6th, 9th, and
10th columns of the periodic table.

Alloy T, (max. ) 'K

Electron-atom ratio
E E ff

(Matthias' (Solute size
rule) rule)

Mop. sgRep. 4I
Mop. szRe0. 48

Wp. eoReo. 4o

Tcp.75Mop. 25

(a) Columns 6 and 7

123~
14.0b
5.2~

16.46

6.41
6.43
6.40
6.75

6.55
6.57
6.59
6.55

W0.85pt0. 15

Mop. 84Rhp. Ip

Cro. zgRho. 27

Cro.zero. 28

{b) Columns 6, 9, 10

2.7~ 6.60
7 8e 6.48
1.1& 6.81
0.8' 6.84

6.55
6.58
6.53
6.53

a Reference 5.
b H. W. Schadler and J. S. Kouvel

(unpublished).
e Reference 27.

d Reference 29.
e Reference 30.
& Reference 31.

D H ff and Maximum H, 2 in Some
Transition-Metal A11oys

Wo ssPto. is, Moo.ssRho. is, Cro. vsRho. sr, ' and Cro. isIro. ss

(hcp)," where the solvent atom is located in column
6 while the solute atom is in a column higher than 7,

ff corresponding to peaks in T, also has a value near
6.6 (see Table II). However, there are other systems
where peaks in T;composition curves have been ob-
served but upon analysis the data in terms of the ef-
fective electron-atom ratio do not show the peak to
occur at X,ff 6.6. Among these systems are, for
example, Cr-Re " Nb-Re' and Ti-I'e " and Cr-Ir
(P-W structure). " Whether this diGerence is a funda-
mental one or one due to experimental or structural
(sample) considerations is not clear at this time.

Alloy r, (max. )'K

Electron-atom ratio
X X,ff

{Mathias' (Solute size
rule) rule)

Berlincourt and Hake" have studied the upper
critical 6eld, H,2,

33 of some transition metal alloys from
elements of columns 4 and 5 mentioned above. The

Tap. o8Hf0. 82

Nbp. ppTl0.40

Nb 0.75Zro. 25

V0.75T10.25

Nbo. ssHf o. Is

Tlp. 5Zl 0.5

Ti0.84Mop. Io

6.8»

9.8b

10.9'
7.6'
9.6'
1 5ssoc

~4.%

4.68
4.40
4.75
4.75
4.85
4.00
4.32

4.33
4.43
4.40
4.45
4.67
4.50
4.41

a Reference S.
b This research.

e Reference 24.
d Reference 25.

"R. R. Hake, D. H. Leslie, and T. G. Berlincourt, J. Phys.
Chem. Solids 20, 177 {1961)."H.W. Schadler, and J.S.Kouvel {unpublished). The author is
grateful for permission to use this information prior to publication.

27 V. B. Compton, E. Corenzwit, J. P. Maita, B.T. Matthias,
and F. J. Morin, Phys. Rev. 123, 1567 (1961).

28 J. B.Darby, Jr., and S. T. Zegler, J. Phys. Chem. Solids 23,
1825 (1962).

2g B. T. Matthias, ProceeChngs of the Eighth International Con-
ference on Lmu-Temperoture Physics, London, 1WZ, edited by R. O.
Davies (Butterworths Scientific Publications Ltd. , London, 1963),
p, 135.

~ B. T. Matthias, E. A. Wood, E. Corenzwit, and V. B. Bala,
J. Phys. Chem. Solids 1, 188 (1956)."B.T. Matthias, T. H. Geballe, V. B.Compton, E. Corenzwit,
and G. W. Hull, Jr., Phys. Rev. 128, 588 (1962).IT. G. Berlincourt and R. R. Hake, Phys. Rev. 131,140 (1963).~ Actually, these authors measured the upper resistive critical
field, II, (J=10 A/cm2), at T= 1.2'K using a pulsed field method.
In some dilute anoys of transition metals where B,2 was recently
measured by magnetization techniques, this upper resistive critical
field, H, (J=10 A/cm2), was found to be approximately 10%
higher than 8',2 when both quantities were measured at 4.2'K.
/see W. DeSorbo, Rev. Mod. Phys. 36, 90 (1964)j.More recently,
the variation of H,2 with composition for the Nb-Ti system has
been found LP. E. Lawrence, W. A. Healy, and W. DeSorbo
(unpublished) j to vary at 4.2'K in a manner similar to the vari-
ation of H„{J= 10 A/cm') with composition at 1.2'K (see Ref. 32).
The absolute values of II,2 were, as expected, lower at the higher
temperature.
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I20-

Nb- Ti

I20-

Ta 2.94
Hf 3.I?

This variation in H,&-composition was discussed by
the authors in terms of a simpli6ed relationship of
H, 2 with T„p, and p„, the resistivity in the normal
state, namely:

H,2cx p„yP, .

80-
Nb 2.
Ti 2.

0 I

3.5 4.0

Ti- Mo

Ti 2.93
Mo 2.80

MATTHiAS' RULE

~ SOLUTE SIZE, RULE

4.5 50 3.5 4.0 4.5 5.0

The equation is derived from the Ginsburg-Landau-
Abrikosov-Gorkov theories. It is signi6cant to note that
in those alloys revealing smooth H,2-composition curves,
rejecting the presence of homogeneous solid solutions,
when H, 2 is analyzed in terms of E,f~, it also appears to
peak at a value of E,«equal to 4.4."This is illustrated
in Fig. 3, where the H, 2 data have been analyzed both
in terms of the unmodified Matthias rule and the

12.0- Mo- Re

80™
II.O-

0 t

3.5 4.0
I I I

4.5 5.0 3.5 4.0
ELECTRONS l ATOM

4.5
I

5.0
I0.0-

9.0-
FIG. 3. FI„(J=10 A/cm', T= 1.2'K) from Ref. 32 and electron-

atom ratio with and without solute size corrections.

variation in H, 2 with composition or with electron-atom
ratio has characteristics similar to the variation ob-
served in the T;composition curves. '

8.0-
I
o ?.0—

6.0—

\

'b

25.0-

24.0-

kO- MATTHIAS' RULE

& SOLUTE IZE RULE

239—

22.0-
4
I 2)0-
I
o 20.0-

I9.0-

I8.0—

I?.0—

MATTHIAS' RULE
+ SOLUTE SIZE RULE

I a i s s I a I I s I I s

60 6.5 ?.0
ELECTRON CONCENTRATON

Fio. 5. The coefBcient of the electronic specific-heat data of
molybdenum-rhenium (Ref. 36) and the electron-atom ratio with
and without solute size correction.

effective electron-atom ratio. The analysis has been
carried out on an alloy where the disparity in atom size
between the solvent and solute is small (Nb-Ti); where
it is relatively large (Ta-Hf); and where the two atoms
of different size occur in the same column of the periodic
table, namely column 4 (Ti-Mo).

Accurate speci6c-heat data required to evaluate y of
the alloys of interest here is scarce. In Figs. 4 and 5 we
show some values of y plotted as a function of electron

0 I ~ a s I I ~ ~ ~ I I I I ~ I ~ I j
3.5 4.0 4.5 5.0

ELECTRON CONCENTRATON

FIG. 4. The coeKcient of the electronic specific-heat data of
vanadium-titanium (Ref. 35) and the electron-atom ratio with
and without solute size correction.

~ An exception to this appears to be the V-Ti system. Analyses
of the FI,2-composition data LRefs. 32 and 33; also Y. B. Kim,
C. F. Hempstead, and A. F. Strnad, Phys. Rev. 139, A1163
(1965)j show the maximum in FI,2 to appear at approximately
N, ff ——3.9. Again, whether this is a fundamental difI'erence or one
due to experimental conditions is not clear.
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concentration for the systems V-Ti" and Mo-Re."
When the data are presented in terms of an effective
electron-atom ratio, there is an apparent shift in the
position of the peak of the curve to a value S,H less
than 4.7, probably close to 4.4, for the V-Ti system;
and an apparent shift in the peak from 6.4 to 6.6 for
the Mo-Re system. The physical significance of this
is not clear.

The inhuence of effective valence on resistivity of
some of these transition-metal alloys has already been
cited."

SUMMARY

1. The change in electron-atom ratio E,fq, which
includes a solute size correction to determine an ef-
fective valence of the solute in a transition-metal matrix
such as niobium, reveals a linear relationship with T,
for dilute alloys of niobium with transition-metal
solutes selected from columns 4 through 10 of the
periodic table.

2. For transition-metal alloys of columns 4 and 5 and

"C. H. Cheng, C. T. Wei, and P. A. Beck, Phys. Rev. 120, 426
(1960)'.

'

' F. J. Morin and J. P. Maita, Phys. Rev. 129, 1115 (1963).

columns 6 and 7, with body-cubic centered structures,
the function T(X,«) has peak values at approximately
4.4 and 6.6, respectively, whereas the unmodiaed
functions were earlier shown to have average peak
values at approximately 4.7 and. 6.4.

3. In these transition-metal alloys, the influence of
solute size on effective valence and on T, appears to be
independent of whether the solvent or solute are of the
3d, 4d, or 5d series.

4. The concept of effective electron-atom ratio offers
a simple means for accounting for maxima in T;
composition curves observed in some transition-metal
alloys where both the solvent and solute metal are from
the same column of the periodic table.

5. Alloys made from transition metals of columns 4,
5, and 6 with a wide range of solubility appear to show
that the upper critical field II,2 also has a peak value
near Ã.~f 4.4.
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Photomagnetoelectric Effect in Thin p-Type Silicon Crystals

HERBERT L. METTE AND ARTHUR BOATRIGHT

U. S. Army Electronics Command, Fort Monmouth, Eem Jersey
(Received 24 May 1965)

The photomagnetoelectric (PME) open-circuit voltage has been measured at room temperature for thin
p-type silicon samples subjected to various surface treatments The efFect was found to increase linearly with
the magnetic 6eld up to 20 kG, but for all surface treatments showed sublinear behavior with photon Qux
even at relatively low light intensities. This efFect, which was more pronounced at shorter wavelengths, could
be attributed to an accumulation layer in the space-charge region of the crystal. Toward longer wave-
lengths the PME voltage versus light intensity became linear and could be used for calculating an efFective
surface recombination velocity 5*at the border between the space-charge region and the bulk crystal.
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